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FROM STEIN IDENTITIES TO MODERATE DEVIATIONS
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National University of Singapore, National University of Singapore and Hong
Kong University of Science and Technology

Stein’s method is applied to obtain a general Cramér-type moderate de-
viation result for dependent random variables whose dependence is defined
in terms of a Stein identity. A corollary for zero-bias coupling is deduced.
The result is also applied to a combinatorial central limit theorem, a gen-
eral system of binary codes, the anti-voter model on a complete graph, and
the Curie—Weiss model. A general moderate deviation result for independent
random variables is also proved.

1. Introduction. Moderate deviations date back to Cramér (1938) who ob-
tained expansions for tail probabilities for sums of independent random variables
about the normal distribution. For independent and identically distributed random
variables X1, ..., X, with EX; = 0 and Var(X;) = 1 such that EehlXil < ¢ < 00
for some #y > 0, it follows from Petrov [(1975), Chapter 8, equation (2.41)] that

(1.1) P> _ oy +x%)/v

1—®(x)
for 0 < x < aon'/®, where W,, = (X1 +---+ X,)/+/n and @ is the standard nor-
mal distribution function, ag > 0 depends on ¢ and 79 and O(1) is bounded by a
constant depending on ¢ and f9. The range 0 < x < agn'/® and the order of the
error term O(1)(1 + x3)/ﬁ are optimal.

The proof of (1.1) depends on the conjugate method and a Berry—Esseen
bound, while the classical proof of Berry—Esseen bound for independent random
variables uses the Fourier transform. However, for dependent random variables,
Stein’s method performs much better than the method of Fourier transform. Stein’s
method was introduced by Charles Stein in 1972 and further developed by him
in 1986. Extensive applications of Stein’s method to obtain Berry—Esseen-type
bounds for dependent random variables can be found in, for example, Diaconis
(1977), Baldi, Rinott and Stein (1989), Barbour (1990), Dembo and Rinott (1996),
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Goldstein and Reinert (1997), Chen and Shao (2004), Chatterjee (2008) and
Nourdin and Peccati (2009). Recent applications to concentration of measures and
large deviations can be found in, for example, Chatterjee (2007) and Chatterjee
and Dey (2010). Expositions of Stein’s method and its applications in normal and
other distributional approximations can be found in Diaconis and Holmes (2004)
and Barbour and Chen (2005).

In this paper we apply Stein’s method to obtain a Cramér-type moderate devia-
tion result for dependent random variables whose dependence is defined in terms
of an identity, called Stein identity, which plays a central role in Stein’s method.
A corollary for zero-bias coupling is deduced. The result is then applied to a com-
binatorial central limit theorem, the anti-voter model, a general system of binary
codes and the Curie—Weiss model. The bounds obtained in these examples are as
in (1.1) and therefore may be optimal (see Remark 4.1). It is noted that Raic (2007)
also used Stein’s method to obtain moderate deviation results for dependent ran-
dom variables. However, the dependence structure he considered is related to local
dependence and is of a different nature from what we assume through the Stein
identity.

This paper is organized as follows. Section 2 is devoted to a description of
Stein’s method and to the construction of Stein identities using zero-bias coupling
and exchangeable pairs. Section 3 presents a general Cramér-type moderate devi-
ation result and a corollary for zero-bias coupling. The result is applied to the four
examples mentioned above in Section 4. Although the general Cramér-type mod-
erate deviation result cannot be applied directly to unbounded independent random
variables, the proof of the general result can be adapted to prove (1.1) under less
stringent conditions, thereby extending a result of Linnik (1961). These are also
presented in Section 4. The rest of the paper is devoted to proofs.

2. Stein’s method and Stein’s identity. Let W be the random variable of
interest and Z be another random variable. In approximating £(W) by £(Z) using
Stein’s method, the difference between EA(W) and Eh(Z) for a class of functions
h is expressed as

2.1 Eh(W) — Eh(Z) = E{Lfn(W)},

where L is a linear operator and fj a bounded solution of the equation Lf =h —
Eh(Z). 1t is known that for N(0, 1), Lf(w) = f'(w) — wf (w) [see Stein (1972)]
and for Poisson(A), Lf (w) = Af(w+1) —wf (w); see Chen (1975). However, L is
not unique. For example, for normal approximation L can also be the generator of
the Ornstein—Uhlenbeck process, and for Poisson approximation L, the generator
of an immigration-death process. The solution f; will then be expressed in terms
of a Markov process. This generator approach to Stein’s method is due to Barbour
(1988, 1990).

By (2.1), bounding ER(W) — Eh(Z) is equivalent to bounding E{Lf,(W)}. To
bound the latter one finds another operator L such that £ (L f(W)} =0, for aclass
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of functions f including f, and write L = L — R for a suitable operator R. The
error term E{Lf;, (W)} is then expressed as E{Rf;(W)}. The equation

(2.2) E{Lf(W)}=0

for a class of functions f including f},, is called a Stein identity for £(W). For
normal approximation, there are four methods for constructing a Stein identity: the
direct method [Stein (1972)], zero-bias coupling [Goldstein and Reinert (1997) and
Goldstein (2005)], exchangeable pairs [Stein (1986)] and Stein coupling [Chen and
Rollin (2010)]. We discuss below the construction of Stein identities using zero-
bias coupling and exchangeable pairs. As proved in Goldstein and Reinert (1997),
for W with EW =0 and Var(W) = 1, there always exists W* such that

(2.3) E(Wf(W))=Ef'(W¥)

for all bounded absolutely continuous f with bounded derivative f’. The distribu-
tion of W* is called W-zero-biased. If W and W* are defined on the same proba-
bility space (zero-bias coupling), we may write A = W* — W. Then by (2.3), we
obtain the Stein identity

(2.4) E(Wf(W))=Ef’(W+A)=EﬁZ f'W+0Ddu|w),

where w(-|W) is the conditional distribution of A given W. Here I:(w) =
[ ffw+0)dut|W =w) — wf (w).

The method of exchangeable pairs [Stein (1986)] consists of constructing W’
such that (W, W’) is exchangeable. Then for any anti-symmetric function F (-, -),
that is, F(w, w) = —F(w’, w),

EF(W, W' )=0,
if the expectation exists. Suppose that there exist a constant A (0 < A < 1) and a
random variable R such that

(2.5) E(W — W/|W)=x(W — E(R|W)).
Then for all f,

E{(W = W)(fW) + f(W))} =0,
provided the expectation exists. This gives the Stein identity

1
E(WF(W)) == E{(W = W)(f (W) = F(W)} + E(Rf (W)
(2.6) -
— E/ F'W + )R @) dt + E(RF(W))

for all absolutely continuous functions f for which expectations exist, where
K@) = %A([(O <t<A)—I(A<t<0)and A=W — W. In this case,

Lw) =%, f'(w+DEROIW =w)di + ERIW = w) f (w) — wf (w).
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Both Stein identities (2.4) and (2.6) are special cases of
@.7) E(Wf(W))=E /_ F W +10)dje) + E(RF(W)),

where 1 is a random measure. We will prove a moderate deviation result by as-
suming that W satisfies the Stein identity (2.7).

