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Abstract. If α1 − β1 is an integer, then pFq(α;β : z) can be expressed in
terms of p−1Fq−1. This leads to a conjectured generalization of Kummer’s
transformation from 1F1 to pFq . Applications are given for noncentral chi-
square and Student’s t distributions.

1 Introduction and summary

The generalized hypergeometric function pFq and its variants are basic tools in
many areas of mathematics, see Mathai and Saxena (1973, 1978) and Mathai et al.
(2010) for most excellent accounts. Many standard functions can be expressed in
terms of the generalized hypergeometric function.

By equation (9.14) of Gradshteyn and Ryzhik (2007), pFq(α;β : z) is defined
by

pFq(α;β : z) =
∞∑

k=0

(α)kz
k

(β)kk! (1.1)

for α in C
p , β in C

q and z in C, where (α)k = (α1)k(α2)k · · · (αp)k , (z)k =
�(z + k)/�(z) = z(z + 1) · · · (z + k − 1) for k = 0,1,2, . . . , and (β)k is defined
similarly. For convenience, we set α∗ = (α2, . . . , αp), β∗ = (β2, . . . , βq)

′, so that
α = (α1,α

∗) and β = (β1,β
∗).

The sum in (1.1) is finite if α1 = 0,−1,−2, . . . . It is absolutely convergent if
p < q + 1 or if p = q + 1 and |z| < 1. These restrictions can be removed by
redefining it in terms of an integral transform: see Mathai and Saxena (1973, 1978)
and Mathai et al. (2010).

The aim of this short note is to provide some transformation tools for (1.1)
when α1 and β1 differ by an integer. In Sections 2 and 3, we express pFq in terms
of p−1Fq−1 when α1 − β1 is a positive and negative integer, respectively. Several
examples are given, including applications to noncentral chi-square and Student’s
t distributions.

The nth derivative of (1.1) is

(d/dz)npFq(α;β : z) = (α)n(β)−1
n pFq(α + n1p;β + n1q : z),
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where 1p is the vector of p 1’s. So,

pFq(α + n1p;β + n1q : z) = (α)−1
n (β)n(d/dz)npFq(α;β : z). (1.2)

The nth integral of (1.1) is(∫ z

0
dz

)n

pFq(α;β : z) = (α − n1p)−1
n (β − n1q)npFn

q (α − n1p;β − n1q : z),

where pFn
q (α;β : z) denotes the series for pFq(α;β : z) less its first n terms. Note

that

pFn
q (α;β : z) = (α)nz

n

(β)nn! p+1Fq+1(α + n1p,1;β + n1q,1 + n : z), (1.3)

which we can rewrite as

pFq

(
α∗,1;β∗,1 + n : z

)
= p−1F

n
q−1

(
α∗ − n1p−1;β∗ − n1q−1 : z

) (β∗ − n1q−1)nn!
(α∗ − n1p−1)nzn

.

Compare this with (3.2) below with α1 = 1.
Mathai and Saxena (1973, pages 165–166) (see also Mathai and Saxena (1978)

and Mathai et al. (2010)) give several examples of 2F1(α;β : z) with coefficients
differing by an integer that are not covered by our results: see equation (5.4.2) for
α2 = α1 + m, equation (5.4.3) for α2 = α1 + m,β = α2 + n, equations (5.4.4) and
(5.4.5) for β = α1 + α2 + m, equations (5.4.6) and (5.7) for β = α1 + α2 − m.
Analogous results for pFq(α;β : z) are presumably deducible from their Theo-
rems 5.5.1, 5.6.1, 5.7.1 using their equation (1.1.9).

If (α1, . . . , αm) = (α1, α1 + 1/m, . . . , α1 + (m − 1)/m) for some m = 1,2, . . . ,

then

(α1)k · · · (αm)k = m−mk(mα1)mk.

So, if in (1.1) (α1)k is changed to (α1)mk or if (β1)k is changed to (β1)mk , the
series remains a hypergeometric function with p or q , respectively, increased by
m − 1.

