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Abstract. We consider “nonconventional” averaging setup in the form dXd# =¢eB(X%(1), E(q1(1)), E(ga(1), ..., E(ge()))
where Z (1), > 0 is either a stochastic process or a dynamical system with sufficiently fast mixing while g;(f) = ajf,a] <ay <
«-<apandgj,j=k+1,...,£ grow faster than linearly. We show that the properly normalized error term in the “nonconven-

tional” averaging principle is asymptotically Gaussian.

Résumé. Nous considérons un cadre non conventionnel de moyenne de la forme %i(t) =eB(X%(t), E(q1(1), E(qr(1)), ...,
E(qq(1))) ot E(r),t > 0 est un processus stochastique ou un systeme dynamique suffisamment mélangeant tandis que q; (1) =
ajt,a] <oap <--- <o etqj, j=k+1,...,¢ ont une croissance sur-linéaire. Nous montrons que le terme d’erreur apres renor-
malisation est asymptotiquement gaussien.
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1. Introduction

Nonconventional ergodic theorems (see [12]) known also after [2] as polynomial ergodic theorems studied the lim-
its of expressions having the form 1/N Z,IL W F Q) ... Fa® f, where F is a weakly mixing measure preserving
transformation, f;’s are bounded measurable functions and g;’s are polynomials taking on integer values on the in-
tegers. Originally, these results were motivated by applications to multiple recurrence for dynamical systems taking
functions f; being indicators of some measurable sets and only convergence in the L>-sense was dealt with but later
[1] provided also almost sure convergence under additional conditions. Recently such results were extended in [6] to
the continuous time dynamical systems, i.e. to expressions of the form

1 r7
?/ Fql(t)f1 "'qu)fl dt,
0

where F* is now an ergodic measure preserving flow.
In this paper we consider the averaging setup

Xn+1)=X(n)+eB(X (), E(q1()), ..., E(qe(m))) (1.1)

in the discrete time case and

dxe@)
dr

eB(X°(1), E(q1(0)), ... E(qe(1))) (1.2)
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in the continuous time case with & being either a stochastic process or having the form & (s) = F°® f where F* is
a dynamical system and f is a function. Positive functions ¢, ..., g¢ will satisfy certain conditions which will be
specified in the next section, in particular, first k of them are linear while others grow faster than preceeding ones.
An example where (1.2) emerges is obtained when we consider a time dependent small perturbation of the oscillator
equation

¥+ A%x =eg(x, %, 1), (1.3)

where the force term g depends on time in a random way g(x, y,t) = g(x, v, Z(q1(t)), ..., E(qe(t))). Then passing
to the polar coordinates (r, ¢) with x = r sin(A(t — ¢)) and X = Ar cos(AL(t — ¢)) the equation (1.3) will be transformed
into (1.2). It seems reasonable that a random force may depend on versions of a same process or a dynamical system
moving with different speeds which is what we have here.

As it is well known (see, for instance, [29]), if B(x, y1, ..., y¢) is bounded and Lipschitz continuous in x and the
limit
B(x) = hm LT / X, E ql(t)) . E(qg(l‘))) dr (1.4)
exists then for any S > 0,
lim sup |[X°(t)—X°(1)| = 11m sup }28(1) —Z@)|= (1.5)
e=>00<r<S/e
where
dXe(s o - _
dt( ) = B(Xg(t)) and Z°(t) =X°%(t/e), Z(@) =X(t/e). (1.6)

In the discrete time case we have to take
B(x) = Jlim —ZB (x, E(q1()), ..., E(qem))) (1.7)

and (1.5) remains true with X¢ given by (1.6) and (1.7). Almost everywhere limits in (1.4) and (1.7) follow from
[22] under our (and even weaker) assumptions and in some relevant to our setup cases they could be derived by
nonconventional pointwise ergodic theorems from [6] and [1].

After nonconventional ergodic theorems (or in the probabilistic language laws of large numbers) are established the
next natural step is to obtain central limit theorem type results which was accomplished in [25]. The averaging prin-
ciple (1.5) can be considered as an extension of the ergodic theorem since if B(x, &1, ..., &) in (1.1) does not depend
on x then XN (N) becomes the nonconventional average %SN where Sy = ZO<”<N B(E(q1(n), ..., E(qe(n)).

Now if %S N converges to B as N — oo then convergence in distribution of VN (XN (N) — B) to a normal random
variable is, in fact, a nonconventional central limit theorem. The main goal of this paper is to extend the functional
central limit theorem type results obtained in [25] for such sums Sy to the above nonconventional averaging setup in
the spirit of what was done in the standard (conventional) averaging case in [18] and [20]. Central limit theorem type
results turn in the averaging setup into assertions about Gaussian approximations of the slow motion X¢ given by (1.1)
or by (1.2) where Z is a fast mixing stochastic process or a dynamical system while unlike the standard (conventional)
case we have the process = taken simultaneously at different times g; (¢) in the right hand side of (1.1) and (1.2).

We prove, first, our limit theorems for stochastic processes under rather general conditions resembling the definition
of mixingales (see [27] and [28]) and then check these conditions for more familiar classes of stochastic processes and
dynamical systems. In [25] we imposed mixing assumptions in a standard way relying on two parameter families of
o -algebras (see [5]) while our assumptions here use only filtrations (i.e. nondecreasing families) of o -algebras which
are easier to construct for various classes of dynamical systems. As one of applications we check some form of our
conditions for Anosov flows which serve as fast motions in our nonconventional averaging setup where we rely on the
notion of Markov families from [8] and [9].