3. A Cramér-type moderate deviation theorem. Let W be a random vari-
able of interest. Assume that there exist a deterministic positive constant §, a ran-
dom positive measure i with support [—8, §] and a random variable R such that

(3.1 E(Wf(W)):E/|I<8 f'W+t)dp@t) + E(Rf(W))
1)<

for all absolutely continuous function f for which the expectation of either side

exists. Let

(3.2) D= di().

lr|<é

THEOREM 3.1. Suppose that there exist constants 81, 62 and 8 > 1 such that

(3.3) |[E(D|W) — 1| <81(1+|W]),

|[E(RIW)| <8:(1+|W]) or
3.4

|[E(RIW)| <8(1+W?) and &|W|<a <1
and
3.5) E(D|W) <6.
Then

P(W>x) _ 3 3

3.6) 100 o0 1+ 0y (1)0°(1 +x°)(8 + 81 + 82)

for0<x <6 'min(8~'/3, 81_1/3, 52_1/3), where Oy (1) denotes a quantity whose
absolute value is bounded by a universal constant which depends on o only under
the second alternative of (3.4).

REMARK 3.1. Theorem 3.1 is intended for bounded random variables but
with very general dependence assumptions. For this reason, the support of the ran-
dom measure [t is assumed to be within [—8, 8] where § is typically of the order
of 1/4/n due to standardization. In order for the normal approximation to work,
E(D|W) should be close to 1 and E(R|W) small. This is reflected in §; and &,
which are assumed to be small.
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For zero-bias coupling, D =1 and R = 0, so conditions (3.3), (3.4) and (3.5)
are satisfied with §; = §p =0 and 6 = 1. Therefore, we have:

COROLLARY 3.1. Let W and W* be defined on the same probability space
satisfying (2.3). Assume that EW =0, EW? =1 and |W — W*| < 8 for some
constant 8. Then

P(W>x)

— 3
o 1+ O0()(1+x°)8

for0<x <§~ 13,

REMARK 3.2. For an exchangeable pair (W, W) satisfying (2.5) and |A| < 6,
(3.1) is satisfied with D = A2/(21).

REMARK 3.3. Although one cannot apply Theorem 3.1 directly to unbounded
random variables, one can adapt the proof of Theorem 3.1 to give a proof of (1.1)
for independent random variables assuming the existence of the moment generat-
ing functions of | X i|1/? thereby extending a result of Linnik (1961). This result
is given in Proposition 4.6. The proof also suggests the possibility of extending
Theorem 3.1 to the case where the support of & may not be bounded.

4. Applications. In this section we apply Theorem 3.1 to four cases of de-
pendent random variables, namely, a combinatorial central limit theorem, the anti-
voter model on a complete graph, a general system of binary codes, and the Curie—
Weiss model. The proofs of the results for the third and the fourth example will
be given in the last section. At the end of this section, we will present a moderate
deviation result for sums of independent random variables and the proof will also
be given in the last section.

4.1. Combinatorial central limit theorem. Let {a;;}; ;_, be an array of real
numbers satisfying 37_; a;j = 0 for all i and }7/_, a;; = 0 for all j. Set co =
max; j |a;j| and W = Y7 aiz()/o, where 7 is a uniform random permutation
of {1,2,...,n}and 0> = E(X_"_, ain(i))*. In Goldstein (2005) W is coupled with
the zero-biased W* in such a way that |[A| = |W* — W| < 8cp/o. Therefore, by
Corollary 3.1 with § = 8cp/o, we have

P(W > x)

— 3

forO<x < (0/C0)1/3.
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4.2. Anti-voter model on a complete graph. Consider the anti-voter model on
a complete graph with n vertices, 1,...,n and (n — 1)n/2 edges. Let X; be a
random variable taking value 1 or —1 at the vertex i, i =1, ...,n.

Let X =(Xy,...,X,), where X; takes values 1 or —1. The anti-voter model in
discrete time is described as the following Markov chain: in each step, uniformly
pick a vertex I and an edge connecting it to J, and then change X; to —X ;. Let
U=Y",X;and W="U/o, where 0> = Var(U). Let W = (U — X; — X)) /o,
where [ is uniformly distributed on {1, 2, ..., n} independent of other random vari-
ables. Consider the case where the distribution of X is the stationary distribution.
Then as shown in Rinott and Rotar (1997), (W, W’) is an exchangeable pair and

2
(4.2) E(W = W'W)="W.

According to (2.6), (3.1) is satisfied with § =2 /0 and R = 0. To check conditions
(3.3) and (3.5), let T denote the number of 1’s among X1, ..., X, a be the number
of edges connecting two 1’s, b be the number of edges connecting two —1’s and
c be the number of edges connecting 1 and —1. Since it is a complete graph,
a= T(Tz_l) b= ("_T)(Z_T_l). Therefore [see, e.g., Rinott and Rotar (1997)]

1 5 4 2a42b
E[(W—-W)X]= =E[(U - U)*X]= — "=
. [( )IX]=—E[( )71X] T
' 1202420 —dn 20°W2 4202 —dn
o2 am-1D)  olatn—1)
E(D|W)—1=%E((W’—W)2|W)—l
(4.4)

_ow? _202(n—1)—(n2—2n)
S 2(n—1) 202(n — 1)

Noting that E(E(D|W) — 1) =0and EW? =1, we have 02 = "22;_23”. Hence

_owr
S 2m—=1) 2m—=1)

4.5) E(D|W) —1

which means that (3.3) is satisfied with §; = O (n—1/?). Thus, we have the follow-
ing moderate deviation result.

PROPOSITION 4.1. We have
P(W = x)

— 3
o) 1+ 01423 /n

for0Q <x <nl/o,
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4.3. A general system of binary codes. In Chen, Hwang and Zacharovas
(2011), a general system of binary codes is defined as follows. Suppose each non-
negative integer x is coded by a binary string consisting of 0’s and 1’s. Let S(x)
denote the number of 1’s in the resulting coding string of x, and let

(4.6) S=(50),5(1),...).

For each nonnegative integer n, define S, = S(X), where X is a random integer
uniformly distributed over the set {0, 1, ..., n}. The general system of binary codes
introduced by Chen, Hwang and Zacharovas (2011) is one in which

4.7 Som—1=Sm_1+Z  indistribution  forallm > 1,

where 7 is an independent Bernoulli(1/2) random variable. Chen, Hwang and
Zacharovas (2011) proved the asymptotic normality of S,. Here, we apply Theo-
rem 3.1 to obtain the following Cramér moderate deviation result. For n > 1, let
integer k be such that 25=1 — 1 <n < 2K — 1, and let W,, = (S, — k/2)//k/4.

PROPOSITION 4.2. Under the assumption (4.7), we have

P(W,>x) 3
4.8) T-o0) =1+0)(1+x°)

Sl -

forOSxSkl/(’.

As an example of this system of binary codes, we consider the binary expansion
of arandom integer X uniformly distributed over {0, 1, ..., n}. For k=1 _1<n<
2k _ 1, write X as

k
X=> X2,
i=1

and let S, = X1 +--- + Xy. Set W,, = (S, — k/2)//k/4. It is easy to verify that
S, satisfies (4.7). A Berry—Esseen bound for W,, was first obtained by Diaconis
(1977). Proposition 4.2 provides a Cramér moderate deviation result for W,,. Other
examples of this system of binary codes include the binary reflected Gray code and
a coding system using translation and complementation. Detailed descriptions of
these codes are given in Chen, Hwang and Zacharovas (2011).

4.4. Curie—Weiss model. Consider the Curie—Weiss model for n spins ¥ =
(01,02, ...,0,) € {—1, 1}'. The joint distribution of ¥ is given by

_ B z
Zﬂ}lexp<— Z oiaj+ﬁh2cr,~ ,
M <iZi<n i—1

where Zg ) is the normalizing constant, and 8 > 0, h € R are called the inverse
of temperature and the external field, respectively. We are interested in the total
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magnetization S = Y 7_, 0;. We divide the region 8 > 0,/ € R into three parts,
and for each part, we list the concentration property and the limiting distribution
of S under proper standardization. Consider the solution(s) to the equation

(4.9) m = tanh(B(m + h)).

Casel. 0 < B <1,heRor 8 >1,h+#0. There is a unique solution mg to
(4.9) such that mogh > 0. In this case, S/n is concentrated around mg and has a
Gaussian limit under proper standardization.

Case?2. B > 1,h =0. There are two nonzero solutions to (4.9), m| < 0 < m3,
where m| = —m5. Given condition on S < 0 (S > 0, resp.), S/n is concentrated
around m (mo, resp.) and has a Gaussian limit under proper standardization.

Case3. B=1,h=0. §/n is concentrated around 0, but the limit distribution
is not Gaussian.

We refer to Ellis (1985) for the concentration of measure results, Ellis and New-
man (1978a, 1978b) for the results on limiting distributions. See also Chatterjee
and Shao (2011) for a Berry—Esseen-type bound when the limiting distribution is
not Gaussian. Here we focus on the Gaussian case and prove the following two
Cramér moderate deviation results for cases 1 and 2.

PROPOSITION 4.3. In case 1, define

(4.10) W= S
o

where
“4.11) ol = Lm%)

' 1—(1-md)p
Then we have

P

“.12) T 1 o (14

for0<x <nl/®,

PROPOSITION 4.4. In case 2, define

S— S —
(4.13) W, =2y, 2T
o1 [op)
where
1 —m? 1 —m3
(4.14) op= Mm) o nUmm)
1— (1 —mhHp - —-m3)B

Then we have

P(W12x|S<O)_ 3
(4.15) —o0) =1+0M)(1+x°)/v/n
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and

P(Wy>x|S >0) B 3
(4.16) —o0) =14+ 0 (1+x°)//n

for0<x <nl/o,

4.5. Independent random variables. Moderate deviation for independent ran-
dom variables has been extensively studied in literature [see, e.g., Petrov (1975),
Chapter 8] based on the conjugated method. Here, we will adapt the proof of The-
orem 3.1 to prove the following moderate deviation result, which is a variant of
those in the literature [see again Petrov (1975), Chapter 8].

PROPOSITION 4.5. Let &;,1 <i < n be independent random variables with
E& =0 and Ee™5! < oo for some t,, and for each 1 <i < n. Assume that

(4.17) Y Etf=1.
i=1
Then
P(W Zx) _ 3 4)63]/
(4.18) Toom =1t O(D)(1+x7)ye

for 0 <x <t,, where y = Y_!_| E|&3e*l5il.

We deduce (1.1) under less stringent conditions from Proposition 4.5 and extend
a result of Linnik (1961) to independent but not necessarily identically distributed
random variables.

PROPOSITION 4.6. Let X;,1 <i <n be a sequence of independent random
variables with EX; = 0. Put S, =Y/ | X; and B? = L EXiZ. Assume that
there exists positive constants c1, ¢y and ty such that

4.19) B,% Zc%n, EeloVIXil <c forl<i<n.
Then

P(S,/B, >
(4.20) PGa/Bazx) _ 1+ 01 +x%)/vn

1—®(x)
for0<x < (c1t3)1/3n1/6, where O(1) is bounded by a constant depending on c>
and cﬂé. In particular, we have

P(Sy/By = x)

(4.21) —ow

uniformly in 0 <x < 0(n1/6).
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PROOF. The main idea is first truncating X; and then applying Proposition 4.5
to the truncated sequence. Let

n
o= (Hon)' 2723, Xi=X1(Xi1 <7}, Sa=) X
i=1

Observe that
}P(Sn/Bn >x)— P(Sn/Bn Zx)’

n
<> P(Xi|=1;)

i=1
n
< Ze—loanefo«/IXil < czne_tof”
i=1
=01 - @) (1+x%)/v/n
forO0<x < (cltg)mnl/é; here we used the fact that

f0T, = (leg)2/3nl/32_2/3.

Now let & = (}_(,- — E)_(,-)/Bn, where B’,% =37, Var()_(i). It is easy to see that

n n
Y IEX;| <Y EIXi1(1Xi] = 17)
i=1 i=1

n

(4.22) <Y sup(sPe %) EeloVIXil

=152

< czncl(cltoz)_l sup (s2efs) = clo(nfz)
§$=10Th

and similarly, By = By (1 + 0(n~2)). Thus, for 0 < x < (c1t3)1/3n1/6

21/3 ) 21y,
x|&i| < m|xi|1(|xi| =< Tn) +o(1) < W\/ | Xi|+o(1)
)
< sipVIXil +o(D)
and hence y = O(n~'/2). Applying Proposition 4.5 to {£;, 1 <i < n} gives (4.20).

O

REMARK 4.1. As stated previously for (1.1) in the Introduction, the range
0<x< (c1t3)1/3n1/6 and the order of the error term O (1)(1 + x3)/ﬁ in Propo-
sition 4.6 are optimal. By comparing with (1.1) the results in the four examples
discussed above may be optimal.
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5. Preliminary lemmas. To prove Theorem 3.1, we first need to develop two
preliminary lemmas. Our first lemma gives a bound for the moment generating
function of W.

LEMMA 5.1. Let W be a random variable with E|W| < C. Assume that there
exist § > 0,81 >0,0 <68, <1/4 and 6 > 1 such that (3.1) and (3.3)-(3.5) are
satisfied. Then for all 0 <t < 1/(26) satisfying

S.D 181 + Cyt66y < 1/2,
where
12, under the first alternative of (3.4),
(5-2) Co= 2(1%—’_;), under the second alternative of (3.4),
we have
(5.3) Ee'V <exp(t?/2 + co(1)),
where
(5.4) co(t) = c1(C, Co)0 {82t + 8117 + (8 + 81 + 82)1°},

where c1(C, Cy) is a constant depending only on C and C,.

PROOF. Fixa>0,7€(0,1/(28)] and s € (0, ¢], and let f(w) = e*™ D Let-
ting h(s) = Ee*W 9 firstly we prove that 4’(s) can be bounded by sk(s) and
EW?f(W).By (3.1),

h'(s) = E(W Aa)e'™W" < E(Wf(W))
=E f /(W +0)d(t) + E(Rf(W))
_SE / SV LW 41 <a)dp(t) + E(E VD ERIW))
< sE/eSKW“W] di(t) + E(eW D E(R|W))
<sE [ 4 + B0 ERIW))

=sE / SN dpe) + sE / WD (5% _ 1) djur)

+ E(e* W E(RIW))
<sESWN) Dy sEes(WAD) |es‘S —1|D+28E((1+ W2)es(W/\a)),
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where we have applied (3.2) and (3.4) to obtain the last inequality. Now, applying
the simple inequality

le¥ — 1] <2|x| for |x| <1,
and then (3.3), we find that
EWf(W)) <sESW D 4 sESW 258D + 28, E((1 + W2)es WD)
<sESWN)E(DIW) 4 25208 Ee* VY™ 428, E((1 + W) et WD)
=sEe' W) 4 sES VI [E(DIW) — 1]
+ 25208 ES W) 125 E((1 + W?)esWAD)
<sESWND 4 581 ESV M) (1 4 |W)) 4 25208 Ee* VD
+28,E((1 + W2)esWha)y,
Note that
EIW|e! WD = EwesWAD 4 2 Ew =S (WAD)
) < E(Wf(W)) +2E|W| <2C + E(Wf(W)).
Collecting terms, we obtain
h(s) < E(Wf(W))
(5.6) < {(s(1 + 81 4 2t08) +282)h(s) + 285, EW? f (W) +2Cs81}
/(1 —s81).

Secondly, we show that EW? f (W) can be bounded by a function of A(s) and
I (s). Letting g(w) = we* @ 9 and then arguing as for (5.6),

EW?f(W)=EWg(W)
=E / (eSLWVFDAAD L g(W 4 )V FDNI (Wt < a)) dja(r)
+ E(RWf(W))

< E/(es(W/\a)esS +S[(W +t) /\a]es(W/\a)eszS)d,&(t)
6.7
+ E(RWf(W))

=eSE(f(W)+sf(W)(W Aa) +8))D + E(RWf(W))
<0 (1 +0.5)Ef (W) +50e°E(W Aa) f(W) 4+ E(RWf(W))
< 1.5¢%°0h(s) 4 250h'(s) + E(RWf(W)).
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Note that under the first alternative of (3.4),

(5.8) |E(RWf(W))| < 82Ef (W) + 28, EW? f(W),
and under the second alternative of (3.4),

(5.9) |[E(RWf(W))| <aEf(W) +aEW?f(W).

Thus, recalling 6, <1/4 and o < 1, we have
2 CO[ /
(5.10) EW-f(W) < T(Gh(s) + s6h (s)),

where C,, is defined in (5.2).
We are now ready to prove (5.3). Substituting (5.10) into (5.6) yields

(1 — s81)'(s) < (s(1 + 81 + 2¢65) + 282)h(s)
+82Co(6h(s) + 56k (5)) + 2Cs8

= (s(1 481 4 2108) +262(1 4 Co))h(s)
(5.11)
+ Cys082h' (s) 4+ 2Cs8)

< (s(1 4+ 81 4+ 2t08) 4+ 282(1 + Co0))h(s)

+ Cat952h/(s) +2Cséq.
Solving for 4’ (s), we obtain
2Csé
(5.12) 1 (s) < (sc1(8) + ca(D)h(s) + ————,
1—c3(t)
where
146 21648
ci(t) = 1+o1+ 2160
1—c3(t)
26,(1 +C,0
CQ(Z) _ 2( + o )
1 —c3(2)

c3(t) =181 + Cyt667.
Now taking ¢ to satisfy (5.1) yields c3(¢) < 1/2, so in particular, ¢;(¢) is nonnega-

tive fori = 1,2 and 1/(1 —c3(¢)) <14 2c¢3(t).
Solving (5.12), we have

2
(5.13) h(s) < exp(%cl(t) +tcr(t) + 2C81t2>.
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Note that c3(t) < 1/2, 82 < 1/4 and 6 > 1. Elementary calculations now give

2
t
E(Cl(l‘) — 1) +tea(t) +2C812

28142105+ c3(1) | 2t82(1 4 Cob)

= +2C81>

2 1—ca0) 1—c300) :
<12(8) 4 2108 + 18] + Cu1082) + 418, (1 + Cy) + 2C811>
<co(t),

and hence
12c1(t) /2 + tea(t) + 2C8112 < 12 )2 + co (1),
thus proving (5.3) by letting a — oco. [J

LEMMA 5.2. Suppose that for some nonnegative 8,81 and &8, satisfying
max(d,81,82) <1 and 6 > 1, (5.3) is satisfied, with co(t) as in (5.4), for all

(5.14) 10,6~ min(s~'3, 57", 87'7)].
Then for integers k > 1,
t
(5.15) /O Wk 2P(W > u)du < e(C, Co)tk,
where c(C, Cy) is a constant depending only on C and C,, defined in Lemma 5.1.

PROOF. For ¢ satisfying (5.14), it is easy to see that co(t) < 5c1(C, Cy), where
c1(C, Cy) is asin Lemma 5.1, and (5.1) is satisfied. Write

t
/ ukeuz/zP(W >u)du
0

[2] t
:/ Wk’ 12 P(W > u) du +f Wk’ 2P (W > u) du,
0 (1

where [t] denotes the integer part of ¢. For the first integral, noting that

2 . . 2 L.
SUp;_j<y<;e" [2=ju = ¢(G=D7/2=7(G=D we have

[7]
/ ukeuz/ZP(W >u)du
0

[7] j o
< ij/ e”z/z_jue]”P(W >u)du
=t !
[] P i
(5.16) < jketiTh /2—J<f—1>f e"P(W > u)du
j=1 =
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(1] Lo
<23 jre /2/ e/ P(W > u) du
j=1 o

(1]
=2 jke (1) EelY
=1

[1]

<2 j*lexp(—j2/2+ j/2 + co()))
j=1

(1]

< 2860([) Z jk—l
j=l1

< c(C, Co)t*.

Similarly, we have

t
/ uke”Z/zP(W >u)du
[7]

t
ftk/ e”z/z_t”e”‘P(WZu)du
[7]
t
§tke[t]2/2_t[’]/ e"P(W >u)du
[7]

o0
< 2t"e"2/2/ M P(W > u)du
—00
< (C, Co)tk.

This completes the proof. [

6. Proofs of results. In this section, let O, (1) denote universal constants
which depend on « only under the second alternative of (3.4).

6.1. Proof of Theorem 3.1. 1t 6~ min(s~1/3,87'7 67'%) < 0,(1), then
1/(1 — ®(x)) < 1/(1 — ®(04(1))) for 0 < x < Oy(1). Moreover, 63(8 + 8; +

82) = Oy (1). Therefore, (3.6) is trivial. Hence, we can assume
6.1) 6~ min(s~/3, 877,871 = 0,(1)

so that 6 < 1,8, <1/4,8; + 262 < 1, and moreover, §; + 62 + @ < 1 under the
second alternative of (3.4). Our proof is based on Stein’s method. Let f = f; be
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the solution to the Stein equation

6.2) wf (W) — f'w)=Iw=x)— (1 - ).
It is known that

«/Eewz/z(l — d(w))d(x), w > x,

= V2me 21— o(x))P(w),  w<x,

(6.3) < l—i—iwl(w >x)+3(1— cp(x))ewz/Zl(O <w<Xx)

+4(1— o(x))

1w <0
Tr =0

by using the following well-known inequality:

1 1
(1 - q)(UJ))ewz/z < min(i, m), w > 0.

It is also known that wf (w) is an increasing function; see Chen and Shao (2005),
Lemma 2.2. By (3.1) we have

(6.4) E(Wf(W)) — E(Rf(W)) = E f £ W +0dpm),
and monotonicity of wf (w) and equation (6.2) imply that
(6.5) W+ <W+HFW+8)+1—d(x)—1(W>x+05).

Recall that [ dji(t) = D. Thus using nonnegativity of i and combining (6.4) and
(6.5), we have

E(Wf(W)) — E(Rf(W))

(6.6) <E / (W +8)f (W +8) — Wf(W))d(t) + EWf(W)D

+ E/{l — D) — 1(W > x +8)} dj(1).
Now, by (3.2), the expression above can be written
E((W+8)f(W+68) —Wf(W))D
+EWf(W)D+E{1—®(x)—1(W >x+68)}D
(6.7) =1—-®x)— P(W>x+9)
+E((W+8)f(W+8)—Wf(W)D+EWf(W)D
+E{1—®x)—1(W>x+8}(D—1).
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Therefore, we have
PW=>x+8)—(1-dx)
<E((W4+8)f(W+8)—WfW)D+EWf(W)D—1)
(6.8) +E{1—-®x)—1(W>x+8)}(D—1)+ERf(W)
SOE((W+8)f(W+8) = WF(W)) + 81 E(IWI(1 +WI) f(W))
+81E|l = @(x) — LW > x +8)|(1 4+ |W]) + 82E(2+ W?) £ (W),

where we have again applied the monotonicity of wf(w) as well as (3.5), (3.3)
and (3.4). Hence we have that

(6.9) PW>x+8)—(1-2x) <0 +81L+8113+81,
where
L =E((W+8)f(W+8) —Wf(W)),
L=E(W|(1+|W])f(W)),
L=E[l—®(x)—1(W>x+8)|(1+|W)

and
Li=EQ2+ W) fw).
By (6.3) we have
Ef(W) <4P(W > x) +4(1 — ®(x))
(6.10)

F3(1— d)EV 210 < W < x).
Note that by (3.1) with f(w) = w,
EW?= E/d;l(t) + E(RW)
=ED + E(RW).

Therefore, under the first alternative of (3.4), E w2 < (1 + 261 +62) + (61 +
28,) EW?Z, and under the second alternative of (3.4), EWZ2 < (14281 +82) + (81 +
8> + ) EW?. This shows EW? < O,(1). Hence the hypotheses of Lemma 5.1 is
satisfied with C = O,(1), and therefore also the conclusion of Lemma 5.2. In par-
ticular,

X
EPIO0<W =0 < PO<W=x)+ [ ye’PW = y)dy
0
(6.11)
< Oy,(H)(1+x).
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Similarly, by (6.3) again,
EW?f(W) <4E|W|L(W > x) +4(1 — @ (x))E|W]|
+3(1—d@)EW2" 2100 < W <x)
and by Lemma 5.2,

X
EWZeWZ/Zl(O <W<x)< / (v} + 2y)ey2/2P(W > y)dy
(6.12) 0

< Ou(D(1+x7).
Asto
E\WAIW >x) < P(W >x)+ EW*I(W > x),
it follows from Lemma 5.1 that
(6.13) POW > x)<e " Ee™W = 0y(1)e /2

and
o0 o0
/ tP(W >1)dt < Ee’“Wf te ™ dt
X X
_ EeXWx*Z(l +x2)e’x2
(6.14) X
< 0g(De™ 2x72(1 +x?)

< Og(e /2

for x > 1. Thus we have for x > 1,

o0
EW?1L(W > x) =x>P(W > x) +/ 2yP(W > y)dy

(6.15) )
< 0,(D(1+x2)e™ 2 < 0, (H(14+x%)(1 — D (x)).

Clearly, (6.15) remains valid for 0 < x < 1 by the fact that E W21L(W > x) <
EW?<2. Combining (6.11)—(6.15), we have

(6.16) L < 0,(H(1+x7)(1 — @(x)).
Similarly,

(6.17) Iy < O, (D(1+x°)(1 — d(x))
and

L<(1-®@))EQ+ W) +EQ2+WHLW =5+ x)
(6.18)
< 0,(D(1+x°)(1 — d(x)).
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Let g(w) = (wf (w)). Then I} = fés Eg(W +1t)dt. Itis easy to see that [e.g., Chen
and Shao (2001)]

(V27 (1 + w?)e?*/2(1 — @ (w)) — w)d(x), w > x,

6.19 =
( ) g(w) (m(l+w2)ew2/2(b(w)—}—w)(l—CI)(X)), w<Xx,
and
w2 2
(6.20) 0 < V2 (14 w?)e?” ?(1 — d(w)) —w < L

and we have for 0 <t <§,
Eg(W+1)
=EgW+D)I{W+it>x}+EgW+)H{W+1 <0}
+EgW+H1I{0< W41 <x}

(6.21) 512 PW+t>x)+2(1—®x)P(W+1<0)

+ x3
+ V27 (1 — D))
< E{(1+ (W +02+ (W +0)e™W 0210 < W + ¢ < x})
= 0,(D(1+x%)(1 — d(x))
and hence
(6.22) I = O (D8(1 4+ x°) (1 — d(x)).
Putting (6.9), (6.16), (6.17), (6.18) and (6.22) together gives
PW=x+8)—(1—-®x)) < 0u(1)(1 —®(x)0(1 4 x°)(8 + 81 + 82),
and therefore
(623) P(W=x)—(1—®(x)) < O0u(1)(1—D(x))0(1 +x3)(8 + 81+ 62).
As to the lower bound, similarly to (6.5) and (6.8), we have
FWHD)=W=8f(W-=8+1-0(x)—1(W=>x-23)
and
P(W>x—68)—(1—®(x))
> QE((W = 8) f(W —8) = WFW)) — 81 E(IW|(1+ [WI) f(W))
—81E|l = ®(x) = 1(W >x = 8)|(1 +|W|) — LE(2 + W?) f(W).
Now follwoing the same proof of (6.23) leads to
P(W=>x)—(1— @)= —0,()(1 — @x))0(1 +x7)(5 + 8 + 82).
This completes the proof of Theorem 3.1.
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6.2. Proof of Proposition 4.2. Forn>2, X ~U{0,1,...,n}, let Sn = S(X)
be the number of 1’s in the binary string of X generated in any system of binary
codes satisfying (4.7). Without loss of generality, assume that

(6.24) $(0) =0.

Condition (4.7) allows S(X) to be represented in terms of the labels of the
nodes in a binary tree described as follows. Let T be an infinite binary tree. For
k > 0, the nodes of T in the kth generation are denoted by (from left to right)
(Vi,05 - - -» Vg 2t —1)- Each node is labeled by 0 or 1. Assume T satisfies:

(C1) the root is labeled by 0;
(C2) the labels of two siblings are different; 3
(C3) infinite binary subtrees of T with roots {Vj o:k > 0} are the same as 7.

For 281 — 1 <n <2k -1, represent O, ...,n by the nodes Vi, ..., Vi n, re-
spectively. Then S(X) is the sum of 1’s in the shortest path from Vk.x to the root
of the tree. Condition (C3) implies that S (X) does not depend on k so that the
representation is well defined.

We consider two extreme cases. Define a binary tree T by always assigning 0
to the left sibling and 1 to the right sibling. Then the number of 1’s in the binary
string of X is that in the binary expansion of X. Denote it by S, (= S(X)). Next,
define a binary tree T by assigning Viko=0, Vi1 =1 for all k and assigning 1 to
the left sibling and O to the right sibling for all other nodes. Let the number of 1’s
in the binary string of X on T be S,(= S(X)). Both T and T are infinity binary
trees satisfying C1, C2 and C3, and both S, and S, satisfy (4.7). It is easy to see
that for all integers n > 0,

(6.25) Sn <st Su <st Su,

where <;; denotes stochastic ordering. Therefore, it suffices to prove Cramér
moderate deviation results for W, and W,, where W, = (S, — %) /\/g and W, =

(S, — %) / \/g . We suppress the subscript n in the following and follow Diaconis
(1977) in constructing the exchangeable pair (W, W’). Let I be a random variable
uniformly distributed over the set {1, 2, ..., k} and independent of X, and let the
random variable X’ be defined by

k
X'=Y"xj2k,
i=1
where
X;, ifi#l,
(6.26) Xi=11, ifi=1,X;=0 and X +2¢1 <n,

0, else.
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Let S'=S—X; 4+ X}, W = (S — k/2)//k/4. As proved in Diaconis (1977),
(W, W) is an exchangeable pair and

E(Q|W
6.27) EUV—WWWj:AOV_(__Lng)>
vk
E(QIW)
k b

where A =2/k and Q = Zf»‘zl I(X; =0,X + 27 > n). From Lemma 6.1 and
Theorem 3.1 [with § = O(k~1/2), 8, = 0(k™1), 8, = O (k~1/?)],

P(W =x)

1 —d(x)

1 N2 .
(6.28) S E(W W) Iw) —1=

:1+0ﬂxl+x%5i

for 0 < x < k1/0. Repeat the above argument for —W, and we have
P(W<-—x)

1
_ 3
o0 =1+0M)(1+x")—

Jk

for 0 <x <k'/°. i
Next, we notice that S and S can be written as, with X ~ U{0, 1,...,n},

S=10<x<2M"—1s+12" " <x <n)s

and
S=10<x <21 1§+ 102" <x <n)s.
Therefore,
1
Jk/4
1 k—1
=(—=+1(0< X <2K! 1(————5)
(-5 +1 (5
k—1
+“ﬁ4<x<n)————g>/&m
and
_ 1 _ k=1
W=<—§+uo<X5ﬁ*—1mS——7)

+I(2k—1 <X gn)(S— %))/\/m

Conditioning on 0 < X < 2k=1 _ 1, both the distributions of S(X) and S(X) are
Binomial(k — 1, 1/2), which yields

k—1 _ k=1
L(T—S\OSstk—l—1):5(3—7)05x§2k—1_1).
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On the other hand, when 28—1 < X < n, S(X)=k —1— S(X). Therefore, W has
the same distribution as —W — 1/ \/g , which implies Cramér moderate deviation
results also holds for W. Thus finishes the proof of Proposition 4.2.

LEMMA 6.1.  We have E(Q|S) = O(1)(1 + |W]).

PROOF. Write
n=y 2
i>1

with 1 = p; < po» < --- < pi, the positions of the ones in the binary expansion
of n, where ki < k. Recall that X is uniformly distributed over {0, 1, ..., n}, and
that

k
X = inzk_i
i=1
with exactly § of the indicator variables X1, ..., Xy equal to 1.
We say that X falls in category i,i =1, ..., k1, when
(6.29) Xp =1, Xp,=1,...,Xp_,=1 and X, =0.

We say that X falls in category ki + 1 if X = n. This special category is
nonempty only when § = kj, and in this case, Q = k — k1, which gives the last
term in (6.30).

Note that if X is in category i for i < ki, then, since X can be no greater than n,
the digits of X and n match up to the p;th, except for the digit in place p;, where
n has a one, and X a zero. Further, up to this digit, n has p; — i zeros, and so
X has a; = p; — i 4+ 1 zeros. Changing any of these a; zeros, except the zero in
position p; to ones, results in a number n or greater, while changing any other
zeros, since digit p; of n is one and of X zero, does not. Hence Q is at most q;
when X falls in category i. Since X has S ones in its expansion, i — 1 of which are
accounted for by (6.29), the remaining S — (i — 1) are uniformly distributed over
the k — p; =k — (i — 1) — a; remaining digits {X, +1, ..., X }. Thus, we have the
inequality

k—G—-1)—a) | 1S=k)
(EUNNCIDEES B (S IR S )

i>1
where
A=y (0D s =
i>1

and l=ag; <ax <az <---.
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Note that if k| = k, the last term of (6.30) equals 0. When k| < k, we have

— -1
631) 0= (") w-mst,

A k1
so we omit this term in the following argument.

We consider two cases.

Case 1: S > k/2. As a; > 1 for all i, there are at most k 4 1 nonzero terms in the
sum (6.30). Divide the summands into two groups, those for which a; < 2log, k
and those with a; > 2log, k. The first group can sum to no more than 2log, k
because the sum is like weighted average of a;.

For the second group, note that

(58 /4
f(kzia?am)/<kzﬁ

(6.32)
=i k—j =0 k—(ai—1)—1—
1 1
< < —
—2a,—1 —k2’

where the second inequality follows from S > k/2, and the last inequality from
a; > 2log, k. Therefore, the sum of the second group of terms is bounded by 1.

Case 2: S < k/2. Divide the sum on the right-hand side into two groups accord-
ing to whether i <2log, k or i > 2log, k. Clearly,

(552
ai—1 o
—H( —1—]) n(k—k(l—;l)i])

< 1/21—1

using the assumption S < k/2 and the fact that S > i — 1. The above inequality is
true for all 7, so the summation for the part where i > 2log, k is bounded by 1.

Next we consider i < 2log, k. When S > k(lci’ig—_"{) + 2log, k, we have
o k—S—1
a4 (=g=n-1
we see that it is equivalent to the inequality S > (1 — e~U0ga)/(@ =Dy _
e~ (loga)/(@i=1); "which is a result of the above assumption on S when i < 2log2 k.

)%~ < 1. Solving S from the inequality a,-(k_k(lﬁ)“l_l <1,
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(k—(G—1)—aq
“’( S—G—1) )/A

Now we have

B .<k—(i—1)—a,-> (k—l)
A s_Gi—1 S
(6.33) i—2 ai—1
=a1(>75) o n )
=0 k—1—j =i k—@G—-1)—j

- 1( k—S—1 )“z—‘<
=k -n-1) =

using the fact that a; (%)"i—1 <.

On the other hand, if S < k(log“’) + 2log, k, then a;S/(k — 1) = O(1) log, k,
which implies

—G-D-

“’( S—(@—1 )/A
aS T2 S—j N k=S—j
fk_lﬂ(k-l—j)[{(k-a—n—;)

= 0(1)log, k/2' 2.

This proves that the right-hand side of (6.30) is bounded by O (1) log, k.

To complete the proof of the lemma, that is, to prove E(Q|W) < C(1 + |W]),
we only need to show that £(Q|S) < C for some universal constant C when |W| <
log, k, that is, when k/2 — /k/4log, k < S < k/2 + /k/41og, k. Following the
argument in case 2 above, we only need to consider the summands where i <
2log, k because the other part where i > 2log, k is bounded by 1 as proved in
case 2.

When a;, k are bigger than some universal constant, k/2 — Jk/4logy k >
lOg—a’ x k + 2log, k, which implies (k = 1) l)al x a; <1 and (kg(izl_)f)a’) X
al/A < 1/2i=1. Since both parts for i < 2log, k and i > 2log, k are bounded by
some constant, E(Q|S) < C when |W| <log, k, and hence the lemma is proved.

O

6.3. Proof of Propositions 4.3 and 4.4. Let W have the conditional distribu-
tion of W (Wy, Wa, resp.) given |W| < c1/n (|W1|, |Wa| < c14/n, resp.) where ¢;
is to be determined. If we can prove that

P(W >X)

= _ 3
(6.34) Toem =1+0M)(1+x%)/vn
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for 0 < x <n!/®, then from the fact that [Ellis (1985)]
(6.35) P(IW|> K«/n) < o "C(K)
and
P(IWi] > K\/n|S < 0) < e, P(|Wa| > K/n|S > 0) < "%

for any positive number K where C(K) is a positive constant depending only
on K, we have, with 8, = O(1//n),

PW=2x) _ P(W=2x)+P&IW|>1/2)
l—®x) — 1 —®(x)

=1+0(M(1+x%)/vn

for 0 < x < nl/®. Similarly, (4.15) and (4.16) are also true. Therefore, we prove
Cramér moderate deviation for W (still denoted by W in the following) defined
below. Assume the state space of the spins is ¥ = (o1, 02, ...,0y,) € {—1, 1} such
that }°7_, 0;/n € [a, b] where [a, b] is any interval within which there is only one

. S— 1—m?
solution m to (4.9). Let S =377 0;, W = > and ol = nﬁ. Note that

incases 1 and 2, 1 — (1 — mz)ﬂ > 0, thus o2 is well defined. Moreover, [a, b] is
chosen such that |W| < ¢;+/n. The joint distribution of the spins is

. 00 n
Z@%exp(ﬁz&lzjgn el —i—,BhZa,-).
i=1

Let I be a random variable uniformly distributed over {1, ..., n} independent
of {0;, 1 <i <n}. Let o/ be a random sample from the conditional distribution of
o; given {0}, j #i,1 < j <n}. Define W =W — (67 —07)/o. Then (W, W') is
an exchangeable pair. Let

exp(=p(m +h) — Bow/n+ f/n)

A = OB+ 1) — Bow/n + B/m) + exp(Bm + ) + pow/n — B/m
and
exp(B(m +h) + Bow/n+ B/n)
B(w)

~ exp(B(m + 1) + Bow/n+ B/n) +exp(—B(m + h) — fow/n — B/n)’
It is easy to see that
o~ Bm+h)—pow/n
o Bt —Pow/n 1 gBmtihtPow/n
exp(—B(m+h) — Bow/n)
exp(—=B(m +h) — Bow/n) +exp(B(m + h) + Bow/n —2p/n)
o= Bm-+h)—Bow/n
= —Bn+h—Bow/n 1 gBn+h+Bow/n

<A(w) =

2B/n
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and
B+ +Bow/n
P+ +pow/n { g—Bm+h—Bow/n
exp(B(m + h) + Bow/n)
exp(B(m + h) + Bow/n) +exp(—B(m +h) — Bow/n —28/n)
eBm+h)+pow/n

<B(w)=

ezﬂ/" .

= ePm+h)+pow/n | o—B(m+h)—Bow/n
Therefore

AW)+BW)=1+ 0(1)%

and

A(W) — B(W) = —tanh(B(m + h) + Bo W /n) + 0(1)%.

Note that
E(W — W/|E)

1
=—FE(o; —o0/|X)
o

2
=—E(I(c;=1,01=-1)—I(o; =—1,0; =1)|%)
o

20W
— —MA(W)I(S—2 > an)
o 2n
2n—oW —
_ BT O T B (WIS +2 < bn)
o 2n

W m 1
= (A(W) + B(W))(— + —) + —(A(W) — B(W))
n o o

w
_ wA(W)I(S—2<an)
on

n—ocW —nm
—— BW)I(S+2 > bn)

= (K + ;)(1 + 0(%)) = é(tanh(ﬁ(m +h) + ﬁUTW> + 0(%))

n
S+n
on

= »(W — R),

AWYI(S —2 < am) + =S BOWYI(S +2 > bn)
on
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where
1— (1 —m?
a1 d=m)p
n

and

1 tanh” h 2 1S

R— L (Bt h) +EF0 s LSR5 -2 <am
A 2n2 A on
Iln—3S§ 1

BW)I(S+2 > bn) + 0(1)(K + _>,
on n o

where & is between 0 and Bo W/n. Similarly,
E((W - W)*|%)

4
:pE(l(ol:1,01/:—1)4—1(01:—1,0;:1)|Z)
2(1 —m? w 1 I(S—2<anorS+2>bn
:4—7l+ou%—+0Q7>+0<( ) ))
o no no o
2 _ 1—m?
Therefore, recall that 0“ =n ﬁ’

E(DIW)—1] = 0(%)(1 W),

For R, with 8, = O(1/+/n),
|E(RIW)| < 82(1+ W?),
and if ¢1 is chosen such that 62| W| < 1/2, the second alternative of (3.4) is satisfied

with & = 1/2. Thus from Theorem 3.1, we have the following moderate deviation
result for W':

P(W=>x) N
m_l—FO(l)(l—i-x)ﬁ

for 0 < x <n!/%. This completes the proof of (4.12) and (4.15).

6.4. Proof of Proposition 4.5. Since (1 — ®(x)) > —*/2 for x >0,

(4.18) becomes trivial if xy > 1/8. Thus we can assume
(6.36) xy <1/8.

Let f = fy be the Stein solution to equation (6.2). Let WO =w — & and K;(t) =
E&(U{0<rt <&} —1{& <t <0}). Itis known that [see, e.g., (2.18) in Chen and
Shao (2005)]

1
20+0 €

EWf(W):ZEfOO FWD 4 ) Ki(r) dr.
i=1 7T
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Since [*% K;(t)dt = E&?, we have
PW=>x)—(1-®(®))
=EWf(W)— Ef (W)

_ZEf "(WD 1) — f/(W))K; (1) dt

(6.37)
= ZE/ (WD +0)f (WD 41) = WF(W))K; (1) dr
i=1 -
—l—ZE/ (WD 4t > x} — I{W > x})K; (¢) dt
=R1 + R».
It suffices to show that
(6.38) IR <C(1+xY)y(1—dx))e"”
and
(6.39) IRyl < C(14+xY)y(1 - d(x))e"”

To estimate Ry, let g(w) = (wf (w))’. It is easy to see that
n t .
(6.40) Ri=)>E f/ g(WD +5)dsK; (1) dr.
i &
i=1

By (6.19) and (6.20), following the proof of (6.21), we have
Eg(W® +5)

=Eg(WD +)[{wD 5> x} + Eg(WD +5)1{w? +5 <0)

+Eg(WD +5)1{0 < WD 45 <x)

= 7oA PW0 s zx) +2(1 - @) PW? +520)
+V271 (1 — ®(x))
(6.41) x E{(1+(W® +S) )e! WOs? 2H{0<w® 45 < x})
S PO zx—s)+2(1 - 0@)P(W +5 <0)
—V2x(1 —CD(X))/ (1+y%)e” /ZdP(W(’)+s >y)
2

PW®D>x—5)+2(1 - @) P(WD +5<0)

=

14 x3

289
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+ V21 (1 = @) P(WD +5>0) + 21 (1 — ®(x))J ()

P(WD >x —5) + V21 (1 — (x)) + 27 (1 — D(x)) I (s),

BREFS
where
X .
(6.42) J(s) :/(; By + y3)ey2/2P(W(l) +s5>y)dy.
Clearly, for 0 <t <x
o0 k
. (1§))
Ee'si =1 —|—t2E§J2/2—|— Z k—]'
k=3 :

3
t
<1+1°E§;/2+ gE|.§J-|3ef"%'

3
< exp(PEE}/2+ T Elg P9
and hence
. 3
(6.43) Ed!WO+9) §exp<t2/2+x|s| + %y) forO0<r <ux.
By (6.43), following the proof of Lemma 5.2 yields
(6.44) J(s) < C(1+x3)er v elsl,
Noting that (6.43) also implies that
PWD>x—s)< e Ees WO+ < exp(—x2/2 + x|s| + x3y)
<1 +x)(1 - ) exp(xls| +x3y),
we have
EgWD +s5)<c(1+x°)(1 - <I>(x))ex37’+x|5|
and therefore by (6.40),

n o0 t .
|Rl|szlzfm‘[g g(WO +5)ds
i=1 i

K;(t)dt

645 <C1+°)(1-dx)e" E/OO (It1e"" + 1& e i) K, () dt

i=l1
<C+23)y(1—dx)e .
This proves (6.38).
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As to R», we apply an exponential concentration inequality of Shao (2010) [see
Theorem 2.7 in Shao (2010)]: fora >0 and b > 0,

P(x—a< w® <x+b)
< Cexy+xa_x2((y b a)E|W(i)|exW(i) 4 (EerW(i))l/Z exp(—y_2/32))
< Cexy+xa—x2((y +b +a)(EW(i)exW(i) + 1)
+ (EeX V)2 exp(—y72/32))
xy+xa—x2 x2/24x3y x24x3y -2
<Ce (y +b+a)(1+x)e +e exp(—y ~°/32))
< Ce” Va2 4 4 a) (1 + x) + exp(x2/2 — y2/32))
<C(1= )" " ((y + b+ a)(1 +x2) + exp(x? — y2/32)).

Here we use the fact that EW®e¥W" < xe*’/ 2+x37’, by following the proof of
(6.43). Therefore

n 00 '
Re<YE[ Ph-g=wO<x-ng)Kad
i=1 7T

(1 - o)) ”Zf E(y + 1] + [&)e" 8

+exp(x? — y72/32)}K; (1) dt
<C(1= )" (1 +x2)y +exp(x? — y2/32))

<Cy(1+xH)(1 - dx))e"
by (6.36). Similarly, the above bound holds for —R5;. This proves (6.39).
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