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ON THE STABILITY OF SOME CONTROLLED MARKOV CHAINS
AND ITS APPLICATIONS TO STOCHASTIC APPROXIMATION
WITH MARKOVIAN DYNAMIC

By CHRISTOPHE ANDRIEUI, VLADISLAV B. TADIC AND MATTI VIHOLA?

University of Bristol, University of Bristol and University of Jyvdskyld

We develop a practical approach to establish the stability, that is, the re-
currence in a given set, of a large class of controlled Markov chains. These
processes arise in various areas of applied science and encompass important
numerical methods. We show in particular how individual Lyapunov func-
tions and associated drift conditions for the parametrized family of Markov
transition probabilities and the parameter update can be combined to form
Lyapunov functions for the joint process, leading to the proof of the desired
stability property. Of particular interest is the fact that the approach applies
even in situations where the two components of the process present a time-
scale separation, which is a crucial feature of practical situations. We then
move on to show how such a recurrence property can be used in the context of
stochastic approximation in order to prove the convergence of the parameter
sequence, including in the situation where the so-called stepsize is adaptively
tuned. We finally show that the results apply to various algorithms of interest
in computational statistics and cognate areas.

1. Introduction: Recurrence of controlled MC and compound drifts. The
class of controlled Markov chain processes underpins numerous models or algo-
rithms encountered in various areas of engineering or science (e.g., control, EM al-
gorithm, adaptive MCMC). Consider the space (X, B(X)) where X C R"* for some
ny > 1, a parametrized family of Markov transition probabilities { Py, 6 € ®} (for
some set ® C R"?) such that for any 6, x € ® x X, Py(x, -) is a probability distribu-
tion on (X, B(X)). The class of controlled Markov chains we consider in this paper
consists of the class of processes defined on ((® x X)N, (B(®) ® B(X))®Y) ini-
tialized at some (0y, Xo) = (6, x) € ® x X, with probability distribution denoted
Py . (-) [and associated expectation Eg x(-)] and defined recursively for i > 0 as

Received May 2012; revised May 2013.
1Supported in part by an EPSRC Advance Research Fellowship and a Winton Capital research
prize for this research.
2Supported in part by the Academy of Finland (project 250575) and by the Finnish Academy of
Science and Letters, Vilho, Yrjo and Kalle Viisidld Foundation.
MSC2010 subject classifications. Primary 65C05; secondary 60J22, 60J05.
Key words and phrases. Stability Markov chains, stochastic approximation, controlled Markov
chains, adaptive Markov chain Monte Carlo.


http://www.imstat.org/aap/
http://dx.doi.org/10.1214/13-AAP953
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

2 C. ANDRIEU, V. B. TADIC AND M. VIHOLA

follows:
Xit11(6o, Xo, X1,..., Xi) ~ Py, (X;, ),

Oi+1:=¢i+160, X0, X1, ..., Xit1),

for a family of mappings {¢; : © x X'*t! — ©}. The present paper is concerned with
the stability of the sequence {6;, X;}, or more precisely, the recurrence of such a
process in a set C C X x ®; that is, we aim to develop practically relevant tools
to establish that {6;, X;} visits C infinitely often Py _-a.s. Such a form of stability
is central to establish important properties of the process which, depending on the
context, range from the existence of an invariant distribution for the process or its
marginals to the convergence of the parameter sequence {6;} to a set of values of
particular interest. This is largely an open problem despite its practical relevance
as illustrated and discussed later in the paper. The following toy example illustrates
the potential difficulties one may face. Let X = {0, 1} and consider the transition
matrix

(1.1)

_[1—exp(=161)  exp(~16])
PQ‘[ exp(—101) 1—exp(—|9|)}’

with ® = R. This transition matrix has = = (1/2, 1/2) as invariant distribution,
and its second eigenvalueis A =1 —2exp(—|0]). Set 6,41 =6, +a/i[1/2 — Xi+1]
for some a > 0. One could expect {6;} to converge to a finite value, but following
the argument in [16], Section 6.3, one can in fact show that for some values of a,
with positive probability, {X;} may get stuck in either states while {0;} diverges.
Ergodicity is lost here due to the fact that Co = ® x {0} or C; = ® x {1} is not
visited infinitely often with probability one.

The remainder of the paper is organized as follows. In Section 2 we introduce
our methodology, which relies on a classical Lyapunov function/drift argument
to establish recurrence of the joint process {6;, X;} to a set C (Lemma 1). Our
main result in this section is Theorem 1 where it is shown how individual drift
conditions of type (2.2) and (2.3) characterizing the evolution from X; to X;
and 6; to 6;41 in (1.1), respectively, can be combined into a joint drift condition
in order to characterize the joint dynamic and establish recurrence to a set C. It
is worth pointing out that the result applies even in situations where this dynamic
exhibits a time-scale separation, which, as we shall see in the application section, is
of practical interest. This result captures the main ideas behind our general strategy
to establish recurrence, but for simplicity and clarity, remain unspecific about how
the abstract conditions may be relevant in practice.

Section 3 contains the main practical results of the paper, Theorem 2 and its
corollary, where we show how familiar (e.g., [13]), but 8-dependent, drift condi-
tions characterizing the evolution of homogeneous Markov chains with transitions
{Py, 0 € O} [see assumption (A2)] can be combined with a class of drift conditions
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characterizing the evolution of the parameter 8 [see assumption (A3)] in order to
apply our earlier abstract results for the stability of the joint process.

In Section 4 we focus on a practically important class of updates for the param-
eter 6, known as stochastic approximation [7], which covers all our subsequent
applications. The corresponding processes aim to find the zeroes of a function of
the parameter 6 and can be seen as noisy gradient algorithms. The aims of the
section are to introduce sufficient background for the application section and to
establish Theorem 3. The result of this theorem highlights the central role played
by recurrence in an appropriate set C in this scenario, in order to ensure that such
numerical methods are stable and that they achieve their goal.

Finally in Section 5 we show how the results established earlier apply in the
context of adaptive Markov chain Monte Carlo (MCMC) algorithms, a particular
type of MCMC algorithms which aim to optimize their performance “on the fly.”
More specifically, we show that our general results apply to both the AM algorithm
of [11] but also the coerced acceptance probability algorithm [3, 6] and a novel
variation.

2. Compound Lyapunov functions for some two timescale controlled
Markov chains. The approach we adopt throughout this paper relies on a classi-
cal Lyapunov function and drift argument commonly used in the (homogeneous)
Markov chain setting [13]. Due to the potential time inhomogeneity of the process
above, it is useful to consider a sequence of Lyapunov functions {W;} satisfying a
sequence of drift conditions and leading to the following classical result, provided
here together with its proof (in Appendix A) for completeness only. Hereafter,
for any i > 0 we let F; := o (6p, Xo, X1, ..., X;) and for any u, v € R? we define
u Vv :=max{u,v}and u A v :=min{u, v}.

LEMMA 1. Let {W;} be a sequence of functions W;:® x X — [0, 00) such
that for the controlled Markov chain defined in (1.1) for all 8, x € ® x X:

(D) fOI” alli >0, Egvx[Wi(Qi, X)) < o0,

(2) there exist C C © x X, a sequence {5;,i > 1} of nonnegative scalars such
that 2121 8; = oo and an integer i,, < 00 such that for all i > i,,, and whenever
6, X;) ¢C,Pg «-a.s.

(2.1 Eg «[Wit10i+1, Xiv1) | Fi] < Wi(6;, Xi) — Siy1.
Then Y7 I{(6;, X;) € C} = 00, Py x-a.s.

The main result of this section consists of showing that it is possible to construct
joint Lyapunov function sequences {W;} which satisfy drifts to a set C, such that
the conditions of Lemma 1 hold, from two separate Lyapunov functions w(8) and
V (x) each satisfying an individual drift condition characterizing the two respective
updates involved in the definition of {6;, X;} in (1.1). The form of these individual
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drifts is given below in (2.2) and (2.3): it is worth pointing out that we allow
the drift on w(6) to vanish with time since {y;} may be allowed to vanish. This
is practically very relevant since in many situations of interest the “size” of the
increments |0;+1 — 6;| may vanish as i — oo while that of | X;4; — X;| may not.
The role of the sequence {y;} is to accommodate the possibility of two distinct
timescales for the two updates in (1.1)—examples are numerous and some will be
presented later in Sections 4 and 5. We will consider two scenarios which share
very similar assumptions, and will be labeled with s € {0, 1}.

(A1) Suppose V:X — [1,00) and w:® — [1, 0co) are two functions such that
there exist functions A, Ay :® x X — R, aset C C ® x X, a sequence of strictly
positive integers {y;, i > 1} such that:

(1) {y;} is bounded,
(2) for some integer iy > 0, Py -a.s. the following individual drifts hold for all
i >1ip:
(2.2) Eg [w®i+1) | Fi] < w(6:) — vit1A0(6;, X)),
(2.3) Eox[V(Xiy1) | Fi] < V(Xi) — Av (6, Xi)
and Eg [w(6;)] < oo and Ey [V (X;)] < o0,
(3) there exist constants § € (0, o0) and vy, vy, € (0, 1] such that

" Ay (6, x) v Ay (6, x) -
Pwlve(@) T VIsve(x) T

2.4) Sw* Y (0) for (6,x) ¢C

and

sup |Ay (0, x)| VvV |Ay (0, x)| < 0.
0,x)ec

The following theorem establishes two recurrence results for {0;, X;} to C. The
first result requires the strongest set of assumptions but also establishes a stronger
result, namely that the first moment of the return times to C are uniformly bounded
in time. The second result requires weaker assumptions but does not guarantee the
existence of a uniform in time upper bound on characteristics of the return times.
A particular contribution here is the rescaling of either the Lyapunov function w(6)
or V(x) in order to allow for their respective drift terms to be compared on the
same time scale.

THEOREM 1. Consider the controlled Markov chain defined in (1.1). Define
the sequences of functions {W; :©® x X — [1,00)} and {U; : ©® x X — [1, 00)} for
i>1andB,x € ® x X as follows:

Wi(@,x):=V" @) +w™(@)/yi and Ui@,x):=yWi®,x),

where {y;}, w(-), V(-), vy and vy, are as in (A1), which is assumed to hold. Then:
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(1) ifs=1and € :=limsup;,_, o (y;;) — ¥ ") <8, then for any 8w € (0,8 — )
there exists iy > io such that for any i > iy, whenever (6;, X;) ¢ C, Pg x-a.s.
(2.5) Eg x[Wit10it1, Xit1) | Fi] < Wi(6;, Xi) — 8w,
and Eg  [W;(6;, Xi)] < 00, and Y 2 I{(6;, X;) € C} = 00, Py -almost surely,

(2) if s =0, {y;} is nonincreasing then for any i > iy, whenever (6;, X;) ¢ C,
Py x-a.s.

(2.6) Eox[Uis1Oi41, Xiv1) | Fi] < Ui (0;, Xi) — 8¥it1
and moreover Eg x[U; (0;, X;)] < oo. If in addition Y2 yi = 00, then Y52, I{(6;,
X;) € C} = o0, Py x-almost surely.

PROOF. By (Al), Jensen’s inequality and the classical concavity identity (1 4
x)V <14 wvx forx € [—1,00) and v € (0, 1], we have for any i > iy and Py ,-a.s.

Eg «[Wit10i+1. Xit1) | Fi]

v AV(H[, Xl) v v, Aw(givxi) o
svron1=Sygt) e (1 SET)
(27) y AV(Oi»Xi) v Aw(ei,Xi)
<V u(Xl.)<1_UUW)+ t+1w W(Q)( Vi+1UwW>

Ay (0, Xi) Ay (0;, Xi)
vy I= T Uw
ViTve(Xi) w v (6;)

Now consider the scenario where s = 1. Let 8y € (0,8 — £) and iw > ig be such
that sup; -, (yijrll - yl-_l) < & —3&w. Then, forall i > iw and (6;, X;) ¢ C, Py x-a.s.

B« [Wit1 Ois1, Xig1) | Fi] < Wi(0;, Xi) — Sw.

Let C := [sup;5;, J/i(yilll - )/f‘)] V [supg xyec [VipAw (B, x)| V [Ay (8, x)|] with
Yio = Sup;;, ¥i- Now for any i > ip and (¢;, X;) € © x X we have, starting with
the first inequality in (2.7),

Eg,x[Wit16ig1, Xig1) | Fi]
<A+O"VX)+ A +O) [yl — v + 1w ) /v
< (14 C)*W;6;, Xi)

for s € {0, 1}. From these inequalities we therefore deduce that for any i > iy,
Eox[Wi (6, X1 < (14 C)?0=0Ey  [W;)(6;y, Xiy)] < 00 where the last inequal-
ity follows from our assumptions. For the scenario where s = 0 with U; (8, x) =
y; W; (0, x), we obtain from (2.7)

Eg,x[Ui+1(9,'+1, Xit1) | E] < Ui, Xi) + (Vi+1 — vi) Wi(6;, Xi)
+yin (v — v w6
o (v Ay (b, Xi) g Aw(ei»Xi))
Vi+1 viVI_UU(Xi) w wl=vu (6;)

= Wi, X0+ (v — 7w 6 — (v
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and since

Vit1 — YOWi (0, ) + Vi1 (vig) — v Hw™ ©) = Yie1 — 1)V (x)

and {y;} is nonincreasing, we conclude (2.6) for (6;, X;) € C¢. Notice further that
Ui (0,x) < y1W;(0,x), implying Eq [U;(6;, X;)] < oo for any i > ip. We now
conclude in both scenarios with Lemma 1. [

Some comments are in order concerning the choice of the Lyapunov functions
and the assumptions. First we clarify the role of v, and vy, which are addi-
tional degrees of freedom one may find helpful to establish (2.4) in regions of
® x X where Ay (0, x) [resp., Ay (0, x)] is negative and of large magnitude, but V
(resp., w) is itself large. Notice also that more general concave transformations of
V and w could be considered for the definition of W; and U;, but we do not pursue
this here. We would also like to point out that other Lyapunov functions of the form
U0, x):=y*W;(0, x) for « > 0 may be considered but we have found the sce-
narios « = 0 and « = 1 to be of interest only. Finally whereas it is clear that (2.4) is
stronger for s = 1 than s = 0, we also note that lim supi_)oo(yijrl1 - yl._l) <d&—dw
implies Y72, yi = oo.

In the next section we consider a practically relevant scenario encountered in
practice, for which we identify C and {W;}, but also establish an even stronger drift
than in (2.5). We will show in Section 5 that such results are satisfied in realistic
scenarios.

3. Simultaneous 0-dependent drift conditions and stability. The results
presented in the previous section are rather abstract since A, Ay and C are not
specified. Here we add some structure, and in particular, show how a simultane-
ous drift condition on the family of Markov transition probabilities Py for 6 € ©,
where the dependence on 6 is explicit, can be used to prove the stability of the se-
quence {6;, X;} to a well-identified set C C ® x X. For ease of exposition we focus
throughout this section on the situation where ¢; := ¢,, for some family of updates
{¢p,:© xX— O,y € (0,y "]} and a positive sequence {y;} C (0, y 1V, allowing
us to define the update 6; 1 = ¢y, (0;, X;11) for i > 0. This directly covers most
relevant applications in computational statistics and can be easily generalized. As
we shall see, the realistic assumptions we use lead, in fact, to stronger results than
those of the previous section. For any f:X — R we use the standard notation
Py f(x) := [y Po(x,dy) f(y). The #-dependent simultaneous drift conditions we
consider here are as follows:

(A2) The family or Markov transition probabilities {Py,0 € ®} is such that
there exist:

(1) V:X—[1,400) and C C X such that sup, ¢ V (x) < 400,
2) a(-),b(-):® — [0,400) and ¢ € [0, 1]
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such that for any 6, x € ® x X,
PaV(x) <[V(x) —a ' ®)V'(x)][{x ¢ C} + b(H)I{x € C}.

For functions v(:) : ® — R we define the level sets Vy; := {0 € ®:v(0) < M} for
all M > 0, and for any set A we will denote A¢ the complement of A in either ®
or X. Notice that assumption (A2) implies that infyece a(0) > 0. The situations we
are interested in are those for which A, # @& for any M > 0. Hereafter it will be
convenient to denote forany 6, x € ® x X, y € (0, y*]and f:® x X — R"/

Py, £ (0. %) ::fxpeu,dy)f(asy(e,y),y).

(A3) The family of mappings {¢,:® x X — 0O,y € (0, yT1} is such that
there exists a Lyapunov function w(-) : ® — [1, c0) such that [with {Py, 6 € O},
V(),C,a(-),b(-) and ¢ as in (A2)]:

(1) forany M > 0, SUPgewy,, a(0) < oo and limps— 00 SUPgeyye, b®)/w(@) =0,

(2) there exists B € [0, 1], ¢(-),d(-):® — [0,00) and e(-) : ® — [1, c0) such
that forall y € (0, y*]and 0, x € © x X,

Py yw(8, x) <w(8) — yw(@)A(Vg(@, x)I{x ¢ C} 4 d(0)I{x € C}),
where Vg (0, x) :=c(0) + Vﬂ(x)/e(Q) and

3) ¢(+),d(-):©® — [0, 00) are bounded, limpy;_; 5 SUPgeyye, [c@®) vd@O)]=0
and for any M > 0, supycyy,, €(0) < 0o,

(4) A():[0,00) — Ris such that:

(a) A(0) > 0 and it is continuous in a neighborhood of 0,
(b) there exists pa € (0, ¢/B] such that for all M > 0 there exists Ca_p > O,
such that for all z > M

|A(2)| < Ca,m x 2P2,
(5) for any € > 0,

a(@)wB)e Pr(0)
Vi—paB(x)

9,xe]~/5

where V. := {0, x: VP (x)/e(0) > €).

REMARK 1. The conditions above may appear abstract, but are motivated by
the following concrete situations:

(1) The simultaneous fixed-6 drift conditions (A2) can be established in nu-
merous situations of practical interest. Examples are given in Section 5, where
the transition probabilities share the same invariant distribution, but it should be
pointed out that such drift conditions can also be established in situations of inter-
est where each transition kernel Py has its own invariant distribution 7y ; this is the
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case for example in the context of the stochastic approximation implementation
of the EM algorithm in [4]. Other examples can be found in [7] for algorithms
used in the area of digital communications, although the dependence on 6 is never
used.

(2) Typically the function A(-) in (A3) will take the form of a polynomial, as
a byproduct of a tractable approximation of w(¢, (6, y)) in terms of w(6). For
example, in the situation where ¢ = ¢, (6, y) =6 + y H(0, y), which corresponds
to the standard stochastic approximation framework (see Section 4), a Taylor ex-
pansion of w(?¥}) around 6 will lead to

w(®) <w(®@) +y(H®©,y), Vw®)+ 1y*0" x |H®, y)|*

whenever w” := supy.q |V2w(0)| < co. With appropriate assumptions on H (6,
y), one can apply Py to both sides of this inequality and hence obtain a drift con-
dition on w(-) of the form given in (A3).

(3) The condition required on pa € (0, ¢/B] can be understood as being a trade-
off between the strength of the drift in (A2) and the strength of unfavorable updates
64 = ¢y (0, x4) such that w(64) > w(0).

Hereafter for any ¢ € (0, A(0)) we will denote
Tei={y, 70,y ]:y ' =77 <A®0) ¢},

where we omit the dependence on yt for simplicity.

THEOREM 2. Assume that {Py,0 € ®} and {¢,,y € (0, yT1} satisfy (A2)
and (A3). Then for any ¢ € (0, A(0)) there exist L, € [1, 00), §, My € (0, +00)
such that forany y,y € I'c and 0, x ¢ Wy, x C,

(3.1) PoyfrV +w/y}O,x) <AV (x)+w®)/y — [V (x)/a®) + w®)].

COROLLARY 1. Let {0;, X;} be the controlled Markov chain process as de-
scribed in equation (1.1) with for any i > 1 ¢; (80, x0, X1, ..., X;) := ¢y, (0i—1, X;)
for a family {¢,, : ©® x X — O, y € (0, y "1} and some real positive sequence {y;}.
Assume further that {Py, 0 € ®} and {¢,, y € (0, vy 1} satisfy (A2), (A3) and that
{yi} is such that

(3.2) &:= A(0) —limsup(y,}; —y ') > 0.

1—>00
Then, for any ¢ € (0, €) there exists M. as in Theorem 2 such that the set Wy, x C
is visited infinitely often Py .-a.s. by {6;, X;}.

PROOF. Let e e (0,g),6 € (0,1], Ay > 1 and M, > 0 be as in Theorem 2,
and define the family of (Lyapunov) functions {W; (8, x) := A,V (x) + w(0)/y;}.
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From the assumption on {y;} there exists ip € N such that for any i > ip and 6, x ¢
Whu, xC

Py, Wi(0,x) < Wi—1(0,x) = 8[V'(x)/a(®) + w(®)].

The result follows from Lemma 1 since infyeg w(6) > 0. [

REMARK 2. One can notice that:

(1) in the case where y; = co/(c1 + i)? (3.2) is satisfied for any ¢p > 0 and
a € (0,1), and for ¢y < A(0) whena =1,

(2) in the case where {y; =y < T} is constant, Wy(0, x) = A,V (x) + w(h)
and for any 6 € ©®, a(f) < Cw*(#) for s > 0, then one may show that for any
i>ipand 0, x ¢ Wy, xC

Py, Wo(0, x) < Wo(0. x) — 8'Wg/ """ (0. x).
Indeed, from a standard convexity inequality, for any / € (0, 1],

Vi(x)

3.3) lw(@)”

L 1
+ (1 = Dw(d) > <:T6(*))CZ‘> w!= ),

which, with the choice [ = 1 /(1 + 3¢), leads to
VE@) /w?(0) + w(@) > TV (x)/w” (@) + (1 — Dw(@) > VT (x),
As a result we obtain [noting that, without loss of generality, one can always take
C > 1 in the upper bound of a(-) above]
t -1 1 t »
Vix)/a@) +w@)=C 25[‘/ (x)/w* () + w()]

1
2C
1
Z f[vl/(1+%)(x) + wt/(1+%)(9)]

> C—lz—l—l/(l-i-%)(v(x) 4 w(e))L/(H‘%)’

=

[V () + w(®)]

and we conclude. This suggests the possibility of precisely characterizing the re-
turn times to W)y, x C, as this form of drift condition is known to lead to the
existence of polynomial moments of return times.

PROOF OF THEOREM 2. Choose ¢ € (0, A(0)) and e_ > 0 such that for any
lz] <e—, |A(0) — A(z)| < &/2. This implies

(34 sup (y'=77)— inf }A(z)§A(0)—8—|—3/2—A(0)=—8/2.

y.7€l, {z:lz]<e-



10 C. ANDRIEU, V. B. TADIC AND M. VIHOLA

Now let My > 0 be such that SUPgeyye, d(@) < e_ and SUPgeyye, c(@) <e_/2.
0 0
From (A2) and (A3) we have for (8, x) € ® x X and A € (0, 00)

Py yAAV +w/y}(O,x)
<A[V(x) —a @) V'(x)]T{x ¢ C} + 1b(®)I{x € C}
+w(®)/y —w@) A(Vs(@, x){x ¢ C} 4+ d()I{x € C}).

Note that for (6, x) € Wy, x C°, Vg(0,x) > 1\_40_1 = l/sup9€WM0 e(0) > 0 from
(A3)(3), and therefore from (A3)(4)(b)

w(9)|A(Vﬂ(9, x))| < CA,MO_IMO esug(e_] @) + C((9))pA X VI’Aﬁ(x)’

and SUPg ey, A(d(B)) < oo as A(:) is bounded on compact sets. In addition
SUpyce d(8) < 0o. Let now

C/A’MO = [MOCA,MO_I glelg(efl(e) + c(e))pA] Vv [Moees]l/lvlzl A(d(@))] < 00,
0

notice that ¢t > pa B, and recall that V > 1. Then we have for y,y € I'¢
Py AV +w/y}0,x) <AV (x) +w(®)/y + A, x),
with
A, x):=—=AV(x)+A[V(x) — a_l(B)VL(x)]]I{x ¢ C}

+ 2b(0)I{x € C} + (A(0) — &)w(H)

) — A(Vg(0, x)I{x ¢ C} + d(0){x € CHw(O)I{0 € WICVIO}
+ C/A,M0 VIO € Wiy, )

It will be convenient below to refer to the following inequality:

(3.6) A0, x) < =8[V'(x)/a(®) + w(®)],

for (0, x) ¢ W; x S and various instantiations of 5, M ,A>0and S C X. Our ulti-
mate aim is to prove that under the stated assumptions there exist §, A, € (0, +00)
and M, > My such that (3.6) holds for (6, x) € Wy, x C)¢. For any M > My, we
use the following partition:
Wy x C)° = (WMO X Cc) U (WZCVIO X CC) U (WJCW X C),
which leads us to consider three cases, (a), (b) and (c), from left to right.
(a) For (0, x) € Wy, x C° and any A > 0, we have

A(O,x) <[A0) —e]w(®) — AV (x)/a(0) + C/A,M()V‘(x)

< [A(O)—s]es)ljvp w(9)+V‘(x)[C’A’MO —)»/ﬁs%) a(z?)],
€ My € M
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where we note that SUPg ey, a(¥) < oo from (A3)(1). Now, from our choice of

My and since V > 1 and infyce a(¥) > 0, we conclude about the existence of
Aa, 8 > 0 such that for all A > A4, (0, x) € Wy, x C¢

A, %) <[AO) = e]Mo+ V' ()| C s, — 2 sup a®)]
€ M

—84[V'(x)/a(0) + w®)].

Therefore (3.6) is satisfied with M = M, any A > A, and §=38,.
(b) For (0, x) € WI‘{,IO x C¢ and any A > 0, we have

A6, x) < —AV (x)/a®) + [A©) — e — A(Vg(6, x))]w(®).

and we seek to show that there exists A, = A; V A;; and &6, = 8; A §;; > 0 (where
Ai, Aii > 0and §;, 8;; > 0 are given below in the proof) such that for all A > A, and
@,x) € WICVIO x C¢, (3.6) is satisfied with §= 8p. In what follows we will use the
following intermediate results. From (A3)(5) we have that for our earlier choice of
€_ and any (0, x) € W,CV,O x C¢, the condition

Vs(0, x) = &+c(9) >e_  implies A4S N c(®)>e /2
P e ST By
0

and therefore that for g € {0, pa}

a(@)w(®)e6)
(3.7) sup /©) e
(WX/IOXCC)ﬂ{O,x:Vﬂ(G,x)ze_} Vi—aP (x)

Indeed the case ¢ = pa is true by assumption and for VA (x)/e(9) > e_/2
a(@)w(@)e Pr(0) . a(@)w(H) (V'B(x)>1”A a(@)w(0)
vierabx)y - Vi) \ e(d) - Vi)

from which we conclude. We now partition W,CV,O x C¢ by considering the two
following subsets:

(1) From our choice of My and ¢_ and (3.4), we deduce that on the subset
(VV[CW0 xC)N{O,x: Vg0, x) <e_}

A0) — & — A(Vp(6, x)) < —¢/2,

— o (e-/2)P

and consequently
A0, x) < —AV'(x)/a(0) —w(®)e/2,

and we conclude about the existence of 4;,d; > 0 such that (3.6) holds for any
A>A; and § = 6;.
(i1) By our assumption on A(-) there exists C ’A’ < > 0 such that forany z > e_

A©) —&—A(z) <Cj 2P
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Consequently we deduce that on (wao xCHON{O,x:Vg(0,x) > e_}

V%x>[/ cuenuw)(vﬁu» )PA ]

A, x) < C 0 - A
O =Tay [Coevim e @
< Vi(x) |:2pAC/A E a(@)w()e(@)~ra _)\]

a(9) € VepaB(x)
We now choose A > 2PA ClA,e, Cc_, and from (3.7) with ¢ = 0 we have V‘(x)/
a(@) > (e_/2)Pa C;lw(é?) and therefore

Vi(x)
a(9)
We conclude about the existence of A;;, 8;; > 0 such that (3.6) holds for any A > A;;
and S = 8”‘.

(c) First, we note from our choice of My, (3.4) and (3.5) that for any 0, x €
wao x C and A > 0 the function A (6, x) is upper bounded by

A, x) < %[ + w(@)(e_/Z)pACe__l}(ZPAC'A’E_ Ce —1).

A6, %) < —AV(x) +Ab(0) + [A0) — & — A(d(F))]w(6)
< AV (x) + [Ab(0) /w(®) — £/2]w(H).

We now show that for any A € (0, +00) there exist M, € [Mp, +00) and 6, €
(0, +00) such that forall 8, x € me x C, (3.6) is satisfied with §= 8., a function
of L. From our last inequality and since ¢ € [0, 1] and V > 1, for any M > Mj and
0, x e Wy, xC

A, x) < —A[ inf a(z?)]V‘(x)/a(G) + [,\ sup b()/w(®) — g/z]w(e).
9e0 PV,

We conclude about the existence of M, and &, as above from our assumption on
b(-).

We now conclude by letting Ay > Agp = Ay V Ap, My > M; vy, and § =
5)%\/)\[; VAN 5a VAN (Sb- O

4. The central role of stability in the context of stochastic approximation
with Markovian dynamic. In this section we illustrate the central role played
by the form of stability considered in this paper to establish that some controlled
Markov chains of practical relevance possess some desired properties. We focus
on a particular class of controlled Markov chains driven by a so-called stochastic
approximation recursion (also known as the Robbins—Monro algorithm). The mo-
tivation for such algorithms, described below, is to find the roots of the function
h(-):® — R

M@=AH@MM@w
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for a family of functions {H (6, x) : ® x X — ©} and a family of probability distri-
butions {7y, 0 € O} defined on some space X x B(X). This is a ubiquitous problem
in statistics, engineering and computer science. These roots are rarely available
analytically and a way of finding them numerically consists of considering the fol-
lowing controlled Markov chain on ((® x XN, (B(®) @ B(X))®Y), initialized at
some (Ap, Xo) = (0, x) € ® x X and defined recursively for a sequence of stepsizes
{yi} fori >0,

Xiy1|Fi ~ Py (X;, ),
“4.1)
Oiv1="0; +vi+1H(6;, Xit1),

where { Py, 6 € ®} (for some set ® C R"?) is a family of Markov transition prob-
abilities such that for each 6 € ®, Py leaves my invariant, that is, is such that
79 Po = my. The rational for this recursion is as follows. Let us first rewrite the
Robbins—Monro recursion as

Oiv1 =06; + yig1[h(6) + &iv1].

where {&;+1 = H(6;, Xi+1) — h(6;)}, which is traditionally refered to as the
“noise.” Then {6;} can be thought as being a noisy version of the sequence {6;}
defined as 6?_,~+1 =0; + Vit lh(é_i), and it is believable that the properties of {0;} are
closely related to those of the noiseless sequence {0;} provided the average effect
of the noise on this sequence is negligible. This requires some form of averaging,
or ergodicity, property on {&;}.

The convergence of such sequences has been well studied by various authors,
starting with the seminal work of [7], under various assumptions on all the quan-
tities involved. A crucial step of such convergence analyses, however, consists of
assuming that the sequence {6;} remains bounded in a compact set of ® with prob-
ability one. This problem has traditionally been either ignored or circumvented by
means of modifications of the recursion (4.1). Indeed, one of the major difficulties
specific to the Markovian dynamic scenario is that {6;} governs the ergodicity of
{X;} (and hence {&;}) and that stability properties of {;} relying on those of {6;}
require good ergodicity properties which might vanish whenever {6;} approaches a
set d® away from the zeroes of k(8), resulting in instability. Most existing results
rely on modifications of the updates {¢, } designed to ensure a form of ergodicity
of {&;} which in turn ensures that {0;} inherits the stability properties of {6;}. The
only known results we are aware of where stability is established for (4.1) without
any modification are [7], Part II, Section 1.9, where assumption (1.9.3) may not be
satisfied in numerous cases of interest or directly verifiable, and [14] in a particular
scenario.

The approach we follow here is significantly different from that developed in
the aforementioned works and consists of dividing the difficult problem of prov-
ing boundedness away from 9® into two simpler tasks. First using the results
of Sections 2 or 3, one may establish that the sequence {6;, X;} visits some set
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W x C C ® x X infinitely often [Py ,-a.s., a set which has the particularity that
transition probabilities {Py, 6 € W} have uniformly good ergodicity properties.
Then, using these facts, one can show that {6;} follows the trajectories of the de-
terministic recursion {6;} more and more accurately at each visit of W x C, and
eventually remains in a set only slightly larger than VW provided the deterministic
sequence is itself stable. The advantage of our approach is that instead of aiming
to establish ergodicity properties of {£;} in worse case scenarios for the sequence
{6;}, we decouple the analysis of the behavior of {6;} when it approaches d® from
the study of the ergodicity properties of {&;}, which need to be studied for “reason-
able” values of 8 only. Before stating the main result of this section we state our
assumptions.

(A4) Let {H(,x)}, {yi}, {mg} and { Py} be as above. We assume that:
(1) there exists y4 > 0 such that:

@) y = {y} Cl0,y ¥,
(b) forany 6, x € ® x Xand y € [0, y ]

0+yH(@O,x) e,

(2) H:© x X— R" is such that for any 6 € ©, [y |H (0, x)|mg(dx) < 400,
(3) and for any 6 € ®, g Py = mp.

A practical technique to prove the boundedness of the noiseless sequence con-
sists, whenever possible, of determining a Lyapunov function w : ® — [0, 00) such
that (Vw(8), h(6)) < 0 away from the roots of #(8), where Vw denotes the gradi-
ent of w with respect to 6, and for u, v € R”, (-, -) is their Euclidean inner product
(we will later on also use the notation |v| = 4/{v, v) to denote the Euclidean norm
of v). Note that although we use here the same symbol w as in Sections 1 and 3,
the Lyapunov function below might be different.

(AS5) O is an open subset of R, h: ® — R" is continuous and there exists a
continuously differentiable function w : ® — [0, c0) such that:

(1) there exists My > 0 such that
L:=1{0€06,(Vw®),h(®)=0}C {0 €O, w®) <M},

(2) there exists My € (My, oo] such that Wy, is a compact set,
(3) forany 8 € ® \ L, (Vw(#), h(9)) <O.

We now introduce some additional notation needed to describe the ergodic-
ity properties of {&;} every time the sequence {0;, X;} visits some set VW x C.
More precisely, consider the stochastic processes {1, X;} defined on ((® X
XN, (B(©®) @ B(X))®Y) which use the stepsize sequence y < := {y; 4, i > 0} for
some [ > 0, initialized with 99, Xo € ® x X and such that for i > 0,

Xi+11(Do, Xo, X1, ..., Xi) ~ Py, (X4, ),
4.2)
Vi1 =0 + Vig1+HOi, Xig1).
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— ., <l
In order to take the shift in the stepsize sequence into account, we denote by }P’g .

and Eg . the associated probability distribution and expectation operator for ¥y =
0 € ® and Xy = x € X, and point out that in contrast to Py , defined earlier for
{6;, X;}, the notational dependence on y < for [ > 0 is here crucial. For any M > 0
we define the exit time from the level set Wy, 0 Wy ) := inflk > 1: 9, ¢ Wiy}
(with the standard convention that inf{@} = +00), and for any j > 1 we define
gj=H@j_1,X;) — h(¥;_1). We extend the result of [2], Proposition 5.2 (see
also [1]) in order to establish the following result.

THEOREM 3. Assume (A4) and (AS), that {y;} is such that limsup; _, . v; =0,
and let M € (Mo, M1]. Assume that there exists C C X such that:
(1) forany e >0,
> e) 1;

ZV}+I§]

(4.3) limsup  sup P’x (supH{U(WM)>k
j=1

[—o00 O,XEWMO xC

(2) forany 0,x € ©® x X,

Pg,x(ﬂ {6, Xi) € W, % C}) =1

k=1i=k
that is, {0;, X;} defined by equation (4.1) visits Wy, x C infinitely often Py -a.s
Then the sequence {6;}, as defined by equation (4.1), is such that

P@,x(U (16 EWM}) =1,

k=1i=k
that is, {0;} eventually remains in Wy, Py x-a.s.

REMARK 3. Proving equation (4.3) is now rather well understood in general
scenarios as soon as some form of local (in 8) uniform ergodicity of { Py} is sat-
isfied and can be checked in practice; see [1] and [2], for example, and the recent
results in [5]. In the present paper, we rather focus on finding verifiable conditions
on {y;}, {H(, x)} and {Ps} which ensure that {6;, X;}, as defined by equation
(4.1), visits Wy, x C infinitely often Py y-a.s., which in combination with the
aforementioned existing results will allow us to conclude about the stability of a
large class of controlled MCMC algorithms.

PROOF OF THEOREM 3. For M € (Mg, M{] we let 5o > 0 and Ao > O be as
in Theorem 7 from [2], Proposition 5.2, given in Appendix B for convenience. We
consider the sequence {7;,7 > 1} of successive return times to Wy, x C “separated
by at least an exit from W)py,” formally defined for i > 0 as

T =inf{j > T;+ 1:3 €{T; +1,..., j}/6 ¢ Wy and (6}, X ;) € Wiy, x C},
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with the conventions Ty = 0 and inf{@} = +oc0. It will be useful below to note that
foranyi > 1, T; > i. Let ng € N be such that SUPg>p, Vi < Ao. We first show that
forany 6, x € ® x X,

(4.4) PQ,X(U{Tk - +oo}) 1,

k>1

and to achieve this, we establish a bound on supy g x Po.x(Tn < +00) for n >
ngo. Notice that from the strong Markov property, for any 8, x € ® x X and [/ > ng

Po x (T141 < 4+00) =Eg ({7} < +00} Py, x7, (T1 < +00)).
In addition, for any 6, x € ® x X, we have
HT; < +00}Poy, x4, (T1 < +00)
<1 < +oo}]?’g;§[(r[ (e W) < +00), Py ,-a.s.

and for any ¢ > 0,

B (0 W) < +o0) =B’ (U o War) = k}).

k>1
From Theorem 7 we deduce that for any g > no,
> 50} ,

k
Z Yi+qSj

U {loWu) =k} C :sup]I{cr(WM) > k}
j=1

k>1 k=1

which implies that for any 7; > [ > ny,

]I{Tl < +oo}]P)9Tl,XTZ (Tl < +OO)

k

ZVj+q§j

j=1

> 8()).

<sup  sup I@’g;q supl{o Wn) > k}
q=16,xeWyyxC ~ \k=1

Consequently by induction one obtains that for any n > ny,

P@,x (Tn < —|—OO)

n—1

<[]swp sup }I_"g;q supI{o Wy ) > k}
q=10.xeWyyxC ~ \k=1

k
Z)’Hqgj
=1

> 80).

Result (4.4) then follows by a standard Borel-Cantelli argument under the condi-
tion of the theorem. We now prove that {0} eventually remains in Wy, Py ,-a.s.

I=ny
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First notice that by construction of {7;},

U{Tk = +o0}

k>1

= (J{Tk—1 < 400, Tx = +00}

k>1

= J UTk—1 =m, T = 400}
m>0k>1

= J{On. Xn) € Wiy, x C}
m=>0

N ({6 € Wy VI = m + 13U {6 & Wy, Y1 > m + 1}).

Now, since by assumption Pg , (N72 U2, {(6;, Xi) € Wiy, x C}) = 1, we deduce
that forany 6, x € ® x X

]P)G,X(U {(emaXm) GWMO xC,0 e Wy, Vl>m+ l}) =1,

m=>0

and we conclude. [

We briefly discuss here other applications of our stability results, particularly
in the situation where the step-size sequence is held constant. Such fixed stepsize
algorithms have been popular in engineering since they provide the algorithms
with both some form of robustness and a “tracking” ability. The analysis of these
algorithms naturally requires one to establish stability first [7]. We would like,
however, to point out another important application in the context of adaptive step-
size algorithms. Indeed, the choice of {y;} is known to have an important impact
on the convergence properties of {6;}. In particular it is well known that if {y;}
vanishes too quickly in the early iterations of (4.1), convergence may be very slow.
A natural way to address this problem consists of adaptively selecting the sequence
of stepsizes {y;}. A strategy due to Kesten and further extended by Delyon and
Juditsky in [8] is as follows. Given a nonincreasing function y (-) :(— (0, co) and
so = 0, consider Algorithm 1 which is a modification of (4.1).

Assume for brevity that the root of 4(0) = 0, 6., is unique. The rationale behind
this recursion is that for sufficiently regular scenarios, one may expect the event
{{(H;-1, Xi), H(0;, Xi+1)) < 0} to occur with higher probability when 6; is in

Algorithm 1 Adaptive step-size algorithm

o Xit1~ Py (Xi,-)

® Oip1=0i+y(s)H O, Xiv1)

o siy1=s;i + I{{H®i—1, X;), H(6;, Xit+1)) <0}
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a neighborhood B(0y, €) of 6, than when outside this neighborhood. As a result
y; =y (s;) decreases slowly as long as {6;} is outside this neighborhood of 6,, and
decreases much faster whenever {6;} approaches 6*. Convergence to 6, requires
that y; — O or equivalently that s; — oo with probability one. This means that one
should show that for any y € {y(0), y (1), y(2), ...}, the fixed stepsize sequence
o) =] +yH®/ |, X]) fori > 1isrecurrent in the aforementioned neighbor-
hood, which is the essence of the proof of [8]. Our results allow one to establish
that the homogeneous Markov chain {z?l-y, X ly } is recurrent in some set Wy x C,
the first crucial step of the proof of [8]. A detailed analysis of such a result is,
however, beyond the scope of the present paper.

5. Examples: Some adaptive MCMC algorithms. In this section we illus-
trate how the results established in Sections 3—4 can be straightforwardly ap-
plied to a variety of adaptive Markov chain Monte Carlo (MCMC) algorithms,
where the aim is to automatically optimally choose the parameter 6 of a fam-
ily of Markov chain transition probabilities {Py, 0 € ®}, defined on some X C
R sharing a common invariant distribution with density m(-) with respect to
the Lebesgue measure. More specifically, we focus here on the symmetric ran-
dom walk Metropolis (SRWM) algorithm with transition probability defined for
0,x,A) € ® x X x B(X) as

Pg()c,A):/;F a(x,x +2)ge(z)dz

(5.1
+I{x € A}/;( (1 —a(x,x+2))ge(z)dz,

where for any x, y € X2, o(x, y):=1Ar(y)/m(x) and {gg(-), 0 € O} is a family
of symmetric increment probability densities with respect to the Lebesgue measure
defined on Z x B(Z) for some Z C X. Various choices for gg(-) are possible.

The AM (adaptive Metropolis) algorithm [10, 11] is concerned with the sit-
uation where X = R+ for some n, > 1 and 0 = [u|['] € ® = R"™ x C where
C C R™>*x js the cone of symmetric positive definite matrices and gy (z) :=
det™/2((2.382/n, ) (T + €amIn, xn,)) X q(((2.38%/n) (T + €amln, xn,))~"/%2)
for q(z) = N(z; 0, I, xn,) and some eanm € (0, 1). In fact other choices for g(-)
are possible as long as it is symmetric, that is, g(z) = g(—z) forall z € Z. In [9] it is
shown that in some circumstances the “optimal” covariance matrix for the Normal-
SRWM is 'y, where I';; is the true covariance matrix of the target distribution
7 (-), assumed here to exist. The AM algorithm of [11] essentially implements the
following algorithm to estimate I" on the fly. Let ean > 0 and let Xo = x € X, then
for i > 0 and with 6; := [u;|';] here one can consider Algorithm 2.

It was realized in [3] that this algorithm is a particular instance of (4.1) where
H:©OxX—> 0is

(5.3) H®,x):=[x—plx —p)(x =)' =TT,
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Algorithm 2 AM algorithm, iteration i + 1
e Sample X; 1 ~ Py, (X;, )
e Update of the tuning parameter

Mit1 = Wi + Vir1(Xig1 — (i),

(5.2)
Tivt =i+ yi1 ((Xig1 — ) (Xig1 — i)' —Ty).

and the corresponding mean field is

h(0) =[x — wl(x — ) (kg — )T + T =TT

We show in Section 5.2 (Theorem 5) that the stability of these recursions is a
direct consequence of the result of Section 3 and a result from [14], which estab-
lishes (A2) for a class of target distribution densities 7 (-). The result of Section 4
then directly applies to the AM algorithm, leading to the conclusion that {6;} even-
tually remains in a compact set with probability one. While the boundedness of
{6;} has already been established in [14] using different arguments, our results are
more general in several ways. For example, Theorem 5 shows that the AM algo-
rithm is stable when the sequence of stepsizes {y;} is constant, which opens up
the way for the analysis of more sophisticated and robust versions of the AM al-
gorithm. Theorem 5 also shows that the AM algorithm is also stable for heavier
tailed distributions than in [14], in the situation where X = R, for both decreasing
or constant stepsize sequences. As should be clear from our current analysis, a full
study of the multivariate scenario is a different (and significant) research project.
We now turn to another type of popular adaptive scheme for the SRWM.
Let X =R" and ® = R. Suppose ¢(-) is a symmetric probability density on
X, and define the family of proposal distributions {gg(-),0 € ®} as gg(z) :=
exp(—60)q(exp(—0)z). A possible increment probability density is again gp(z) =
N(z,0 :=exp(®)). Let ay € (0, 1) be a desired mean acceptance probability for
the SRWM. The following algorithm aims to optimize #* in order to achieve an
expected acceptance rate of o, [3] and is often used as one of the components of
more sophisticated schemes. The resulting procedure is displayed in Algorithm 3.
In Section 5.1 we prove the stability of {6;, X;} for a broad class of probability
densities (), including a heavy-tailed scenario and situations where the stepsize
sequence is constant (Theorem 6). It should be pointed out that in this case, in
contrast with the AM algorithm scenario, we do not require a lower bound on the
scaling factor exp(#), which requires establishing (A2) for both arbitrarily large
and small values of exp(f) and leads us to proving the new result Theorem 4 (a
stability result has been proved in [15], but in a less general scenario). In fact
the theory we have developed suggests improvements on this standard algorithm
whose stability can be easily established thanks to the theory developed earlier in
the paper. An example is given below: the rationale behind the algorithm is that for
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Algorithm 3 Coerced acceptance probability RWM, iteration i + 1
e Update the state X;, Y;, with Z; 11 ~ gg, ()

Yin=Xi+Zi,

X = Yiv1 with probability o (X;, Yit1),
i+l X; otherwise

e Update the scaling parameter

Oiv1="0; + vir1(a(Xi, Yig1) — ax).

very poor initializations, the increments on the parameter are initially large, while
still leading to a stable dynamic. See Algorithm 4.

The proofs of stability of the three algorithms above rely on common key inter-
mediate results. In Section 5.1 we establish (A2) for the SRWM under two different
sets of assumptions on 7 (-) and ¢(-). In Section 5.2 we establish (A3) for the AM
algorithm and conclude with Theorem 5, while in Section 5.3 we establish (A3)
for the coerced acceptance algorithms, and conclude with Theorem 6.

5.1. Establishing (A2) for SRWM algorithms.

5.1.1. The superexponential “TI" + eamIn, xn,~ scenario. In this section we
state a result which establishes that (A2) is satisfied for the SRWM transition prob-
ability on X = R"r under suitable conditions on 7 (-) and g (-) [12].

(A6) The probability distribution 7 (-) has the following properties:

(1) it is positive on every compact set and continuously differentiable;
(2) there exists p > 1 such that

5.4 lim sup S Vlogm(x) = —o0;
R—+00 {y:x|> R} |X|?

Algorithm 4 Fast coerced acceptance probability RWM, iteration i + 1
e Update the state X;, ¥;, with Z; 1 ~ gg, ()

Yipi=Xi+Z41,

X — Yi1 with probability a(X;, Yivr),
i+1 X; otherwise

e Update the scaling parameter

Oiv1 =0; + vit1(16i] + 1) (2 (Xi, Yig1) — o).
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(3) the contours dA(x) = {y:m(y) = m(x)} are asymptotically regular, that is,
for some R > 0,
x Va(x)

(5.5) sup — -
=Ry X [V (x)]

<

(4) the proposal distribution density g is that of a standardized Gaussian or
Student’s z-distribution.

The following theorem quantifies the way in which ergodicity of the SRWM
vanishes under (A6) as some of its eigenvalues become large. The norm used for
matrices below is |A| = /Tr(AAT) and recall that here 0 = [u|I'] € ® =R"* x C.

PROPOSITION 1. Let n € (0,1) and V(x) o« w~"(x). Under (A6) one can
choose V > 1 and there exist a, b € (0, 0c0) and C = B(0, R) for some R > 0 such
that for any 6, x € ® x X,

PyV (x) < (1 = a/\Jdet(T" + eamln, sn,))V () + bI{x € C},
and we note that for any I € C,

Vdet(T') < n["™/4|0 /2,

PROOF. The first statement is proved in [14], Proposition 15, and the second
statement follows from the standard arithmetic/geometric mean inequality applied
to the eigenvalues of I'2,

23\ Ay 2\ nx
(5.6) det(I™2) < (Tr(r )> :<|F| ) . -

Ny Ny

5.1.2. Establishing (A2) for the AM algorithms with weak tail assumptions.
In this section we prove (A2) for the SRWM algorithm on X = R in the situa-
tion where no lower bound on the scaling parameter of the proposal distribution
is assumed and under a weaker assumption on the vanishing rate of the tails of
the target density 7 (-) than in the previous subsection. More precisely, let Py de-
note here the random-walk Metropolis kernel with symmetric proposal distribution
qo(2) = exp(—60)q(z/exp(@)) for 6 € ® := (—o00, 00). For notational simplicity,
in this subsection, we introduce the piece of notation o = exp(f) and use P, in-
stead of Plogs, qo instead of gjog, throughout and say that o € exp(©). We will
also use the piece of notation £(x) :=logm(x). We require the following assump-
tions on 7 (-) and the increment proposal density g, :

(A7)
(1) The target distribution 7 (-) on (X, B(X)) has the following properties:

(a) It has a density 7 (x) with respect to the Lebesgue measure,



22 C. ANDRIEU, V. B. TADIC AND M. VIHOLA

(b) m(x) is bounded away from 0 on any compact set of R,
(c) £(x) is twice differentiable. We denote £'(x) := V£(x) and £"(x) :=
2
VaL(x),
(d) forany M > 0, defining €, := M/|¢(x)],

. 1€ (x +1)]
lim  sup T n =Y
R—00,cBe(0,R) |t|<ex 1€/ (X +1)]
0"+ 0] _

Iim sup sup ————-— =0,
R—00 xeBe(0.R) f]<e, €/ (X)]?

€/ (x 1) _1‘
[€(x +1)|

lim  sup sup
R—00 yeBe(0,R) 0<t <,

(2) The tails of 7 (x) decay at a minimum rate characterized as follows: there exist
p € (0, 1) such that

. ¢(x)
lim  sup —— <0 and
R—00 yepe(o,R) |X|P
TV (x)

v 0,1 li infa ——————
ye@b o lim A oG
(3) The increment proposal density g, (z) is of the form ¢, (z) = éq(z/a) for
some symmetric probability density g(z), such that supp(q) =[—1,1] =:Z
and g(-):Z— [g, gl for q, g € (0, 00).

REMARK 4. Consider £(x) = C — |x|%, for |x| > Ry and o > 0. Then for
x> Ry, £/ (x) = —ax® ! and £/ (x) = —a(e — 1)x*~2 and all the conditions in
(A7) are satisfied.

REMARK 5. The support condition on g can be removed, but this requires
one to control additional “tail integral” terms in the proofs of this section, which
would add further to already long arguments. We have opted for this presentation
for brevity and clarity since it is the terms that we handle which are both crucial
and difficult to control.

The following theorem establishes (A2) for the scalar SRWM with V(x)
7P (x) for some B € (0, 1) under (A7).

THEOREM 4. Consider the SRWM targetting mw(-) and with increment pro-
posal density q,. Assume they satisfy (A7), and let V(x) := cx~(x) for some
n € (0,1) and c € (0,00) such that V > 1. Then for any ¢ € (0, 1) there exists
R > 0and ag € (0, 00) such that:
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(1) forany x € B€(0, R), with a (o) := ap/(o VvV o2,
PoV(x) <V (x)—a ' (o)V'(x),

(2) there exists a constant b € (0, 00) such that for all o, x € exp(®) x B(0, R)
we have P,V (x) <b.

PROOF. Lette (0,1) and R > Ry such that infyepeo, gy V' 7' (x)|€/(x)]* > 0
and infycge(o, R) V1=t(x)/]€'(x)| > 0, where Ry is given in Proposition 2. The exis-
tence of R is ensured by (A7)(2) and the choice of V. Indeed, from the assumption,
for x € B€(0, R), we have from Lemma 2 that V(x) > Cy 2 exp(nCiI1 |x|P) for

some constant C > 0 and |[¢/(x)| > Cy|x|?~! for x > R, for some C¢, R; > 0, and
we can conclude. From Proposition 2 below, for x € B€(0, R) and o < ¢o/|¢' (x)|,
we have

P,V (x) < V(x) —ajo |t/ )V (x)

<V(@)—a) inf |0 o)*V' " (x0) x o2V (x).
Xx0€B¢(0,R)

For |x| > o > co/|¢'(x)], we have
P,V(x)<V(x)— a6V(x)/|a£’(x)}

. 1- -1
SV(X)_aéxoegcl(fO,R)V Y(x0) /)€ (xo)|o T VH(x).

For o > |x| > R, we have
Py V(x) < V(x) —aglx| x V(x)/o

<V(x)—ayR x V(x)/o.

2

Now we can use the trivial inequalities 0 <o <1 < o1 (case o € (0, 1]) and
o l<l<o<o? [case o € (1, c0)] which lead to the following upper bound:

PyV(x) <V(x) —ap(oc ' Aa?)Vi(x).

The second claim follows immediately from the bound PV (x) <2V (x) easily
obtained from (C.4) and the fact that sup, g g) V (x) <oo. U

PROPOSITION 2. Consider the SRWM targetting mw(-) satisfying (A7T). Let
V(x) :=cn ™ (x) for some n € (0,1) and c such that for all x € X, V(x) > 1.
Then there exist ay, Ry > 0 such that for any x € B(0, Ro) and any o € exp(®) =
(0, 00),

2

Py V (x) o[t ifo|t'(x)] < co,
Vo) IS T@x Yot iflxlzo zeo/|0x)
g |x|/o, if1 > |x|/o.

’
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PROOF. Without loss of generality we detail the situation where x > 0 since
the case x < 0 can be straightforwardly addressed by considering the density
m_(x) := w(—x) which also satisfies (A7), and hence Lemmata 3, 4 and 5
(given below). In what follows the terms 7; (o, x) for i =1, 2,3, 4 are defined in
Lemma 3. Choose R > Rpy V Ry, V Ry such that for x € B(0, R), x > ¢o/|¢' (x)],
where Rpy, Ry, Rt and ¢ are as in Lemmata 3, 4 and 5. First from Lemma 4, we
have for x > ¢o/|¢/(x)| and any o € exp(®),

aneo/ 1€ (x)]
Ty(0,x) = fo V2 (D40 (2) dz

ONX

o zeo/ [N [ @@ d:

co/l¢
o nco/I€ ()]

< —€w|€/(x)|2/0 2240 (2) dz
_ I v OAX ) q
eylfo > co/| (x)”/c‘o/lé/(x)lq (z)dz
< —eyq/3[ [0 Aco/| )] /o
—eyqli{o = co/|'(x)|}[o Ax —co/ €/ (x)]]/0,

and therefore for o < x

€0 }ozlﬁ/(X)l2
<
1€ (x)] 3

H{" = }<3o|§<x)| o %)}

—€yq [02|£’(x)|2 o ]I{o - co }

Ti(o,x) < —ewc_1|:]1{o

3 [¢/(x)]
0(3) Co
+ X ]I{x >0 > }]
ol (x)] 1€/ (x)|

Now from Lemma 5 for o > x > R we have
Ti(o,x)+ Th(o,x) < —er X X/0,
T3(o,x) =0,
and for 0 > x — YT (x) we have
T3(0,x) + Tu(0,x) < —er x (=Y (x))/0

and we conclude with Lemma 3 and by treating the case where x < 0 in a similar
fashion. 0O
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Note that, as pointed out in the proof of Proposition 2, it is sufficient to spe-
cialize most of the results of Lemmata 2, 3, 4 and 5 (stated below and proved in
Appendix C) to the case x > 0. The following lemma establishes some key prop-
erties implied specifically by (A7)(2), which will also be used in Section 5.3.

LEMMA 2. Assume that 7 (-) > 0, is differentiable and satisfies (A7)(2), define

forany y >0,
I, (x):= /()W<W>ydz and

M 7 (x) v
Iy () '_/o (n(x—sgn(X)z)> a.

with sgn(x) := x/|x| for x # 0 and for any x > 0, T(x) :=inf{y € X:7w(y) =
m(x)}. Then:

(1) the function Y (-) has the following properties:

(@) limy 0 Y(x) = —00,
(b) there exist constants Cy, 1, Cy 2 € (0, o0) such that for all |x| > Ry

[TV x| < Cr, 1 (= log(m (x)/ Cy 2)) /7
[or equivalently 7! (x) > Cy» exp(C{ll[IT(x)lp Vv Ix|PD],
(2) and there exists a constant Cy, € (0,00) such that for any x € X, I),(x) vV

Jy(x) < Cplx|'7P.

We now find a convenient expression for P,V (x)/V (x) valid for sufficiently
large x and all o’s.

LEMMA 3. Assume (A7), and for x,n,s,z € X x (0,1) x {—1, 1} x Z define
Ox.n,s (@) =[x +52)/(x)]" and
Wx(z) = (¢x,—n,—1(Z) - 1) + (¢x,1—n,1(Z) - 1) - (¢x,1,1(Z) - 1)-

For any x > 0, define Y (x) :=inf{y € X: w(x) =7 (y)}, and let V (x) oc 7t ~"(x).
Then there exists Rpy > 0 such that for all x > Rpy and any o € exp(0®)

4
CALCTNI
i=l

V(x)

with
ONX

Ti(o,x) = A Y (2)q5(2) dz,

20,0 =To = 2} | T [Gr1mn1 @) — br.1.1 ()]0 (2) dz,
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(0—x+7T(x))A0
T3(0, x) =I{o > x} o (D7), —n—1(2) — 1]go (z +x — T (x)) dz,
X

Ty(o,x) =Ifc > x = T(x)}
o—(x—="(x))
x / (61001 on 1@ — 1+ 1 — ri11()]
0
X go(z+x —T(x))dz.

Here we prove some properties of ¥, (z) which will allow us to upper bound the
term 77 (o, x) in the case where o < x.

LEMMA 4. Assume (AT)(1) and for n € (0, 1) let W, (2) be as in Lemma 3.
Then there exist constants cg, €y, Ry > 0 such that for all x > Ry, ¥, (z) <0 for
z €10, x] and V. (z) satisfies the following upper bounds:

]

_ €@ for 0=z <co/lt/(x)
(57) wx(Z)f GW X 1, for CO/|£/(X)|§ZSX

Now in the following lemma we address the situation where o > x and require
an additional assumption on the vanishing speed of ¢'(x).

LEMMA 5. Assume (A7), and let T;(o,x) fori =1,...,4 be as defined in
Lemma 3. Then there exist Ct, Rr, €7 > 0 such that for x > Rt and.

() foro > x
Ti(o,x) + Ta(0,x) < —€r X x/0,
Q) foro >x
T3(0,x) <0,
3) and foro > x — Y (x)
T3(o, x) + Tu(o, x) < —er (=Y (x)) /0.

5.2. Stability of the AM algorithms. Thanks to Theorem 2 and its corollary
we know that recurrence is ensured as soon as (A2) and (A3) are satisfied. In the
previous section we established conditions on 7 (-) and gg(-) under which (A2) is
satisfied for the transition probabilities underpinning Algorithm 2. We therefore
focus on checking that (A3) is satisfied. First we start with a result which, together
with Theorem 3, leads to the same conclusions as [14] when {y;} is not constant,
but also to the additional stability of the time-homogeneous Markov chain {6;, X;}
when y; = yp for any i > 0.
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THEOREM 5. Consider the controlled MC defined by Algorithm 2 for X = R
with ny > 1 (resp., Algorithm 2 for X = R), assume that w(-) and q(-) satisfy
(A6) [resp., (AT)] and that {y;} is such that limsup;_, o yijrl] — yl._l < 1. Then

for any € > 0 there exist M, R > 0 such that with Wy := {0 € ©® :w(0) < M} for
w(®) =1+ |u** + T

Pe,x<ﬂ UJ{®i. Xi) e Wy x B(O, R)}) =1.

k=0i>k

The proofs of the theorem for the two sets of assumptions rely on the following
proposition, which establishes (A3) for a suitable Lyapunov function w(-). Note
that despite its dependence on (A2) the result does not depend on the expression
for a(-).

PROPOSITION 3. Let € > 0, and define w : ® — [0, c0) as

w(@) =1+ >+ T,

and assume that (A2) holds for some V : X — [1, 00) such that for some 8 € (0, 1),
we have VB (x) > 1+ |x|*t€ forallx € X. Let y+ € (0, 1). Then there exists C > 0
such that for any y € (0, y*], and any 6, x € ® x X

Py yw(0,x) <w(®)

—yw®) A(w(g)—e/me) RAACES: C,i 2; fﬁ (O)Ifx € C})’
where b: ® — [0, 00) is as in (A2) and A:[0,00) —> R
A(z):=1—C[z+7/*9].
PROOF. For (x4, u, ') e XxR*™ xCandy € [0, 1],let 4 := u+y[xy —u]
and 'y ;=T + y[(u —x4)(u — x4)" — I']. We have the two trivial inequalities
gl = [+ ylxy = pl] < A =Pl + ylxgd,
T4l =T +p[(w —xp) (e —x)" =T
< A=PITI+y | —x) (@ —x4)]]
which imply that with w(9) := 1 4+ |u|*T€ + ||, denoting 7 := y/(1 — y) <
1/(1—y™h),
w(O4) —w(d)
< =l 4y [T+ = xy ]

2+e
X
=yt 2
I
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— 2
< y[—I0]+ 1 = x P]+ 1P — ) (1 + 7 lagl/rl) T = 1]
<y[~w @) + 1+ [)*T +2(In* + x4 %)]

F P =y (14 Pl /1) + (4 7l /1)

By the mean value theorem,

2+e 1]

_ 2 — — 1
P[4 7l 1/ In) 7T = 1] < |nPHQ + o7 e /Il x (1 4+ Plagl/u]) ™

2+ €
1 —

)1+€

=y ) " | (14 711/l

and since |p|?T€[1 — (1 + Vix+l/ |e])2t€] < 0 we obtain the following bound:

(1+ x4 12/111%)

w(0;) —w(®) < w(e)[_u;ﬁlulz
: =7 w®)  w®)

Q2+ [l
1—y  w®)
<yw®)(—1+CW (@, xy)),

(1 +)7IX+I/IMI)1+€]

for some C € (0, co) and where

Il 1+|x+|2> <|u|x|x+|1/<1+€> |x+|1+1/<1+€>>1+€

v, xy):= (w(@) + w (@) wl/(1+6)(9) wl/(+6)(9)

Now from Jensen’s inequality we have the identity (a + b)!1€ < 2¢(a!*€ 4+ b11¢)
for a, b > 0 and the following equalities:

’

|| x |X+|1/(1+e) B M |X+|2+e 1/[(14€)(2+€)]
wl/(+9@g)  — wl/Cr9a@)\ w(o)
|X+|1+1/(1+e) |X+|2+e 1/(1+¢€)
wl/(1+)(6) ( w(0) >

yield

] x g |1/ N e [ 1H1/(+e) | T+e
wl/(+6) () wl/(+6)(p)

_ 25((|/~’L|2+€)(1+E)/(2+€)(|x+|2+€>1/(2+€) N |X+|2+e>
= w(0) w(0) w®) )

Note also that since ||>T€/w(6) < 1, we have

> (o eto

w(@) w(6)

S w(@)—e/(Z-l—e)’
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and we therefore deduce that if for any x € X, VBx)>1+ |x |2+6, then

1 2 2+€\ 1/(2+e€) 2+e€
WO, xy) < w(oy /o 4 L +2f((|x+| ) 4 e )

w(B) w(0) w(6)
_ VA(xy) VA )\ /OO vk,
€/(2+¢€) o) € + +

< w(o) 2 42 (( o ) o )

Now by (A2) and Jensen’s inequality we deduce that for some constant C > 1

Py, oW (0, x)
< w(0)~/CO 4 C[<V’3(X)]1{x ¢ Cl+bPO){x € C})l/(2+e)
- w(8)
VA()Ifx ¢ G} +bP (0)I{x C}]
+ b
w(0)

and we conclude. [
5.2.1. Multivariate case and superexponential tails: (A6).

PROOF OF THEOREM 5 UNDER (A6). Lete >0, 8 € (0,1/(1 +n,/2)] and
V(x) o t~"(x) for some n € (0, 1) where the constant of proportionality is such
that VA (x) > 1 + |x|>*€ [which is possible as 7 ~"(x) > C; exp(Ca|x|) for some
C1, C2 > 0]. From Proposition 1 there exists a’, b’ > 0 and C := B(0, R) for some
R > 0 such that for any x € X with w(@@) :=1 + |w|?t€ + || and appropriate
a,a’ >0,

PaV(x) < (1 —d'/|IT + eamln, xn, I"**)V (x) + b'I{x € C}
<[1 =a"/(leamIn, xcn, "% + w™/2(0))]V (x)I{x ¢ C} + bI{x € C},

where b = b" + sup,.c V (x). Naturally here = 1. Now from Proposition 3 we
have

VA (0)I{x ¢ C} + bPI{x € C})
w(0)
with A(z) := 1 — C[z 4 z!/@+9)]. Therefore here c(9) = w(0) /@t d(6) =
w(0) "¢/t 1 pP Jw(0) and e(0) = w(B). We note that pp =1 <n,/2+1 <
t/B. The condition B < 1/(1 + n,/2) implies (A3)(5) as for any € > 0, on
VE(x)/e(6) = €
a@w®)e () - w™/2(0) - Ce /2
VL—B(X) - Vl—ﬁ(x) - Vl—ﬂ(1+nx/2)(x)’

Py yw(8, x) <w(®) — yw(Q)A<w(9)—6/(2+e) n

for some C > 0, and we conclude with Theorem 2. [



30 C. ANDRIEU, V. B. TADIC AND M. VIHOLA

5.2.2. Relaxed tail conditions, univariate scenario: (A7). Now we draw the
same conclusions when X = R, and 7 (-) now satisfies less stringent tail conditions.

PROOF OF THEOREM 5 UNDER (A7). Let¢,n€ (0,1) and B € (0, ¢/2]. Let
V(x) o 77(x), such that VA (x) > 1 4 |x|>*¢ [which is possible as 7~ (x) >
C1 exp(Cz|x|?) for some C1, C; > 0 from Lemma 2]. From Theorem 4, there exist
b, R > 0 such that with C = B(0, R) for any 8, x € ® x X,

PV (x) <[V(x) —a ' @) V'(x)]l{x € C} + bl{x € C},

with a=1(0) = ao/[(T +eam) ™" v (T +eam) /21 > ao/[€p V (€am +w(6H))] and
w(®) := 1+ |u|*T€ + |T'|. From Proposition 3 we therefore have

VA()I{x ¢ C} + bPI{x € C}>

w(®)
with A(z) := 1 — C[z + z!/@F9)]. Therefore here c(0) = w(0)~/C+9), d(©) =
w(0)~/C+) 4 bP /w(H) and e(8) = w(H). Note that we have pa =1 <2 <(/B.
The condition B < ¢/2 implies (A3)(5) as for any € > 0, on VP (x)/e(0) > ¢
a@w®)e 1) e w®) Ce!
V=B (x) Ve Bkx) T V2B (x)’

for some C > 0 and we conclude with Theorem 2. [

Py yw(0, x) <w(®) — yw(Q)A(w(g)—e/(2+e) i

5.3. Stability of the coerced acceptance probability algorithms. In this sub-
section we establish the stability of Algorithm 3 and Algorithm 4 in a univariate
setting. We proceed as in Section 5.2 and aim to apply Theorem 2 and its corollary
which require (A2) and (A3) to be satisfied. A related result has been established in
[15] under a more stringent condition on the decay of the tails of the target density,
and not covering constant stepsize sequences {y;}.

THEOREM 6. Consider the controlled MC as defined by either Algorithm 3 or
Algorithm 4 for some o, € (0,1/2). Assume that 7w (-) and q(-) satisfy (A7) and
that the stepsize sequence {y;} is such that

1
(limsup yi:—ll - Vi_1> + limsup Vi <oy A (5 — a*).
11— 00 11— 00

Let w(0) = exp(|0]) for Algorithm 3 and w(@) :=1+ |9|2f0r Algorithm 4. Then
there exist M, R > 0 such that for any 6, x € © x X,

Pé,x(m U{(@l, X,) (S WM: XB(O, R)}) = 1,

k=0i>k
that is, Py -a.s. {0;, X;} visits Wy x B(0, R) infinitely often.
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The proofs are given for the two scenarios in the following two subsections. The
following lemma, whose proof can be found in Appendix C, will be useful in both
scenarios.

LEMMA 6. Assume that 7 (-) is a strictly positive, differentiable probability
density satisfying (A7)(2). Moreover, suppose that g, (z) ‘= 0 'q(z/o) where
q:Z— [0, q] for g > 0 is symmetric and such that it has a finite absolute first
order moment. Then, for any x € X

. T(x+z
oo (x) :=/mm{1, ¥}qa(z)dz,
z 7 (x)
there exist constants C_, Cy > 0 such that
ode(x)>1/2—-C_o foro <1andx €X,

(—logm(x)/P v 1
oy (x) <Cy foro >1andx eX
o

REMARK 6. Notice from the proof that the moment condition is assumed here
in order to simplify our statement and that more general conditions are possible.
Note that the restriction a € (0, 1/2) is practically harmless since this covers rel-
evant values according to the scaling theory of the RWM [9].

5.3.1. Proofin the standard scenario: Algorithm 3. Before starting the proofs
it is worth stressing on the fact that throughout

Py(x, y;dx" x dy') =q(x,dy")[a(x, y)8y (dx’) + (1 —a(x, y))8x(dx")]
and hence that for any x, y € X, Pg(x, y;-) = Py(x, -) and that for notational sim-
plicity the Lyapunov function V (x) should be understood as being the function

V (x) x 1 defined on X2. The following proposition establishes part of (A3) under
a condition implied by Lemma 6.

PROPOSITION 4. Consider the controlled MC as defined in Algorithm 3 with
ay € (0,1/2), V(x) :=cn ™" (x) and assume that there exist C > 0 and B € [0, 1)
such that for all (0, x) € ® x X

SgH(Q)(Otexp(e)(x) - 05*) = _[05* AN/2 - 0‘*)] + CV'B(X)/CXP(WD'
Let Ymax € (0, o A (1/2 — ay)). Then for any y € (0, ymax] and 0, x € ® x X and
the Lyapunov function w: ® — [1, 00) defined by w(60) := exp(|6])
Py ow(0, x) < w()

VA (x))

1
s e e -0)

with
A(z) = (Ol* A (% - Ol*)) — Ymax — Cz.
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PROOF. For |0| > y and since for all x, y4 € X2 loe(x, y4+) — 4] <1, one can
write (with 64 =0 + yla(x, y+) — o))
w(0) =w(O +ylalx, y4) — ay])
= exp(|0] + sgn(®)y [a(x, y1) — .]).

Now since y < 1, from the inequality exp(u) < 1 4 u 4+ u? valid for |u| < 1, one
obtains

w(@y) <w®@)(1 +y sgn(@)[e(x, 1) — ] + 7).
Taking the conditional expectations yields for |#| > y and by assumption
Pyow(®,x) < w®)(1 +y sgn(®)[cexpie) (¥) — <] +77)

<w®) — yw®)([ox A (1/2 = )] = CVP(x)/ exp(10]) — Vimax)-
Also notice that for any 6 € ® we have |[6,] < |#] + y, whence w(f4) <

w@)exp(y) <w@)(1+y+ yz) <w(0)(142y) forall y < Ymax < 1. From this
inequality and the display above, we deduce forall 8, x € ® x X and y € (0, ¥max],

Py,Gw(e, x) <w(@) — Vw(e)[(a* AN (% — Ot*)) — Ymax
- H{|9| = Vmax}(z'i‘a* A (% - O(*))
—CcvP)/w®)]. O

PROOF OF THEOREM 6 IN THE CASE OF ALGORITHM 3. First notice that
there exists ig € N such that SUp; >, yijrll — yl-_l < oy A (% — %) — Ymax With
Ymax = SUP;>;, ¥i- We show that (A2) and (A3) are satisfied and conclude with
Theorem 2 and Corollary 1, for i > ig. Let n,¢ € (0, 1), B € (0,¢/3], and define
V(x) o 7~ "(x), such that VA (x) > 1v (—logrr(x))l/p (which is possible since
for any ay, az, M > 0, supg,, < u“'|logu|*? < 00). From Theorem 4, there exist
b, R > 0 such that for any 6, x € ® x X,

PyV(x) < [V(x) —a~ ' (0)V'(x)]I{x ¢ C} + bl{x € C},

with a(0) = [exp(0) V exp(—260)]/ap (for some ag > 0) and C = B(0, R). Now
with w(6) = exp(]@]) from Lemma 6 there exists C > 0 such that

1446))
aexp(@)(x)zl/Z—Cm for@gOandxeX,
() < 0, STV (VI o and x e X
(07 X or anda x .
exp(0) =0+ exp(6) = exp@) >

One can apply Proposition 4, leading to the existence of C > 0 such that for any
0, x €® x X,
Vi)

P, ow(0,x) <w(f) — yw(@)A([c(@) + W}H{x ¢Cl+dO){x e C}>,
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with
c(0) = CT'I{|0] < Ymax} (2 + o A (5 — o)),
su VA (x) _ 1
d®) = % +C'1fjo) < ymax}<2 + oy A (5 - a*))
and

A@@) =oax A (% - Ol*) — Ymax — Cz.

Notice that from our choice of i sup;;, yl.:Lll — yi_l < A(0) and that we have
t/B >3 > pa=1in (A3). Clearly here e(6) = w(6). Now the condition 8 < /3
implies (A3)(5) as for any € > 0, on Vﬂ(x)/e(é) >e€

a@w®)e'©) _ expl0) _ ¢ *ag’
VB agVeP() T VR

o,
and we conclude. [

5.3.2. Proof for the accelerated version: Algorithm 4. 'The arguments are sim-
ilar to those of Section 5.3.1, but here w(6) is here of a different form. The fol-
lowing proposition is similar to Proposition 4 but takes this change of Lyapunov
function into account.

PROPOSITION 5. Consider Algorithm 4 with o, € (0,1/2), let w(®) =1+
|01 and assume that there exists C > 0 and B €10, 1) such that for any 6,x €
® x X

sgn(0) (ctexp(e) (X) — ) < —[ots A (1/2 — )]+ C VP (x)/ exp(10]).

Let Ymax € (0, ax A (1/2 — ). Then there exists C' > 0 such that for any y €
(0, Ymax] and 6, x € ® x X,

Py yw(8, x) <w(®)
—yw@AM{I0] < 1}C e A (172 — ) + VP (x) / exp(16]))
with
A(z) =2[a A (1/2 = @) = Yimax — C'2].
PROOF. With0; =6+ y(1 4|9 [a(x,y) — ax] we have
w(®1) = w(®) +2y10](10] + 1) sgn(®) (e (x, y) — o)
+y2(1+100) [, y) — o]’
<w(0)+2y101(10] + 1) sgn(0) (e (x, y) — &) + 2y w(6)
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SO
Py, w(,x) <w(®) +2y101(18] + 1)[~[ox A (1/2 — a)] + CVP (x)/ exp(10])]
+2y%w(0).

Notice that for |#] > 1 we have |0|(1 + |0]) > 1 + |9|>. Consequently for any
|6] > 1 and x € X such that —[ay A (1/2 — )] + CVﬁ(x)/exp(IGI) <0

Py yw®,x) <w®) +2yw@)|[—[ax A(1/2 — )]+ v + CV’B(x)/exp(|9|)]
<w(®) —2yw(@)[ew A (1/2 — ) —y —2CVF (x)/ exp(16])].

Notice that for any 0 € ©, |0](1 4+ 10]) < (1 + |6])> < 2(1 + |8]%). For the specific
case —[ox A (1/2 —ay)] + CVﬁ(x)/exp(|9|) > 0, we therefore have

Py yw (0, x) < w(®)
+22w@)[—[oesx A (12 —a) ]| +y/2+ CVﬂ(x)/exp(|t9|)]
<w@®) +2yw@)|[—[ex A 1/2—a)]+y + 2CVﬂ(x)/exp(|t9|)],
and for any 6, x € ® x X one has
Py w0, x) <w(®) — 2yw(9)[—2CVﬂ(x)/eXp(|9|) — 7]
We can now combine these intermediate results, yielding for any 6, x € ® x X
Poyw (0, x) <w(0) — y2w(®) ot A (1/2 = ) = Ymax
—T{10] < 1}{ax A (1/2 — )
—2C VP (x)/exp(16])],

and we conclude. [J

PROOF OF THEOREM 6 IN THE CASE OF ALGORITHM 4. The beginning of
the proof is similar to that of Algorithm 3 by using Proposition 5 and Lemma 6,

but here we set 8 € (0, ¢/2). This leads to the existence of C > 0 such that for any
0, x €® x X,

B
P, ow(@,x) <w(@) — yw(@)A([c(@) + 45D }]I{x ¢Cl+dO){x e C}),
exp(|6])

with

c(0) = C"'{|0] < (s A (5 — i),

_ ~»SUPxec VA(x) —1 1

d@)=2 exp(6]) +CI{lo] < 1}(05* A (2 oc*))

and

A(z) = 2[(05* N (% - 05*)) — VYmax — C/Z]-
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Notice that from our choice of io, sup;-;, yij_ll — yi_l < A(0) and that we have
t/B>2> pa =1in(A3). Now the condition 8 < (/2 implies (A3)(5) as for any
€ > 0 there exist C” € (0, o0) such that on V#(x)/e(0) > ¢ [since here e(9) =
exp(|6]]

a@)w()e '(0) exp(0)[1+10]*] P V(x))? o
Vi=B(x) gV B(x) T Vi=2B(x) ’

and we conclude. [

APPENDIX A: APPENDIX FOR SECTION 1

PROOF OF LEMMA 1. For any k > 1, we introduce the stopping times 7 (k) :=
inf{i > k:(0;, X;) € C}. We proceed by contradiction and observe first that if the
claim did not hold, then there would be an integer i,, < n < oo such that with
positive probability the stopping time 7 (n) would be infinite, that is, Py x(t(n) =
00) > 0. We establish a result similar to [13], Proposition 11.3.3, page 266, but
take care of the inhomogeneity and do not require the same precision. We introduce
the following notation for simplicity: W; := W;(6;, X;) and for any m € N, t™ :=
7(n) Am (we omit the dependence on 7 in order to alleviate notation). Assumption
(2.1) implies that fori >n + 1,

Eg «[Wit1I{z" =i+ 1}]
=By [Wil{t" > i + 1} + By ([Wir1 — Wi | Fll{c” > i +1}]
<Eg [Wil{t" = i}] — Eg [ 1 I{r" = i +1}],

and consequently, we can establish

o0

Ee,x[ > st —1> l}i| <Egx[Wit1] —Eg x[Wem] <Eg x[Wps1].
i=n+1

Now, by using the trivial inequality Eg ,[I{t(n) = OO}Z?inH(SiHH{Tm —1>

i}] < EG,x[Z?in+18i+1H{Tm — 1 >1i}] and the monotone convergence theorem

(thanks to our assumptions on {3;}) we obtain the contradictory statement

00
Pg,x(‘[(n) = OO) Z 8,’+1 < EQ’X[W,H_]] < 0Q.
i=n+1

We therefore conclude that for any i > i, Py x(v(i) = 0o) =0, and the result
follows. [
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APPENDIX B: APPENDIX FOR SECTION 3

We state the following result for the reader’s convenience.

THEOREM 7 (see [2] for a proof). Assume (AS). For any M € (Mo, M1] there
exist 8o > 0 and Aoy > 0 such that, for all n > 1, all 99 € Wy, all sequences p =

{pr} of nonnegative real numbers and all sequences {cy} C ON of ng-dimensional
vectors satisfying

k

Y pis

j=1

sup pr<ho and  sup <o,

I<k=n 1<k<n

we have fork =1, ...,n, w(d) < M, where Oy = Or—1 + prh(Vx—1) + Pk Sk-

APPENDIX C: PROOFS FROM SECTION 5

Before proving Lemmas 2-5 we state and prove an intermediate result.

LEMMA 7. Let c,p > 0 be constants. Then there exist constants M =
M(c, p) € (0, 00) and xo = xo(c, p) € (0, c0) such that

0
/ exp(—c[(x +2)P —xP])dz < Mx'"P  forall x > xo.
0

PROOF. By a change of variable u = ¢(x + z)”, we obtain

cxP

e.¢] e e.¢]
/ exp(—c[(x +2) —x?])dz = / e ul/P~ du.
0 Ccp JexP

Integration by parts yields

o —u, 1/p—1 —cx? 1/p—1 1 o —u, 1/p—2
(C.1) / e 'u/P du=e (cx?) +(—-1 / e "u'P™"du.
cxP p cxP

Now, if p > 1, this is enough to yield the claim. Suppose then p € (0, 1), and fix a
constant A € (0, 1). By (C.1),

oo
(=) [ e du = e (exr) !

© w1yt (1 1
+/ e tul/p [(——1)——4(1“.
cxP P u

Now, if cx? > (% — 1)%, the latter integrand is negative. Setting

1 1 1V/p
p AC
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we therefore have for x > xg the desired bound

(Cxp)l/p_l Cl/p_2

o0 B B _ -
/0 exp(—c[(x +2)? —xP])dz < ol — 200" P,

We remark that the constant A € (0, 1) can be used to optimize the value constants
M and xo. U
PROOF OF LEMMA 2. First from assumption (A7)(2) there exist Ry, C¢ > 0
such that for all x € B€(0, R;), we have
' (x) < =Celx|P~,
and consequently for all x € B€(0, R¢) and z > 0, we have

7 (x +sgn(x)z)
m(x)

= exp(sgn(x) /OZ ¢ (x + sgn(x)r) dt)

Cy
< exp(——[“xl +z|P — lep]).
p
Consequently for any x € B¢(0, Ry) we deduce that
(C2) 7)< [7(=Re) vV r(RO)]exp(Ce/pIRel”) exp(—Ce/plx|?).
We deduce that there exists R; > Ry such that

[7(—Re) v w(Re) ] exp(Ce/p|Re|?) exp(—Ce/pRY) < xe;g)fR )JT(X),

and from m(-) > 0, its continuity and the fact that it is monotone on both
(—00, —R¢] and [R;, c0) we deduce the first statement. Now from (C.2) we de-
duce that there exists C1 > 0 such that for x € [R, 00)

m(x) =7 (Y(x)) < Crexp(—C¢|T(x)|")

which implies the existence of Cy 1, Cy 2, Ry > 0 such that for any x € X such
that |[x| > Ry

(C.3) IT@)| Vx| < Cr.1 (~log(m(x)/Cr.2)) /7.
From above we have the upper bound
(0,0
I, (x) 5/(; exp(—Cey /p[|x + sgn(x)z|” — [x]7]) dz.

We can conclude with the result of Lemma 7. We proceed similarly with
Jy, (x) by noticing that £(x) — £(x — sgn(x)z) = sgn(x) f?z (x4 sgn(x)t)dr <
—Cy¢/pllx|? — |x — sgn(x)z|P] and again conclude with Lemma 7 above. [J
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PROOF OF LEMMA 3. Letn € (0, 1), and consider

Pvw= V(y)min{l,@}qmy)dy
X w(x)

+V(x)/<1—min{1 E ;}>qg(x y)dy

- f V(3)gs (x. y)dy + / V<y>(—;qa<x y)dy

+ V(x)/RX(l - %)CIU(-’C, y)dy,

where Ay :={y e R:m(y) > n(x)} and R, :={y e R:w(y) < w(x)} are the re-
gions of (almost) sure acceptance and possible rejection, respectively. From this
expression, we obtain

PVG) [ (VO
Ve T (V() 1)%(" ) dy

*/ngizg B 1) + <1 n?;)}qa(x y)dy
B A[(Zﬁii)_" - 1}%06, y)dy

+/X{[(Zg;)l_n‘1%[“%}}%@,»@.

Notice that thanks to (A7) and Lemma 2 lim,_, oo T (x) = —o0 and that for R suffi-
ciently large, for any x > R we have that Ay =[Y(x),x] and R, = (—o0, T(x))U
(x, 00). Then with y = x & z and by taking into account that the support of g, ()
is included in [—o, o], we have

Py V(x) _[aY@)ne
V(x) _1—/0 (hx,—n,—1(2) = 1)go (z) dz

(C4)

v fo Gr1on1 @ — 1) — (be1.1) — 1)]go (2) dz

+Ifo >x —T(x)}

. /}:T(x)[(%,l—n,_](z) —1) = (¢x1.-1() = 1)]g0 (2) dz

and therefore, because x — Y'(x) > x, we may write

P,V
V(x(x) - / V2 ()40 (2) dz

+ o zx}/ (101 @ — 1) = (fr.1.12) — 1)]go () dz
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x=Tx))A0
+1{o > x} / (G101 — )0 (2)dz

+I{o=x - T®)}
8 /xr(x)[(d)x’l_”’_l(z) —1) = (#x1.-1() = 1)]46 (2) dz,

and we conclude by using that 7 (Y (x)) = mw(x) and the intermediate change of
variable 7/ =Y (x) —x +z. O

PROOF OF LEMMA 4. Note first that for s € {—1, 1}, because ¢y ; ;(z) :=
[ (x +52) /7 (x)]" = exp[n(€(x + s2) — £(x))],

Gron.s (@) =05t (x +52)¢x 5.5(z) and

¢ (@) =020/ x +52)) + 18" (x + 52) x5 (2)-

We now prove the desired upper bounds on 1, (z) by considering the follow-
ing three cases: (a) 0 < z < co/|€'(x)|, (b) co/|€/(x)| < z < Co/|¢'(x)| and
(c) Co/|t'(x)| <z < x for an appropriate choice of the constants ¢, Co > 0 to
be determined.

Case (a) 0 < z < ¢o/|€'(x)|. We consider a first-order Taylor expansion of v, (z)
at zo = 0 with integral error form and obtain

Y (@) = 0l (x) +z2(1 = ' (x) — z¢'(x)

+ /O [0y @+ ()= ¢ 1 (O] —Ddi

- /Ozax,n(t)(z —pydr,
where
ac (0 =0 [|€ =D = 0" = )]e,—y,—1()
(A =2+ D+ (1= + D] 11 (1)

[+ + "+ D]pe 1.1 (1)
We seek to upperbound a, (). We choose € € (0, n(1 — n)) and first show that
for any cg € (0, €9/2),
(C.5) lim inf Ox.1.1(2) > 1 —€p/2.

X—>000<z<cp/|¢/(x)|

Indeed, for 0 < z < ¢o/|¢'(x)| and x large enough to ensure £'(x) < 0, we have for
some &, ; € [x, x 4 z], the following Taylor expansion:

1
Cx+2)—L(x) =€ (x)z+ Ezzfz/%x +£x2)

G+ E)
2 WP

> —cC
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and with (A7)(1) the last term vanishes as x — 0o, and we conclude by the as-
sumption that —cg > —eq/2.

Now choose €1, €3, €3 > 0. From (C.5) and (A7)(1) there exists R > 0 such
that for any x > R, infj;|<co/e/(x)| Px,1,1(2) = 1 — €0, SUP|s1<¢y /10 (x)] 10" (x +1)|/
1€(x + DIF < €1, supy<eeeon €& = D/ + D7 <1+ e and
SUP|/| <co/1/(x)] 1€ (x +1)| /1€ (x)|> < €3/co. With these, and observing that for the
values considered here we have 0 < ¢y ;) —1(2), $x,1-,1(1), Px,1,1(r) < 1, we ob-
tain the following upper bound:

2 10/ (x +1)]?

ax,n(t) S {Z (x)| |£/(.X)|2

[n(n+eD1+e)

+ (1 —=md—n+e)—1—e)(l —ep)].

We consider then the case where €g, €1 and €3 are chosen small enough so that the
term in brackets in the last display is negative. We note now that since for some
'i:x,t S [-xv-x + t],

Cx+0)=00)+10"(x + &)

Then with 0 <7 < co/|¢/(x)|* we have
x+1) 16" (x + &x 1)
———21l—co——5,

(x) 1€/ (x) 2
which leads to the following upper bound:
ey (@) < [0 = e3)[n(+ e +e2)
+A=mU=n+e)—1—-e)1—ep)].

Notice that by our choice of €y above, we have >+ - 77)2 —(1—¢€y) <—n-—
n). Now since €1, €2, €3 > 0 can be chosen arbitrarily small above, we conclude

about the existence of M > 0, ¢p > 0 and R > 0 such that for any x > R
Sup  ay (1) < —ME' ()],
[t]=co/1€ (x)]

and we therefore conclude that in such a case, for 0 < z < c¢o/|¢'(x)]
V(@) < —M L2

Case (b) co/ €' (x)| < z < Co/|€'(x)|. First notice that ¥, (0) = 0 and inspect the
derivative of this function and aim to prove that it is negative. For any x € X we
have

V(@) =nt'(x = 2Dx,—n.—1(2) + (1 = ' (x + D, 1-9.1(2)
—0'(x +2)px,1,1(2)
f(x —2)

—(x +z>[nm¢x,n,l<z) b (= ety (@) — ¢x,1,1<z)].
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Because £'(x + z) < 0 and the two first terms in brackets form a convex combi-
nation, the second line of (5.7) will be established for co/|¢'(x)| < z < Co/ |/ (x)|
once we will have shown that for x > 0 sufficiently large,

£ (x —2)

dx,1,1(2) < (m

¢x,—n,—1 (Z)) A d)x,l—n,l(z)-

Clearly 1 > ¢x 1-9,1(2) = ¢1_"1 (2) > ¢x.1.1(2), so we are left with showing that

$x1,1(2) < (/(x +Z)¢x —y,—1(2), or equivalently,

m(x +2) (Tr(x —z))” - U(x —2)
7(x) 7 (x) T lU(x+2)

We consider the following Taylor expansion:
E(x +2) — €(x) +nll(x —2) — £(x)]
=20/ (x) + 3220 (x + &) + n[—z0' (x) + 5220 (x + & —2)]
= (1 =mzt'(0) + 32 [0 (¥ + &x.2) + 0" (x + 5]
for some &, ; € [0, z] and & _; € [—z, 0]. For now choose any Cy > cp and notice
that for co/|€'(x)| < z < Co/|¢'(x)|, we have that
(1 —=mzl'(x) < —co(l — 1),

" (x +& )|+ nle" (x + x,—2)l
1/ (x) |2 '

207G+ £ )| 40 Gx+ £ o] < €2

Lete; € (0, co(1 —n)), and choose €3 > 0 such that exp(—co(1 —n)+€1) < 1 —es.
By (A7)(1) we can conclude by letting x be sufficiently large to ensure that for
co/ 1€/ (x)| <z < Co/|t' (x)],

n ¢ _
)gexp(—co(l—n)JrEl) 1_62—%

T(x +2) (n(x —2)
(x) (x)

Now using the result of case (a) we conclude that

vrla) = %(W(xﬂ) = _%63'

Case (¢) Co/|¢'(x)| < z < x. We have the following simple bound:

n 1-n
(C.6) () < (ﬂ) g (M>

T(x —2) (x)
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We inspect, for Co/|€'(x)| < z < x and x large enough, the following difference:

0x +2) — £(x) =/0Ze/(x +ryde

Co/I€/(x)]
< / (x+1)de
0

¢ t
< —CO sup w
0<t=Co/lt’(x)l £/ (X)

and we can similarly obtain a bound on

/
Lx)—L(x —2) <—Cy sup w
0=r=Co/le' ()|l £/ (x)
From (A7)(1) and the Taylor expansion £'(x + 1) = £'(x) + z€" (x + & 1), we
conclude that for Cy and x sufficiently large enough, we can ensure that the upper
bound in (C.6) is negative.
The proof is now concluded by choosing cg as in (a), which leads to the first line
of (5.7), Cop as in (c) and R large enough to cover cases (b) and (c), which imply
the second line of (5.7). O

PROOF OF LEMMA 5. We start with T (o, x) + T> (o, x), and with the notation
of Lemma 2, we obtain

T(x —2)
T(x)

+ w(w)l_"qm dz

m(x)

X -n
Ti(o, x) + T2(0, ) 5/0 [( ) - 1}%(@ &z

=

[J,(x) — x] + gll_n(x).

4
o
< 1 in the integration domain,

For o > x, because ¢ (x),—y,~1(2)
T;3(0,x) <0.

For 0 > x — T (x) > x we have on the one hand

0
T3(0,x) = /T om0 @ = g e x = T(@)d:

x)

IA

0
(m) + /T ( )¢m>,_n,_1<z)dz)

<T(x) * /O_T(X) O (x),—,1(2) dz)

(T(x)+C|r@)]'7P),

IA IA
QIR AR AR
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where we have used Lemma 2. On the other hand we also have

o) = /Oa—(x—T(x))[(%)l—n B %]

X go(z+x—T(x))dz
7(Y(x) —2)
d
/ ( 7 (T (x) ) -
_G( T)'~

where we have again used Lemma 2. We now conclude. [J

PROOF OF LEMMA 6. Forany x € Xlet Az(x) :={z€Z:n(x+z)/m(x) > 1}
and Rz(x) := A%(x) (where the complement is with respect to Z) and A(x) :=
x4+ Az(x). Wlthout loss of generality we focus on the case x > 0. From Lemma 2
there exists Ry > 0 such that for any x > Ry, Rz(x) = (—o00, —x + T (x)) U (0, o0)
and Az(x) =[—x+ 7Y (x), 0], where Y(x) isasin Lemma 2. For x > Ry and o <1,
we have the inequalities

oy (x) = /;min{l, %}%(Z) dz

_ T(x+2)
=1 fRz<x>[ 7 (x) 1}% (2)de

>1- / g0 (2)dz
Rz(x)

1 (—x+Y()/o
=5 f q(z)dz
1

2 Jeoo
Now with 1 < oo the first-order moment of g, we notice that from Chebyshev’s
inequality and for x > Ry,

00
f q(2)dz §aR1_1 X [
x/o

from which we deduce the first statement for o < 1 and x > R;. Now for x > R
ando > 1,

q ) m(x+2z2) )
oy (x) < . (/AZ(X)URZ(X) mm{ 1, —n(x) }dz

(2cm( log( (x)/Cx.2)) /7

Q |»Q|
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©7(T(x)—2) 77 (x +2)
+/o 2 (T () d”/o ) dz)

c= log(m (x)/Cx,2)) /P

o

’

where we have used the results of Lemma 2 to upper bound the Lebesgue measure
of Az(x) and the last two integrals. We now turnto the case 0 <x < Rj.Let M >0
such that fAC,’IO qg(z)dz <1/4 and o <1 and with ¢, (z) =7 (x + 2) /7 (x)

_ 1 T(x +2) Z
oas(x) =1+ ;./Z<1 A 77_[()6) — 1)6](;) dz

7r(x+az)
1—|—/ ( ( ) )q(z)dz

LT o

Mig(x+02)
_ LA |
/;M‘ ‘q(z)dz

m(x)

v

v

o
1—2/ q(z)dz —2Mg sup ¢, (2)|o,
M xeB(0,R),zeB(0,M)
and we deduce the first statement of the lemma. We now consider the case 0 < x <
R and o > 1. There exists (cf. the proof of Lemma 2) R, > 0 such that for all
x <R

Ry —R;
ag<x>sa—1/R2q<z/o>dz+o—‘/Oo %q(z/o)dz
[P rx+2)
+o /Rz 7n(x) q(z/o)dz.

From the proof of Lemma 2, we have the bound 7 (x +z) /7 (x) < Cyexp(—C2|z|?)
for some C1, C; > 0 and since ¢g(z) < g, we deduce the existence of C > 0 such
that for x < Ry and o0 > 1 we have oy (x) < C/o. U
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