At the end of the paper we discuss a fully coupled averaging setup in our nonconventional situation where already
an averaging principle itself becomes a problem.
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2. Preliminaries and main results

Our setup consists of a gp-dimensional stochastic process {Z(t),f > Oort = 0,1,...} on a probability space
(£2, F, Pr) together with a filtration of o-algebras F; C F,0 <[ < oo so that F; C Fp if [ <I’. For convenience
we extend the definitions of F; given only for / > 0 to negative / by defining F; = F( for [ < 0. In order to relax
required stationarity assumptions to some kind of weak “limiting stationarity”” our setup includes another probability
measure P on the space (£2, F). Namely, we assume that the distribution of &'(t) with respect to P does not depend
on ¢ and the joint distribution of {Z (¢), Z (')} for r > ¢’ depends only on ¢ — ¢’ which can be written in the form

EMP=p and (E@1),E())P =y forallt>r 2.1

where p is a probability measure on R¥ and ps, s > 0 is a probability measure on R¥ x R¥.

Our setup relies on two probability measures Pr and P in order to include, for instance, Markov processes & (t)
satisfying the Doeblin condition (see [16] or [10]) starting at a fixed point or with another noninvariant distribution.
Then Pr will be a corresponding probability in the path space while P will be the stationary probability constructed
by the initial distribution being the invariant measure of = (). Usual mixing conditions for stochastic processes are
formulated in terms of a double parameter family of o -algebras via a dependence coefficient between widely separated
past and future o -algebras (cf. [5] and [25]) but this approach often is not convenient for applications to dynamical
systems where natural future o -algebras do not seem to exist unless an appropriate symbolic representation is avail-
able. By this reason we formulate below a different set of mixing and approximation conditions for the process &
which seem to be new and will enable us to treat some of dynamical systems models within a class of stochastic
processes satisfying our assumptions.

In order to avoid some of technicalities we restrict ourselves here mostly to bounded functions though our results
can be obtained for more general classes of functions with polynomial growth supplemented by appropriate moment
boundedness conditions similarly to [25]. For any function g = g(&, &) on R¥ x R¥ introduce its Holder norm

o, le68) — g, 8] / }
= (&,8)|+ == , . (2.2)
gl sup{lgssl P e EURLE S
Here and in what follows | — ¥|¥ for two vectors ¥ = (1, . .., ¥o) and U=, . ..,I/;Q) denotes the sum

le [V — 1},' |“. Next, for p,g > 1 and s > 0 we define a sort of a mixing coefficient

Npoic.s(n) = sug{ IE(s(Em+1), E(n+1+9)F)
1=

—Epg(E+0.En+1+9))],: =8¢ 5. I8l <1}, npuc(n) =1p.co), 2.3)

where || - ||, is the LP-norm on the space (§2, F, Pr), [-] denotes the integral part and throughout this paper we
write E for the expectation with respect to Pr and Ep for the expectation with respect to P. We will need also an
(one-sided) approximation coefficient

¢ =5up| E(Z 01 Fiy1) = 50 (2.4)
>

Assumption 2.1. Given k € (0, 1] there exist p,q > 1 and m, § > 0 satisfying

1 1 2 4
ym=E|BO)|" <00, z-—+-+2  s<k-2  kg>1 (2.5)
27p m gq p
with o = (£ — 1) and such that
o0
Zn(n}y}g/(pe)(n) + C(}S (n)) <00 and nlglgo Npi,sn)=0 foralls >0, (2.6)

n=0

where % <6 <«k.
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Next, let B = B(x,&) = (BV(x,£),..., B (x,§)), £ = (&1, ..., &) € R be a d-vector function on RY x RS
such that for some constant K > 0 and all x, ¥ € RY, £ &€ R |, j,l=1,...,d,

4

BO(.8)] <K, \me@—BwaénsKOx—ﬂ+§]a—%V)
j=1

2 p(i)

B8] _

dBW(x,
‘ (x 5)‘ <K, 2.7)
0x; 0x;0x;

We will be interested in the central limit theorem type results as ¢ — 0 for the solution X®(¢) = X£(¢) of the equation

dxe(n
dr

eB(X°(1), E(q1(), E(q2(0)), ..., E(qe (D)), X50)=x, te[0,7/el, (2.8)

where g1(t) < q2(t) <--- < qe(t),t > 0 are increasing functions such that g; (t) = ;¢ for j <k <€ with @) < a3 <
-+ < af whereas the remaining q}s grow faster in . Namely, we assume similarly to [25] that for any y > 0 and
k+1<i<é,

Jim (g (t +y) = qi (1) = 00 2.9)
and
Jim (i (y1) = gi1 (1)) = oo. (2.10)
Set
mﬂ:mea“w&mmm~dmw. @11

We consider also the solution X¢(¢) = X ¢ () of the averaged equation

dXe(r)
-

eB(X°()),  X.(0)=x. (2.12)

It will be convenient to denote Z¢ () = X°(t/¢), Z(t) = X¢(t/¢) and to introduce Y (1) = Y; (1) by

1
Y;(t) =y +/(; B(Z(s), E(ql(s/e)), E(qz(s/s)), ey E(Qg(s/s)))ds. (2.13)

Theorem 2.2. Suppose that (2.7), (2.9), (2.10) and Assumption 2.1 hold true. Then the family of processes
Gé(t) = 8‘1/2(Y§(t) — Z.(1)),t € [0,T] converges weakly as ¢ — 0 to a Gaussian process G°(t),t € [0,T]
having not necessarily independent increments (see an example in [25]) with covariances of its components
G(t) = (GY\(n), ..., G% (1)) having the form EG%!(s)G%" (1)) = jo"“““’) AL (u) du with the matrix function
{Al’m(u), 1 <1, m < d} computed in Section 4. Furthermore, the family of processes Q° (t) = e V2(ZEt)—Z (1)), t €
[0, T] converges weakly as € — 0 to a Gaussian process Q°(t), t € [0, T which solves the equation

'
0% =G0 + / VB(Z(5)) Q%) ds. (2.14)

0
In the discrete time setup (1.1) the similar results hold true assuming that q;’s take on integer values on integers,

y in (2.9) is replaced by 1, a; is replaced by i fori =1, ..., k and defining Z*(t) = X* ([t /¢]) together with Y* =Yy
given by

Y;(z)=y+/0 B(Z(s), 2(q1(Is/€1)), E(q2(Is/€1)), ... E(qe([s/€1))) ds (2.15)
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while leaving all other definitions and assumptions the same as above.

