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We consider the standard first passage percolation model in the rescaled
graph 74 /n for d > 2 and a domain Q2 of boundary I" in RY. Let T'! and
I'2 be two disjoint open subsets of I', representing the parts of I" through
which some water can enter and escape from Q2. A law of large numbers for
the maximal flow from T'! to I'2 in Q is already known. In this paper we in-
vestigate the asymptotic behavior of a maximal stream and a minimal cutset.
A maximal stream is a vector measure ji'?* that describes how the maxi-
mal amount of fluid can cross €2. Under conditions on the regularity of the
domain and on the law of the capacities of the edges, we prove that the se-
quence (jip'®*),> converges a.s. to the set of the solutions of a continuous
deterministic problem of maximal stream in an anisotropic network. A mini-
mal cutset can been seen as the boundary of a set E| ,‘1“1“ that separates r'! from
I'2 in  and whose random capacity is minimal. Under the same conditions,
we prove that the sequence (E,Ilnin)nz 1 converges toward the set of the so-
lutions of a continuous deterministic problem of minimal cutset. We deduce
from this a continuous deterministic max-flow min-cut theorem and a new
proof of the law of large numbers for the maximal flow. This proof is more
natural than the existing one, since it relies on the study of maximal streams
and minimal cutsets, which are the pertinent objects to look at.

1. First definitions and main result. We recall first the definitions of the
random discrete model and of the discrete objects. The continuous counterparts of
the discrete objects are briefly presented in Section 1.2 and the main results are
presented in Section 1.3.

1.1. Discrete streams, cutsets and flows. We use many notation introduced
in [12] and [13]. Let d > 2. We consider the graph (Zz , IEZ) having for vertices
74 =74 /n and for edges EZ, the set of pairs of nearest neighbors for the standard
L' norm. With each edge e in Eﬁ we associate a random variable 7 (e) with values
in R™. We suppose that the family (¢(e), e € Ez ) is independent and identically
distributed, with a common law A: this is the standard model of first passage per-
colation on the graph (Zﬁf , Eff ). We interpret ¢ (e) as the capacity of the edge e; it
means that 7 (e) is the maximal amount of fluid that can go through the edge e per
unit of time.
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FIG. 1. Domain Q.

We consider an open bounded connected subset Q of R? such that the boundary
I' = 9Q of Q is piecewise of class C'. It means that I" is included in the union
of a finite number of hypersurfaces of class C!, that is, in the union of a finite
number of C! submanifolds of R? of codimension 1. Let I'!, I'? be two disjoint
subsets of I" that are open in I". We want to study the maximal streams from I'!
to I'2 through  for the capacities (¢(e), e € Eg). We consider a discrete version
(R, Ty, TL,T2) of (2, T, T, T'?) defined by

Q=[x € Z8|doo (x, Q) < 1/n},
Ty ={x € Qu13y ¢ Q. [x, y] € E¢},
Tl ={x € Tyldoo(x, T?) < 1/n,dos(x, T37) > 1/n},  fori=1,2,

where d is the L°-distance, and the segment [x, y] is the edge of endpoints x
and y; see Figure 1. We denote by I1, the set of the edges with both endpoints
in €2,.

We shall study streams and flows from T'} to I'? and cutsets between I'! and
F% in 2,. Let us define first the admissible streams from Fj to F; in C, for C a
bounded connected subset of R? and Fy, F» disjoint sets of vertices of fo included
in C. We will say that an edge e = [x, y] is included in a subset A of R¢, which
we denote by e C A, if the closed segment joining x to y is included in A. Let
e = [a, b] be an edge of IEZ with endpoints a and b. We denote by (a, b) the
oriented edge starting at a and ending at b. We fix next an orientation for each
edge of Eff. Let (f}, ..., f,) be the canonical basis of R¢. We denote by Eg’i the
set of the edges parallel to f}-. Fore=1a,b] € Ez’i , we define

(a,b),  ifab-f;=+1/n,

e=f and e= n
l (b,a), ifab-fi=—1/n,
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where - is the scalar product on R? and ab the vector of origin a and endpoint b.
We define the set S, (Fy, F>, C) of admissible “stream functions” as the set of
functions f,, : E¢ — R such that:

(i) the stream is inside C: for each edge e ¢ C we have f,(e) =0;
(ii) capacity constraint: for each edge e € EZ we have

| fu(e)| <1(e);

(iii) conservation law: for each vertex v € ZZ \ (F1 U F,) we have

Yoo = D> fale),

eeIEff:e:(v,-) eeIE;,l:e:(-,v)

where the notation e = (v, -) (resp., € = (-, v)) means that there exists y € Zg such
that e = (v, y) (resp., e = (y, v)). A function f, € S,(Fi, F>, C) is a description
of a possible stream in C: | f;;(e)| is the amount of water that crosses e per second,
and this water goes through e in the direction of f,(e)e (thus in the direction of
e is f,(e) > 0 and in the direction of —e if f,(e) < 0). Condition (i) means that
the water does not move outside C; condition (i1) means that the amount of water
that can cross e per second cannot exceed ¢ (e); condition (iii) means that there is
no loss of fluid in the graph. To each stream function f, from Fj to F, in C, we
associate the corresponding flow

flows™ (f) = > F1(©) (Le=(a.b)) — Lie=(b.a)))-
eCC:e=la,bl,acF,b¢ F,
This is the amount of fluid (positive or negative) that crosses C from F| to F>
according to f;,,. We define the maximal flow ¢, (F1, F2, C) from F to F; in C by
$n(Fi, F2, C) = sup{flows* (f)] fu € Su(Fi, F2, C)}.

If D is a connected set of vertices of fo that contains two disjoint subsets Fp, F»
of Z¢, we define

~ 1
D=D+—[-1,11 cR?.
2n
We define

Sy(F1, F5, D) =8,(F1, F,, D) and ¢, (F, Fy, D) = ¢, (Fy, F5, D).

The maximal flow ¢, (F1, F2, C) can be expressed differently thanks to the (dis-
crete) max-flow min-cut theorem; see [3]. We need some definitions to state this
result. A path on the graph Zif from the vertex vy to the vertex v, is a sequence
(vo, €1, V1, ..., em, Uy) of vertices v, ..., Uy alternating with edges ey, ..., ey
such that v;_1 and v; are neighbors in the graph, joined by the edge e;, for i in
{1,...,m}. A set E of edges of Ez included in C is said to cut Fy from F, in C
if there is no path from F; to F, made of edges included in C that do not belong
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FIG. 2. Set of plaquettes E* corresponding to a (Fy, F>)-cutset E in C.

to E. We call E an (F1, F>)-cutsetin C if E cuts F from F> in C and if no proper
subset of E does. With each set of edges E C Eg we associate its capacity which
is the random variable

V(E)=) t(e).

ecE
The max-flow min-cut theorem states that

¢n(F1, F>, C) =min|{V (E)|E C E{ is a (Fy, F»)-cutset in C}.

We can achieve a better understanding of what a cutset is thanks to the following
correspondence. We associate to each edge e € Ei*’ a plaquette 7 (e) defined by

m(e) = cle) + 3 ([ L1 x {0y x [-1, 11977),

where c(e) is the middle of the edge e. To a set of edges E C Ed we associate
the set of the corresponding plaquettes E* = J,cg 7 (e). If Eisa (F1, F>)-cutset,
then E™* looks like a “surface” of plaquettes that separates F| from F; in C; see
Figure 2. We do not try to give a proper definition to the term “surface” appearing
here. In terms of plaquettes, the discrete max-flow min-cut theorem states that the
maximal flow from Fj to F; in C, given a local constraint on the maximal amount
of water that can cross each edge, is equal to the minimal capacity of a “surface”
that cuts F from F, in C.

We consider now streams, cutsets and flows in £2,,. The set of stream functions
associated to our flow problem is S, (F1 F2 2,). We will denote by ¢, the max-
imal flow (/5,,(F1 F2 Q,). To each f, € S, (F1 F2 2,,), we associate the vector
measure ji,, that we call the stream 1tself defined by

fin = [in(fa) = — Z Fa(€)88c(0)

eeEd
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where c(e) is the center of e. Notice that since f, € S,,(F,ll, F%, 2,,), the condi-
tion (i) implies that f;,(e) = 0 for all e ¢ I1,;; thus the sum in the previous defini-
tion is finite. A stream i, is a rescaled measure version of a stream function f;,.
The vector measure i, is defined on (R, B(R4)) where B(R?) is the collection
of the Borel sets of R? and takes values in R?. In fact i, = (,u,ll, e, ,uz) where
/Lil is a signed measure on (R4, B(R?)) forall i € {1,...,d}. We define the flow
corresponding to a stream i, ( f,) as ﬂowﬂlsc( Jfn) properly rescaled,

. N . . 1 .
fow;; ™ (i) = flowy;™ (jin () =~ flow,, " (f,).

We say that i1, = i, (f,) is a maximal stream from F}l to F% in ,, if and only if

®n

(1.1) fow, (i) = —7-5.

and for any e = [a, b] such that a € F,ll and b ¢ F,ll, we have f,(e)e - c?l; > 0, that
is,

>0, if e is oriented from a to b (i.e. e = {(a, b)),
(1.2) fale)) ( )

0, if e is oriented from b to a (i.e. e = (b, a)).

The set of admissible stream functions is random since the capacity constraint on
the stream is random. Thus ¢, is random and the set of admissible streams (resp.,
maximal streams) from '} to I'2 in ,, is random too.

LetE, bea (F,ll, F%)—cutset in 2,,. We say that &, is a minimal cutset if and only
if it realizes the minimum

(1.3) V(&) =
and it has minimal cardinality, that is,
card(&,) = min{card(F,)|F, is a (T}, I'?)-cutset in €2, and
V(Fn) =¢u(Tp. Tn. )},

where card(€) denotes the cardinality of the set £. We want to see a cutset &, as
the “boundary” of a subset of 2. We define the set r(&,) C Zﬁ by

r(&y) = {x € Q,|there exists a path from x to F,i in (Zi, I, \ &)}
Then the edge boundary 9¢r (&) of r(&,), defined by
r(&n) = {e =[x,yle,|lx €r(&) and y ¢ I”(En)},

is exactly equal to &,. We consider a “non discrete version” R(&,) of r(&,) defined
by

(1.4)

RE) = r(En) + —[—1, 1],
2n

Notice that &, = 3°(R(&,) N I1,); thus the sets £, and R(E,) completely define
one each other; see Figure 3.
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Fic.3. A (F,]l, F,%)-cutset En in Qy, and the corresponding sets r(E,) and R(Ey).

REMARK 1. We want to study the asymptotic behavior of sequences of maxi-
mal streams and minimal cutsets. For a fixed n and given capacities, the existence
of at least one minimal cutset is obvious since there are finitely many cutsets.
The existence of at least one maximal stream is not so obvious because of condi-
tion (1.2). Under the hypothesis that the capacities are bounded, we will prove in
Section 4.1 that a maximal stream exists.

1.2. Brief presentation of the limiting objects. We consider a sequence
(*),>1 of maximal streams and a sequence (S,Ifli“)nZ] of minimal cutsets. For
each n, 1™ is a solution of a discrete random problem of maximal flow, E™™ is
a solution of a discrete random problem of minimal cutset and by the max-flow
min-cut theorem

ﬂowgisc(laznax) _ V(fﬁnin) — f’l -,
n“— n“—

where ¢, stands for qbn(F,ll, F,Zl, 2,,). The goal of this article is to prove that:

o (i1™),>1 converges in a way when n goes to infinity to a continuous stream
i which is the solution of a continuous deterministic max-flow problem to be
precised;

. (Sflni“)nzl converges in a way when n goes to infinity to a continuous cutset
& which is the solution of a continuous deterministic min-cut problem to be
precised;

e these continuous deterministic max-flow and min-cut problems are in corre-
spondence, that is, the flow of ji is equal to the capacity of £, and ¢, /n?"!
converges toward this constant.

We obtain these results, except that the continuous max-flow and min-cut prob-
lems we define may have several solutions, thus we obtain the convergence of the
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discrete streams /1M (resp., the discrete cutsets EMM) toward the set of the so-
lutions of a continuous deterministic max flow problem (resp., min-cut problem).
In this section, we try to present very briefly these continuous max-flow and min-
cut problems. A complete and rigorous description will be given in Sections 2.2
and 2.3. The aim of the present section is to give an intuitive idea of the objects
involved in the main theorems of Section 1.3.

The first quantity that has been studied is the maximal flow ¢, ; however, a law of
large numbers for ¢, is difficult to establish in a general domain. It is considerably
simpler in the following situation. Let v be a unit vector in R4, let Q(V) be a unit
cube centered at the origin having two faces orthogonal to v and let

Fil={xecdQ0x-5<0), F={xecdQ0x-7>0)

be, respectively, the upper half part and the lower half part of the boundary of
Q in the direction v. Whenever E(f(e)) < 0o, a subadditive argument yields the
following convergence:

(1.5) lim On(F1, F2, Q(V)) _

n— 00 nd—1

v(V) inL!,

where v(v) is deterministic and depends on the law of the capacities of the edges,
the dimension and v. The maximal flow considered here is not well defined, since
F1 and F, are not sets of vertices (a rigorous definition will be given in Sec-
tion 2.3), but equation (1.5) allows us to understand what the constant v(v) repre-
sents. By the max-flow min-cut theorem, ¢, (F1, F>, Q(?)) is the minimal capacity
of a “surface” of plaquettes that cuts Fy from F, in Q(v), thus a discrete “surface”
whose boundary is spanned by d Q(v). Thus the constant v(v) can be seen as the
average asymptotic capacity of a continuous unit surface normal to v. By symme-
try we have v(v) = v(—0).

This interpretation of v(v) provides in a natural way the desired continuous
deterministic min-cut problem. Indeed, if S is a “nice” surface (“nice” means C!
among other things), it is natural to define its capacity as

capacity(S) = ‘/SHQ v(Ts(x)) dH T (x),

where H?~! is the (d — 1)-dimensional Hausdorff measure on R?, and v5(x) is
a unit vector normal to S at x. Exactly as a discrete cutset £, can be seen as the
boundary of a set R(&,), we see S as the boundary of a set F C €2, and we define
capacity(F) = capacity(d F). The continuous deterministic min-cut problem we
consider is the following:

@& := inf{capacity(F)|F C €2, dF is a surface separating I'! from I'? in Q}.

The above variational problem is loosely defined, since we did not give a definition
of capacity(F) for all F, and we did not describe precisely the admissible sets F:
we should precise the regularity required on d F and what “separating” means.
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This will be done in Section 2.3. We will denote by X¢ the set of the continuous
minimal cutsets, that is,

X4 ={F C QJF is “admissible” and capacity(F) = ¢g}.
The variational problem ¢, is a very good candidate to be the continuous min-cut
problem we are looking for, all the more since it has been proved by the authors in
the companion papers [6, 8] and [7] that under suitable hypotheses

. ¢n
Jim e fors a.s.
This result is presented in Section 2.3. By studying maximal streams and minimal
cutsets, we will give an alternative proof of this law of large numbers for ¢,,.

We define now a continuous max-flow problem. A continuous stream in €2 will
be modeled by a vector field & : R — R? that must satisfy constraints equivalent
to (i), (ii) and (iii). For a “nice” stream & (e.g., o is C! on the closure & of Q and
on R? \ Q) these constraints would be:

(') the stream is inside Q: & =0 on R? \ Q;
(ii") capacity constraint: Yo € S*~1,6 - v < v(v) on RY;
(iii’) conservation law: divéd =0on Qand o - v =0o0n '\ (' UT?).

Here S9! is the unit sphere of R? and vg(x) denotes the exterior unit vector
normal to 2 at x. The flow corresponding to a “nice” stream ¢ would be

flow™ (@) = [ | ~& - GadH!~".
r
Thus we obtain the following continuous max-flow problem:

o : R — R9 is a stream inside 2 that satisfies

b cont /=
:=sup { flow o . . . .
o p { @) the capacity constraint and the conservation law

The above variational problem is loosely defined too, since we did not give a defini-
tion of flow®™ () for all &, and we did not describe precisely the set of admissible
streams o : we should precise the regularity required on ¢ and adapt conditions (i),
(ii") and (iii") to o in this class of regularity. This will be done in Section 2.2. We
will denote by >’ the set of the continuous maximal streams, that s,

b = {5 :R? - RY|G is “admissible” and flow*®™(5) = ¢5}.