2 When arguments differ by a positive integer

If α1 = β1, then pFq(α;β : z) = p−1Fq−1(α
∗;β∗ : z). In this section, we assume

that m = α1 − β1 = 0,1,2, . . . . We state our first main result as follows.

Theorem 2.1. For m = α1 − β1 = 0,1, . . . ,

pFq(α;β : z)
(2.1)

=
m∑

j=0

(
m

j

)
p−1Fq−1

(
α∗ + j1p−1;β∗ + j1q−1 : z

)(
α∗)

j z
j /(β)j .
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Proof. Note that (α1)i/(β1)i = (β1 + m)i/(β1)i = (β1 + i)m/(β1)m and

(β1 + i)m =
m∑

j=0

dmj (α1)[i]j , (2.2)

where [z]j = z(z− 1) · · · (z− j + 1) = �(z+ 1)/�(z+ 1 − j) = (−1)j (−z)j and
dmj (α1) = (m

j

)[α1 − 1]m−j ((2.2) follows from the last displayed equation in “Re-
lation to umbral calculus” section of http://en.wikipedia.org/wiki/Pochhammer_
symbol). Also [i]j /i! = 1/(i − j)!. Setting k = i − j gives

pFq(α;β : z) = (β1)
−1
m

m∑
j=0

dmj (α1)z
j

∞∑
k=0

(α∗)k+j z
k

(β∗)k+j k! .

But (α∗)k+j = (α∗)j (α∗ + j1p−1)k . The theorem now follows using [β1 + m −
1]m−j /(β1)m = 1/(β1)j . �

Theorem 2.1 leads us to conjecture that whether or not m is an integer,

pFq

(
β1 + m,α∗;β : z

)
=

∞∑
j=0

p−1Fq−1
(
α∗ + j1p−1;β∗ + j1q−1 : z

)(α∗)j (−m)j (−z)j

(β)j j ! .

The next two examples show that this is true for (p, q) = (1, 1) and (2, 1).

Example 2.1. By (2.1), for m = 0,1, . . .

1F1(β + m;β : z) =
∞∑

j=0

(β + m)jz
j /

{
(β)j j !}

= exp(z)

m∑
j=0

(
m

j

)
zj /(β)j = exp(z)1F1(−m;β :−z).

In fact, this holds for any m in C by Kummer’s transformation, equation (13.1.27)
of Abramowitz and Stegun (1964).

If p = q , one can apply the previous example iteratively. For example, if p = q

and α − β is a positive vector integer it follows that exp(−z)pFq(α;β : z) is a
polynomial in z of degree (α1 − β1) + · · · + (αp − βp).

Example 2.2. By (2.1),

2F1(β + m,α;β : z) =
m∑

j=0

(
m

j

)
zj (1 − z)−α−j (α)j /(β)j

= (1 − z)−α
2F1

(
α,−m;β : z/(z − 1)

)
.

http://en.wikipedia.org/wiki/Pochhammer_symbol
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In fact, this holds for any m in C by equation (15.3.4) of Abramowitz and Stegun
(1964). This covers the cases of equation (9.121.23) of Gradshteyn and Ryzhik
(2007), and give alternative forms of equations (9.121.16), (9.121.21), (9.121.29),
(9.121.32) with n even, and of equations (9.121.17), (9.121.20), (9.121.30),
(9.121.31) with n odd.

Example 2.3. By (2.1),

1F2(3/2;β1,1/2 : z) = f1 + 2zf3/β1,

1F2(5/2;β1,1/2 : z) = f1 + (4/3)zf3/β1 + 4z2f5/(β1)2,

1F2(7/2;β1,1/2 : z) = f1 + 6zf3/β1 + 4z2f5/(β1)2 + (8/15)z3f7/(β1)3,

and so on, where fj = 0F1(j/2 : z). Set Z = 2z1/2, C = coshZ and S = sinhZ.
Then f1 = C. By (1.2),

f3 = S/Z,

f5 = 3Z−2(C − S/Z),

f7 = 15Z−5(
SZ2 − 3CZ + 3S

)
,

and so on. In this way one may express 1F2(j/2;β1,1/2 : z) as a linear combina-
tion of C and S. More generally, by equation (9.6.10) of Abramowitz and Stegun
(1964, page 375),

0F1(β : z) = �(β)z(1−β)/2Iβ−1(Z), (2.3)

where Z = 2z1/2, where Iν(·) is the modified Bessel function of the first kind of
order ν. So, fj = �(j/2)(2/Z)j/2−1Ij/2−1(Z), which is given in terms of C, S by
equations (10.2.12)–(10.2.14) of Abramowitz and Stegun (1964, page 443).