Observe that we work with B defined by (2.11) but in our circumstances the law of large numbers from [22] yields
B also as an almost sure limit in (1.4) and (1.7) even under weaker conditions than here. Note also that we need the
full strength of (2.6) only for one argument in Section 4 borrowed from [18] but for a standard limit theorem not
in the averaging setup, i.e. when B(x, &1,...,&) = B(&1, ..., &) does not depend on x, it suffices to require only
summability of the expression in brackets in (2.6).

An important point in the proof of the first part of Theorem 2.2 is to introduce the representation

B(x,§) = B(x)+ Bi(x, &) + -+ Be(x, &1,..., &), (2.16)

where £ = (&1,...,&) and fori < ¢,

Bi(x,&1,...,&)
= [ Bt o - [ Bl B &) - duE) @.17)
while
Bg(x,%'l,...,é'g):B(x,%'l,...,%'g)—/B(x,é‘l,...,é:g)du(&). (2.18)
Next, set

t/a; B
Yis(t) =/0 B,-(Z(s), E(ql(s/s)), E(qz(s/s)), e, E(qe(s/s)))ds fori=1,...,k

. ) (2.19)
while fori =k +1,...,¢set Y:(r) =/ Bi(Z(s), E(ql(s/e)), E(qz(s/e)), e, E(qz(s/e)))ds
0
with Y (1) = Yg,y(t) =y+ fot B;(Z(s))ds. Thus Y; from (2.13) has the representation
k ¢
YEO =Y+ Y Y+ > YEQ). (2.20)

i=1 i=k+1

We consider also Xg(1) = Xe(1), X = Xﬁx(t) =x+ efot Bi(X{(s), 2(q1(s)), ..., E(qe(s)))ds and Z7 (1) =
Xf(t/s) forall i > 0. Fori > 1 set also

Gi(t)=¢e"'2Y () and QF(r)=e"'2ZE(r). (2.21)

Relying on martingale approximations (which also can be done employing mixingales from [27] and [28]) we will
show that any linear combination Z{’C:I AiG? converges weakly as ¢ — 0 to a Gaussian process Z{’C:I A G?. It turns
out that in the continuous time case each Gf, i=k+1,..., £ converges weakly as € — 0 to zero, and so the processes
Yf,i > k do not play any role in the limit. It follows that G® converges weakly to a Gaussian process GY such
that G(¢t) = ZL] AiG?(ait). On the other hand, in the discrete time case each Gf, i > k cannot be disregarded, in
general, and it converges weakly as & — 0 to a Gaussian process G? which is independent of any other G(}. The above
difference between discrete and continuous time cases is due to the different natural forms of the assumption (2.9) in
these two cases. These arguments yield the first part of Theorem 2.2 while its second part concerning convergence of
Q°f as ¢ — 0 is proved via some Taylor expansion and approximation arguments.

In order to clarify the role of the coefficients 7, , and ¢, we compare them with the more familiar mixing and
approximation coefficients defined via a two parameter family of o -algebras G, € F, —00 < s <t < oo by

wp(n) = sup {||E(g|g,oo‘x) — Epg||p: g 18 Gs4n co-measurable and |g| < 1} (2.22)
5>0,g
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and

g’ (2.23)

Bg(n) = sup|| E(E ()|G1—n.i+n) — E ()]
t>0
respectively, where G; C Gy if s’ < s and ¢’ > ¢. Then setting F; = G_; We obtain by the contraction property of
conditional expectations that

Bg(n) = sugHE(E(rngtfn,Hn) —EM+E®) — E(EM|G—co.i1+n+1)],
[

1
>¢n+1) = By(n) ie. Byn) > Eiq (n+1). (2.24)
Furthermore,

lg(Em+1), Em+1+5)—g(E(E0+DIGuti—(n/21n+1+n/21)

E(8 (1 +1+9)Gntrs—inf2ln+r+s+1n/21)) |, < 2181 By (1n/21).

and so

Npic () < (@p([1/21) + 285, ([2/21)) 18 e (2.25)

Thus, appropriate conditions on decay of coefficients @, and B, as in [25] yield corresponding conditions on 1, , and
¢4 The other direction does not hold true but still it turns out that most of the technique from [25] can be employed
in our circumstances, as well.

The conditions of Theorem 2.2 hold true for many important stochastic processes. In the continuous time case
they are satisfied when, for instance, = (r) = f (Y (¢)) where 7 (¢) is either an irreducible continuous time finite state
Markov chain or a nondegenerate diffusion process on a compact manifold while f is a Holder continuous vector
function. In the discrete time case we can take, for instance, &(n) = f(Y (n)) with 7 (n) being a Markov chain
satisfying the Doeblin condition (see, for instance, [16], pp. 367-368). In all these examples 7, , (n) and ¢, (n) decay
in n exponentially fast while (2.6) requires much less. In fact, in both cases = (#) may depend on whole paths of a
Markov process 7" assuming only certain weak dependence on their tails.

Important classes of processes satisfying our conditions come from dynamical systems. In Section 6 we take
E(t) = E(t,z) = g(F'z) where F' is a C? Anosov flow (see [24]) on a compact manifold M whose stable and
unstable foliations are jointly nonintegrable and g is a Holder continuous g-vector function on M. It turns out that
if we take the initial point z on an element S of a Markov family (see Section 6) introduced in [8] distributed there
at random according to a probability measure equivalent to the volume on S then Assumption 2.1 can be verified.
This does not yield though a desirable limit theorem where the initial point is taken at random on the whole manifold
M distributed according to the Sinai—Ruelle-Bowen (SRB) measure (or the normalized Riemannian volume). We
observe that a suspension representation of Anosov flows employed in [20] to derive limit theorems in the conventional
averaging setup does not work in our situation because F¥%x,i =1,..., £ arrive at the ceiling of the suspension at
different times for different i’s.

In the discrete time case there are several important classes of dynamical systems where our conditions can be
verified. First, for transformations where symbolic representations via Markov partitions are available (Axiom A
diffeomorphisms (see [3]) and expanding endomorphisms, some one-dimensional maps e.g. the Gauss map (see [15])
etc.) we can rely on standard mixing and approximation assumptions based on two parameter families of o -algebras
as in (2.22) and (2.23). On the other hand, for many transformations Markov partitions are not available but still it
is possible to construct one parameter increasing or decreasing filtration of o -algebras so that our conditions can be
verified. For some classes of noninvertible transformations F it is possible to choose an appropriate initial o -algebra
Fo such that F~1Fy c Fy and then to define a decreasing filtration F; = F ~i Fo (see [26] and [13]). Passing to the
natural extension as in Remark 3.12 of [13] we can turn to an increasing filtration and to verify our conditions. On the
other hand, our results can be derived under appropriate conditions with respect to decreasing families of o -algebras.
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Namely, let 7 D Fo D F1 D F2 D - - - and define mixing and approximation coefficients by

Nps() = fgp{ IE(g(E @), &t — )| Fit14n)

—Epg(E(1), 5 —9)|,: =8GE6). I8l <1}, npuc(m) =np.0(n) (2.26)
and

&g(n) = sup|| E(E ()| Fin-n) = E®)] - 227

Then under Assumption 2.1 we can rely on estimates of Section 3 below and in place of martingales there arrive at
reverse martingales and employ a limit theorem for the latter.

Remark 2.3. If B =0 then according to Theorem 2.2 the process X (t) is very close to its initial point on the time
interval of order 1/¢. Thus, in order to see fluctuations of order 1 it makes sense to consider longer time and to deal
with V(1) = Xa(t/ez). Under the stronger condition f B(x,&1,...,&)du(&) =0 it is not difficult to mimic the
proofs in [19] and [4] relying on the technique of Sections 3 and 4 below in order to obtain that VE(t),t € [0, T]
converges weakly as € — 0 to a diffusion process with parameters obtained in the same way as in [19] and [4]. It
is not clear whether, in general, this result still holds true assuming only that B = 0. Though most of the required
estimates still go through in the latter case a convergence of V¢ to a Markov process seems to be problematic in a
general nonconventional averaging setup.

3. Estimates and martingale approximation

The proof of Theorem 2.2 will employ a modification of the machinery developed in [25]. First, we have to study the
asymptotical behavior as ¢ — 0 of

Ti(t)/e _
GE(1) = /e / Bi(Z(e9). E(1(5)). ... B (qi(s))) ds 3.1)
0
which is obtained from the definition (2.21) by the change of variables s — s/¢ and where 7;(t) =t /a; fori =1,...,k
and t;(r) =t fori =k+1,..., L. Observe that if ﬁ <e< % and N > 1 then by (2.7),
2Ktd

IG¢(t) - GV ()] < i (3.2)

and so it suffices to study the asymptotical behavior of Gl.l/ N as N — oco. Set
n+l1 B
L= [ B(Z6/W). 2@1®). . 5 (@) s (33)
n
In view of (2.7) the asymptotical behavior of G;/N as N — oo is the same as of N_1/2S,-,N(t) where
[N7i ()]
Sin@®= > L. (3.4)

n=0

There are two obstructions for applying directly the results of [25] to the sum (3.4). First, unlike [25] the integrand
in (3.3) depends on the “slow time” s/N. Secondly, our mixing and approximation coefficients look differently from
the corresponding coefficients in [25]. Still, it turns out that these obstructions can be dealt with and after minor
modifications the method of [25] start working in our situation, as well. Namely, the dependence on the “slow time”
being deterministic will not prevent us from making estimates similar to [25] while dependence of Il.N on N will
just require us to deal with martingale arrays which creates no problems as long as we obtain appropriate limits of
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variances and covariances. Concerning the second obstruction we observe that one half of the approximation estimate
from [25] is contained in the coefficient ¢, while another half is hidden in the coefficient n,, , which also suffices for
required mixing estimates.

We explain next more precisely why estimates similar to [25] hold true in our circumstances, as well. Let f (i, &, &)
be a function on R? x R¥ x R¥ such that for any ¥, ¥’ € R and £, &, &', &' € R®,

fW. 6.8 = f(W. 8. 8) =c(lv —v'[ " +[6 =&+ |y =y[) and |fy.6.8)|=C. (3.5)
Then setting g(v) = Ep f (¢, Z(0), Z(s)) we obtain from (2.1) and (2.3) that for all u, v >0 and n € N,
|E(fF(¥. 8@ +uw). En+u+v))Fuy) = 8], < Crpuco). (3.6)

Let h(Y,w) = E(f(Y, E(m +u), E(n +u + v))|Fu)) — g(). Then by (3.5) we can choose a version of i (Y, w)
such that with probability one simultaneously for all ¥, ' € R?,

|h(, @) = h(¥', 0)| <2C|y —y'|". 3.7)

Since, in addition, ||2(Y, @) ||, < Cnp . (n) by (3.6) for all Y € R?, we obtain by Theorem 3.4 from [25] that for any
random g-vector ¥ = ¥ (w),

|2 (# (@), @), < cC(npwom) P (14 19 l1m), (3.8)

where % <0 <k, é > % + % and ¢ = c(o, p, k, 8) > 0 depends only on parameters in brackets. Since

h( (@), ®)=E(f(T,Em+u), Em+u+0))|Fu)@ as. (3.9)

provided 7 is Flu1-measurable we obtain from (3.6)—(3.9) together with the Holder inequality (cf. Corollary 3.6(ii)
in [25]) that,

|E(f(¥. E(+u), E(n+u+v))|Fu) —eW@®)|,
< C(npunm) " (14 19 n) +2C|¥ — E@ IR, (3.10)
provided % > % + % + g.

We apply the above estimates in two cases. First, when f, .8 = f(y,€) = Bi(x,&1,...,&) with ¥ =
E1,.... &5 ) eREDP E=g eRY, n=[(qi(t) — gi-1(1))/2], u = qi(t) —n and ¥ = (E(q1 (1)), E(q2(1)), ...,
Z(gi—1(t)). In the second case f (Y, &,&) = Bi(x,&1,...,&)B;(y. &, ..., E}) with = (&1,....&-1,&[, ..., ‘5}7])
eRUHI-DP g —¢ &= £7 € R?, n=[(min(gi (1), q;(s)) — max(gi—1 (), ¢j—1(5)))/2] when n > 0, u = min(g; (1),
qj(s)) —nand ¥ = (E(q1(1)), ..., E(gi-1()), E(q1(5)), ..., E(gj-1(s))). The estimates for the first case are used

for martingale approximations while the second case emerges when computing covariances.
Since f Bi(x,&1,...,&_1,&)du(&) =0 we obtain by (3.10) the estimate

|EBA(E(@®). ... 8@ )| Figoi-n) |, < C((npuem) 2P + (2,0)°) (3.11)

for some C > 0 independent of r where n = n; (t) = [(q; (t) — gi—1(t))/2]. Next, for any x € R?, &1,...,&_1 € R®
andr=1,2,...set

Bi,(x.&1,....6-1, 8(0)) =E(Bi(x.&1,....&61, E0))|Fin4r) and  E.(1) = E(E @) Fr4r)-
Then by (2.4) and (2.7) together with the Holder inequality,
|Bi(x.&1,....&-1, E®) — Bir(x. &1, ..., &1, E(t))”q
<2|Bi(x.&1,....&-1. E®)) — Bi(x,&1,.... &1, E(E(t)|]—“[,]+,))Hq
<2Kd[|E@®) — E(8 )| Finn)| ||, = 2Kde (). (3.12)
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This together with the last part of Theorem 3.4 in [25] yields that

|Bi(x. E(q1(0)..... B(qi(®))) = Bir(x. Er(q1 (D). ... Er(qio1())], < g (r) (3.13)

-
A%

provided

and § < min(k, 1 — Ifl—K) where ¢ = c¢(8, a, p,q) > 0 depends only on the parameters in
brackets. Set

)
q

by yis. ) =EB (x. B(q1(s)..... 8(q:()) By (v. E(q1 ). ... (g, (1)),
where, recall, Bl.(l) is the /-th component of the d-vector B;. Now, by (2.7), (3.11) and (3.13),
|6 . yis. 0] < C((npac) ™" + (gm)°), (3.14)

where C > 0 does not depend on s, ¢ > 0 and n = n;; (s, 1) = max(#i;; (s, 1), 7 ; (t, ) with 2;; (s, 1) = [% min(g; (s) —

q;j (), qi(s) —qi—1(s)].
Now, set

Iin,y(n) = / 1 Bir(Z(s/N), Er(q1(5)), - -, Br(gi-1(5))) ds,

[Nz ()]

Sine®= Y Ly,
n=l1

(3.15)

o0
Riymy= Y E(Liy,rDlFnsr),
I=m+1
[N7; ()]
D N.(m) =1 N.,(m)+ Riy(m) = Ri,(m—1) and My ()= Y Din,(n).

n=1

In view of (2.6) and (3.11) applied with a =2 we see that the series for R; ,(m) converges in L2, D; n r(m) is
Fn+r-measurable and since E (D; n - (m)|Fu—14-) = 0 we obtain that {D; y - (m), Fputrto<m<[N< (T)] 1S @ martingale
differences array. Next, we rely on (3.11) and the inequality

|Sin () — Min ()| < |Rir ([NTi(D])| + | R (0)]

to observe that as N — oo the limiting behavior of N_l/zSi,N,, as N — oo is the same as of N_l/zM,;N,r. Once we
derive that appropriate covariances converge as N — 0o, which will be done in the next section, we can invoke for the
latter expression a version of the functional central limit theorem for martingale arrays (see, for instance, Section 2
in Ch. VIII of [17]) yielding that N’I/ZM,-,NJ, and so also N’I/ZS,-,NJ converge as N — oo to a d-dimensional
Gaussian process with independent increments. Next, we write

Sin (@) =Sin 1)+ (Sinor () = S; y 1)) (3.16)

r=1

and relying on uniform moment estimates of the terms in this series similar to Proposition 5.9 of [25] we obtain
that also N~1/28;  converges in distribution as N — 0o to a d-dimensional Gaussian process with independent
increments. Next, by a version of the Cramér—Wold argument (see Corollary 5.7 in [25]) we obtain that (S; y,i =
1,...,£) converges in distribution as N — oo to a £d-dimensional Gaussian process with independent increments
while covariances computations in the next section show that last £ — k random d-vectors of the limiting process are
independent of each other and of other random d-vectors there. Thus, we will end up with limiting d-dimensional
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Gaussian processes G?,i =1, ..., £ with independent increments such that (G0 i=1,...,¢) is an {d-dimensional
Gaussian process and Gg FRTRT G ; are independent of each other and of G? withi <k. Now we write

G(t) = ZGO(lt)—i— Z Go(t)—ZZ)W (6% — GY(i — 1)),
i=k+1 j=1li=1

where A;; = 1ifi < j and A;; = 0, otherwise, obtaining from the above that GY is a Gaussian d-dimensional process
(for more details see [25]).

Observe that under a bit stronger assumptions we could employ in our setup another martingale approximation
construction from [23] which is based on increasing blocks and negligible gaps between them and which does not re-
quire 7-approximations as above. In order to complete this programm it remains only to compute limiting covariances
as in Section 4 of [25] taking care also of the slow time s /N entering (3.3) and (3.15).

4. Limiting covariances

In this section we show the existence and compute the limit as &€ — 0 of the expression

‘L’,(S‘/S) ‘[,(I/S)
E(Gf’l(s)G (1) —8/ / blm (Z(eu), Z(ev); u, v) dudv. 4.1

We start with showing that there exists a constant C > 0 such that forall t > s >0,/ =1,...,d, N> 1and i =
1,...,¢,

sup E\G”Nm ~G/N @ =ca—s). 42)

In order to obtain (4.2) we note that by (2.9) and (2.10) for ¢ > s,

qi(t) —qi(s) >a;(t—s) and ¢q;(t) —qi—1(t) >a;j—1t wheni=2,... .k 4.3)
and for any y > O there exists #,, such thatforallt >, andi =k +1,...,¢,
4i() = qi(®) = =) +y~" and g0 =g () =1 +y7" 4.4)

Now (4.2) follows from (2.6), (3.14), (4.1), (4.3) and (4.4). Observe, that by (3.2) and (4.1) if ﬁ <e<y L then

4KdCNT
- JN

and so it suffices to study (4.1) as ¢ = % and N — oo.

|EGE ()G, () — EG" ()G (0] <

Next, we claim that if i > j and i > k then the limit in (4.1) as % = N — oo exists and equals zero. Indeed, in this
case for any small y > 0 with yT <y,

|EG/N )G/ 0| <h+ b, 4.5)
where by (4.2),
—|EGN TGN 0| < (E(G1N D)) P (EGYN 0)) " < ey T (4.6)

and by (3.14),

L=|EG"N ) -GN oD)GY N o)
T (1N) 3 C T (tN)
/ / b m Z(u/N) Z(v/N) u, v) v < —/ du/ pij(u, v)dv, 4.7
AI yTN N 0
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where

pij (tt, v) = (npc (i, 1)) 4 P? 4 (24 (nij w, v)))° (4.8)

with n;; (s, t) defined after (3.14). It follows from (2.6), (2.9), (2.10) and (4.8) that for any y > 0 there exists N, such
that whenever N > N,, and v € [0, 7 N] (cf. Proposition 4.5 in [25]),

sN
/ piju,v)du <y
yTN

and so I < C7y. Since y > 0 is arbitrary this together with (4.5) and (4.6) yields that forall [, m =1,...,d,i > k
and j <1,

lim EG)" ()G @) =o0. (4.9)
N—o0 ’ J.m
Next, we claim that when i > k then also forall [, m =1, ...,d,
lim EG)N (5)G}"N 1) =o0. (4.10)
—00 ’ ’

Indeed, by (3.14) and (4.8) for ¢ > s,

1 sN tN
G ool wl < [ [ s av=nt 1, @11
where
2 sN sN 1 sN tN
I3=—f du/ pii(u,v)dv and I4=—/ duf pii (u, v)dv.
N 0 u N 0 sN
Now
2 sN u+y 2 yN sN
I3 = —/ du/ ,0~-(u,v)dv+—/ du/ pii(u, v)dv
N Jo u N N Jo u+y N
2 sN sN
+—/ du/ ,oil-(u,v)dfo(sy+y+s,3y(yN)) 4.12)
N Jyn uty

for some C > 0 where by (2.6) and (2.10) for any y > 0,

o0
By (M) = sup / pii(u,v)dv<oo and lim B,(M)=0. 4.13)
u>M Ju+y M— oo
Next,
1 sN SN+y
Iy = — d ii(u,v)d
4 N/O u/;N pii (u, v) dv
1 sN tN
+—/ du/ pii(u,v)dv < Csy 4+ CsBs(N). (4.14)
N Jo sN+y

Finally, (4.10) follows from (4.11)—(4.14) letting, first, N — oo and then y — 0.
In order to compute the limit as é =N —>ooof (4.1)fori,j=1,2,...,k we recall an argument of Lemma 3.1
from [18] which yields that if uniformly in o > 0 and x, y from a compact set the limit

1 (0+sN)/a; (o+sN)/a; /
du/ bf}ﬁ (x,y;u,v)dudv = sD[}m(x, y) (4.15)
(e

/aj
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exists and has the form of the right hand side with a continuous D

form

min(s,?)
Jim E(G GN G )= / D" (Z(u). Z(w)) du
— 00 0

Namely, set M = M(N) =[N*3]andlets, =4 1=0,1,.... M

M—1

Ay = U Ay, WwithAy, = {(u,v): sSN <u,v< <s[ + %)N}

=0
and By ={(u,v): 0<u <sN,0<v <tN}\ Ay.Then
EG/ N ()G (1) =I5+ I,
where
1 [ - . .
Is=— by’ (Z(u/N),Z(v/N),u/t,v/J)dudv
Nij Jg, "
and

Io = N% /A bl (Z(u/N). Z(v/N). u/i,v/j) dudv.

Now, by (3.14) and (4.8),

s/e (sc+s/M)/e
115 < N—U / / (o1 (/i v/et)

s./e pt/e
—i—pji(u/aj,v/ai))dudv—i—/ / pij(u/a,-,v/aj)dudv>.
0 s./e

Observe that by the definition of n;; (u, v) after (3.14) we can write for i, j =1, ...,

pij /e, v/a)) = (ju—vl),

where ¢ > 0 satisfies fooo w¢ (w) dw < oco. Integrating by parts we obtain for any V > U > 0,

U |4 U 00 U 00
/ du/ ;‘(v—u)dvff du/ ((w)dw:/ r;(r)drf/ r¢(rydr.
0 U 0 U—u 0 0

This together with (2.6), (4.18) and (4.19) gives by the choice of M = M (N) that

|I5|§C’ —-0 asN —> o

NO[,‘Olj

for some C > 0 independent of M and N.
Next,

M—1

> Iun®+ 1,

=0

1
Ma;a;

Is =

— 1. Assume also that s <. Let

247

- then the limit (4.1) exists, as well, and it has the

(4.16)

4.17)

4.18)

(4.19)

(4.20)

421

4.22)
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where

M - - u v
N © = bl (Z(s»,Z(sl); “ —) du dv
N si<uv<(s 44N Qi o

and by (2.7) and the choice of M = M(N),

I7] < Cs’NM™2 -0 asN — oo, (4.23)
where C > 0 does not depend on s, N and M. By (4.15) we obtain that

| In.v (@) = sejor; DU (Z(s)), Z(s)))| — 0 as N — o0 (4.24)

and so

—0 asN — o0 (4.25)

Is — /S DY (Z (). Z(w)) du
0

completing the proof of (4.16).
In order to describe Df}m(x, ¥),i, j <k consider all indices 1 <ij <i} <--- < il’” =iand | <ji<ji<---<
j[l,j = j such that there exist 0 < p; < --- < P = 1 satisfying o1, Qo) € {ag,...,ox} foralll=1,...,¢;. Define

1 .
af;m(x,y;sl,...,st,.,.)=/B,-<)<x,sl,...,éi)B§’”)<y,sl,...,s,-)
Lij
x [T dusy iy £ [ du(&,) I1 du(g;).  (4.26)
=1 by i}l } 1Sty <i Je# ity 1= Je <]

Then in the same way as in the proof of Lemma 4.4 from [25] (see also Section 6 there) we obtain relying on (2.6),
(3.10) and (3.14) that

lim b (x, yiun, on) = al" (x, yi prw, paw, .. P w). (4.27)

UN,UN > O0,QjUN —UjUN=W

This is the only place where we need Assumption 2.1 for 1, , ¢ with s > 0. It follows similarly to Section 6 of [25]
that the limit (4.15) exists and it can be written in the form

o
Df-}m(x, y) = e / af.}m(x, Y5 010, 02W, - .., oy w) dw. (4.28)
i%j J—o0
Roughly speaking, we derive (4.27) in the following way. First, observe that when uy,vy — 0o so that
a;uy — ojvy = w we can split the collection of random variables & (ajuy), ..., E(ajun); E(axjvy), ..., E(ojvy)
appearing in bf}m (x, y; un,vy) into groups consisting of singletons and pairs such that time differences within each
group are bounded while time differences between different groups tend to infinity. Indeed, time differences be-
tween any two terms in either sequence of times ajuy, ..., ouy and ajvy, ..., o vy tend to infinity, and so such
groups may consist of at most one member from each of these sequences. Next, if the distance |o;uy — ojuy| re-
mains bounded as uy, vy — oo then only for pairs «;/, & j» with the same ratio the distance |ot;uy — o /vy | remains
bounded, as well. But then a;s = pa; and o jy = paj for some positive p < 1. Now observe that an estimate of the form
(3.10) enables us, making only negligible errors, to compute expectation in bf]m doing this separately for described
above groups of random variables = with large time differences between them (as if they were independent) which
leads to the limit (4.27) in the form (4.26).
Collecting the results of Sections 3 and 4 together we conclude that each G7,i =1,...,k converges weakly as
& — 0 to the corresponding Gaussian process G? having independent increments while the process G¢,i > k converge
weakly as ¢ — 0 to zero (in the continuous time case we are dealing with now). Moreover, the processes G® converge
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weakly as ¢ — 0 to a Gaussian process G (with not necessarily independent increments as an example in [25] shows)
having the representation

k
G'(n)=>_Gin. (4.29)
i=1

Furthermore, the covariances of different components G?(s) = (G?’ ! $),..., G?’d(s)) of this processes are described
in view of the above by

min(s,z) _ _
EG) ()G} (1) = / D" (Z(w), Z(w)) du, (4.30)
0
and so by (4.29),
min(s,z)
EG (5)GO" (1) = / A () du, @30
0
where
Ay =y Df}m(Z(iu),Z(ju)).
1<i,j<k

5. Gaussian approximation of the slow motion and discrete time case

In order to complete the proof of Theorem 2.2 we proceed similarly to [18]. First, we consider the process H?®(t)
which solves the linear equation

t

HE() =GE(t) + / VB(Z(s))H*(s)ds. (5.1
0
By (2.7), for some C > 0 independent of # and &,
t
|HE ()] < |GE)] + c/ |H(s)|ds.
0
Then
t t
IHE ()] - 1G5 (0] < C./o 1G* ()| ds + C/o [1HE (5)] — 1G* (5)]] ds
and by Gronwall’s inequality
t
|HE ()| < |GE ()] + Ce“! / |G*(s)| ds. (5.2)
0

It follows from Section 3 that the family of processes {G*(¢), t € [0, 7]} is tight which together with (5.2) implies that
the family of processes {H?(¢), t € [0, 7]}, as well, as the family of pairs V& = {G*, H®} are tight.
It follows that any weak limit VO = {G®, H?} of V¢ as & — 0 must satisfy the equation

t
H'®) =G%0) + /0 VB(Z(s))H (s)ds (5.3)

which has a unique solution. Moreover, its solution H? is a Gaussian process. Indeed, the equation (5.3) can be
solved by successive approximations starting from G so that on each step we will get a Gaussian process (in view of
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linearity) and the limiting process will be Gaussian, as well. Moreover, H° depends linearly on G° having an integral
representation of the form

t
Ho(t)zco(t)+/0 K(t,5)G"(s)ds (5.4)

with a differentiable kernel K (Green’s function). The latter follows considering an operator A given by

t
Af(t):fo VB(Z(s)) f(s)ds

which has the supremum norm less than 1 if 7 € [0, A] for A small enough, and so we can write
o0
H=(1-A)7"'6¢"=6"+)"A"G°.
n=1

In view of the form of the integral operator A above this representation yields (5.4) on the interval [0, A] and then
employing the same argument successively to time itervals [A, 2A], [2A,3A], ... we extend the representation (5.4)
for any 7.

Observe that

t
0% (1) =s—1/2/0 (B(Z:(s), E(q1(5/9)). ..., E(qe(s/e))) — B(Zx(s)))ds

t

t
=Gt +fo VXB(Zi(s), E(ql(s/s)), e E(qg(s/s)))Qg(s) ds +/() J{ (s)ds, (5.5)
where
Ji(s) = e V2(B(Ze(s) + Ve Q (5), E(qi(s/8)), ..., B(qe(s/e)))
—B(Z:(s), E(q1(5/)), .., E(qe(s/))) — Vi B(Zx(5), E(q1(5/8)), ..., E(qe(s/))) /e Q% (5)).

If H? solves (5.1) then U®(t) = Q°(¢t) — H®(¢) satisfies by (5.4) the equation

t

t -
U‘g(t)—/0 VxB(Zx(s),E(ql(s/e)),...,E(qe(s/e)))Ug(s)ds=/0 (Jf(s)—i—]f(s))ds, (5.6)
where

J3(5) = (VaB(Zx(5). E(q1(s/8)). ..., E(qe(s/e))) — Vi B(Zx(s))) H* (s).

By Gronwall’s inequality we obtain that
t
|U* ()| < Cre”! / |J5 (s) + J5 (5)] ds (5.7)
0

for some C > 0 independent of ¢ and ¢ € [0, 7].
Thus, in order to prove that Q¢ converges weakly as ¢ — 0 to a Gaussian process Q° solving (2.14) it suffices to
show that f(; Jf(s)ds and fot J§ (s)ds converge to zero in probability as ¢ — 0. By (2.7),

t t
|z;(z)—Y;(z)\§c/O |z;(s)—zx(s)\ds=cﬁ/() |Q%(s)| ds
with C = Kd, and so

t
\Qi(t)lslGS(t)HC/O 105 (s) ds.
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Hence, in the same way as in (5.2),

t
|0s()] < |G* )] +CeC’/ |G*(s)| ds. (5.8)
0
By (2.7) and the Taylor formula with a reminder we conclude that

[7f )| = cvele o) (5.9)

which together with (4.2) yields that E|Jf (s)|] > 0ase— 0.

The proof of convergence to zero in probability of fé J5(s)ds as & — 0 is based on the integral representation
(5.4). Set

O(x,&1,...,&) = B(x,&1,...,&) — B(x)

and

W(x,&1,...,&) = ViB(x,&1,...,&) — Vi B(x).

Relying on the representation (5.4) we obtain that

t
‘E/ J(s)ds| < |50+ |75 @], (5.10)
0
where
t/e s B
J§(r)=s3/2/0 ds/o AuE (¥ (Zx(e5), E(q1()), .., E(qe(s)))
x ®(Zy(eu), E(q1w)), ..., E(qcw)))) (5.11)
and
t/e es uje
JE () =s3/2/ ds/ du/ dvK (s, v)
0 0 0
x E(¥(Zx(£9), E(q1()). ..., E(qe()))P(Zx(eu), (g1 (), ..., E(qe@)))). (5.12)

Estimating the expectations in (5.11) and (5.12) via (3.10) similarly to (3.14) we obtain that both J5 (¢) and J; (¢) are
of order /¢, and so the left hand side of (5.10) is of order 1/, as well. For more details of a similar argument we refer
the reader to [18]. This completes the proof of Theorem 2.2 concerning the continuous time case.

In the discrete time case the proofs are similar but slightly simpler. Namely, set

[Nt/i]
RN (@ty=N"12 Z Bi(Z(nt/N), B (1)), ..., E(q:(m))), (5.13)
n=0

where B;’s are the same as in (2.16)—(2.18). Then for all N > 1,

16"V — RN )| <cNI2 (5.14)

for some C > 0 independent of N. The asymptotical behavior of R'/Y as N — oo can be studied in the same way as
in [25] taking into account that we have here slightly different mixing conditions, and so the corresponding estimates
should be done as above via (3.10)—(3.14). The main difference of the discrete vis-a-vis continuous time case is that
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now each Gi1 / N(t), i=k+1,..., £ converges weakly as N — oo to a nondegenerate Gaussian process G?(t) having
the covariances

min(s,?)

E(GY()GY(s)) =/

0

du/(Bz-(wasl,...,si))zdu(so...du(&) (5.15)

which is proved combining arguments of Proposition 4.5 in [25] and of Section 4 above. The computation of other
limiting covariances proceeds in the same way as in the continuous time case. It follows that in the discrete time case
the processes G¢ converge weakly as ¢ — 0 to a Gaussian process G° having the representation

k 4
G'() =) "Glin+ Y GY).

i=1 i=k+1

where each process G?,i > k is independent of each G° with J # i while the processes G?,i < k are correlated
with covariances described at the end of Section 4 taken with o; =1i,i = 1, ..., k. The argument concerning the
convergence of processes Q° to QU solving (2.14) remains the same as in the continuous time case.

6. Some dynamical systems applications

We start with recalling the setup from [8] and [9]. A C>-diffeomorphism F of a compact Riemannian manifold 2 is
called partially hyperbolic if there is a F-invariant splitting E* @ E€ @ E* of the tangent bundle of £2 with E* #0
and constants A1 < Ay < A3 < A4 < A5 < Ag, A2 < 1,15 > 1 such that ||dF (v)|/||v] is between A; and A, on E¥,
between A3 and A4 on E€ and between As and A¢ on E*. Denote by W* the foliation tangent to E* and call S a u-set
if S belongs to a single leaf of W*. F-invariant probability measures which are absolutely continuous with respect to
the volume on leafs W* are called u-Gibbs measures. It is assumed that F has a unique u-Gibbs measure 5RB which
is called the Sinai—Ruelle-Bowen (SRB) measure.

An important role in the construction is played by Markov families which are collections S of u-sets which cover
£2 and have certain regularity properties (see [8] and [9]) but we formulate here only their “Markov property” saying
that for any S € S there are S; € S such that FS =J; S;. