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Abstract. Let X be a u-symmetric Hunt process on a LCCB space E. For an open set G C E, let 7g be the exit time of X from G
and A® be the generator of the process killed when it leaves G. Let r : [0, oo[ — [0, co[ and R(¢) = fé r(s)ds.

We give necessary and sufficient conditions for E;, R(tg) < oo in terms of the behavior near the origin of the spectral measure
of —AG. When r(t) =1/, 1>0, by means of this condition we derive the Nash inequality for the killed process.

In the dliJ'f_f2usi0n case this permits to show that the existence of moments of order / + 1 for 7g implies the Nash inequality of

order p = yE for the whole process. The associated rate of convergence of the semi-group in L2 () is bounded by i~ D,

Finally, we show for general Hunt processes that the Nash inequality giving rise to a convergence rate of order =D of the
semi-group implies the existence of moments of order / 4+ 1 — ¢ for 7, for all € > 0.

Résumé. Soit X un processus de Hunt p-symétrique a valeurs dans un espace LCCB E. Pour un ouvert G C E, soit 7g le temps de
sortie de G par X et AC le générateur du processus tué lorsqu’il quitte G. Soit 7 : [0, co[ — [0, oo[ et R(?) = fé r(s)ds.

Nous établissons des conditions nécéssaires et suffisantes pour que E, R(tg) < co. Ces conditions sont données en termes du
comportement au voisinage de zéro de la mesure spectrale de —AC Dans le cas ou r(t) = tl, [ > 0, en utilisant ces conditions, a
partir de £, R(tg) < 0o nous déduisons I’inégalité€ de Nash pour le processes tu€.

Dans le cas d’un processus de diffusion cela permet de montrer que 1’existence des moments d’ordre / 4+ 1 pour tg implique
I’inégalité de Nash d’ordre p = ﬁ_—% pour le processus X. La vitesse de convergence du semi-groupe dans L2 (1) est donnée par
t—(l—H)'

Finalement pour un processus de Hunt p-symétrique a valeurs dans un espace LCCB nous montrons que I’inégalité de Nash
donnant lieu a la convergence du semi-groupe avec la vitesse 1~ U+D implique I’existence des moments d’ordre / + 1 — ¢ pour g,
pour tout & > 0.
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1. Introduction

In the recent literature on convergence rates for continuous time Markov processes, the link between functional in-
equalities and the integrability of hitting times has regained a new interest.

The most studied case is undoubtedly the exponential one. It is known since Carmona—Klein [5] that for a very
general Markov process with invariant probability u and Dirichlet form (£, D(E)) on LL2(w), the Poincaré inequality

w(f2) < CpEL f),  feDE), u(f)=0,
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implies the exponential p-integrability of hitting times of open sets. The converse implication for reversible diffusions
can be deduced from the work of Down-Meyn—Tweedie [6]. In the particular case of linear diffusions, a simple proof
of the equivalence between Poincaré inequality and exponential integrability of hitting times, with explicit estimations,
was given in Loukianov, Loukianova and Song [10]. In a recent preprint by Cattiaux, Guillin and Zitt [4] the authors
show that for symmetric hypo-elliptic diffusions in R”, both Poincaré inequality and exponential integrability of
hitting times are equivalent to the existence of Lyapunov functions.

Although the exponential case, at least for diffusion processes, is now fairly well understood, the sub-exponential,
and in particular the polynomial one, is less studied. To the best of our knowledge, the first work in this direction was
done by Mathieu [11]. For a diffusion driven by a logarithmically decreasing potential, he gives a bound for the first
moment of hitting times and relates this bound to some functional inequality.

More recently, the last chapter of [4] is devoted to the study of the relation between polynomial moments of hitting
times and the weak Poincaré inequality

1w(f2) < BOES, f)+s®(f), s>0,feDE),n(f)=0, (1.
where
@:L%(n) — [0,00], @(cf)=c*D(f),VeeR, fel?(n). (1.2)

For uniformly strongly hypo-elliptic symmetric diffusions on R”, using Lyapunov functions, the authors show that
the finiteness of polynomial moments vy, (x) = IEX(T{]”), m €N, Ty = inf{t > 0: X, € U} for some bounded open
set U together with a local Poincaré inequality implies the weak Poincaré inequality with @ (f) = (Osc f)? and with
rate-generating function 8 given by

-1
ﬂ(s):C(inf{u:u(lv::v] <u>>s}> . (1.3)

It is known since the work of Liggett [9] and its generalization by Rockner and Wang [14], and Wang [16], that the
weak Poincaré inequality (1.1) gives rise to the L2-convergence of the semigroup

w((P ) <eO[@) +u(fH)], >0,1u(f)=0, f el (w),

with speed at least
E@) = inf{s >0; —(1/2)B(s)logs < t}.

When the weak Poincaré inequality is deduced as a consequence of the finiteness of the mth moment of hitting time,
one interesting question is the explicit dependence of £(#) on m. Unfortunately, the implicit form of B(s) in (1.3)
makes it difficult to obtain this dependence.