Example 2.1 allows one to find the moments of the noncentral chi-square
random variable X ∼ χ2

ν (δ). For, by equation (3) of Johnson and Kotz (1970,
page 132),

E
[
Xθ ] = exp(−δ/2)2θ

1F1(ν/2 + θ;ν/2 : δ/2)�(ν/2 + θ) (2.4)

= exp(−δ/2)2m�(ν/2 + m)

∞∑
j=0

(ν/2 + m)j (δ/2)j /
{
(ν/2)j j !} (2.5)

if θ = m. Note that (β + j)m−j = (β + j)(β + j + 1) · · · (β + m − 1) = �(β +
m)/�(β + j). This expression (2.5) appears to be new. For comparison, by John-
son and Kotz (1970, page 133), it follows that the mth cumulant of χ2

ν (δ) is

κm(X) = 2m−1(m − 1)!(ν + mδ).

Note that X1/2 is known to electrical engineers as the Ricean random variable. By
(2.4) its mean requires 1F1(β + 1/2;β : z) for β = ν/2. This is one of many cases
where it would be nice to have a simplification for pFq(α;β : z) when 2(α1 − β1)

is an integer.
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3 When arguments differ by a negative integer

In this section, we suppose that n = β1 − α1 is a positive integer. So, (α1)i/(α1 +
n)i = (α1)n/(α1 + i)n. Expanding in partial fractions gives

1/(α1 + i)n =
n−1∑
j=0

cnj /(α1 + i + j), (3.1)

where

cnj = (z + j)/(z)n|z=−j = (−1)j
(

n − 1
j

)/
(n − 1)!

= (−1)j /
{
n!B(n − j, j + 1)

}
,

where B(·, ·) denotes the beta function. That is,

c10 = 1,

(c20, c21) = (1,−1),

(c30, c31, c32) = (1,−2,1)/2!,
(c40, c41, c42, c43) = (1,−3,3,−1)/3!,

and so on. So, using the notation of (1.3) we obtain our second main result.

Theorem 3.1. For n = 1,2, . . . ,

pFq

(
α;α1 + n,β∗ : z

) = (α1)n

n−1∑
j=0

cnj pAq−1
(
α1 + j,α∗;β∗ : z

)
, (3.2)

where

pAq−1
(
α;β∗ : z

) =
∞∑
i=0

(α∗)izi

(i + α1)(β
∗)ii! .

If α1 > 0, then

pAq−1
(
α;β∗ : z

) = z−α1

∫ z

0
yα1−1

p−1Fq−1
(
α∗;β∗ : y)

dy.

If α1 < 0, then

pAq−1
(
α;β∗ : z

) =
[−α1]∑
i=0

(
α∗)

iz
i/

{
(i + α1)

(
β∗)

i i!
}

(3.3)
+ z−α1

∫ z

0
yα1−1

p−1F
1+[−α1]
q−1

(
α∗;β∗ : y)

dy,

where [x] is the integral part of x.
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For example, taking n = 1,2 gives

pFq

(
α;α1 + 1,β∗ : z

) = α1pAq−1
(
α;β∗ : z), (3.4)

pFq

(
α;α1 + 2,β∗ : z) = (α1)2

{−pAq−1
(
α1 + 1,α∗;β∗ : z

)
(3.5)

+ pAq−1
(
α;β∗ : z

)}
.

The theorem is useful because it expresses pFq in terms of p−1Fq−1. As an exam-
ple of (3.3), if −1 < α1 < 0, then

pAq−1
(
α;β∗ : z

) = α1
−1 + z−α1

∫ z

0
yα1−1{

p−1Fq−1
(
α∗;β∗ :y

) − 1
}
dy.