We have also good reasons a priori to think that the variational problem (;5?2 is
the max-flow problem we are looking for. Indeed, various continuous versions of
the max-flow min-cut theorem have been proved (see, e.g., [1, 15, 20]), and a main
result of Nozawa’s work [15] is precisely to prove that

b 4
¢Q = ‘P?} )
where ¢§’2, is a variant of ¢¢,. Thanks to our study of maximal flows and minimal

cutsets, we will also recover this continuous max-flow min-cut theorem in our
setting.
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REMARK 2. We gave no argument a priori to justify that the sets £¢ and X
are not empty. This will be a consequence of our results of convergence. The fact
that ©? is not empty was already proved by Nozawa in [15].

1.3. Main results. We denote by £? the Lebesgue measure in RY and by
Cp(R4, R) the set of the continuous bounded functions from R to R. We define
the distance 9 on the subsets of R? by

VE,FCR? (E,F)=LYEAF),

where EAF = (E \ F) U (F \ E) is the symmetric difference of £ and F.

We need some hypotheses on (2, I'!, I'?). We say that Q is a Lipschitz domain
if its boundary I' can be locally represented as the graph of a Lipschitz function
defined on some open ball of R?~!. We say that two C' hypersurfaces Si, S, in-
tersect transversally if for all x € §; N Sy, the normal unit vector to S1 and S; at x
are not colinear. We gather here the hypotheses we will make on (2, I'!, I'?)

HYPOTHESIS (H1). We suppose that Q2 is a bounded open connected subset
of R?, that it is a Lipschitz domain and that T is included in the union of a finite
number of oriented hypersurfaces of class C! that intersect each other transver-
sally; we also suppose that T'' and T'? are open subsets of T, that inf{||x — y||, x €
r, y € Fz) > 0, and that their relative boundaries drT'! and drT'? have null H~!
measure.

We also make the following hypotheses on the law of the capacities:

HYPOTHESIS (H2). We suppose that the capacities of the edges are bounded
by a constant M, that is,

IM <400,  A([0,M])=1.

HYPOTHESIS (H3). We suppose that
A({0}) < 1 = pe(d),

where p.(d) is the critical parameter of edge Bernoulli percolation on (Z¢,E?).
We can now state our main results:

THEOREM 1.1 (Law of large numbers for the maximal streams). We suppose
that the hypotheses (H1) and (H2) are fulfilled. For all n > 1, let ji** be a random
maximal discrete stream from T’ ,ll to F% in Q. Then (A0*),>1 converges weakly
a.s. toward the set Eb, that is,

as., Vf eCp(R?,R) lim inf

}’l—)OOE.EEb

Smax __ i di| _
A;dfd,un A‘kdfadﬁ H—O.
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THEOREM 1.2 (Law of large numbers for the minimal cutsets). We suppose
that the hypotheses (H1), (H2) and (H3) are fulfilled. For all n > 1, let £™ be
a minimal (l",i, F%)-cutset in Q. Then the sequence (R(E™)),>1 converges a.s.
for the distance 0 toward the set ¢, that is,

: : min _
a.s., lim Flél)gab(R(En ), F) =0.

REMARK 3. As we will see in Section 2.3, condition (H3) is equivalent to v #

0, where v is the function defined by equation (1.5). Thus if (H3) is not satisfied,

then v(v) = 0 for all v, capacity(F) = 0 for every admissible continuous cutset F
and the variational problem ¢, is trivial.

The two previous theorems lead to the following corollary:

COROLLARY 1. We suppose that hypotheses (H1) and (H2) are fulfilled. If "
is reduced to a single stream o, then any sequence of maximal streams (ﬁ;“ax)nzl
converges a.s. weakly to & L%. If hypothesis (H3) is also fulfilled and if ©¢ is re-
duced to a single set F, then for any sequence of minimal cutsets (E,Ilni“)nz 1, the
corresponding sequence (R(S}lni“))nzl converges a.s. for the distance 0 toward F .

REMARK 4. We believe that the uniqueness of the maximal stream or the
uniqueness of the minimal cutset in the continuous setting may happen, or not,
depending on the domain €2, the sets I'‘,i = 1,2 and the function v (thus on the
law of the capacities A); however we do not handle this question here.

During the proof of Theorem 1.1, we prove the key inequalities to obtain the
following lemma:

LEMMA 1. We suppose that hypotheses (H1) and (H2) are fulfilled, and we
consider the continuous variational problems £ and X" associated to the func-
tion v:S?~! — R*. For every admissible continuous stream &, for every admissi-
ble set F, we have

flow*™™(5) < capacity(F).

The proof of Theorems 1.1 and 1.2 relies on a compactness argument. Combin-
ing this argument, Theorems 1.1, 1.2 and Corollary 1, we obtain the two following
theorems:

THEOREM 1.3 (Max-flow min-cut theorem). We suppose that the hypothe-
ses (H1) and (H2) are fulfilled, and we consider the continuous variational prob-
lems X% and X" associated to the function v:S?~! — R, Then there exists at
least an admissible continuous stream o such that qbé’z = flow*°™(), there exists
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at least an admissible set F such that ¢, = capacity (F), and we have the following
max-flow min-cut theorem:

o4 = b = da.

THEOREM 1.4 (Law of large numbers for the maximal flows). Suppose that
hypotheses (H1) and (H2) are fulfilled. Then we have

nlgrolo % = ¢q a.s.

REMARK 5. As will be explained in the next section, the last two theorems
do not state new results, since the continuous max-flow min-cut theorem we ob-
tain is a particular case of the one studied by Nozawa in [15], and the law of large
numbers for the maximal flows has been proved by the authors in [6—8] under a
weaker assumption on A. However, these results are recovered here by new meth-
ods, which are more natural. Indeed, the law of large numbers for ¢, was proved
in [6-8] by a study of its lower and upper large deviations around ¢q. The study
of the upper large deviations [8] is replaced here by the study of a sequence of
maximal streams, which is the most original part of this article and gives a better
understanding of the model. The study of the lower large deviations [7] is replaced
by the study of a sequence minimal cutsets. The techniques are the same in both
cases, but we change our point of view. To conclude, we use in both proofs the
result of polyhedral approximation presented in [6].

2. Background. We present now the mathematical background on which our
work relies. It is the occasion to give a proper description of the variational prob-
lems involved in our theorems.

2.1. Some geometric tools. We start with simple geometric definitions. For a
subset X of R?, we denote by X the closure of X, by X the interior of X, by X¢
the set R? \ X and by H*(X) the s-dimensional Hausdorff measure of X. The r-
neighborhood V; (X, r) of X for the distance d;, that can be the Euclidean distance
if i = 2 or the L*°-distance if i = o0, is defined by

Vi(X,r)={y eRYd;(y, X) < r}.

If X is a subset of R included in an hyperplane of R¢ and of codimension 1 (e.g.,
a nondegenerate hyperrectangle), we denote by hyp(X) the hyperplane spanned
by X, and we denote by cyl(X, &) the cylinder of basis X and of height 2/ defined
by

cyl(X, h) = {x +10|x € X, 1 € [—h, h]},

where v is one of the two unit vectors orthogonal to hyp(X) (see Figure 4). For
x € R?, r > 0 and a unit vector v, we denote by B(x, r) the closed ball centered at
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FI1G. 4. Cylinder cyl(X, h).

x of radius r, by disc(x, r, V) the closed disc centered at x of radius » and normal
vector v, and by BT (x, r, ¥) [resp., B~ (x, r, V)] the upper (resp., lower) half part
of B(x, r) where the direction is determined by v (see Figure 5), that is,

BT (x,r,0) = |y € B(x,r)|xy -1 >0},
B~ (x,r, ) ={y € B(x,r)|x3y - v <0}.

We denote by «,, the volume of the unit ball in R?, p > 1. Thus ¢y is the volume
of a unit ball in R?, and ory_; the H?~! measure of a unit disc in R¢. We say that a
domain Q of R? has Lipschitz boundary if its boundary can be locally represented
as the graph of a Lipschitz function defined on some open ball of R¢~!. We say
that a vector v # 0 defines a rational direction if there exists a positive real number
A such that Av has rational coordinates. It is equivalent to require that there exists
a positive real number A’ such that 1’0 has integer coordinates. We denote by S¢~!
the unit sphere in R¢, and byASd_1 the set of the unit vectors of R¢ defining a
rational direction. Notice that S*~! is dense in S¢~.

Two submanifolds E and F of a given finite dimensional smooth manifold are
said to intersect transversally if at every point of intersection, their tangent spaces

F1G. 5. Ball B(x,r).
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at that point span the tangent space of the ambient manifold at that point; see
Section 5 in [11]. When a hypersurface S is piecewise of class C', we say that S
is transversal to I" if for all x € S N I", the normal unit vectors to S and I" at x
are not colinear; if the normal vector to S (resp., to I') at x is not well defined,
this property must be satisfied by all the vectors which are limits of normal unit
vectors to S (resp., I') at y € S (resp., y € I') when we send y to x—there is at
most a finite number of such limits. We say that a subset P of R? is polyhedral if
its boundary 9 P is included in the union of a finite number of hyperplanes.

Let E be a subset of RY. We say that E is p-rectifiable if and only if there
exists a Lipschitz function mapping some bounded subset of R” onto E; see Defi-
nition 3.2.14 in [9]. We define the p dimensional upper (resp., lower) Minkowski
content MPT(E) [resp., MP>~(E)] of E by

d d
MPHE) = limsupﬁ(vzi(ljr)) and MP7(E)= 1iminfw.
rs0t  OQd—pr®=P r—07t ozd_prd_l’
If MP-T(E) = MP-~(E), their common value is called the p dimensional
Minkowski content of E, which is denoted by MP (E); see Definition 3.2.37 in [9].
According to Theorem 3.2.39 in [9], if E is a closed p-rectifiable subset of R4,
then its p dimensional Minkowski content exists, and we have

MP(E) =HP(E).

We need some properties of sets of finite perimeter. We denote by Cf(A, B),
for A C R? and B C RY, the set of functions of class C¥ defined on R?, that takes
values in B and whose domain is included in a compact subset of A. For a subset
F of R?, we define the perimeter of F in 2 by

P(F,Q) = sup{/ div fdL% f € C2(2, RY),
F

f(x) e B, 1) forall x € sz}

where div is the usual divergence operator. We denote by o F' the boundary of F.
The reduced boundary of a set of finite perimeter F, denoted by 8* F, consists of
the points x of d F such that:

o |V1¢|(B(x,r)) > 0 for any r > 0,
o if w,(x) =—V1p(B(x,r))/|IVL1g|(B(x,r)) then, as r goes to 0, w,(x) con-
verges toward a unit vector vg(x),

where 1 is the indicator function of F, Vi £ 1s the distributional derivative of 1 g
defined by

Vi € C°(RY, RY) //’i-wﬂzcd:—/ 1p dividLd
R4 R4
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and Wll r| is the total variation measure of V1p defined by

VAeBRY)  |VIp|(A) = sup{/ 1rdivhdL4h e C°(A,RY),
A

h(x) e B(0,1) forall x € A}.

At any point x of 8*F, the vector vp(x) is also the measure theoretic exterior
normal to F at x, that is,
lim r_dﬁd(B_(x, r,Op(x))NF) =0 and

r—0

lim r =2 L4(B*(x,r, bp(x)) N F) =0,

r—0
where F¢ = R4 \ F. The set of functions of bounded variations in €2, denoted by
BV(), is the set of all functions u € L' (€2, R) such that

IVu|(Q) := sup{/ udivhdC4h € C°(Q2,R?), h(x) € B(0, 1) forall x € Q}
Q

< 0.

By definition, a set F has finite perimeter in 2 if and only if 1r has bounded
variations in €2,

P(F,Q) <oo <= 1p€BV(Q).

More details about functions of bounded variations and sets of finite perimeters
can be found in [10].

2.2. Continuous max-flow min-cut theorem. The (discrete) max-flow min-cut
theorem has been transposed into a continuous setting by various mathematicians.
We present now one of these works on continuous max-flow min-cut theorem, the
article [15] by Nozawa. Indeed, the framework chosen by Nozawa is particularly
well adapted to our model.

We give here a presentation of the part of Nozawa’s paper that we will use. We
adapt some notation of Nozawa to fit within ours, and we focus on a particular
case of one of the theorems presented in [15]. We try to keep the exposition self-
contained, and we refer to [15] for more details. Nozawa considers a bounded
domain Q of R¢ with Lipschitz boundary I", and two disjoint Borel subsets I'!
and 2 of T. A stream in 2 is a vector field ¢ € L®(Q2 — R4, £9). The fact that
there is no loss or creation of fluid inside €2 is expressed by the condition

2.1 dive =0 on 2,

where the divergence must be understood in the distributional, that is, divo is
defined on €2 by

Vh e C¥(QR) /hdiv&dﬁd:—/ G- Vhdc.
R4 R4
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Thus equation (2.1) means that

Vh € C¥(2, R) /da%hd,cd:o.
R

REMARK 6. The divergence divo is defined as a distribution. Thus it is an
abuse of notation to write [pa hdivo dL? instead of (diva, h), the action of the
distribution div & on the function 4. In [15] Nozawa considers in fact vector fields
o such that divo € Ld(Q, £4 ) in the distributional sense, that is, such that there
exists a real function G € LY(Q, £%) satisfying

Vh € C2(R2,R) /a.%hdﬁdz—/ Ghdcre.
Q Q

This implies that div & is a distribution of order 0 on €2, thus by the Riesz represen-
tation theorem (see Theorem 6.19 in [17]) it corresponds to a Radon measure that
we denote by diva £%|q and dive £4)q = GLY|q. Of course, dive =0 on 2 (as
defined above) implies that such a function G exists, it is the null function on €.
Thus, with a slight abuse of notation, we say that equation (2.1) is equivalent to

dive =0, L£%-ae. onQ,

which means that the associated function G in L4 (2, £9) is equal to 0 a.e. on 2.
We will see in Section 4.4 that for all the vector fields & that we will consider, div o
is in fact a distribution of order 0 on R? itself. Thus by the Riesz representation
theorem it is a Radon measure that we denote by diva £?. More details about
distributions can be found in [18, 19].

A stream & from I'! to I'? in © must also satisfy some boundary conditions: the
fluid enters in €2 through I'!, and no fluid can cross T \ (T UT?). Let us translate
this in a mathematical language. According to Nozawa in [15], Theorem 2.1, there
exists a linear mapping y from BV(Q) to L' (I' = R, H¢~!) such that, for any
u € BV(RQ),

1

2.2 lim
2.2) p—0,0>0 Ed(Q N B(x, p)) JonBx,p)

u(y) — y u)(x)|dL4(y) =0

for H9'-a.e. x € I'. The function y (u) is called the trace of u on I'. Let vg(x)
be the exterior unit vector normal to Q at x € I'. The vector vgq is defined
H? '-ae. on T and the map x € I' — Ug(x) is H? !-measurable. According
to Nozawa in [15], Theorem 2.3, for every p = (p1,..., pq): Q2 — R4 such that
pi € L®(Q— R, L% foralli=1,...,d and divp € LY(Q2 — R, £), there ex-
ists g € L®(I' — R, H#9~1) defined by

Vue wh(Q) /ngm)dﬂd—l=/§25-%ud£d+/ﬂudiv5dﬁd.
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The function g is denoted by p - v. Any stream o satisfies the conditions required
to define & - U, and the definition is simpler since dive = 0 £%-a.e. on £,

Vi e Wh(Q) /(3-5g)y(u)d7-[d_l =/ & VudLd,
r Q

We impose the following boundary conditions on any stream & from I'! to I'2
in Q:

-0 <0 H? ae.onT! and

Qi

(2.3)

Qi

=0 H? lae onT\ (F'UT?).
Finally, Nozawa puts a local capacity constraint on any stream o,
(2.4) Ll-ae.onQ,VieS!T 5.5 <w(®),

where S9! is the set of all unit vectors in R, and v : R? — R is a continuous
convex function that satisfies v(v) = v(—v). In our setting this function v is the
one we have unformally defined in equation (1.5) and that we will properly define
in Section 2.3.

To each admissible stream, that is, to each vector field ¢ € L®(Q — R, ﬁd)
satisfying (2.1), (2.3) and (2.4), we associate its flow flow**" () defined by

flow " (5) = / =G -Ug dH4!,
r

which is the amount of water that enters into € along I'! according to the stream & .
Nozawa investigates the behavior of the maximal flow over all admissible contin-
uous streams; that is, he considers the following continuous max-flow problem:

€L®(Q— R4, L'd), dive =0 L9-a.e. on ,
.v<v@)forall v eS¢ ! L9-ae. onQ,

g <0H4 lae onl!l,

g =0HIae. onT\ (I UT?)

2.5) ¢33 = sup { flow*"'(5)

QL QL Qi QI

Any vector field 6 € L®(Q — R?, £¢) can be extended to R? by defining & = 0

L£%-a.e. on Q°. Thus the previous variational problem can be rewritten as
6=905"

(2.6)

o€ LOO(Rd — R4, £d), o =0L%ae. onQF,

dive =0 £%-ae.on Q,

o-v<v() forall v e S £9ae.on Q,

‘g <0 M9 lae. onT,

Ug=0H%Tae onl\ (I'"uUTr?)

= sup { flow*™"(5)

Qi Q1 Q

This variational problem is exactly the one we have informally presented in Sec-
tion 1.2 as d)é’z and that appears in the main results presented in Section 1.3. Thus
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we have now a precise definition of the set of admissible streams and of the flow
of any admissible stream &. Thus the set ©” appearing in Theorem 1.1 is defined
by

=0L%ae. on Q°,dive =0 L%ae. on Q,
.v<v@)forall v e S~! £-ae. 0n Q,
Vg <0H4lae onT!,

g =0H%1ae.onT\ (I UT?),
OWCOIlt(a’,) — ¢SI?2

¥ =15 e L®[R? - R?, )

= QI QI Qi QU

We emphasize the fact that the constant qbé’z and the set ©” depend on Q, "', "2
and v.

Nozawa defines a corresponding min-cut problem. A continuous cutset is an
hypersurface included in €2. Such a surface is seen as the boundary of a sufficiently
regular set S C €2, that is, a set S of finite perimeter in 2. To express the fact that
the boundary of S in 2, 2N 9S8, cuts I'! from I'? in ©, Nozawa imposes some
boundary conditions on the indicator function 1:

y(ls) =1 H? 'ae.onT! and y(ls) =0 H%¥ 1 ae on T2,

It means in a weak sense that I'! is “in” S and I'? is not “in” S. In the max-flow
problem (2.5), v(v) is the local capacity of the medium in the direction v; thus the
capacity of the surface 2N 9§ can be defined as

/ v(Bs () dHI (x).
QNo*S

In the previous equation, the integral is taken over the reduced boundary 9*S of S,
where the exterior normal to S is defined. Nozawa investigates the behavior of the
minimal capacity of a continuous cutset; that is, he considers the following min-cut
problem:

SCQ,15eBV(Q),
27 ¢ =inf / (s (0)) dHI () |y (Lg) = 1 He~ e on T,
QN9S y(1s) =0 H9 '-ae. on I'?

He obtains the following continuous max-flow min-cut theorem:

THEOREM 2.1 (Nozawa). We suppose that  is a bounded domain of R? with
Lipschitz boundary T, and that T'' and T'? are two disjoint Borel subsets of T'. The
following equality holds:

M
¢§2 )=¢§2m) < 00.

Moreover, there exists a maximal continuous stream; that is, there exists a vector
field & as required in (2.5) such that flow®" () = d)ézM).
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REMARK 7. For the interested reader, we explain how to deduce Theorem 2.1
from [15]. We do not define all the notation appearing here; they come from [15].
We consider the max-flow problem (M &) and the min-cut problem (MI;) de-
fined in Section 5 of [15], pages 834 and 839. As suggested in the last remark
of [15], page 841, we fix oy = a; =0H% 'ae.onT, forallteT =N, and
I';(x) = {0} for all x € Q2 and for all ¢t > 1. For x € Q2 we define

To(x) =To={weR¥o e S, -0 <v(@)},

that does not depend on x in our setting. The set I'g is the Wulff crystal associated
to v. It is a compact convex set since v is convex and bounded on S~!. Since v is
convex and continuous, it is stated in Proposition 14.1 in [4] that

voeSl  v(@) =sup{t- w|w € Iy).
Since v(—v) = v(V), we obtain
Bro(—Us(x), x) =sup{—vs(x) - w|w € [} = v(=Vs(x)) = v(Ts(x)).

In this setting (MI';) corresponds exactly to the min-cut problem (2.7), and
(M ®5) corresponds almost to the max-flow problem (2.5), except that the goal
is to maximize + (1 6 - Vg dH4~1 on streams ¢ satisfying & - vg > 0 H l-ae.
on I'!. Since all the others conditions on & are satisfied by —&, (M ®,) is com-
pletely equivalent to (2.5). Combining Theorems 5.3 and 5.6 in [15], we obtain
Theorem 2.1.

REMARK 8. The variational problem ¢g") is not exactly the same as @3, the
continuous min-cut problem we have informally presented in Section 1.2 and that
appears in the main results of Section 1.3. In fact, the variational problem ¢§2m) is
not well posed, since the infimum may not be reached by any admissible set F.
Since we want to prove the convergence of a sequence of discrete minimal cutsets
to the set of minimal continuous cutsets, we have to consider another variational

problem. This is done in the next section.

2.3. Probabilistic background. The study of the maximal flow in first passage
percolation started in 1987 with the work of Kesten [13]. We do not give here a
complete state of the art of all the results known in this domain. We choose to
present only the results that we will rely on and that motivate our work. For a more
complete introduction to this subject we refer to [6], Section 3.

We start with the definitions of flows in cylinders that will be useful during the
proof of Theorem 1.1 and the rigorous definition of the function v that appeared
in equation (1.5). Let A be a nondegenerate hyperrectangle, that is, a box of di-
mension d — 1 in R?. All hyperrectangles are supposed to be closed in R¢. We
denote by v one of the two unit vectors orthogonal to hyp(A). For & a positive real
number, we consider the cylinder cyl(A, h). Let T(A, h) [resp., B(A, h)] be the
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FIG. 6. The sets T(A, h), B(A,h), T'(A, h) and B'(A, h) in cyl(A, h).

top (resp., the bottom) of cyl(A, h) with regard to the direction v (see Figure 6),
that is,

T(A,h) = [x € cyl(A, h)[3y & cyl(A, h), [x, y] € E and [x, y] N (A + hi) # &)
and
B(A,h) = {x € cyl(A, h)|3y ¢ cyl(A, h), [x,y] € EZ and [x, y]N (A — hv) # &}.

Let T'(A, h) [resp., B'(A, h)] be the upper half part (resp., the lower half part)
of the boundary of cyl(A, i) (see Figure 6); that is, if we denote by z the center
of A,

T/(A,h)
7% -0 > 0and
= {x SMANM 30 g cyl(A, ). [x. y] € EX and [x, y] N cyl(A, h) # & }
and
B'(A. h)

= {x ecyl(A, h)

7% - v <0and
3y ¢ cyl(A, ), [x, y] € Ed and [x, y]N 9 cyl(A, h) # @

For a given realization (f(e),e € Eﬁ), we define the variable 7,(A,h) =
T}’l (CYI(A, h)’ 1_5) by

T, (A, h) = 1, (cyl(A, h), V) = ¢u(T' (A, h), B'(A, h), cyl(A, h)).
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The asymptotic behavior for large n of the variable 7, (A, h) properly rescaled is
well known, thanks to the almost subadditivity of this variable. The following law
of large numbers is proved in [16]:

THEOREM 2.2 (Rossignol and Théret). We suppose that

/ xdA(x) < o0.
[0,4-o00[

Then for each unit vector v there exists a constant v(d, A, v) = v(V) (the depen-
dence on d and A is implicit) such that for every non degenerate hyperrectangle
A orthogonal to v and for every strictly positive constant h, we have

T2 (A, h)

. - .1
n]l)rl'olom = U(U) inlL".

Moreover, if the origin of the graph belongs to A, or if
/ xl'H/(d_l)dA(x) < 00,
[0,+00[

then

: (A, h) -
nll)ngo m =v(v) a.s.

We emphasize the fact that the limit v(v) depends on the direction of v, but nei-
ther on /& nor on the hyperrectangle A itself. When the capacities of the edges are
bounded [hypothesis (H2)], both L! and as. convergences hold in Theorem 2.2.
This theorem gives the proper definition of the function v that appeared in equa-
tion (1.5). The function v is initially defined on SY~!, but we consider its homoge-
neous extension to R¥, that we still denote by v, defined by

N

v =0 and Vi eRI\{0}  v(ib)= ||w||2v($>.
wll2

We recall some geometric properties of the map v that are valid whenever
E(z(e)) < oo. They have been stated in Section 4.4 of [16]. If there exists a unit
vector v such that v(¥) = 0, then v = 0 everywhere, and this happens if and only
if A({0}) > 1 — p.(d), where p.(d) denotes the critical parameter for bond per-
colation on Z¢. This property has been proved by Zhang in [21]. Moreover, the
function v : R — R is convex. Since v is finite, this implies that v is continuous
on R?. Moreover, v is invariant under any transformation of R? that preserves the
graph (Z4,E?), in particular v(?) = v(—7) for all v € RY.

The asymptotic behavior of the maximal flow qbn(F,i, F,zl, Q,) was studied in
the companion papers [6, 8] and [7], and the following law of large numbers was
proved:
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THEOREM 2.3 (Cerf and Théret). We suppose that the hypotheses (H1)
and (H2) are fulfilled. Then there exists a finite constant ¢q > 0 defined in (2.8)
and (2.9) such that

¢>

lim ¢>(1) a.s.

n—o0 pd

Moreover, this equivalence holds:

o0 >0 =  A({0}) <1— pe(d).

In fact the authors prove in [7] that the lower large deviations of ¢,/ n?=" pbe-
low a constant ¢)(1) are of surface order, in [8] that the upper large deviations
of ¢,/n?"! above a constant d)(z) are of volume order and finally in [6] that
¢(1) ¢(2) The definitions of qb(l) and ¢(2) are the following:

d—1 d—1
6 = inf /ﬂﬂa*F VEr)dHT 0 + / v(Fr () A ()

o (Ue)dHT 1(x)
2.8) r'Na*(Q\F)

FCQ,1rpeBV(Q) !,

oS —infi/ v(ﬁp(x))d’Hd_l(x)‘
QnIP
(2.9)
PCcRLT cp, T CRd\P }
P is polyhedral, 9 P is transversal to I"
The variational problems ¢Q and ¢Q are continuous min-cut problems very sim-
ilar to the problem ¢(m) defined by Nozawa. The variational problem ¢g ) is in fact

exactly the one we were looking for, that is, ¢, = qbg ), where ¢, is the continuous
min-cut problem appearing in Sections 1.2 and 1.3. Notice that a condition of the

type “dF separates I'! from I'? in ©” does not appear in ¢8 ), but the definition
of the capacity of F is adapted: the surface that is considered as “separating” is in
fact the surface AF NQ)U (AF NT2) U (3(Q\ F) NT'!) (see Figure 7). Thus we
define for every F C Q2 such that 1z € BV(Q2),

capacity(F) = f v(OF(x) dH T (x) + / v(OF(x)) dH T (x)
QNI*F
+ v(Fa(0) dH! ! (2).
TIN3*(Q\F)
and the variational problem ¢! can be rewritten as

0% = ¢4 = inf{capacity(F)|F C 2,17 € BV(Q)}.
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(OFNQ)U@FNTHU @@~ F)NTY)

FIG. 7. Theset @FNQ)U@F NTHU@OQ\ F)NTh.

Thus the set £¢ appearing in Theorem 1.2 is defined by
24 ={F C Q|1r € BV(Q), capacity(F) = ¢&}.

Let us prove that the min-cut problems qﬁg ), ¢s(22 ) and ¢S(2m) are equivalent. We
claim that

1 2
(2.10) 05 <o <93
Since ¢s(21 ) = ¢g ) by [6], Theorem 11, we conclude that

1 2
00 =05 =05

Thus the three min-cut problems are equivalent. The arguments to justify inequal-
ity (2.10) are the following. On one hand, consider a set P as in the definition (2.9)

of ¢g) (see Figure 8), and define S = P N 2. Since Fl Clg, then y (15) =1 HA-1

ae.onT'! and since T CR4\ P, theny(1g) =0 H? !-a.e.onI'?, thus S satisfies

all the conditions required in the definition (2.7) of qbg") and

J d—1¢.y _ = d—1
/;Zﬂa*sv(vs(x))dﬂ (x)_/mapu(vp(x))dﬂ (x).

Thus d)ézm) < ¢§22 ). On the other hand consider a set S as in the definition (2.7) of
¢g"). Of course S satisfies the conditions required in the definition (2.8) of qbg ),
According to the last equality on page 809 in [15], for every set S C 2 of finite

perimeter in 2 we have

(2.11) y(Ls) = Lrrgss, H% 1ae. onT.



1076 R. CERF AND M. THERET

1—\2

FI1G. 8. A polyhedral set P as in the definition ofq)g).

Thus y (1s) =0 H9 !-a.e. on I'> implies that #¢~1(I'"> N 8*S) = 0. By definition
of the trace, y (1g\s) = 1 — ¥ (1s) everywhere on I', thus y (1s) =1 H?1-ae. on
r! implies y (1g\s) =0 H41.ae.on L. Since Q \ S has also finite perimeter in
2, by equation (2.11) applied to €2\ § we have y (1a\s) = Irng\s) HI 1 ae.
on I, thus H4~ (' N 8*(Q \ §)) =0, and the integrals

f v(Bp(0))dH () and v(Fe () dHI (x)
2n9*F r'Na*(Q\F)

vanish. We conclude that ¢£(21) < qbg"), and this finishes the proof of inequal-
ity (2.10).

REMARK 9. The simplicity of the previous argument should not hide that the
real difficulty consists in proving that ¢>g ) = d)g ). This is done in [6] by a quite

complicated process of polyhedral approximation.

3. Organization of the proof. In Section 4, we study a sequence of discrete
maximal streams (i1?%),,>1. We prove that from each subsequence of ('**),>;
we can extract a sub-subsequence which is weakly convergent. If we denote by ji
its limit, we prove that a.s. ji = o £¢ with & a continuous stream which is admis-
sible for the max-flow problem ¢€2. Moreover, we prove that along the converging
subsequence,

: disc [ - max cont >
3.1 nlLHgo flow},™° (i, ™) = flow*™ (5) a.s.
Section 5 is devoted to the study of a sequence of minimal cutsets (5,‘;‘in)nz 1
We prove that from each subsequence of (R(£™)),>1 we can extract a sub-
subsequence which is convergent for the distance 0. If we denote by F its limit,



MAXIMAL STREAM AND MINIMAL CUTSET 1077

we prove that F C Q and 1r € BV(R2); that is, F is admissible for the min-cut
problem ¢¢,. Moreover, we prove that along the converging subsequence,
min

(3.2) liminf —"—= > capacity(F) a.s.

n— o0 nd—l

In Section 6 we establish that
(3.3) capacity(F) > flow*™ ().

Then combining equations (3.1), (3.2) and (3.3) we derive the results presented in
Section 1.3.

The most original part of our work is the study of maximal streams presented in
Section 4. The study of minimal cutsets relies largely on the techniques used in [7]
to prove that the lower large deviations of ¢, are of surface order. To complete
the proofs we also use the result of polyhedral approximation proved in [6]. In
the proof of the law of large numbers for ¢, we present here, we have replaced
the study of the upper large deviations of ¢, performed in [8] by the study of the
maximal streams, which is more natural, and we have adapted the arguments given
in the study of the lower large deviations of ¢,, in [7] to obtain informations on the
behavior of minimal cutsets.

Throughout the paper, we assume that hypotheses (H1) and (H2) are satisfied.

4. Study of maximal streams.

4.1. Existence. The existence of at least one maximal stream is not so obvi-
ous because of condition (1.2). We will assume throughout the paper that the ca-
pacities of the edges are bounded by a constant M. Under this hypothesis, the
set S,,(F,ll, F,%, Q,) is compact, and since the function f, € Sn(F,i, F,zl, Q) —
flowdis¢ (12, (f,)) is continuous, a stream fi,, = fi, (f,) satisfying (1.1) exists. Sup-
pose that ji, does not satisfy (1.2), and let e = [a, b] with a € F,ll, b ¢ F,ll, and,
for example, e = (a, b) and f,(e) < 0. Since f, satisfies the node law and since
there exists only a finite number of self avoiding paths (i.e., paths that visit each
edge at most once) starting at a in €2,, then there exists a self avoiding path
r=(a,la,bl,b,...,c)in Q, from a to a point c that belongs to F,ll or F,% such
that for all e e r, if r(e¢) = 1 (resp., —1) when e is crossed by r from the origin to
the endpoint of e (resp., from the endpoint to the origin of e), then f,(e)r(e) <O.
Since r is finite,

m(fp,r)=inf{—f,(e)r(e)le e r} > 0.
Consider the stream function f, defined by

fn(e)v ifegér,

f”(e)z{fn(e)—i—r(e)m(fn,r), ifeer.
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Q If such a path exists
ST s the flow lowd™¢(Z,,(fn))
' is not maximal

C1

flow m(fn,71)
path 71 along 71

a2

flow m(fn,72) r?

along 7o

path ro
C2

! If such a path exists
fffffffffffffffffffffffffffffffffffffffffffffffffffffffffffff we can remove it
from the sream fin(fn)

F1G. 9. Flow that escapes from 2, through I“,ll.

This is the stream function obtained by removing from f, a quantity of flow
m(fn,r) along r from ¢ to a. The stream function f, is still admissible,
since |f,(e)] < |fu(e)| for all e. If ¢ belongs to I‘% (see Figure 9), then
Aowdise (1i,, (f1)) = flowd(ji, (f,)) + m(fy, 7), and this is not possible since
fn (fn) satisfies (1.1). Thus ¢ belongs to I'! (see Figure 9) and ﬂowgisc(,&n(f,i)) =
flows™ (i, (fn)). Moreover, f,(la,b]) = fu(la,b]) +m(fu,r) > fa(la,b]), and
m(f,,r) =0. We can iterate this process finitely many times with every possible
self avoiding path " starting at a until m(f,,r’) = 0 for all r’. Eventually, the
stream function f," we obtain satisfies f,’([a, b]) = 0. We can do the same pro-
cedure with every edge [a, b] with a € F,ll and b ¢ F% (there is a finite number of
such edges), and the stream function f;, that we obtain at the end satisfies (1.2)
and ﬂowgisc(ﬁn( o)) = ﬂowgiSC (in (f)). This proves the existence of a maximal
stream from F,ll to F,% in €2, if we suppose that the capacities of the edges are
bounded by a constant M.

From now on (ji,),>1 denotes a sequence of admissible discrete streams and
(%), a sequence of admissible maximal discrete streams.

4.2. Compactness. We prove the following property:

PROPOSITION 4.1. Almost surely, for n large enough, the sequence (fiy)n>1
takes its values in a deterministic weakly compact set of measures.

REMARK 10. This property implies that any subsequence of (ii,),>1 admits
a sub-subsequence (/_/:(p(n))nzl that is weakly convergent, that is, such that there
exists a random vector measure /i : B(R?) — R? satisfying

Vf eCy(RY,R) nli)ngo/Rdfdﬁgo(n)szdfdﬁ.
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The choice of the sub-subsequence (ﬁq)(n))nzl is random, that is, the function ¢
may depend on the realization of the capacities.

PROOF OF PROPOSITION 4.1. For the rest of this section, we consider a
fixed realization of the capacities. Let (i, = (M,lw e gg) be an admissible dis-
crete stream on (Zg, Eg). For all n > 1, the support of u, is included in the com-
pact set Vo (€2, 1). Hence the admissible discrete streams are tight. Moreover, for
i=1,...,d, we have

. - 1 M card(I1,)
b (Voo (R, D) £ — D | fule)] £ ———.
n ecll, n
Since
1
card(T1,) < 2d card($2,) < 2dn‘? (sz +o-1-1, 1])
n
d pd ~1
4.1) <2dn“L(Vo(R2,n7 7))
<2dn9 L4 (Vo (2, 1)),
we conclude that foralli =1, ...,d, foralln > 1,

|l | (Voo (2, D)) < 2dM L9 (Voo (2, 1).

Thus the admissible discrete streams are uniformly bounded for the total varia-
tion distance. The conclusion follows from Prohorov’s theorem; see, for example,
Theorem 8.6.2 in volume II of [2]. [

REMARK 11. Since all the measures i, have a support included in the same
compact, the weak convergence (fi,)n>1 is characterized by the convergence of
n(f) for all f in any of the following classes of functions: the continuous
bounded functions, the continuous functions with compact support or the continu-
ous functions that goes to zero at infinity.

From now on, we consider a measure ji which is the weak limit of a subse-
quence of (ji,),>1, and we study its properties. Notice that & is a priori random,
so some of its properties will be proved for all events, and others only a.s.

4.3. Absolute continuity with respect to Lebesgue measure. In this section, we
prove that /i is absolutely continuous with respect to £¢, the Lebesgue measure
d
on R%.

PROPOSITION 4.2.  If [i is the weak limit of a subsequence of (fiy)n>1, where
fin is an admissible stream for all n > 1, then there exists a random vector field
o:R?Y - RY such that i =o/L%, 6 € L°(R? — R, L) and 6 =0 L%-q.e.
on QF.
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PROOF. For the rest of this section, we consider a fixed realization of the ca-
pacities. Let w; = = pbt .~ be the Hahn—Jordan decomposition of the signed
measure [Ln Then M,ﬁ and Mn are positive measures on (R, B(R?)), respec-
tively, the positive and negative part of ,un By the same arguments as in Propo-
sition 4.1, we see that the sequences (,un )n>1 and (,un )n>1 take their value
in a weakly compact set. Thus up to extraction we can suppose that /i, — /i,
bt — i+ and ui~ — i~ foralli =1,...,d, where u"** and u’ = are posi-
tive measures. If we write i = (1!, ..., u%), we have u! = u+ — >~ but this
may not be the Hahn—Jordan decomposition of ' since it may not be minimal.
Let B(x, r) be the ball centered at x of radius r > 0. We have

. 1
T(B(x,r) < |yl (B(x, 1) < — > | fule)]

n di
ecEy"' ,c(e)eB(x,r)

_ Mecard(fe e Edi|c(e) € B(x,1)})

and we remark as in Section 4.2 that

card({e € EZ’i|c(e) € B(x,r)}) < card(ZZ NB(x,r+ n_l))
1
< ndﬁd(Zz NB(x,r —|—n_1) + 2—[—1, l]d)
n

< ndﬁd(B(x, r+ 2n_l)),
whence
Wt (B(x,r)) < MLY(B(x,r +2n71h).

With the help of Portmanteau’s theorem (see, e.g., Theorem 8.2.3 in [2]) we obtain
that

W (B(x,r)) < Mﬁd(B(x, r)).

Let next A be a Borel subset of R?. Since the Lebesgue measure £¢ is outer
regular, for ¢ > 0 there exists an open set O such taht A C O and £L4(0 \ A) < &.
By the Vitali covering theorem for Radon measures (see Theorem 2.8 in [14]),
there exists a countable family (B}, j € J) of disjoint closed balls such that:

e VjeJ B;CO;
. /’Ll+(0\Uj€JB)_

Thus
Wt 0)= Yy =M Y ey =me! (U By) =MLY O),
jeJ jeJ jedJ
whence

ut(A) <t (0) < MLY0) < M(LY(A) +¢).
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Sending ¢ to 0, we obtain that
ut(A) < MLY(A).

We conclude that > is absolutely continuous with respect to £¢. The same holds
for /Li’_, foralli =1,...,d, thus i is absolutely continuous with respect to £
that is, there exists o € L' (R — R¢, £4) such that ji = 5 £¢. We use the notation
o= (", ..., crd). Moreover we have proved that foralli =1,...,d,

VA e B(RY) f o [dLd < T (A) + T (A) <2MLY(A),
A

which implies that |o?| < 2M L%-a.e. and thus that & belongs to L>®(RY —
R4, £d). Finally, we notice that for n > 1, the support of i, is included in
Voo (82, 1/n), thus the support of i is included in (Mn>1 Veo(82,1/n) = Q. This
implies that & = 0 £%-a.e. on R? \ ©, thus on Q€ since £4(3Q) =0. O

4.4. Divergence and boundary conditions. We study the divergence of . We
recall that divergence must be understood in the distributional sense. By definition,
for every function & € C2° (R, R), we have

(4.2) f hdiv&dﬁd=—/ G-Vhdcrd.
R4 R4
We first prove the following result:

PROPOSITION 4.3.  If i =6 L% is the weak limit of a subsequence (Bp(n))n=1
of (fin)n>1, then for every function h € C° (R?, R) we have

/hdiv&d[id:—/ o -Vhdc?
R4 R4

4.3)

. 1
- nll>n(}o (p(n)d—l

Yo h@) fom ),

ur?

1
xel o)

@(n)

where for all x € (F,ll U F%), ﬁl(x) is the amount of water that appears at x ac-
cording to the stream f,:

)= > fu@— Y fule).
e=(x,-)

e=(-,x)

PROOF. The idea of the proof is the following: we interpret div o as the limit
of a discrete divergence, which we can control thanks to the node law satisfied by
the stream function f;,,. We consider again a fixed realization of the capacities. We
consider a subsequence of (fi,),>1 converging toward /i, but we still denote this
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f; e Li(z) R'(z)
o———o© L

li(e) ri(e) T

FI1G. 10. Correspondence between edges and vertices.

subsequence by (ii,),>1 to simplify the notation. Since Vh e Cp (Rd, Rd), we see
that

- - 1 -
- d_ . R T -
(4.4) fR (0 VhdLi= lim | Vh-dii, = lim -5 > fa(e)é - Vih(c(e)).

n—00
ecEd

We study the sum appearing in the previous equality. Let i € {1,...,d}. By Tay-
lor’s theorem, we know that for all x = (x1,...,x4),y = (1,...,Yq) € R? such
that x; = y; for all j #i we have

h(x) —h(y) =0;h(y)(xi — yi) + g(x, y),

and since h is in C?(Rd, R) we know that |g(x, y)| < K(x; — yi)z, where K =
K (h) = ||h|ly20/2. For e € Eg’ let us denote by [; (e) [resp., ri(e)] the endpoint
at the origin (resp., the end) of e according to the orientation chosen on Eg’i; see
Figure 10. Conversely, for x € Zﬁ , we denote by Li(x) [resp., R’ (x)] the edge of
Eg’i which ends at x (resp., starts at x). We obtain

3" ful@é - Vi(c(e))

ecEd

Z > fale)dih(c(e))

i=1 eeEi{"

d
_ Y- fa@n([h(ri(e)) — h(li())] — [g(ri(e), c(e)) — g(c(e), li(e))])

i=1 egdi

d
=n Y h(x)Y [fu(Li(x) = fu(Ri())] + an(h, f,Q),
i=1

d
xeZ4

where by inequality (4.1) we have

4.5)  |an(h, £, Q)] <n 2K M card(T1,) < dK ML (Voo (2, 1))n? 1.

(2n)?

Since the stream satisfies the node law, we have for all x ¢ (I'} UT2) that

d

S [fa(Li () = fa(Ri(x))] = 0.

i=1
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For all x € (F,ll U F%), let us denote by fn (x) the amount of water that appears at x
according to the stream f;,, that is,

d

@.6)  fu() =Y [fu(Ri®) = fulLi)]= Y
e=(-,x

i=1

Jn(e) — Z Jn(e).
) e=(x,:)

Then we have proved that

o I S o £
¥t diin === ¥ G fan +

xertur?

According to equations (4.4) and (4.5), this implies equation (4.3), and thus Propo-
sition 4.3 is proved. [J

We now deduce from Proposition 4.3 that divo and ¢ - v satisfy the condi-
tions required in [15]. Remember that divergence is understood in the distribu-
tional sense. The meaning of o - Vg is the one given by Nozawa in [15] that we
have recalled in Section 2.2.

COROLLARY 2. If it =& L% is the limit of a subsequence of (fin)n>1, then
it satisfies dive =0 L%-a.e. on Q and & - vg =0 H?* -a.e. on T\ (I UT?).
Moreover, if for all n > 1, ﬁ,(x) = Do) Jn(€) = DXeeix.y fu(e) = 0 for all
X € F,ll then o - v <0 M -ae. on T,

REMARK 12. By definition, the last condition is satisfied by a sequence of
maximal flows (Z*),>.

PROOF OF COROLLARY 2. We consider a fixed realization of the capacities.
We prove first that diva = 0 on € in terms of distributions. Indeed, for every
function & € C2°(2, R), & is null on F,ll U F,%, for all n. Thus by Proposition 4.3,

/ hdivg dLd = —/ G -VhdL?=0.
R4 R4
As explained in Remark 6, we rewrite this equality as dive =0 £%-a.e. on Q. We
now study the boundary conditions satisfied by o. As explained in Section 2.2,
o - Ug is an element of L>°(T", H¢~1) characterized by
(4.7) Vu e Wh(Q) f(&-ﬁg)y(u)d%d_l =f G-Vudc?.

r Q

In fact o - Vg is characterized by

(48)  VueCP(RYR) /(8-5Q)ud7-ld_l =/d&-%udcd.
r R
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Let us prove that the conditions (4.7) and (4.8) are equivalent. We recall that
wl1(Q) is the set of functions u:Q — R satisfying u € L'(S), and for all
i €{l,...,d}, there exists g; € L'(€2) such that

Vh € CX(Q, R) /ua,-hdcd=—f gihdl?.

By definition ||d;u v =8l ) The norm on the Sobolev space wh(Q) is
given by

d

Vue W) lullyiig = lullpig + Y 13iull g

i=1
The set of functions { f|q, f € C° (R4, R)} is dense into W1 (Q) with respect to
the norm || - [ly1.1(q) (see, e.g., [15], page 809). Let u € W!1(Q) and (uy)u=1 be
a sequence of functions in C° (R4, R) such that i1, = u, | converges toward u in
Wh1(Q). Then u and i, belong to BV(2) for all n > 1, and u,, converges toward
u in BV(2) in the sense glven by Nozawa in [15], page 808; that is, i, converges
toward u in L'(§2) and |Vun|(§2) converges toward |Vu|(£2) Then by [15], The-
orem 2.1 (that comes from [10]), we know that y (ii,,) = u,|r converges toward
y(u) in L(I"). Since & - Ug is in L>°(T"), this implies that

(4.9) nli)rrgo/lz((?-ﬁg)unde*I :fr(aﬁg)y(u)d?td*l.

Moreover, since & € L®(2, RY), the convergence of i, toward u in wll(Q)
implies

(4.10) lim a%andﬁd:/ & Vudcd,
Q

n—o0 Q

Finally, & = 0 £%-a.e. on Q€ implies that
@.11) /a%ancwd:/&ﬁundﬁd:/ & Vu,dCd
Q Q Rd

Combining equations (4.9), (4.10) and (4.11), we conclude that properties (4.7)
and (4.8) are equivalent. According to (4.3), we obtain that for all u € C2° (R?, R),

: 1 =
/(a b udH?' = lim —— D0 u) fulx).
xeljurz?

On one hand, let u be a function of € cg°((rl U T'2)¢, R), that is, u is defined on
R, takes values in R, is of class C® and its domain is contained in a compact
subset of (I'' UT'2)¢. Then for n large enough, u is null on F U F2 thus

/ G - Vo)udH? ' =
r
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and we conclude that & - v = 0, H¢ '-a.e. on '\ (I'' UT?). On the other hand,
ifueC(I"\ '), R), then for n large enough,

R -
[G Budni = = lim —— 3 w0 foo,

xel'}

and if forall n > 1 we have f,(x) > O forall x € I'!, then we conclude that & - T <
0H lae onT!. O

REMARK 13. Notice that combining equations (4.2) and (4.8), we obtain that
(4.12) VheCP(RY,R) /d hdive dL? = _f h(G - Tg)dH™!
R r
This implies that div o is a distribution of order 0 on R4,

VK compact of RY,3Cx, Vh € C°(K, R) ’/d hdive dL%| < Ck |1 lso,
R

since we can choose Cx = C = ||G - Valloc ¢~ 1(I") for any compact K. Thus
by the Riesz representation theorem (see Theorem 6.19 in [17]) we know that it
is a Radon measure that we denote by divao £¢, and this measure is completely
characterized by equation (4.12), that is,

(4.13) dive L4 = —( - vo)H " |r.
4.5. Capacity constraint. 1In this section, we prove the following proposition:

PROPOSITION 4.4. If i = 5 L% is the limit of a subsequence of (jin)>1, then
almost surely we have

(4.14) L£%a.e. on R, Vo e ST

-

o-v<v).

PROOF. We explain first the idea of the proof. The convergence i, — & £?
implies that

fa-adﬁdz lim/dﬁn-ﬁ
D n—oo D

for every Borel set D such that £¢(9 D) = 0. On one hand, using Lebesgue differ-
entiation theorem, we know that for £9-a.e. x,

1
L4(D(x, ) JDx.e)
converges toward o (x) - v when & goes to zero, where D(x, ¢) is a “nice” sequence

of neighborhoods of x of diameter . To conclude that & - v is bounded by v(?), it
remains to compare [, dfi, - v with v(v). Proposition 4.5 states that when D is a

G-vdLe
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cylinder of height A in the direction v, [}, dfi, - v is close to AW ({i,, D, v)/n1,
where W (ji,, D, v) is the amount of fluid that crosses D from the lower half part
to the upper half part of its boundary in the direction v according to the stream ji,,.
Since 7, (D, v) is the maximal value of such a flow, W (i1, D, V) < 7,(D, v), and
we can conclude the proof by using the convergence of the rescaled flow 7, (D, )
toward v(v). The key argument—and the less intuitive—is Pr0p0s1t10n 4.5. In fact,
if /is a C! vector field on D with null divergence and such that -9 p=0H"ae.
on the vertical faces of D (the ones who are not normal to v), if we denote by B
the basis of D, then by Fubini theorem we have

- h -
/z-ﬁdcdzf (/ l-T)de1>du
D 0 B+uv

and we have for all u
/ Z.MHd—l:/ [ pand!
B+uv B

since by the Gauss—Green theorem we get

[ 5pdHi! =/ dividrd =o.
oD D

We obtain that
/ T-ﬁdﬁdzhf [ 5dnd!
D B

and [ [-5dH" is indeed the flow that goes from the bottom to the top of D
according to I In the proof of Proposition 4.5, we adapt this argument to a discrete
stream [i,,, and we consider a cylinder flat enough (i.e., 4 small enough) to control
the amount of fluid that enters in D or escapes from D through its vertical faces.

Step 1: From 6 (x) - v to fcyl(x,,+p—1A -1 O - vdL?. Since the functions v €

S4=1 s 5 (x) - v (for a fixed realization and a fixed x) and ¥ € S?~! > v() are
continuous, property (4.14) is equivalent to

(4.15) L£9ae. onRY, Vi e S¢4! G- <v@),

where S?=! denotes the set of all the unit vectors of RY that define a rational direc-
tion. Theorem 2.2 states that for every cylinder cyl(A, /) with A a non degenerate
hyperrectangle normal to v and & > 0, we have
(4.16) lim —t”tgcyll(A’ h, v)
n—o0 pd=1Hd=1(A)

Thus these convergences hold a.s. simultaneously for all cylinders cyl(A, h) whose
vertices have rational coordinates. For the rest of this section, we consider a fixed
realization of the capacities on which these convergences happen.

According to Definition 7.9 in [17], we say that a sequence (V),),>1 of Borel
sets in R? shrinks to a point x € R? nicely if there exists a number & > 0 and a

=v(v) a.s.
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sequence of positive real numbers (r,) ,>1 satisfying lim,_, » 7, = 0, and for all
pz1,

V, CB(x,r,) and L4(V,)>all(B(x,rp)).

We need the Lebesgue differentiation theorem on R4 (see Theorem 7.10 in [17]):

THEOREM 4.1. Let g be a Borel function in LY(R?, £%). To each x € R?,
associate a sequence (Vy,(x)) p>1 of Borel sets in R that shrinks to x nicely. Then
for L qe x eRY,

: 1 d
plggo LAV, (x)) Jv, ) gdL" =)

To each point x € R, we associate a deterministic sequence (xp(x))p>1 of
points of RY that have rational coordinates and satisfying lxp(x) — x| < 1/p.
Then for every nondegenerate cylinder D of center O, the sequence of Borel sets
(xp(x) + p~'D) p>1 shrinks to x nicely. We apply Theorem 4.1 to the function
o (coordinate by coordinate) to obtain that for £%-a.e. x, for every cylinder D =
cyl(A, h) of center O and whose vertices have rational coordinates (we say that D
is a rational cylinder), we have

1

lim ————— GdL =5 (x).
p—>00 pidﬁd(D) xp(x)+p_lD ( )

From now on, we consider a fixed x [thus a fixed sequence (x,(x)),>1 that we
denote by (xj),>1] such that the previous convergence holds for every rational
cylinder D.

Let ¥ be a vector in S?~! and n a positive real number. There exists a positive

real number A such that Av has integeg coordinates. If @1’ e Ed) is the canonical
basis on R9, suppose for instance A'v-f; # 0, then (X', f2, ..., £;) is a basis of R,
Adapting slightly the Gram—Schmidt process, we can obtain an orthogonal basis
(¥, s, ..., uq) of R? such that all the vectors u;, i =2, ..., d have integer coor-

dinates. Thus there exists a non degenerate hyperrectangle A of center 0, normal
to v and whose vertices have rational coordinates. Then for every positive rational
number h [thus cyl(A, &) is a rational cylinder], there exists po(x, A, h, 1) < 00
such that for all p > pg we get

1
,Cd(Cyl(.Xp + p*IA, pilh)) cyl(xp—i-p_lA,p_lh)

G-0dLY —G(x)- U
4.17)
=n.
The value of & will be fixed later; see step 3 below.
Step 2: From [o 4 p-1a,p-1h) O - vdL? to JeyiGep+p-1a,p-tny ditn - V. Let h
be a fixed positive number and p be a fixed integer, p > 1. Up to extraction of a
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subsequence ji,, — o £%, and since £¢(d cyl(x + €A, eh)) = 0, by Portmanteau’s
theorem we have

/ G-5dcd = lim djin - 7.
Cyl(xp+P_1A,P_lh) n—00 Cyl(xp-I-P_lA,P_lh)

Thus we obtain that for all n large enough (how large depending on x, A, i, n, p)

5-vact - [ diin -7
cylxp+p~1A,p~1h)
<nLcyl(xp, + p~'A, p~'h)).

Step 3: From [oyix, 1 p=14,p—1hy AHn -V 10 W (i, cy1(xp +p~'A, p~'h), V). For
any h > 0, any nondegenerate hyperrectangle A, we denote by W (ii,,, cyl(A, h), V)
the flow that crosses cyl(A, /) from the lower half part of its boundary to the upper
half part of its boundary in the direction v according to the stream fi,, on (Zg, Eﬁ),

llj(ﬁ}'h Cyl(A’ h)’ 1-5)
= > Jn(@)(Le=(a.b)}y — Lie=(b.a)})>

eecyl(A,h),e=[a,bl,aeB’(A,h),b¢ B’ (A,h)

/cyl( +p—1A,p=1h)
(4.18) torp oAb

where, if z is the center of cyl(A, h) and v is normal to A, the set B'(A, h) is
defined by

B'(A,h) = !x ecyl(A, h)ynZ¢
7% -v <0and
3y ¢ cyl(A, h), [x, y] € Ed and [x, y] N0 cyl(A, h) # & |

We state the following property:

PROPOSITION 4.5. Let A be a nondegenerate hyperrectangle normal to a unit
vector v, and let n > 0. There exists ho(A, n) such that for 0 < h < hg, for n large
enough (how large depending on everything else), we have

.~ 2hW(fiy, cyl(A, h), V)
/ ditn -V — a1
cyl(A,h) n

<nLcyl(A, b)),

and foralle >0and y € RY, we have

ho(y +&A,n) =eho(A, n).

Before proving Proposition 4.5, we end the proof of Proposition 4.4. We apply
Proposition 4.5 to the hyperrectangle A to obtain an hg(A, n) and then we use the
rescaling property in Proposition 4.5 to obtain that for all & < ho(A, n), for all
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p > 1, and for all n large enough (how large depending on everything else), we
have

o 27 R (i, cyl(xp + pT A pT ), D)
ditn -V — d—1

/;yl(xp+p1A,plh)
< nﬁd(cyl(xp +p7 1A, p_lh)).

Step 4: Conclusion. Let us combine the previous steps. Theorem 2.2 states that
for every cylinder cyl(A, h) with A a nondegenerate hyperrectangle normal to v
and & > 0, we have

(4.19)

Tu(cyl(A, h),v)
,,_Pgo nd—l’Hd—l(A) -

Thus these convergences hold a.s. simultaneously for all the rational cylinders, that
is, cylinders with rational vertices [like the cylinders (cyl(a;, h),i € Z)]. We con-
sider a fixed realizations of the capacities on which these convergences occur. We
consider a point x € 2 as explained in step 1, a vector v € S9! and a nondegen-
erate hyperrectangle A normal to v, of center 0 and whose vertices have rational
coordinates. We fix n > 0. We choose a positive rational ho < ho(A, n) as given in
Proposition 4.5 in step 3, then po(x, A, ho, n) as defined in step 1, and combining
inequalities (4.17), (4.18) and (4.19) applied with p = pg, we get that for n large
enough (as large as required in steps 2 and 3), we have

v(V) a.s.

_ 2pg hoW (i, eylCep, + Py A, g o) D) | _

G(x) v d—1pd ~14 -7 =
n=tL(cyl(xp, + py A, py ho))

Since by maximality of v we know that W (i, cyl(xp, + po_lA, po_lfzo), v) <
Tu(Xpy + Do A, Do Tho) we obtain, for all n large enough,
—17 —1 —17
5(x) - < L0 M0E U T po A po o)
nd=1Ld(cyl(xp, + py A, Py ho))

_ Talepe + P A, pg o)
nd_IHd_l(pO_lA)

Since the cylinder cyl(xp, + py 'A, Po 7o) is rational, we get, when n goes to
infinity,

o(x)-v<v()+3n.
Thus o (x) - ¥ < v(vV), and (4.15) and Proposition 4.4 are proved. []

PROOF OF PROPOSITION 4.5. We give first the idea of the proof. We recall
what it would be if we would consider a continous regular stream /, that is, a C!
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vector field on D = cyl(A, h), with null divergence and such that [-% p=0HIL
a.e. on the vertical faces of D (the ones who are not normal to v). If we denote by
B the basis of D, then by Fubini’s theorem we would get

- 2h -
/l-ﬁdﬁd:f (f l-ﬁd%d_1>du
D 0 B+uv

=2h x “flow from the top to the bottom of D according to I

We have to adapt this argument to /i,,. The set B + uv is a continuous cutset that
separates the top from the bottom of D. The equivalent discrete cutset is, roughly
speaking, the set of edges

E,={eC DleNB+uv # o).

The flow that crosses B + uv according to fi, is Y ,c ¢, Jn(e), and itis almost equal
to W(ii,, D, v) up to an error which is due to the flow that can cross the vertical
faces of D; thus we can control it if the height of D is small enough. Then we get
almost

2h
|7 X e du=21 i, 0.5,
0 ee&,
As in the continuous case, the left-hand side of the previous equality is almost the
integral of the stream over D,

2h

2h
[ E h@du=3 @ [t du= Y fute)

ee&, eCD eCD
=nd_l/ dji, 7.
D

up to a small error that appears for edges located near the boundary of D.

We begin now the proof. We will use another property, Proposition 4.6, that will
be proved after the end of the proof of Proposition 4.5. We give first the expression
of W(it,,cyl(A, h), ) in terms of f,. Let E be a (B'(A, h), T'(A, h))-cutset in
cyl(A, h). We define s(E) C Z¢ by

€-v

S| =

_ d
S(E) = :y € Zy NYIA R | ade of edges in (E4 Ncyl(A, b)) \ E

there exists a path from y to B'(A, h) }
The set s(E) is the connected component of B'(A, k) in (Zg, Eg \ E)Ncyl(A, h).
We consider a “non discrete version” S(E) of s(E), defined by
1
S(E) = (s(E) + 5 1-1. 1) Neyl(a
n

[this is a subset of R? included in cyl(A, h); see Figure 11]. For each edge e € E,
c(e) belongs to dS(E) and the exterior unit vector normal to S(E) at c(e), which
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FIG. 11. A (B'(A,h),T'(A, h))-cutset E in cyl(A, h) and the corresponding set S(E).

we denote by Us(g)(c(e)), is equal to € or —é, thus € - Us(g)(c(e)) equals +1 or —1.
If é- Usg)(c(e)) = +1 (resp., —1), then e = (a, b) with a € s(E) [resp., b € s(E)]
and b in the connected component of 7/(A, k) in (Zﬁ , Eﬂ \ E) Ncyl(A, h) (resp.,
a in this component). Indeed, E is minimal thus if we remove e from E we create
a path from B’(A, h) to T'(A, h) that contains e. By the node law, we know that
W (i, cyl(A, h), v) is equal to the flow that crosses E according to i, that is,

(4.20) W (jin, cYl(A, 1), B) = Y fu(@)é - Bsee) (c(e)).

ecE

We construct now several such cutsets inside cyl(A, /). By symmetry, we can sup-
pose that all the coordinates of v are nonnegative. Let x be the center of A. Let
u € R. We define the hypersurface P(u) by

Pw)=|yeRIXy-T=u—h).

For each edge e such that e = (a, b), we define ¢ = [a, b[, the segment that in-
cludes b, the endpoint of e, but excludes a, its origin. We define the set of edges
E, (u) by

En(u) ={e € Edle Ccyl(A, k) and & NP (u) # 2);
see Figure 12. We define also the set of edges F;, by
F,={ec Eile C cyl(A, h) N Vo (cyl(dA, h),2d/n)},

which is the set of the edges in cyl(A, h) that are near the faces of the cylinder that
are normal to A, and the set E, (u) by

E,(u) = [e € Eqy(u)le ¢ Va(cyl(dA, h), 4d/n)),
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FIG. 12. The set E;(u).

which is the set of the edges of E,(u) that are not too close from the faces of the
cylinder that are normal to A. We need the following property:

PROPOSITION 4.6. For all u € [1/n,2h — 1/n], E (u) U anontains a
(B'(A, h), T'(A, h))-cutset in cyl(A, h). We denote such a cutset by E,(u). Nec-
essarily E,(u) is included in E,(u) (Whichever way we construct it), and

Ve € E,(u) € Vg(E,wylcle) =+1.

We consider such a cutset E,, () for a given u in [1/n,2h — 1/n]. Using equa-
tion (4.20) we obtain as in Section 4.2 that

W (fhn, yL(A, 1), 0) = Y fule)

ecE, (u)
Z fule)e - US(En(u)) C(e) Z Jn(e)
eEEn(u) ecEy(u)
=‘ Yoo fa@E Vg uplc@)— D fale)
EEEH(H)\E,,(M) eeEn(”)\En(u)

4.21) N N N
< M[card(E, (u) \ E,(u)) + card(E,(u) \ E;(u))]

< 4dM card(Z¢ N Va(cyl(dA, h), 4dn™"))
<4dMn? L (Va(cyl(dA, h), 5dn~ 1)) < CMHIT2 (D A) (h + 5dn~)nd~!
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for a constant C. Let us consider the quantity
2h
r=[ (X he)d
0 ecEy(u)
On one hand, inequality (4.21) states that
|20 iy, cyl(A, h), D) — y|
<2hCMH*2(3A)(h 4 5dn~")nd™!

3" fule) = W(iin, cyl(A, h), B)| du.

+
[0,1/n1UI2h=1/n,2R11, g0

Moreover, there exists a constant C’(d, A) such that
VueR  card(E,(u)) < C'(d, A)n?"! and
| (ns cyl(A, h), B)| < C'(d, AYyMn?™".

We obtain the second inequality by noticing that the set of edges E,, (k) separates
B’(A, h) from T'(A, h) in cyl(A, h), and the first inequality bounds its cardinal.
We conclude that

(4.22) <2CMh(h+5dn~ YHI"2 (@A)~ +4C'(d, AYMni~2
<2CMR*H2@ A + K1(d, A, h, M)n? 2.

On the other hand, we have

2h
y= > fale LiecE, ) du.
eecyl(A,h) 0

For all e e cyl(A, h), e ¢ E,(u) if u ¢ [0, 2h], and we have

- V.

L

2h 1
/0 Ve, ) du ZfR]l{eeEn(u)}du =

Indeed for all e € cyl(A, h), if e = (a, b), then X& - U < Xbh-© (remember that we
supposed that the coordinates of v are non negative) and

ecE,(u) x_c)z-17<u—h§x_l;-5 — ue]h—i-x_c)z-ﬁ,h—i-%-ﬁ],

and the measure of the above interval is
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Thus
’y—nd_lf did, - v
cyl(A,h)
1 I | o -
=|— Z fale)e-v—— Z fale)e-v
M eecyl(A.h) " eerd,
(4 23) c(e)ecyl(A,h)

M J

< —card({e e Ejjle N dcyl(A, h) # &})
n

< Ka(d, A, h, M)n?2.

Combining inequalities (4.22) and (4.23) we obtain

- = Zh\p(ﬁna cyl(As h)a 1_5)
/ diy -v— =
cyl(A,h) n

(4.24)
<2CMI*H*2DA) + (K1(d, A, h, M) + Ko(d, A, h, M))n~ L.

We define

nH!(A)
ACMHI2(DA)
We deduce from inequality (4.24) that all & < hg, for all n we have

ho(A,n) =

- = th"(ﬁnvcyl(A7h)y 1_5)
/ ditn -V — a1
cyl(A,h) n
L2 (cyl(A, h
< METCYNA ) k(AL M)+ Ka(A R, MY

- 2
and thus for n large enough (how large depending on A, i, M) we obtain the de-
sired inequality. Moreover for all ¢ > 0, y € R¢, we immediatly obtain that

nH Ty +ed)  neTHITN(A)
ACMHI=2(A(y +eA)) 4CMed—2HI-2(9A)
This ends the proof of Proposition 4.5. [J

ho(y +€A,n) =

=cho(A, n).

PROOF OF PROPOSITION 4.6.  First of all, we prove that forall u € [1/n, 2h —
1/n], E,(u) separates the bottom from the top of cyl(A, k). Let us consider a
self-avoiding path r from B(A, h) to T(A, h) in cyl(A, h). The path r admits a
continuous parametrization r = (ry):¢[0,1]- Let x be the center of A. The two sets

Vi) =y e RYXY - ¥ <u —h) Ncyl(A, h),

Vo) = {y e RYTY - 0> u — h) Ncyl(A, h)
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F1G. 13.  The set E,(u) separates B(A, h) from T (A, h) in cyl(A, h).

form a partition of cyl(A, ). The path r starts in V] («) and ends in V;(u). Indeed,
B(A,h) C V(A — hv,n~") C Vi(u) because u > n~! and T(A,h) C V2(A +
hv,n~1) C Va(u) because u < 2h — n—'. Since r is continuous, there exists 7y €
[0, 1] such that

to = sup{r € [0, 1]|r; € Vi (u)}.

We define the point z = r,. It is obvious that z € P(u); see Figure 13. If z ¢ Zz ,
then z belongs only to one edge e C r C cyl(A, h), and z is not an extreme point of
e 50z € P(u) implies that e € E,, (u). If z € Z4, then z belongs to exactly two edges
e1 and ej that are included in r. By the definition of ¢y, we know that one of these
edges, say e; for example, is included in the adherence of Vi (u), and the other
one, ey, is included in V;(u). Since all the coordinates of v are nonnegative, we
conclude that e; € E;, (u). This proves that E, (1) separates T (A, h) from B(A, h)
in cyl(A, h).

We deduce easily that E,(u) U F, separates T'(A,h) from B’(A,h) in
cyl(A, h). Indeed, consider a path 7 from T'(A, h) to B'(A,h) in cyl(A, h). If
the starting point (resp., the endpoint) of 7 belongs to T'(A, h) \ T(A, h) [resp.,
B’(A, h)\ B(A, h)], then the first (resp., last) edge of r belongs to F,. Otherwise,
7 is a path from T (A, h) to B(A, h) in cyl(A, h), and we have proved that it must
contain at least one edge of E,, (u).

We consider an edge e of En(u), e = (a,b). Then a € Vi(u) and b € V,(u).
Moreover ¢ ¢ Vo (cyl(0A, h),4d/n) implies that d>(a, cyl(dA, h)) > 3d/n. The
set

D= Vi) \ Va(cyl(dA, h), 3d/n)
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Va(u) N Va(cyl(0A, h), 3d/n)

Vi(u) N\ Va(cyl(9A, h),3d/n)

B/(A, h)

FI1G. 14. Construction of a path from B(A, h) to T (A, h).

is a parallelepiped; thus the graph D N (Zg, Eﬁ) is connected. Let r be a path from
a to B(A, h) included in D; see Figure 14. In the same way, there exists a path r’
from b to T' (A, h) that is included in V5 (u) \ V2(cyl(3A, h), 3d/n). Thus r Ue Ur’
is a path from B(A, h) to T (A, h) that does not contain edges of F,, U(E, (u) \ {e}),
and we conclude that F,, U (E, (u) \ {e}) does not separate B(A, h) from T (A, h) in
cyl(A, h). This implies that e must belong to any cutset E,(u) with the properties
given in Proposition 4.6. Moreover, we have proved that a € S(En (u)) and b ¢
S(E,(u)), and this implies that Us(, ) (c(e)) = €, so Proposition 4.6 is proved.

O

4.6. Maximality. We recall that
flows™ (5) = / 5 TgdH!!
r
and

o 1
Alowd™ (ji,) = o) > fn(@)(Lie=(a,p)} — Lie=(b,a)})-
e€ll,:e=[abl,acl'} ,bgl'}

To complete the proof of Theorem 1.1, we must prove that the limit ji =6 £% of a
subsequence of the sequence of maximal discrete flows (1"*),> satisfies

(4.25) flow™™(G) =¢2  as.

In this section, we prove the following result:
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PROPOSITION 4.7.  Let (fin)n>1 be a sequence of admissible discrete streams.

If a subsequence ([iy(n))n=1 converges weakly toward a measure ji = & L% with
o € L®[RY - R, L), then

lim_ flowee) () = low*™(3).

REMARK 14. We will deduce equation (4.25) from Proposition 4.7 in Sec-
tion 6, using our study of minimal cutsets and Lemma 1.

PROOF OF PROPOSITION 4.7. The idea of the proof is very similar to the one
of Proposition 4.4. Suppose & is very regular—C' for example. By the Gauss—
Green theorem, we know that for all sets £ with finite perimeter,

/ aﬁgcmd*l:/ dive dL? =0.
dE E
If9E =T" USU§, where S C T \ (F''ur?) and S = 9E N K, then we obtain

/S& pdHIT = —/Fl G- vodH!™ +0=flow " (5).
We can choose E such that S is polyhedral: it allows us to cover (up to a small
volume) a neighborhood of S by a union of cylinders D; of height 4 and oriented
in the direction v;, where v; = v on the face of S that D; crosses. As explained
in the sketch of the proof of Proposition 4.4, [, D; o - v;dH™! is very close to
h [snp, 0 - Ui dH*~" . Since ji, = G L4, [1, 7 - Ui dL? is the limit of [}, dfi, - ;.
By Proposition 4.5, we know that [}, dji, - U; is very close to W(ji,, D;, V;). Fi-
nally, we notice that the flow that crosses 2, from I'! to I'? is the flow that crosses
the D; up to a small error, and thus ﬂowgisc(ﬁn) is close to Y_; W(jiy, Di, U;)
properly rescaled. This is exactly the idea we follow to compare ﬂowﬂisc(ﬁn) to
flow" (). However, & is not regular enough to allow a direct application of the
Gauss—Green theorem. The easiest way to get round this problem is to come back
to the definition of the divergence divao to compare flow®™ () to a sum of the
type 3= [p, O - Ui dcd.

From now on we consider a fixed realization of the capacities. We consider a
subsequence of (fi,),>1 converging toward /i, but we still denote this subsequence
by (fin)n>1 to simplify the notation.

Step 1: From flow*™™(5) 10 | eyl(A; O - Ui dL4. For A asubset of R, we

denote by A its closure and by ;1 its interior. Let P be a closed polyhedral set of
R such that

r'cp, T CcRA \ P and 0P istransversal to I'.

The construction of such a set P is made in Section 5 of [8]. The idea of the
construction is the following. For each x € Fl, let C, be a closed cube of center
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x and of positive size but small enough so that d»(Cy, I‘z) > dr (', Fz)/Z. The
cubes (C x)xefl can be chosen carefully so that their boundaries are transversal
to I'. Of course,

=l . . . =1
and by compactness of I’ we know that there exists a finite subcovering of ',
say

pO
r'clJcy.

i=1

We can take P = Ule Cy; . By construction 9 P is a polyhedral hypersurface that is
transversal to I' and that does not intersect Fl nor FZ, thus (3P, T UT?) > 0.
In the same way, for any ¢ > 0, we can construct a set Q' satisfying Q C Q' C
V>(£2, ¢) and such that 92’ is polyhedral and transversal to 3 P. We fix a positive
real number 77 > 0. Since 9 P is transversal to ', there exists £(77) > 0 such that
HIZTOP N (Va(R2, ) \ ) < 7. We consider a set Q' corresponding to £(7) as
described previously. Thus " depends on €2, P and 7, and we have

(4.26) HITN P N (Q'\ Q) <7
We need the following property (see Figure 15):

PROPOSITION 4.8. Let n > 0. There exists a finite family of hyperrectangles
Aq, ..., Ay (depending on Q, P, 7, n) of disjoint interiors included in 9P N/,

FIG. 15. The cylinders (cyl(A;, h),i=1,..., N).
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a positive real number h1(2, P, n,7) and a constant C (2, P,7) such that for all
h < hy, we have:

HI-N(@P N\ U, A)) <3

LAW@P, h) N Q) \ UL, eyl(A;, b)) < 2Cnh;
Vie(l,...,N},cyl(A;, h) C @;

Vie{l,...,N},Vx €cyl(A;, h),dr(x,dP \ A;) > da(x, A;).

We admit this proposition for the time being. We fix a positive 1. For each
i €{1,..., N}, let v; be the exterior normal unit vector to P along the face of 3 P
on which A; is, thus v; is normal to A;. We have explained in Remark 13 that
divo L4 = —(5 - Vo)H4 ! |r. Thus for any function ¢ € W1 (R?), we have

/&-Wdﬁd=f awczﬁd:—/ odive dLd
Q ]Rd ]Rd
4.27)

:+/F(3 )y (gla) dHI!

(this corresponds exactly to the definition of o - v given in [15]; cf. equa-
tion (4.7)). For a positive & < h, we define the function ¢ by

dr(x, P€ h—dy(x, P
R )

where {(r) = rljo,1f + L[1,400[- Then ¢, =2 on P N V2(dP,h)° and ¢; =0
on PNV (9P, h)°, ¢ is Lipschitz and has compact support included in P U
V(3 P, h), in particular ¢, € WH1(R?). On one hand, we know that & - g = 0
H? 1-ae.on '\ (' UT?), and there exists h2(Q2, P) =d(dP,T'UT?)/2>0
such that for & < hy we have y (¢plo) = op =2 H41ae. onT! and v (pnl) =
op =0 H9 1 ae. on I'%, thus

f @ - Ta)y (onle) dHI ' =2 / @ T M = 20w (3).
I r

On the other hand, we know that

(-, PY)

] . h—dy(, P)Y, =
Ton() = ]1[0,1[(T>h (-, P) — ﬂ[o,l[(+)h (., P),

thus Vg, =0 L9-a.e. on Va(dP, h)S, |[Vonlloo < h~ !, and for all i € {1,..., N}
we have on cyl(A;, h)

%(ph = —h_ll_ji.
For all 4 <min(h, hy), equation (4.27) applied to ¢j, gives

fl OWCOHt ( 8. )

Lr. . -1
=—5f<a-vg>y<<ph|g>d7{
I
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1 N
[ 5 St
2
1 d
=—— o-VopdL
2 V,@P,nNS
S e
= — O’ - __U‘
2 = Jeyl(a ) h'
1 d
- = g V(ph dr
2 Jan@P.mn@\UY, eyl(4;.h)
Thus
ﬂowcont o f d
( ) 2]’1 Z cyl(A; h) vid
1 J N
EHUHOOHV(Ph”ooE ((Vz(aP h) N Q) \Ucyl(A,,h))
1
(4.28) ’

N
—||a||oo||wh||oo£d<(vz<ap mNe \Ucyl(Al,h))
i=1

< 6 |l co-
Step 2: From [oyya, 0 - Ui dL? 10 [oyya, ) ditn - Ui- As in Section 4.5 if
fn — o L2 (up to extraction), since £%(d cyl(A;, h)) = 0, we know by Portman-

teau theorem that for all i € {1, ..., A}, for all n large enough (how large depend-
ingon P, A;, h, n) we have
nh

/ 3~5,-d£d—/ didy - V; ,
cyl(A;,h) cyl(Ai h) N

and we conclude that for all n large enough (how large depending on P, h, 1), we
have

<=

(4.29) <nh.

HdLd - f dfin - ¥
cyl(A; h) ' Z cyl(A;,h) Hon = Ui
Step 3: From fcyl(A,«,h) didy - V; to W([d,, cyl(A;, h), V;). As in Section 4.5 we
use Proposition 4.5 tclobtain that for all i € {1, ..., N}, there exists lNz,-(P, n) >0
such that for all 2 < h;, for all n large enough (how large depending on P, k, 1),
we have

21V (jin, cyN(AiL h). B) | _

cyl(Aph) nd-

YN HA-L(A)

L (cyl(A;, ).
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Thus there exists h3(P, n) = min15[5/\/(l~z,-) > 0 such that for all & < h3, for all n
large enough (how large depending on P, 1), we have

= 2 Y
4.30 / dii -7 — V(i eylias by, )| < b
@0 X} eicanm Y nd_lg (Ein, eyl(Ai, h), Bi)| <

Step 4: From Z{il W (jin, cyl(A;, h), U;) to lowd¢(ji,). By construction of P
we know that ! € P and I'2 ¢ (R? \ P) at least for n large enough. Since the
stream f;, satisfies the node law, we know that ﬂowgisc(ﬁ,,) is equal to the flow
that goes out of P, that is,

N 1 N
fow,™ (i) = —5 3 fule)2- (nab).

e=l[a,b],acP,b¢ P
Notice that € - (na_l;) equals +1 or —1, and f,(e) =0 if e ¢ I1,,. We define
E(P)={e=]a,bllecTl,,ac P,b¢ P}.

Thus

isc o 1 -
fows ™ (i) = —=7 D fu(e)2 - (nab).

ecE(P)
Foralli € {1,..., N}, forall h > 0, the set of edges
E; ={e Ccyl(A;,h)|le € E(P)}

is a cutset in cyl(A;, i) from the lower half part of its boundary to the upper half
part of its boundary in the direction v;; this can be proved exactly as in Proposi-
tion 4.6. Thus

W (jin, cyl(Ai, ), 57) = > fal@)é- (nab).
e=|a,b]€E;,acP,b¢P
Since the sets E; are disjoint, this implies that

N
s - 1 . .
flowdse (fi,,) — T > W (fin, cyl(A, ), ¥;)

i=1

N
< ni‘{l card(E(P) U E)

i=1

It remains to control card(E(P) \ Uﬁl E;). The edges that belong to this set are
included in Voo (0P N Q) \ U, A;,2/n), thus

N N
card(E(P) U E,~> <2d card(Voo ((aP N\ | A, 2/n) N Zg)

i=1 i=1

N
<2dn?L? (Voo<(8P n)\ | A 3/n>).

i=1
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The set (d P N Q') \ Uﬁl A; is a closed (d — 1)-rectifiable set. Thus its (d — 1)
dimensional Minkowski content defined by

N A
lim £V, @Pnan\JAi.r

i=1

exists and is equal to HA-L(@BP N \ U{\il A;) that is smaller than n by con-
struction. Thus there exists a constant « (d) such that, for n large enough,

N
card(E(P) \U E,-) <=L,

i=1

For all n large enough we get

4.31) <KknM.

N
o 1 _ "
flowdis (ji,,) — o E W (fin, cyl(A;, h), V)
i=1

Step 5: Conclusion. Combining inequalities (4.28), (4.29), (4.30) and (4.31) for
a h <min(hy, hy, h3), we obtain that for all n large enough (how large depending
on everything else)

|flow ™ (5) — flowg ™ (jin)| < N(C|5 lloo + 1+ kM),

and this completes the proof of Proposition 4.7. [

PROOF OF PROPOSITION 4.8. Let n > 0. The sets P and @ are polyhedral;
that is, their boundaries are included in a finite number of hyperplanes. For any
x € 9P N0, let us denote by 0(x) € [0, ] the angle between the exterior unit
normal to 9 P at x and the exterior unit normal to 32 at x. Thus

0) =inf{l0(x)|x € P NIX'} >0,

since there are only finitely many different values of 6(x) which are all positive
because 9 P is transversal to 9Q2’. We denote by (F;,l =1,..., M) the faces of
9 P that intersects €', thus 9P N Q' = U{\;tl F;, and by v; the exterior unit vector
normal to P along F;. We define

6> = min{arccos(V; - Up)|l,m =1,..., M, l #£m, F;N F, # &},

the minimum of the angles between two adjacent faces of d P N <2/, that is, between
faces that intersect. Thus 8 > 0 since again there are finitely many such angles.
Let 8p = min(0;, 6;) > 0; see Figure 16. Let E be the set of the edges of 9P N2/,
that is,

E= |J FNF,.
l#m=<M
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Q 4
//
K N ’
,,,,,,,,,,,,, Sl ’
~.. .
e tan(0/2) | A o tan(9/2) [ oP
S X 0> 0 L7
. AN T 0 ﬁ‘/ Kllal > 6o
p Fl /“, ,/
1 4 //
y ‘ ’
v X L5 (@) o
op 4

FI1G. 16. Construction of the cylinders (cyl(A;, h),i =1,..., N).

There exists ¥ > 0 small enough (how small depending on n, &/, P) so that we
have

HITHOP NQ NWV(E, k) <

n
>
Let F/ = F;\ Va(E, k) for [ € {1,..., M}. We define L = 2"k tan(6p/2). By
definition of 6y and F}, forall / € {1, ..., M}, for all x in F}, the set

SF () = {(x + bV — L1 <b < L)

is included in €’ and does not intersect S,%' (y) for any y € F,, and any m such
that F; and F), are adjacent; see Figure 16. Let L be the infimum of the distances
between two nonadjacent faces of d P (thus L, > 0). Let Lo = min(L1, L2/2) > 0.
Then for any € {1, ..., M}, for any x € F}, for any z in SZLO(x) = {x + byy| —
Lo<b<Lo},wehavez € Q,dy(z,0P\ F}) > Lo >d>(z, F;) and z ¢ Sﬁo(y) for
any y € F, distinct from x and any m € {1, ..., M}. We can now cover |, F] by
a finite set of hyperrectangles (A;,i =1, ..., N) depending on @, P, n of disjoint
interiors up to a surface of ¢~ !-measure less than /2, that is,

M N
Hd—l(U F[,\UAi> <
/=1 i=1

N3

This implies that

N
HI! ((aP ne)\ A,~> <.
i=1
Let us consider the cylinders cyl(A;, h) for h < Lo(2', P,n),i=1,...,N. By
construction, for all i € {1,..., N}, cyl(A;, h) C Q' and for all x € cyl(A;, h),
dy(x,0P \ A;) > da(x,A;). To complete the proof, it remains to control
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op Ur, eyl(Fi, )
V(P N AY, b/ sin(60/2))
o .
/
. /0P N o%Y
\\*\\ h - /'90/2
/ E it h/51n(00/2)
/
VQ(Ev h) //

o

FIG. 17. Near 3P N3Y.

LYV OP, )N ) \ U{\il cyl(A;, h)). We remark that

N M
(V0P iy N Q) \ | Jeyl(Ai, h) C ((Vz(aP, N\ | eyl(F, h))
i=1 =1
(4.32) Wy N
U (U cyl(Ff, )\ | eyl(A;, h)).
=1 i=1
On one hand,

M N n
(4.33) cf <U eyl(Ff, i)\ | eyl(A;, h)) =20h.
=1 i=1

On the other hand,

M M
((vz(ap, )N\ U cyl(Fj, h)) C (U cyl(Fi \ F, h))
=1 /=1
UWVL(E, h) UV2(dP NI, h/sin(6p/2));

see Figure 17. Thus

M
£d<(V2(8P, m )\ | eyl(F, h))
(4.34) =

< 2gh +LYWVa(E W) + L (Va(0P N9/ 5in(6/2)))-

The sets E and 9 P N 92’ are finite unions of (d — 2)-closed rectifiable subsets,
whose (d — 2) dimensional Minkowski contents are equal to their H?~2-measure,
thus

LY O (E, h))

lim sup 2 <HITX(E),

h—0 (%]
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and we conclude that there exists Ly (€2, P) such that if & < L{, we have
(4.35) LYW (E, b)) < 202h*HI2(E).
In the same way, we obtain that there exists L;(€’, P) such that for all & < L,

LYWV (0P NaSY, h/sin(6p/2)))
(4.36)
< 2a2h*sin"2(6p/2)H (3P N aLY).

Combining inequalities (4.34), (4.35) and (4.36), we obtain that for h <
min(Ly, Lg),

M
cf ((vz(ap, n )\ | eyl(F. h))

=1
1
< 2[5 + %012(7-[”1_2(15) +sin~?(6o/QH (P N 39/))}”}"

If h <n, we obtain

M
(4.37) cl ((vz(ap, n N )\ | eyl(F/, h)) <2Cnh,
=1

where C = C(€/, P) is a constant depending on ', P. Combining inequali-
ties (4.32), (4.33) and (4.37), we obtain that for h < (Lg, Ly, n),

N

£d<(vz(aP, hy N )\ [ eyl(A;, h)) <2(1+C(X, P))nh.
i=1

Finally, we fix 71(2', P,n) = h1(Q, P,n’, n) = min(Lo, Ly, L, n), and Proposi-

tion 4.8 is proved. [J

REMARK 15. In the proof of Proposition 4.7, we could use a weaker version
of Proposition 4.8 without defining the set &/, and with cylinders cyl(A;, k) that
almost cover V(d P, h) even outside 2. This weaker version of Proposition 4.8
would be easier to prove, as we would not need to construct a set P whose bound-
ary is transversal to I', and then a set Q'. However, we will use again Proposi-
tion 4.8 and its consequences in Section 6.1, and at that point we will need Propo-
sition 4.8 as it is stated.

5. Study of minimal cutsets. The study of the asymptotic behavior of min-
imal cutsets was almost done in [7]. However, it was not the goal of that article
to get information on minimal cutsets; thus the pieces of the puzzle were not put
together. This is what we do in this section. We will not rewrite all the proofs, but
we explain how to adapt them.
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From now on, (£,),>1 denotes a sequence of (F,ll, F,%)-cutsets in £,, and
(EMM),>1 a sequence of minimal (F,l, F%)—cutsets in ,. We define as in Sec-
tion 1.1 the sets

r(&x) = {x € Q,|there exists a path from x to F; in (Zi, Iy \ &)}
and
1 d
2n
and we introduce the notation
E, = R(gn) ARy’

[the same definitions hold for R (5,2“1“), E,Tin]. We recall that throughout the proofs,
we suppose that the hypotheses (H1) and (H2) are fulfilled.

5.1. Restriction to 2. 'We prove that it is completely equivalent to study the
convergence of (R(&,)),>1 or the convergence of (E,),>1:

PROPOSITION 5.1. Let (&)n>1 be a sequence of admissible discrete
(T}, T2)-cutsets in Q,,. We have

nlgrolob(En R(&y)) =0.
REMARK 16. This proposition implies that a subsequence of (R(&,))n>1 1s
convergent if and only if the corresponding subsequence of (E,),>1 is convergent,

in which case they have the same limit. Thus we can study the sequence (E;),>1
instead of (R(&,))n>1-

PROOF OF PROPOSITION 5.1. Foreveryn > 1,
O(R(En), En) < LY (Voo (R, 1/m)\ Q) < L (Voo (T, 1/n)).

Since I' is piecewise of class C I I is a closed (d — 1)-rectifiable subset of R¢.
Thus its (d — 1) dimensional Minkowski content defined by

1y
rlgl}) Zﬁ (W (T, r))

exists and is equal to 7¢~(I"); see, for example, Appendix A in [5]. This implies
that

lim 2(R(Ex), Ey) < lim L4 (Voo(T, 1/n)) =0. 0
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5.2. Compactness. We prove the following result:

PROPOSITION 5.2. We suppose that hypothesis (H3) is also fulfilled. Let
(E}fﬂ“)nzl be a sequence of minimal discrete (l",ll, F,%)-cutsets in Q. Almost surely,
for n large enough, the sequence (E;l“in)nz | takes its values in a deterministic 0
compact set that is included in {F C Q|1r € BV(Q)}.

REMARK 17.  The previous proposition implies that a.s., any subsequence of
(EY"™)p>1 [thus of (R(E™)),>1] admits a sub-subsequence which is convergent
for the distance 0, and its limit F is a subset of €2 that satisfies 1 € BV(Q2).

REMARK 18. In the previous proposition, hypothesis (H2) could be replaced
by the hypothesis that A admits an exponential moment

36 >0 / X dA(x) < +00.
R+

PROOF OF PROPOSITION 5.2.  We study the sequence (E™"),~; exactly as
in [7], Section 4. According to Theorem 1 in [22], adapted to our case as said in
Remark 2 in [22], we know that:

THEOREM 5.1 (Zhang). If the law of the capacity of the edges admits an ex-
ponential moment, and if hypothesis (H3) is fulfilled, then there exist constants
Bo = Po(A,d), C; =Ci(A,d) fori =1,2and N = N(A,d, 2, T, T, T'?) such
that for all B > By, for alln > N, we have

P[card(EM™M) > gn?~1] < €y exp(—C2n71).

REMARK 19. The adaptation of Zhang’s result in our setting involves one
difficulty: the cutsets we have to consider may not be connected. However, we can
get around this problem by considering the union of a set Srrlnin with the edges that
lie along I': it is always connected, and the number of edges we have added is
bounded by cn?~! for a constant ¢ depending only on the domain 2, since I" is
piecewise of class C!. Then the adaptation of Zhang’s proof is straightforward.

If the capacities are bounded, their law admits an exponential moment. Thus we
can use Theorem 5.1. We obtain

> P(card(E™) > Bon? ") < N + Cyexp(—C2pon? ") < +o0,

n>1

and thus by the Borel-Cantelli lemma,

P(lim sup{card(EM™") > Bon?~! }) =0;

n—oo
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that is, a.s. there exists ng such that for all n > ny, card(é’,ﬂnin) < Bon?~!. For
F C R?, we recall that the perimeter of F in 2 is defined by

P(F, Q)
= sup{/FdiV F)dLi )| f eCX(2,RY), f(x) € B, 1) forall x Q}

If card(c‘f},nin) < Bon?~1, then P(Eilm“, Q) < Bo. We define
Cpy = {F CQIP(F. Q) < po}.
Thus we have proved that
a.s. dng Vn > ng E,rlnin € Cg,.

We endow Cpg, with the pseudo-metric associated to the distance 0. Remember that
(F, F') = L4(F A F'), where A is the symmetric difference. For this metric the
set Cg, is compact. Moreover Cg, C {F C Q|1 € BV(2)}. This ends the proof of
Proposition 5.2. [

5.3. Minimality. We recall that for a set of edges &, C E¢,
VEn =) 1),
ee&,

and that for F' C 2 of finite perimeter,
capacity(F) = / v(OF () dH T () + / v(BF(x)) dH T (x)
QNo*F 2no*F
+/ v(Bg(x)) dH ™ (x).
I'lNa*(Q\F)
To complete the proof of Theorem 1.2, we must prove that the random limit F* of
a subsequence of minimal discrete cutsets (£;""),>1 satisfies
5.1 capacity (F) = ¢ a.s.

In this section, we prove the following result:

PROPOSITION 5.3. Let (E4)n>1 be a sequence of admissible discrete
(F,ﬁ, F,%)-cutsets in Q. If a subsequence (R(Ey(n)))n=1 converges for the distance
0 toward a set F C 2 of finite perimeter in 2, then almost surely

V(&
liminf Vo) > capacity(F).
n—oo (p(n)d_l
REMARK 20. As for the maximal streams, we will deduce equation (5.1) from
Proposition 5.3 in Section 6, using our study of maximal streams and Lemma 1.
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PROOF OF PROPOSITION 5.3. The idea of the proof is the following. We al-
most cover d F by a finite set of disjoint balls (B; = B(x;, r;)), small enough so
that 0 F' is almost flat in each ball. “Almost flat” means that:

(a) the surface 9 F N B; is very close to the flat disc disc(x;, r;, U;) where v; =
UF(X);

(b) F N B; is very close for the distance 0 to B~ (x;, ;, ;).

From (a) we deduce that capacity(F') is very close to ) ; ozd_lrid -1 v(v;), the sum
of the capacities of the discs disc(x;, r;, ;). Since the balls are disjoint we get
V(&) =Y, V(EyN B;), where &, N B; ={e € &,|e C B;}. It remains to compare
in any ball B = B(x, rv) € (B;) the quantities V (£, N B) and aig—1r?~'v(v). Since
0(E,, F) goes to zero, by (b) we can suppose that for large n, E, N B is very
close to B~ (x, r, v). We can construct a cutset in B from the upper half part of its
boundary to its lower half part by adding not too much edges to £, N B—this is
the difficult part. Thus V (£, N B) > tp up to an error term, where tg is, roughly
speaking, the maximal flow in B from the upper half part of its boundary to its
lower half part. Using the known law of large numbers for the maximal flows ,
we can prove that tp is equivalent to ag_1r¢ " w@)n?-! for large n, and this
completes the proof.

We consider a subsequence of (R(&,)),> that converges toward F, but we still
denote it by (R(&,))n>1) for simplicity. If capacity(F) = 0, there is nothing to
prove. Thus we can suppose that capacity (F) > 0. In fact it has been proved in [6]
that under hypotheses (H1) and (H2), d)?z > ( if and only if hypothesis (H3) is
fulfilled. Thus it is indeed the case that capacity (F’) > 0.

Step 1: From V(&) to Y_; V(E, N B;) and from capacity(F) to )_; ozd_lrl.d_] X
v(v;). We consider a fixed realization of the capacities. We use Lemma 1 in [7] to
cover d F by a set of balls well chosen; see Figure 18:

Balls 0 2
indexed
by J Balls
indexed
by I QN F
— F /
\
/\\ QN F A
N 7 .
NT !
’ B
indexed by
K

FI1G. 18. Covering of (OF N Q) U (BFﬂFZ)U (G(Q\F)ﬂf‘l) by balls.
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LEMMA 2 (Lemma 1 in [7]). Let F be a subset of 2 of finite perimeter. For
every positive constant § and n, there exists a finite family of closed disjoint balls
(B)icrusuk where B; = (B(x;, 1), ;) such that (the vector v; defines B;")

Viel,xi € *FNQ, 0 =vp(x),r €l0,1[, B; CQ,0(FNB;, B) < agrf,
ViedJ,x; eTIN*(Q\ F), 5 =ta(x),r €]0,1[,dQN B; c T,
((Q\ F)N B, B) < 8agry,
VieK,x; eT*N3*F, 0 =0r(x;),r; €]0,1[,dQ2 N B; C T2,
o(FN B, BY) < agrf,
and finally

capacity(F) — Z Oéd—lrid_ll)(ﬁi) =1.
ielUJUK

We do not give the proof of Lemma 2 here. It relies on the Vitali covering
theorem for 7¢~! and the Besicovitch differentiation theorem in R,

REMARK 21. Infact, Lemma I in [7] states the condition 0(B; N2, B; ) <4
instead of 0(B; N (2\ F), B;") < for i € J. Both statements are true, since we
can apply the same techniques to €2 or 2 \ F. However, Lemma 1 in [7] should
have been written as Lemma 2 here since the property actually used in Section 5.2
of [7]isin fact 0(B; N (2\ F), B; ) < §; there is a small mistake in this section on
page 653.

We need to move these balls a little bit to obtain balls whose centers have
rational coordinates and with v; a rational direction. Let 0 < ,8 < 1, and let
(Bi)icrujuk be the family of balls associated to (1/2,8/2). The function v is
continuous on S?~!. Thus there exists 6y > 0 such that for all vectors v, w € S¢~!,

e - - nvmin
V-w > cosb — v(v) —vw)| < ——mMmM,
- 0 | @) ( )| ~ 4capacity(F)

where vpip = infge-1 v > 0. If foralli e I UJ UK, v; - v > cosbp, we get

> ag—1r! (@) — > g1 (%))

ielUJUK ie]lUJUK

b
< T S gy
4 capacity(F) ;57U

1 Vmin 2 capacity (F)

[A

4 capacity(F) Vmin
n
>

IA
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FIG. 19. Comparison between B~ (x,r, v) and B~ (x',r, V).

Moreover, for all x, x", r, v, v’ with v - v’ = cos @ (see Figure 19), we have
LB~ (x,r, ) AB™ (x',r, 7))
< Ed(B_(x, r,0)AB™(x',r,0)) + Ed(B_(x/, r,9)AB(x',r, V"))
< ﬁd(Vz(E)B_(x, r,0), |x —x']))
+ L% (eyl(disc(x', r, (3 + 0')/2), r tan(8/2)))
< LYV (3B7(0, 1, V),

)
S _adrdv
2

x—x'])) +ag_1r'7! x 2rtan(6/2)

where the last inequality is valid as soon as

é
tan(6/2) < —d
8arg—1
and
d 3 / § 4
(5.2) LEV2(0B~ (0,1, 0), |x — ) < Zoart

We know that 0B~ (0, r, ) is (d — 1)-rectifiable. Thus its (d — 1) dimensional
Minkowski content exists and
. LI (OB(0,r,0), R))
lim
R—0 2R

=H""1 BB (0, r,9)) = Krd~!
for a constant K depending only on the dimension. Thus for x’ close enough to x,

LYV (0B7(0, 1, 9), |x — x'|))) <4]x —x'|KriT,

and we obtain (5.2) for ||x” — x| small enough (how small depending on d, r and
8). Thus there exists 6; > 0 such that if v; - v, > cos6; foralli € I UJ UK, and if
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FIG. 20. The sets F N\ B(x,r) and B~ (x,r, V).

xi’ is close enough to x;, we have
8
d(p— = - = d
LB~ (xi,ri, U)AB™ (x],ri, ;) < Eo‘d’"i i
Since € is open and I'' and I'? are open in I", we can choose for all i € I U
J U K a unit vector 1715 that defines a rational direction, that is, such that A; ﬁlf has

rational coordinates for a positive real number A;, and a point xl-’ that has rational
coordinates, such that

Viel, ri€l0,1[, B(x;,r;) CQ,0(FNB(x;,ri), B~ (x],ri, V) < 5adrl-d,
VieJ,r €]0,1[,dQN B(x/,r;) T, 2((Q\ F) N B(x/, 1),
B~ (x].ri, D)) <dayr?,
VieK,r €10,1[,02N B(x/,r;) C T3 0(F N B(x!,r;), B~ (x],ri, 1})) < Sagrd.
For simplicity of notation, we skip the prime and still denote this new family of

balls associated to (n,8) by (B;,i € [UJUK) = (B(x;,r;),v;,i € [UJUK).

REMARK 22. If o(F N B(x,r), B~ (x,r,v)) is small, F “looks like”
B~ (x,r, ) inside the ball B(x, r). This means that the volume of (F N B(x, r)) x
AB™(x,r,v) is small; however F (resp., F¢) might have some thin strands
(of small volume, but that can be long) that go deeply into B (x,r, V) [resp.,
B~ (x,r,v)]; see Figure 20. If d > 3, this is not in contradiction with the hypothe-
sis that the capacity of d F inside B(x, r, v) is close to ag_ 1?1 (D).

Let 0 <s < 1. We will prove that

£
liminf n capacity (F)(1 — 2s).

n—oo pd—1 —

We choose

n = s capacity (F).
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We do not fix é for the moment, and we consider the family of balls (B;);crusuk
associated to F by Lemma 2 (it depends on §) via the transformation we did (thus
x; and v; are rational for all i). By construction, we get

(5.3) capacity(F) — Z otd_lrid_lv(f)i) < s capacity (F).
ielUJUK

Since the capacities are nonnegative we have

(5.4) VEN =) 1= Y V(ENB,

ee&, ie]lUJUK

where £, N B; ={e € &,|e C B;}.
Step 2: From V (€, N B;) to ad_lrid_lv(ﬁi).
We define

e=e(8)=38 min agrf.
ielUJUK

Since (R(&,))n>1 converges toward F, this implies that
(5.5) Ang Vn > ng o(R(&y), F) <e.

Let (B(x,r),v) = (Bi(x;,r;),v;) for any i € I UJ U K. Roughly speaking, we
control the distance between R(E,) and F by (5.5), and the distance between F N
B and B~ by construction of the balls. Thus we obtain a control on d(R(&E,;) N
B, B7), and since R(&,) = (&) +[—1, 119/(2n) [thus 7 (,) = R(E,) NZ4], this
gives us a control on the card(r (&, N B)A(B™ N ZZ )). More precisely, it is proved
in Section 5 of [7] that there exists a set of vertices U C Zg that satisfies

(5.6) card((U N B(x, r))A(B™ (x,r, ©) N Z4)) < 48aqrin?
and
(5.7) (°U)NB=¢&,NB,

where we generalize the notation we have adopted for £, N B;; see Figure 21. This
statement is a bit more elaborated than expected because of the slight difference
between balls indexed in /, J and K: we can choose U =r(&,) if B= B; fori e
ITUK and U = 2, \r(&,) if B= B; fori € J. We define the cylinder C C B(x, r)
by

C = cyl(disc(x, ', v), pr),

where p is a positive constant we have to choose and r’ = r cos(arcsin p). It is
proved in Section 6 of [7] that there exists a set of edges U (denoted by XTUX™
in that paper) included in B such that (B N 3°U) U U contains a cutset from the
top to the bottom of C in the direction v (see Figure 21) and

card(l?) < Crdﬁlép”nd*l,
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B(z,r)

(U N B(x,m))A(B™ (z,r,7) N Z)

plaquettes corresponding to
o°U =&,

®© 0009000009000/

FIG. 21. The sets U and U.

where C = 10doy is a constant that depends only on the dimension. We de-
note by ¢¢ the maximal flow from the top to the bottom of C, that is, ¢¢ =
¢ (T (disc(x, r', v), pr), B(disc(x, r’, ), pr),C). Thus, by the maximality of ¢¢
and thanks to equation (5.7),

dc < V(30U N B)+MCri1sp=1n!
(5.8)
=V(E,NB) +MCritsp~1nd—1,

To complete the proof, it remains to compare ¢¢ with ag—r? " v(@)n?=!. This
is done in Section 6 of [7] by almost covering disc(x, r’, v) with a finite family
of disjoint closed hyperrectangles (a;);c7 satisfying, for a constant ¢ = c(d) and
chosen « > 0 as small as we want,

ZHd_l(a,-) >ag 17" " -k and Z’Hd_z(aai) <cr'd2,

ieZ ieZ
Thus the cylinders (cyl(a;, pr))iez almost fill C. Since x has rational coordinates
and v is a rational unit vector (i.e., AU has rational coordinates for a positive real
number 1), we can choose the hyperrectangles (a;, i € Z) with rational vertices.
Indeed, we explained in Section 4.5 that there exist vectors u;, i =2, ...,d that
have integer coordinates and such that (v, u», . .., lig) is an orthogonal basis of R4,
Then any hyperrectangle of the form x + Zfzz A+ ]_[?:2[0, wiii; ] with rational
Ai, i has rational vertices. We can choose the hyperrectangles (a;,i € Z) of this
type; see Figure 22.
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disc(zx, ', ¥)

FIG. 22. The sets disc(x,r’, V) and (a;,i € I).

Let h € [pr, 2pr] N Q. The cylinders cyl(a;, k), i € Z, have rational vertices. If
Fy is a cutset from the top to the bottom of C, then F,, Ncyl(a;, pr) is a cutset from
the top to the bottom of cyl(a;, /), and if we add to F, N cyl(a;, pr) some edges
along the vertical sides of cyl(a;, h), we obtain a cutset in cyl(a;, h) between the
lower half part and the upper half part of its boundary. More formally, if we define

Pi(n) =cyl(V2(da;, 2d /n) Nhyp(a;), ),

and if we denote by P;(n) the set of the edges included in P; (n), we get

Zr(cyl(a,', pr), V) < ¢c + V(U Pi(”))

i€l i€l

for a complete proof, we refer to Section 6 of [7]. Moreover,

card(U P; (n)) < pri—tpd1,

iel

where ¢’ is a constant depending on the dimension, thus
(5.9 e > Z t(cyl(a;, pr), ) — Mc pr@=1nd=1,

i€l
Combining inequalities (5.8) and (5.9), we get
(5.100  V(ENB)>Y t(eyl(ai, h),v) — Mri=1c"(p +8p~)n?™!

ieT
for a constant ¢”” depending on the dimension. Theorem 2.2 states that for every

cylinder cyl(A, h) with A a nondegenerate hyperrectangle normal to v and & > 0,
we have

T (cyl(A, ), 7)
n_l‘c}o nd—174d-1 (A) -

v(V) a.s.
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Thus these convergences hold a.s. simultaneously for all the rational cylinders,
that is, cylinders with rational vertices [like the cylinders (cyl(a;, h),i € Z)]. We
consider only realizations of the capacities on which these convergences occur.
Combined with inequality (5.10), this implies that

. . V(& NB)
Iiminf ————=

n— 00 nd—1
= (D H @) )o@ — e (p 007
i€l
> (g1 = k)w(@) — Mri= (p + 807 )
> ag_ 1V @) — ozd_l(rd_1 — r/d_l)v(ﬁ) —kv(v)

— Mrd—lc//(p +8,0_1).
We choose p = +/8 and k = ag_1 (r¢~! — r’4=1). We define

Vmin= min v(v) and vmax = max v(v).
veSd-1 vesSd-1

Under hypothesis (H3), we have 0 < vpin < Vmax < +00. Since r’ =
r cos(arcsin p), we get

N B
liminf V& NB)

n—o00 nd—l
(5.11) > ag_1rV(®@)

— Zad_lrd_lvmax[l — (cos(arcsin «/5))61_1] —2Mc"Vsrd

Equations (5.3), (5.4) and (5.11), and the fact that ) _; ad_lrid_l < capacity(F)(1+
-1

$)V i give
.. V(&) .
(5.12) lim inf p —— > capacity(F)(1 —s — w),
where
1. 4AMc”
(5.13) w=4-"% 1 _ (cos(aresin v/8)) '] + /3.
Vmin Od—1

For § small enough, w < s, and we get

n)

lim inf > capacity (F)(1 — 2s).

n—-oo n -1 =

This completes the proof of Proposition 5.3. [



MAXIMAL STREAM AND MINIMAL CUTSET 1117
6. Continuous max-flow min-cut theorem.
6.1. Comparison between continuous streams and cutsets.

PROOF OF LEMMA 1. Let & be an admissible continuous stream, that is:

o€ L®(RY — R?, £4) and 5 = 0 L%-a.e. on Q°,

dive =0 £%-a.e. on Q,

o-v<v@) forall v € S ! £%ae.on Q,
o-vg<0H?laeonT!ands -vg=0H?"lae.onT\ (I UT?).

As in Remark 13 in Section 4.4, we obtain
Vu € C°(RY, R)

f LudividL! = - / G-udc! by definition of divé
R R

—/ & - o)udH ! by definition of ¢ - vg,
r

where for the last equality we have used the characterization of ¢ - Vg given in
equation (4.8). Thus diva d£¢ is not only a distribution but also a measure, and
this measure is equal to (& - vg) dH?~!|r. Therefore we can apply to o the tech-
niques used in Section 4.6. We consider a polyhedral set P C R¢ such that

r'cp, T cRA \P and P istransversal to T

For any positive n, there exists g > 0 such that for all 0 < & < hp we obtain
inequality (4.28),

flow*™ (5 / v dLe
 2h - Z cyl(A;, h) '

We have ¢ - v < v(¥) and —6 - ¥ < v(—v) = v(¥) L%a.e., thus |0 - V| < v(D)
£%-a.e. We obtain

< Cnlo]loo-

N
_ 1Z 5.5 3
ﬂOWCOHt(U)f h /I(A » v,dﬁd—l—CW”UHoo
=17

=<

V(@)L (cyl(Ai, ) + Cnll5 l|oo

—

S
Mz

v(@)2hH T (A) + Cnll6 oo

IA
SE
EMz

V@M A + Cnll5 oo

'MZ

Il
—_
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s/ v(@p) dHI™ + Cl15 (1o
IPNY

< capacity(P N Q) 4+ v HHOP N (Q\ Q) 4+ Cll5 [loo

< capacity(P N Q) + Vmax7 + C1||7 || 0os
where we have used inequality (4.26) to control HA@P N (Y \ Q)), and where
Vmax = Maxgs—1 v. Since 1 and 7 are arbitrarily small, for all P C R4 such that
T C;’, T CI@D and 0 P is transversal to I', we obtain
(6.1) flow ™ (¢) < capacity(P N Q).

The following result has been proved in [6]:

THEOREM 6.1 (Theorem 11 in [6]). We suppose that hypotheses (H1) are
fulfilled, and that the law of the capacities is integrable,

/ xdA(x) < +o0.
R+

Let F be a subset of 2 having finite perimeter in Q2. For any ¢ > 0, there exists a
polyhedral set P whose boundary 0 P is transversal to " and such that

F'cp, T°cRI\P, LUFAPNQ)<e,

/ v(vp(x)) dH (x) = capacity(P N Q) < capacity(F) + ¢.
I*PNQ

Combining inequality (6.1) and Theorem 6.1, we obtain that for all F C €2 such
that 17 € BV(L2),

flow " (¢) < capacity(F),

and thus Lemma 1 is proved. [

6.2. End of the proofs of Theorems 1.1, 1.2, 1.3 and 1.4. We suppose first
that hypothesis (H3) is fulfilled. Let (L®),>1 be a sequence of discrete max-
imal streams and (£,""),>1 be a sequence of discrete minimal cutsets. From a
subsequence of (i), that converges weakly toward a measure ji = 5 L¢,
we can a.s. extract a sub-subsequence (ﬁgl&"))nz 1 such that (R(E&g‘)))nzl con-
verges also for the distance 0 toward a set ' C €2 of finite perimeter. Conversely,
from a subsequence of (R(E,™")),>1 that converges for the distance 0 to a set

F C Q of finite perimeter, we can extract a sub-subsequence (R(gg‘(i,‘:)))nz 1 such

that (i )n>1 converges weakly toward a measure /i = o £¢. Combining Propo-
sitions 4.7 and 5.3, we obtain that a.s.
Vv ((c/'min )
capacity(F) < liminf — e _ iy M
n—00 (p(n)d_l n—00 (p(n)d_l
(6.2)

: dis = to=
=l fowls (7255) = fow™™™ 3).
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Since Lemma 1 implies that
capacity (F) > ¢% > ¢2 > flow™"(5),
combining inequality (6.2) and Lemma 1, we obtain that a.s.
capacity (F) = ¢ = ¢&, = flow*™(5).

If hypothesis (H3) is not fulfilled, then v =0, ¢¢, = 0, and Lemma 1 implies that
¢5 = ¢% = 0, thus all the admissible continuous streams in X are null and all the
admissible continuous cutsets have null capacity and are in ¥¢. This completes the
proofs of Theorems 1.1, 1.2 and 1.3.

Let us prove Theorem 1.4. We notice that if a subsequence of (¢, / nd_l)nz 1
converges toward a real variable ¢, then we can extract a sub-subsequence
(Dy(n) /(p(n)dfl)nz 1 along which the maximal flows converge toward ¢ and the
maximal streams (ﬁ%f))nz | converge toward a continuous stream o. Then by
Proposition 4.7 and Theorem 1.1 we know that a.s.

(6.3) ¢ = lim Poi)

_ cont =\ _ b
n—00 (p(n)d—l = flow™ (o) = g

We claim that (¢,,/ n4 _1),121 takes its values in a deterministic compact of RI—
this, together with equation (6.3), completes the proof of Theorem 1.4. Indeed, let
P be a polyhedral set of R? such that

[¢]

T C]g and T° CR4\ P.
We define
Fon={eell,lendP # ).
At least for n large enough, F,, separates Fnl from F% in €2, thus

®n card(Fp)
d—T <V(Fn) < MW,

and since the (d — 1) dimensional Minkowski content of d P N 2 exists and is
equal to H?~1(d P N Q), for n large enough we get

card(F,) < 2d card(Voo (D P N 2,2/n) N Z) < 2dn? L4 (Voo (3P N R, 3/n))
<n?'KHITT PN Q)

for a constant K that depends on d.
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