The aim of the present work is to describe more explicitly an inequality which corresponds to the finiteness of
polynomial moments of hitting times. It is well known (see [14]) that in the case B(s) = cs'=P with p > 1 and some
¢ > 0, the weak Poincaré inequality (1.1) is equivalent to the following Nash inequality of order p:

1

1
w(f2) < ceVP(f, Holar), feDE), n(f)=0, St =tk (1.4)

In this article we show that the finiteness of polynomial (not necessarily integer) moments of hitting times is related
to the Nash inequality with explicit relation between the order of the moment, the order of the inequality and the
speed of convergence of the semigroup. Our result can be summarized in the following scheme: For any open set G,
let g = inf{r > 0: X, ¢ G}, [ > 0. Then the following implication holds.

[+2
E, ré‘H < oo for suitable G == Nash inequality of order li—], (1.5)
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where the functional @ (f) depends both on E,, ré“ and on Osc(f). On the other hand, for all / > 0 and any @
satisfying (1.2),

[+2
Nahs inequality of order 7 + E, ré'H_g <00 (1.6)
for all ¢ > 0 and for all open G such that £(G) > 0. Moreover it is well known since [9] that for symmetric semigroups,
the Nash inequality of order fi—f is equivalent to the following speed of convergence for the semigroup

(P f)?) =Cco(Hr= D u(f)=0, feLX(w.

The implication (1.5) is proved only in the diffusion case, but (1.6) is valid for a very general Markov process. The
method to prove the first implication relies on the use of killed processes. We establish a condition for the existence of
general hitting time moments in terms of spectral properties of the killed process. This spectral condition generalizes
the well known equivalence “exponential moments <= spectral gap.”

Let us now give the precise statement of our results. X will be a u-symmetric Hunt process on a locally compact
separable Hausdorff space E where u is a bounded Radon measure (wlog we suppose that u is a probability measure).
For an open set G C E, we put P,G[A](x) =P,[X; € A;t < 15] for a measurable subset A of E. Denote A€ the
infinitesimal generator of (PF) in L%(M) ={f eL?u): f =0 p-as.onG"} and let (Eg,é > () be its spectral
family.

It is known, see e.g. Friedman [7], or Loukianova, Loukianov and Song [10], that E, exp(Atg) < 00; A < Ao,
is equivalent to the fact that —A® has a spectral gap of width at least equal to Aq. It turns out that hitting time
moments generated by other functions than the exponential ones are still related with the spectral properties of —A®
in the following sense: Let r : [0, oo[ — [0, oo[, R(t) = fé r(s)ds and denote by A, :[0, oo[ — [0, oc] the Laplace
transform of r:

oo
VE>0, A ()= / r(ne ¢ dr. (1.7)
0
We show in Theorem 2.2 that E,, R(tg) < oo if and only if the spectral measure of — A€ integrates A,
Vfie— R | fllo < 00, /O A€ d(ESS, f) < oo,
[0,00(

This condition on the spectral measure will be called in the sequel the r-spectral condition. Then we show how we can
derive in a very elementary way the Nash inequality for the killed process X¢ with the help of the spectral condition
specified by () = ' (Proposition 2.6). In this case the corresponding rate of transience of the killed process, i.e. the
rate of convergence of PF to zero, is given by =D All this is the content of Section 2, which is entirely devoted to
the study of the killed process.

In Section 3 we address the question how the polynomial spectral condition for the killed process (equivalently
the existence of polynomial moments of hitting times) can be used to derive the Nash inequality for the non-killed
process. In this section, our method applies only in the case when the Dirichlet form is local, i.e. in the diffusion case,
in the sense that X has a.s. continuous trajectories. But we do not need to suppose that the process is driven by a
stochastic differential equation.

In the one-dimensional diffusion case, from the existence of polynomial moments of order / + 1,/ > 0, we derive
the Nash inequality specified by p = ﬁ[—% without any further assumptions.

The multidimensional diffusion case is treated as well. Here we need an additional non-degeneracy condition on
the diffusion. Like in [4], we have to suppose that a local Poincaré inequality on some small domain holds. At the end
of this section we provide the example of a multidimensional diffusion for which our result holds.

Finally, in Section 4 we study the implication “Nash inequality = polynomial moments.” The Nash inequality
gives an explicit a-mixing rate of the process, and then the main idea is to use this mixing rate in order to obtain a
deviation inequality to estimate P, (g > t). This nice idea is borrowed from Cattiaux and Guillin [3]. As a conse-
quence, for all [ > 0, the Nash inequality of order p = 51—% implies the existence of the polynomial moments of hitting
times of order [ 4 1 — ¢, for any ¢ > 0. Note that the main tool of this section is the bound on the variance of the sum
of strictly mixing variables. This bound is only valid for / > 0, hence this is a technical hypothesis for the last section.
Note also that this last section is valid for general Hunt processes.
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2. Killed process
2.1. Modulated moments and spectral condition for the killed process

Consider a Hunt process X on a locally compact separable Hausdorff space E in the sense of Fukushima, Oshima,
Takeda [8]. Let v be a Radon measure on E. Suppose that p is bounded (wlog v is supposed to be a probability
measure), everywhere dense in E, and that X is a u-symmetric process. Let (P;);>0 be the transition semigroup of X
with associated Dirichlet form (€, D(E)) on L2(x). We suppose that £ is regular. Denote by P, the law of the process
X starting from x € E. For an open set G C E, set tg = inf{r > 0: X; ¢ G} the exit time of X from G. Throughout this
section we suppose 7 < oo PP, -almost surely. Introduce

PP[al(x) =P,[X, €At <15], xE€G,
for a measurable subset A of E, and set

XG: Xls OSZ<TG»
! A, t=1g,

where we adjoin an extra point A to the space E. A plays the role of a cemetery, and we put PE(A, -) = 5. Any
measurable function defined on E is extended in a natural way to E U {A} by defining f(A) = 0. Then, according to
[8], X© is a Hunt process on the state space G U A, symmetric with respect to the measure I - (dx), with transition
semi-group (P,G)tzo on ]Lé(u) ={f¢€ ]Lz(u): f =0 p-as. on G°}. We write A€ for the infinitesimal generator of
(PS) in LZ(1): With

PPu —
D(A°): {u eL3(u): lim # exists in ]Lé(u)},

we define AC f for any f € D(A®) as follows

PCf —
A%‘:lim# in L2 (w).