For an application of (3.3) to 2F1, see equation (9.121.2) of Gradshteyn and Ryzhik
(2007).

Example 3.1. Note that 0F0(y) = exp(y). Set p = q = 1. For α > 0,

1A0(α : z) = z−α
∫ z

0
yα−1 exp(y) dy

= exp(z)

∞∑
i=0

(−z)i/(α)i+1 (3.6)

= α−1 exp(z)1F1(1;α + 1 :−z) (3.7)

= (−z)−α�(α)

{
1 − exp(z)

α−1∑
i=0

(−z)i/i!
}

(3.8)

for α = 1,2, . . . . The first series is obtained by integrating by parts to obtain a
recurrence relation and then showing the remainder after n terms goes to zero as
n → ∞. The last line is equivalent to equation (6.5.13) of Abramowitz and Stegun
(1964, page 260). So, by (3.2), for α > 0,

1F1(α;α + n : z) = (α)n exp(z)

n−1∑
j=0

cnj (α + j)−1
1F1(1;α + j + 1 :−z)

= (α)n exp(z)

∞∑
i=0

(−z)ici
n(α),

where

ci
n(α) =

n−1∑
j=0

cnj /(α + j)i+1 = (n)i/
{
i!(α)n+i

}
,

where the last equality follows by (3.1). So, we obtain

1F1(α;α + n : z) = exp(z)1F1(n;α + n :−z), (3.9)



146 C. S. Withers and S. Nadarajah

a form of Kummer’s transformation. From (3.2), (3.8) above, for α = 1,2, . . . ,

1F1(α;α + n : z) =
n−1∑
j=0

cnj (−z)−α−j�(α + j)

{
1 − exp(z)

α+j−1∑
i=0

(−z)i/i!
}
.

For example, taking n = 1 gives for α = 1,2, . . . ,

1F1(α;α + 1 : z) = (−z)−α�(α + 1)

{
1 − exp(z)

α−1∑
i=0

(−z)i/i!
}
.

For α < 0,

1A0(α : z) =
[−α]∑
i=0

(i + α)−1zi/i! + z−α
∫ z

0
yα−1

{
exp(y) −

[−α]∑
i=0

yi/i!
}

dy,

which is equal to the right hand side of (3.6) for α �= −1,−2, . . . .

Example 3.2. For Re(y) ≤ 1 and Re(α2) ≥ 1, 1F0(α2 :y) = (1 − y)−α2 . So, for
α1 > 0, (p, q) = (2,1) and Re(z) ≤ 1,

2A0(α : z) = z−α1

∫ z

0
yα1−1(1 − y)−α2 dy

(3.10)

= 2z−α1

∫ θ

0
sin2α1−1(θ) cos1−2α2(θ) dθ

at sin2(θ) = z. This has a closed form if, for example,

(i) α1 = 1,2,3, . . .;
(ii) α1 = 1/2,3/2,5/2, . . . and α2 = 1/2,0,−1/2, . . .;

(iii) α1 = 1/2, α2 = 1.

Note that (i) covers the cases of equations (9.121.5), (9.121.6), (9.121.7),
(9.121.24) of Gradshteyn and Ryzhik (2007), (ii) covers the cases of equa-
tions (9.121.13), (9.121.26), (9.121.28) and (iii) covers the cases of equations
(9.121.15), (9.121.27). In all of these cases except the first, n = 1 so that by (3.4),

2F1(α;α1 + 1 : z) = α1 2A0(α : z) (3.11)

of (3.10). Another special case of (3.11) is given by equation (4.5) of Johnson and
Kotz (1970, page 96): Student’s t distribution with ν degrees of freedom is

Pr(tν < t) = 1/2 + ct 2F1
(
1/2, α2;3/2 :−t2/ν

)
for t2 < ν, where α2 = (ν + 1)/2 and c = (πν)−1/2�(α2)�(ν/2)−1. By (3.11),

2F1(1/2, α2;3/2 :−z) = 2−1
2A0(1/2, α2 :−z)

= 2−1(−z)−1/2
∫ −z

0
y−1/2(1 − y)−α2 dy

= −2−1z−1/2
∫ z

0
x−1/2(1 + x)−α2 dx.
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Corollary 3.1. For α1 > 0,

2F1(α;α1 + n : z)
(3.12)

= (α1)n(1 − z)−α2

n−1∑
j=0

cnj (α1 + j)−1
2F1

(
1, α2;α1 + 1 + j : z/(1 − z)

)

= (1 − z)−α2
2F1

(
n,α2;α1 + n : z/(1 − z)

)
. (3.13)

Proof. Set

J (α) = zα1
2A0(α : z) =

∫ z

0
yα1−1(1 − y)−α2 dy,

q = (q1, q2) = (
z,1/(1 − z)

)
,

K(α) = qα = zα1(1 − z)α2 .

Integrating by parts gives for α > 0,

J (α) = α−1
1

{
K(α) − α2J (α + 12)

}
= K(α)/α1 − α2K(α + 12)/(α1)2 + (α2)2K(α + 212)/(α1)3 − · · ·
= α−1

1 qα
2F1(1, α2;α1 + 1 : t),

where t = −q1q2 = z/(z − 1). So, by (3.2),

2F1(α;α1 + n : z) = (α1)nq
α2
2

n−1∑
j=0

cnj (α1 + j)−1
2F1(1, α2;α1 + j + 1 : t)

= (α1)nq
α2
2

∞∑
i=0

t i(α2)id
i
n(α1),

where

di
n(α1) =

n−1∑
j=0

cnj /(α1 + j)i+1 = (n)i/
{
i!(α1)n+i

}
,

where the last equality follows by (3.1). �

So, just as (3.2) with (3.7) reduces 1F1(α;α + n : z) to a sum of n 1F1’s
with α = 1, and (3.9) reduces 1F1(α;α + n : z) to α = n, so does (3.12) re-
duce 2F1(α;α1 + n : z) to a sum of n 2F1’s with α1 = 1, and (3.13) reduces
2F1(α;α1 + n : z) to α1 = n.

If α2 < 1, one can write (3.10) in the form

2A0(α1, α2 : z) = z−α1B(α1,1 − α2)Iz(α1,1 − α2),
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where Iz(α,β) is the distribution of a beta random variable. This is the nota-
tion of Section 26.5 of Abramowitz and Stegun (1964, page 944). Also given in
Abramowitz and Stegun (1964) are expansions for the incomplete beta function.
The coefficient of the second term in equation (26.5.12) should be a not b. Finite
expansions are available when α1 or 1 − α2 are positive integers. The incomplete
beta is a simple transformation of the F distribution.

Example 3.3. Note that 1F2(α;α + n,β : z) is given by (3.2) in terms of 1A1. For
α > 0,

1A1(α;β : z) = z−α
∫ z

0
yα−1

0F1(β :y)dy = �(β)z−α
∫ Z

0
(x/2)2α−βIβ−1(x) dx

by (2.3), where Z = 2z1/2. For example, by (3.4)–(3.5) and equation (10.2.13) of
Abramowitz and Stegun (1964, page 443),

1F2(1/2;3/2,3/2 : z) = (1/2)1A1(1/2;3/2 : z)

= Z−1�(1.5)21/2
∫ Z

0
I0.5(x)/x0.5 dx

= Z−1
∫ Z

0
x−1 sinhx dx,

and

1F2(1/2;5/2,3/2 : z) = (1/2)1A1(1/2;5/2 : z),

where

1A1(3/2;3/2 : z) = z−1.5�(1.5)

∫ Z

0
(x/2)1.5I0.5(x) dx

= 2Z−3
∫ Z

0
x sinhx dx

= 2Z−3(Z coshZ − sinhZ),

and

1A1(1/2;5/2 : z) = 3
√

2πZ−1
∫ Z

0
I1.5(x)/x1.5 dx

= 6Z−1
∫ Z

0

(
coshx/x2 − sinhx/x3)

dx.
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