A€ is a self-adjoint negative operator. Let us denote by (-,-) the scalar product in Lé(u) and by (Eg ,& > 0) the
spectral family of —A©.

(Eg,é > 0) is a right-continuous and increasing family of projection operators such that for any bounded Borel
measurable function f defined on [0, oo, the operator f(—A®) is given by

F(=A%)u =/ fEAEGu, ueld(m).
[0,00[
Moreover, for all u € L2 (uw),

ldu = / dEgu, PPu= exp(tAG)u = / e ¢! dEgu
[0,00[ [0,00[

and
—A%u :/ £dE¢u, ueD(A).
[0,00[
The above integrals can be understood in a weak sense, that is, for all u, v € ]Lé(u),

(F(-A%)u.g(-4%) = |

[0,00

[f(s)g(S)d(Egu,v). 2.1
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Actually, the bounded variation function £ — (Egu, u) is only increasing on the spectrum of — A€ and its discontinuity
points are eigenvalues of —A€. Denote by & the Dirichlet form associated with —A€ on ]Lé(u). We have

Sowv = [ £d(E2u)
[0,00]
forall u, v € D(Es) = {f e LA(w): f[o,oo[ £ d(ng, f) < oo). Let H%_G be the image space of Eg
Proposition 2.1. Under the condition 1g < 0o almost surely, we have HOG = {0}.

Proof. H is invariant under PF for all # > 0. Indeed, using EJE§ = E§ VA > 0 we see that Yu € Hg', Vt > 0
Pfu =/ e S dEgu=c"E§u=u.
[0,00[

For all v > 0, bounded, lim;_, o P°v = lim;_ o E[v(X;)1;<-,] = 0 and hence (u,v) = (Pfu,v) = (u, PFv) —>
0, t — oo. Positive bounded functions being dense in L2, we conclude that u = 0. O

Since E§ =0, one has f[o sof f &) dEgu = jiO sof L&) dEgu. In what follows we give necessary and sufficient
conditions for the existence of arbitrary moments of 7 in terms of the behavior near the origin of the spectral mea-
sure dE?. Let r: [0, +o00[ — [0, +00o[ be some measurable function, and denote A, :[0, oo[ — [0, oo] its Laplace
transform:

VE>0, A )= / r(ne 5 dr. (2.2)
0

Instead of hitting time moments, we consider more generally modulated moments defined by fofG r(t) f(X;)dt. Denote
by B,(G) C ]Lé(u) the space of Borel-measurable and bounded real functions which vanish p-almost surely on G€.
Let R() =f0tr(s)ds and || - [[1:= 11 lp1 (-

Theorem 2.2. The following four conditions are equivalent:

1. E,R(tg) < o0;

2. Forall f € Bp(G),x > f(x) x E, fOtGr(t)f(X,)dt e L'(Ig - u(dx));
3. Forall f € By(G), f[O’OO[A,(E)d(ng, f) < o0;

4. Forall f € By(G), fo"or(t)||P;}2f||2dt < 0.

Moreover, for any f € Bp(G),

Hf X E./TGr(t)f(Xt)dt
0

2/[0 [A,(g)d(ng, f):/o r(z)||P,§2f||2dt. (2.3)

1

Definition 2.3. In the sequel the condition 3 of Theorem 2.2 will be called the r-spectral condition for the killed
process.

Proof of Theorem 2.2. The equivalence 1 <= 2 is obvious. The following calculus yields 2 «— 3 <= 4 and
the equality (2.3) for positive bounded functions.

(f, E/O Gr(t)f(Xt)dt) = (f/o r(t)P,Gf(-)dt> =f0 r()(f, PEf)dt
:/oor(t)||P52f||2dr:/wr(t)<f,/ eff’dng)dt
0 0 [0,00[
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00 %)
=/ r(t) e S d(ESS. f)dt =/ / r(e s dtd(EZ f. f)
0 [0,00] [0,00[ JO

= / Ar(§)d(EE £, ).
[0,00[

If E,,R(tg) < oo and f is only bounded, we have

Ex/ Gr(t)f(Xt)dt=/ r(t)P,Gf(x)dt, u(dx)-almost surely,
0 0

which follows from Fubini’s theorem and the fact that p(dx)-almost surely, (f, w) = r(t) f(X (@)1 <1 (@) €
LY(P,(dw) ® dr), since

x
E, f lerr O] F(XD|df < 11 FllooEx R () < 00,  pu(dx)-almost surely.
0

A second application of Fubini’s theorem implies that

oo - _ 00 .
(f, fo F(1) P f()dt> /0 r(0)(f. PEf)dr,

which follows from the product integrability of (¢, x) — f (x)PtG f(x)r(t) with respect to dfu(dx) which in turn is
granted by the following upper bound.

o0 o0
<|fl,f0 r(t)|Pth(-)|dt) < (Ifl,fo r(t)P,GIfI(-)dt> < IZELR(Te).
This shows that 2 implies 3 and 4 as well as the equalities of (2.3). U

Remark 1. Note that the equivalence between points 3 and 4 of Theorem 2.2 remains true for the non-killed process,
after removing the spectral projection on the 0-eigenspace. More precisely, we have for all bounded measurable
functions f such that u(f) =0,

]

/ Ar(§)d(Ee f, f)=/ r@)| Pryaf 1 de.
10,00[ 0

Example 2.4. Consider the case r(t) =t',1 > 0. We have for € >0 A.(€) = I'(I + )¢~ D Hence

Bl <00 = "D A(ES . f) < oo, (2.4)
[0,00[

for all f non-negative and bounded. In the next section we will explain how to use the spectral condition to obtain
functional inequalities for X© and then for X .

Example 2.5. Consider the case r(t) = eM 1> 0. We have

1
Ar(f)z—k, if& > A, A () =400 otherwise.
Put
Ao = sup{k > 0, EMeMG < oo}

We obtain that flO 2ol dEg =0, i.e. spectral measure does not charge 10, Lo[.
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2.2. Polynomial spectral condition and Nash inequality for the killed process

In [9], Liggett introduced the following Nash inequality for a Dirichlet form E(f, f) associated to a linear operator
generating a strongly continuous Markovian semigroup with invariant probability measure u.

w((f = 1(N)?) <CEVP(f, NH@YVI(f), [eDE). (2.5)

Here 1 < p,g < oo with 1/p+1/q =1, C is a positive constant, and @ : L?(1) — [0, oo] satisfies @ (cf) = > P (f),
for any ¢ € R and f € L2(w). It is shown in [9] that if in addition @ (P; f) < ®(f) Vf € L2(u), V¢ > 0, then the
inequality (2.5) is equivalent to

2(f)

ta—1

3C>0, [P -wpH]3=C 2.6)

for all f € L2(u) and ¢ > 0. If the semi-group of X is conservative, symmetric and ergodic, u(f) = Eq f. Hence we
will consider the following form of the Nash inequality:

|f = Eo(H)|> <CEVP(f, pyoVacs), feDE). 2.7

Let us point out again that for the killed process the semi-group is not conservative, transient, and Eg = 0. The

following proposition shows that the condition Ey, ,Jé“ < oo implies the Nash inequality in the form (2.7) for the

killed process.

Proposition 2.6. Let [ > 0 and suppose that E,, té“ < 00. Let
o= [ e VaESs ). felioo, 28)
[0, 00[
Then the Nash inequality (2.7) holds for the killed process with p = ﬁ—% and q =1 + 2. Furthermore, ® satisfies

1 I+1
Q(f) < m||f||goEuTG+ -

Proof. In virtue of Theorem 2.2, the condition Euréﬂ < o0 is equivalent to
/ gV A(EL S, f) < oo, 2.9)
[0,00[
for all bounded f € B,(G). Let f € D(Eg). Suppose that p~! 4 ¢~ = 1 and write, using Holder’s inequality:

—Enfl? = 2 _ d(ESF, ) = Vpg=\/p g(EC .
If—Eofll”=1fI /[0,00[ (EES. f) /[0’00[5 § (EES. f)

1/p 1/q
§<f[o [Ed(ng’f)) X(f[o [E_q/”d(E?f’f)) =&/ (e,

where
o()=[ evra(Egss).
[0, 00[
Now we choose p and ¢ in such a way that

(/) = fm EDAEE )
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This choice is given by p = ﬁi—% and g =/ + 2. Finally we obtain for all f € D(&)

If — Eof1I* < Ee(£)UTV/EF2) 5 /0D (1),

where @ satisfies @ (cf) = czfp(f) for any ¢ € R and @ (f) < oo for all bounded f. Also

e e I ELE) .

[0,00[

Remark 2. Since the proof of the above Proposition 2.6 uses only the condition (2.9), we deduce from this the follow-
ing: If for the non-killed process the spectral condition

/ gD A(Es f, f) < o0 (2.10)
10,00

holds for all f € By, such that j1(f) =0, then the Nash inequality (2.7) holds, with ® (f) = [ oo 8TV d(E¢ f. f)
andqg=1+2.

However, in general, it is difficult to find sufficient conditions, expressed in terms of the generator of the process,
ensuring condition (2.10) for the non-killed process, whereas conditions ensuring 161! < oo are by now classical,
for suitable choices of the set G, see Section 3.3 below.

3. Polynomial moments and Nash inequality for the non-killed process

In this section we show how polynomial modulated moments are related to the Nash inequality for the non-killed
process. The result can be summarized as follows. For all / > 0, for all £ > 0 we have: “integrability of moments of
order / + 1 == Nash inequality giving rise to > convergence of the semigroup with speed !+ — existence of
moments of order [ + 1 —¢.”

For the second implication we work under the general conditions of Section 2. For the first implication “moments
imply Nash” we work in the diffusion case only. In dimension 1, no hypothesis on the diffusion is imposed. In higher
dimension, however, we need a non-degeneracy condition which is a local Poincaré inequality (see the comments in
Remark 5).

3.1. Polynomial moments —> Nash inequality. One-dimensional diffusion case

In this subsection we show that the Nash inequality for a killed diffusion process on R implies the Nash inequality
for the non-killed process. Fix some a € R and let G~ =]—o00, a[, G =]a, co[. We use some well-known techniques
which are specific to the one-dimensional case.

Since X is a diffusion, it possesses a scale function S and a corresponding speed measure m, see e.g. Revuz and
Yor [12], Chapter VII. We suppose that X is recurrent. This implies that limy_, 1, S(x) = 2=00. Note moreover that
m charges any non-empty open set. Denote by dS the measure induced by S(x). Let F(x) be a real function on R. We
shall write dF <« dS, if there exists a function f(x) in L (dS) such that

loc
b
/ f(x)dS(x)=F(®b) — F(a), Va<b.
a
The function f(x) will be denoted % (x). Introduce then the function spaces

dF
F= {F e L?>(m): dF < dS, 15 € IL?(dS)},

]-']a,oo[z{Fe]:: F(x)=0,x Sa}, 3.1
.}"],oo,a[z{Fe]:: F(x):O,xZa}.
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We do not assume that dS and m are absolutely continuous with respect to the Lebesgue measure. We cite the following
theorem from [10].

Theorem 3.1 ([10]). The diffusion X is m-symmetric. The Dirichlet space associated with X is the function space F
given by (3.1), and the Dirichlet form has the expression

00 2
S(F,F)=/ (i—];) (x)dS(x), FelF.

The restriction of the Dirichlet form £ on Flu,o0] is the Dirichlet form &£, o associated with the semigroup

(P,]a’oo[),zo of the process X killed when it exits la, oo[. The killed process Xla.ool ¢ symmetric with respect to
the measure lj, oof - m(dx).
The same is true (with obvious modifications) for £]—cc.q[-

The proof of this theorem is given in [10].
We can now state the Nash inequality for the non-killed process X. For a € R introduce the hitting time T, =
inf{r > 0, X; =a}. We write u(-) = mm(o) for the renormalized speed measure.

Theorem 3.2. Let [ > 0. Suppose that for some a € R
+00
/ E T m(dx) < oo. (3.2)
—00

Then there exists a functional ® :1L>(w) — [0, +00] such that the Nash inequality
w((F —n(P)’) < €P(F. F)o'i(F), FeF, (3.3)

holds with p = ﬁ—% and q =1 + 2. The functional @ satisfies ®(cF) = D (F) forall ceR, F € Lz(u), and
D (P F) <®(F) forall t > 0. Moreover, there exists a finite constant C > 0 such that

@(F)<C|F —u(F)|> VFel? (3.4)
Remark 3. Note also that

2
®(F) < c<sup F— ian) — COsc(F)2. (3.5)
R R

Proof. Fix a point a € R. Then the variational formula for the variance gives for all F' € F,
+00

+00
| o =ne)uan < [\ - F@) e

—0o0 —0o0

a +oo
=/ (F(x)—F(a))z,u(dx)+/ (F(x) — F(a))u(dx).

—00

Write
F_(x) = (F(x) — F(@))l{x<a}, Fy(x) = (F(x) = F(@)lx>a}-

Then F_ € Fl_oo,qf and Fy € Fj4,0[- Hence we can apply Proposition 2.6 for both G™ =]—o0, g, Gt =la, ool.
Denote

Evoaf =E_ and oo =&y
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and

D_(u) = f g7V A(EZ wu), and @)= / D A(EE u,u).
[0,00( [0,00[

,00

Then, with p = gi—% andg =1+2,

a +00
/ (F(x) = F(@)*n(dx) + f (F(x) = F(@))*p(dx)

—00

<&eP(FyeMiF )+ VP (FH@(F)

_ pl/a “ E ? )UP
— ¢! (F_)(/_Oo<ds) 1) dS()
. +00 /qF \ 2 1/p
+a>+/‘f<F+>( / (E) (r)dSa))

+00 /qF\ 2 1/p
s(@‘_/"<F>+q>1+/‘1(F+))( / (E) (r)dSa))

—00

=P, (F),
where
@ (F) = (@/1(F_) + @}/ (F)))".
The above result holds for any a € R. Hence we can put

D (F) =sup inﬂg D,(PF). 3.6)

>0 4€

Then @ (cF) = c>®(F) and ®(P;F) < ®(F) are trivially satisfied. It remains to show that under the conditions of
the theorem, @ satisfies (3.4). In virtue of Theorem 2.2,

1 T
D_(F_)= m/R1],<>o,a[(x)(F(x) — F(a)) x Exfo st x (F(Xy) — F(a)) dsp(dx)

<A F )| f 1—oo,al DB Ty pu(dx). 3.7
—rd+2) *© Jr ’ a

In the same way,

4 2 I+1
O (F)< —||F = uw(F 1 E, T/ u(dx),
+(Fy) < D |F — n( )HOQ/]R Ja.00l (OB T, pu(dx)
and thus, with g =142,

4
&, (F)<29——||F — u(F)|~E, T
o (F) < F(l+2)” W) I ELT,

We deduce, using || P; F||co < || Flloo and w(P; F) = u(F) that

: 2 . I+1
12f¢a(PtF) <24 | P F — u(PF) ||OO{111€1£IE,LTH

4
ra+2)

< C|F - uF)|2.
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where
w2 4 I+1
C=2""———infE, T,
I'(+2)aeR
and this implies (3.4). O

Remark 4. If the Nash inequality (3.3) holds with a functional @ satisfying the properties of Theorem 3.2, then Liggett
[9], Theorem 2.2, shows that

@ (F)

| PF = (P < C—

FelF.

Hence under the assumption of integrability of | + 1-moments of hitting times we obtain a polynomial decay of the
transition semigroup P, of X at the same rate t~—¢+D.

3.2. Polynomial moments = Nash inequality. General diffusion case

In this section we come back to the general conditions of Section 2 and consider the p-symmetric Hunt process X on
the LCCB space E such that 4 (E) = 1, with semigroup (P;);>0 and associated Dirichlet form (£, D(€)) on L2(w).

Assumption 3.3. Assume that the Dirichlet form (€, D(E)) is regular and admits a carré du champ I'.
Following Bouleau and Hirsch [1], Proposition 4.1.3, this means that there exists a unique positive symmetric and

continuous bilinear form from D(E) x D(E) into L' (1), denoted by I" and called the carré du champ operator, such
thatVf, g,h € D(E) N>,

E(fh. )+ E(gh, f) — E(h, fg) = / hI(f, g)d. (3.8)

Assumption 3.4. Assume that the Dirichlet form (£, D(E)) is local.

In this case, by [1], Proposition 6.1.1,

1
VfEDE), (=5 / I fdu.
E

Note that the locality of the form is equivalent to assume that the process X is a diffusion process, in the sense that X
has a.s. continuous trajectories, see Theorem 4.5.1 of [8].

Assumption 3.5. Assume that £ is recurrent,i.e. 1 € D(E) and £(1,1) =0.
Recall the definition of the spaces D, p > 2, similar to the definition of Sobolev spaces, ([1], Definition 6.2.1):
D, ={feDE)NL;I'(f, f)'/* L}
and, for f €D,

I fllp, = I lle + 17 YL

The following proposition is proved in [1] (Proposition 6.2.3).
Proposition 3.6. Let p,q,r > 2 with % + é = } Then

feD, and geDy — fgeDr and |fglp, =Iflp,lglD,-
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For any set G and any r > 0 we set G, = {x € E: dist(x, G) < r}. Under Assumptions 3.3, 3.4 and 3.5 the following
theorem holds:

Theorem 3.7. Let | > 0. Suppose there exists an open subset G C E and r > 0 such that (G, \ G) > 0 and such that
the following conditions are satisfied.

1. For A € {G,, G},
IFL‘,N:Q+1 < 00.

2.  satisfies a local Poincaré inequality in restriction to G, \ G, i.e.

/ ffdu<cCp@,r) | T(f fdu
Gr\G

G- \G

for all f € D(E) such that fGr\é fdu=0.
3. There exists a regularized indicator function u € D(E) associated to the sets G and G, suchthat0 <u <1, u=1
on G, u =0 on G¢, which verifies

Cu,r):=||I(u,u)|,, <oc. (3.9)

Then there exists a functional ® :1L.>(u) — [0, 0] such that the following Nash inequality holds.
Forany f € D(E) with u(f) =0,

w(f?) <eves, Ho'ay, (3.10)

where p= (1 +2)/( + 1) and g =1 + 2. ® satisfies ®(af) = a>P(f) for all a € R and ® (P, f) < @ (f) for all
tzO,fe]Lz(u).Moreover,

®(f) <29P[1 + Cu,r)Cp G, r)]"" x Ose(N)[(Euts™) + (B9, (3.11)

ri+2)
Proof. Let f € D(E) with u(f) =0. Let

1

- du.
‘ w(Gr\ G) G,\éf "

The use of this constant will become clear in formula (3.16) later. By the variational definition of the variance, we
have that

/ P < / () — ) u(d).

Denote f = J — c and let u be the regularized indicator of G. Write f :f u~+ f(1 —u). Using Proposition 3.6, since
u €Dy and f € Dy =D(E), we have fu € D(E). Hence both fu and f(1 — u) belong to D(E). Now we can write

/ (F()) ndx) = / (fu+ F( —w)(x)p(dx)
E E

< 2[ / (Fu) o) + / (1 - u))z(xm(dx)}
E E

2[ (fu)* (x)p(dx) + f (fa —u))z(X)u(dx)}.
Gr

Gc
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In a first step, we want to apply the Nash inequality on G,. For that sake, note that fu € D(£) and its quasicontinuous
modification is zero on G¢. (For the definition of quasicontinuity, we refer the reader to Chapter 2.1 of [8].) Hence by
(4.3.1) of [8], f u € D(&, ). Therefore, we introduce

&% () = / £~V A(E fu, fu)
[0,00[
and obtain, applying Proposition 2.6,

(fu)* (@) u(dx) < [E, (fu, fw)]/P[@% ()]

G

< EVP(fu, fu)[e% (H]'7, (3.12)

where the first inequality follows from Proposition 2.6, and the second since &g, is just the restriction of the Dirichlet
form & to Fg, . 3
In the same way, f(1 — u) € D(Egc). Introducing

% (f) = / g7V A(EE FO —w), F(1—w),
[0,00[
we obtain
[ (f(1 =) @udo) < VP (F1 —w), (1 —w)[e% (H]". (3.13)
.

In order to control E(fu, fu) and E(f(l —u), f(l —u)), we use (Proposition 6.2.3 of [1] and Cauchy—Schwarz) that
I(fu, fuy <2(C(f, )+ F20 @, w). (3.14)

By the locality of the form, it is classical to show that F(f, f) =I(f, f)and I'(u,u) =0 on G and G¢. Hence,

- - 1 - -
£ fu. fuy = / I(fu. fuydu

Gr

S/F(f, Hdp+ [ PO @, u)(x)p(dx)
E

G \G

< / I Hudo+Caur) [ P,
E

G \G

which implies that

E(fu, fuy <26(f, /)+Cu,r) | FA)n(dx).
G

Gr\

The role of u and 1 — u being symmetric, we get in the same way

E(f(—u), fA—uw) <2E(f, f)+Clu,r) . F2o0u(dy),
G

G

with the same constant C (u, ). Putting things together, we conclude that

B 1/p
/ FAudx) < (25(f, f+C,r) _fz(x)u(dx)> wlacp, (3.15)
E G

&\
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where
w(f) = ([@%(H]+[o% (H]V).

It remains to treat the term

fA)p(dx).

G \G

It is here that we need the fact that fGr\é f(x)u(dx) =0, by definition of the constant c. Now we can apply the local
Poincaré inequality in order to deduce that

fPowpdy) <Cp@,r) | T(f, Hdu. (3.16)

G\G G \G

Coming back to (3.15) we conclude that
/ PO < [2+2Cw, NCp@. ] PE. HYPEI(f).
E

Putting

D(f):=[242Cu,r)Cp(G, r)]q“’ sup ¥ (P; f), (3.17)

t>0

the result now follows, provided we show that @ satisfies the desired properties. It is evident that @ (cf) = o (f)
and @ (P, f) < @(f).
In virtue of Theorem 2.2,

G A1 x /TG’ Y
P (f)_7F(1+1) Grf(X)u(X)xEx A st x (fu)(Xy)dsp(dx).

This implies that for bounded f, since 0 < u(-) < 1, and by definition of the constant c,

% (f) < r(z Osc( PPE .

In the same way,

1
el 2 I+1
O () = fy O Bt
since || f — c|loo < Osc(f). Observing that Osc(P; f) < Osc(f) concludes our proof. O
Remark 5.

1. Sometimes it is convenient to replace Condition 2 of Theorem 3.7, assuming that a local Poincaré inequality holds,
by the following weaker condition. Suppose that E = R¢ and let A? be Lebesgue’s measure on RY. We suppose
that G and G, are relatlvely compact, that A4(8G) = A4(8G,) = 0 and that p ~ A4 with locally bounded Radon—

Nikodym densmes L and $— d)‘ . Then it is sufficient to assume the following weaker condition:

There exists 2 C Rd a smooth bounded open connected domain such that G, \ G C Q and

frdad < Cp/QF(f, frand, (3.18)

G \G

forall f € D(E) such that [ g fdr! =
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2. Condition (3.18) is not very restrictive and follows from non-degeneracy of the diffusion, for example if Horman-
der’s condition is satisfied. Indeed, Wang [17], Lemma 2.3, shows that (3.18) holds in the following case. Take
a smooth function V such that [ eVdrd =1.Let Y;,i =1,...,n, be a family of smooth bounded vector fields
satisfying the Hormander condition. Consider

n
A=) (VP + @iv, YY),
i=1
k
where div, Y; = ZZ:] Yik oV + % Then (3.18) holds for any relatively compact open set G and any finite r > 0.
3.3. Example

We continue the discussion of Remark 5 and give an example of a process X defined in terms of its generator A which
satisfies all conditions needed for Theorem 3.7. We take E = R¥, a smooth function V such that f eV dr? =1and put
w=e" 1. Then we define an operator L on D(L) = cx R4) by

1 1
Lf=-A —-VVV{.
f=3Af+5VVVS
This operator L defined on D(L) is symmetric in L2 (). Hence we can define for all f, g € D(L),
e9=- [ sLran

It is classical to show, see e.g. Example 1.3.4 of Bouleau and Hirsch [1], that £ is closable. Let us denote (€, D) the
closure of (£, D(L)) and let A be the generator of E.Then —A is a positive self-adjoint extension of —L, called the
Friedrichs extension of L. It is standard to show that (£, D) is a Dirichlet form for which Condition 3 of Theorem 3.7
is trivally satisfied.

When identifying with the classical form

1
Lf = E.Zkaj,kaj 3kf+;bk8kf
Js

we find b = %V V and a = I (the identity matrix). Thus, being in the uniform elliptic case, Condition 2 is satisfied for
any open relatively compact set G, see e.g. Wang [17].
Finally, concerning the moment condition 1, suppose that for some r > % +14+/l,and M > 0,

Vix)=—-2rIn|x|, |x|>M.
Then Veretennikov’s condition (see Veretennikov [15])
(bx), x/Ixl) < =r/Ix],  |x| =M,

is fulfilled. Under this condition for K > M, t = inf{t > 0; | X;| < K}, any x € R and all ¢ €10,2r —d — 21 — 2|,
E, /! < C(1 + |x|?+2+¢), ([15], Theorem 3) and E,, 7/+! < 0o. As a consequence, if we define

G:={x: |x| < K},

then Condition 1 is satisfied for A = G°. For A = G, = {x: |x| < K + r}, Condition 1 is always satisfied, since G, is
bounded and the diffusion uniformly elliptic, which implies that 75, possesses exponential moments, see Friedman
[7]. As a consequence, the Nash inequality holds for all p > p* where

1
r—d/2’

pr=1+
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On the other hand, Theorem 3 of Balaji and Ramasubramanian [2], with A(x) =1, B(x) =d, C(x) = —2r shows
that forall p > r—d/241and |x| > K, E,t? = oco. This shows clearly, that we are not in the case where the Poincaré
inequality holds. Moreover, the Nash inequality does not hold any more for all p < p, see Theorem 4.1 below, where

1

—_
P =

4. Polynomial moments under Nash inequality

In Section 3, we have shown that for diffusions, the existence of polynomial moments of hitting times implies the
Nash inequality.

We now address the inverse question: Does Nash inequality imply the existence of moments? The answer is yes, at
least if the functional @ satisfies (3.4).

All statements of this section hold true under the general conditions of Section 2, for a conservative Hunt process
which is p-symmetric, with p a probability measure. Let / > 0.

Theorem 4.1. Suppose that Nash inequality holds with p = ﬁi—% and with @ such that (3.4) holds. Then for all ¢ > 0
and for any open set G such that u(G¢) > 0,

E, 7™ < cc.
The idea of the proof is not new and follows ideas exposed in Section 3 of Cattiaux and Guillin [3].
_ In the following, C denotes a constant that might change from occurrence to occurrence. For integrable f we write
f=f—u(f). By [9], we know that under the conditions of Theorem 4.1,
Var, (P, f) < Ct~ Mo (f) < =D Ose(f)*.

This implies that the stationary process X, under [P, is strongly mixing, and by symmetry, its mixing coefficient is
bounded by

¢ —(I+1)
a(t)SC<§> =Cr~ D,

The main step of the proof of Theorem 4.1 is the following deviation inequality.

Proposition 4.2. Fixt > 1 and let V be such that ||V | co = 1. Then for any A > 0,

1 t
P“(‘?/o V(X,)ds — (V)

> 4X> < C[)»_(H_z) Vv A_2(1+1)]t_(1+1).

Proof. We mimic the proof of Proposition 4.5 of Cattiaux and Guillin [3], by making use of moment bounds for sums
of strongly mixing sequences obtained by Rio [13]. Let n = [¢] be the integer part of £, n > 1, since ¢ > 1. Then

r n ki/fn
/ V(X;)ds = Z Yi, where Yy = / V(X,)ds.
0 (

pay k—1)t/n

(Y;) is a P, -stationary sequence of strongly mixing centered random variables satisfying |Y;| < 2%, with mixing
coefficients o (k), kK > 0, which can be upper bounded for all k£ > 2 by

! i+ ! —D I+1
&(k):a((k—l);) <Ck -1+ ><;> <C(kk—1)~U+D, 4.1
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Here, in the last inequality we have used that r/n > 1. We write ¥ 7 =Y;/(2t/n) and apply the inequality (6.19b) of
[13]to S, =Y 7_, ¥k, with @ =1 + 1. So we obtain for any r > 1,

n
> 4x> = IPM< > 4,\z>
k=1

k2n2 —r/2 ) 4r 1+2
_Pﬂ(|sn|z4(xn/2))54<1+m) + 2ner (T) ,

n n

1 t
PM(‘;/O V(Xs)ds — (V)

where s,% = Z,”: 1 Z;': 1 Cov(?,-, 17]-)|. Using Corollaire 1.1 of [13] we can control this sum of covariances as follows

3542/ ') An]QFw)du, where

n—1
a ') =inf{k e N; a(k) <u} = Z 1a()>u, a 'y An= Z Lagi)>us
i>0 i=0

and where Qg (u) is the inverse function of H);k (1) = ]P’(|I7k| > t). Since |)7k| <1 forall k <n, Q,%(u) <1, and thus
(see [13], p. 15),

1 00
srzl < 4nf [a_l(u) /\n] du <4n Z&(i)o
0

i=0

Since [ > 0, this last series converges (compare to (4.1)), and we obtain s,zl < Cn for some constant C > 0. As a
consequence,
222\ /2 (4 1+2
>40 ) <4({1+ 4+ 2ncr— | —
- ) - ( 4Crn> ner <An)

2 —r/2 142
4(%) +26r_1(47r) n~ D,
r

¢ 1+1
p— D <_> f—d+D < 21+1t_(l+1),
n

1 t
PMQ;fO V(X,)ds — p(V)

IA

Finally we choose r = 2(I 4+ 1) and use that

where we have used that # /n < 2, which follows from n > 1, since t > 1. Thus we get the result. O

Proof of Theorem 4.1. We apply the above deviation inequality with V = 1gc and use that

1 [ 1
{Tg>t}C{?/ V(Xs)dSZO}C{; E,U,(GC)}
0

Hence

t
V(X,)ds
0

t
/u(dx)IP’x(rG >1) SP”GVO V(X,)ds

> u(G“)) <cr D,

whence for every & > 0 “small,” E,, rl+1 <00, ]
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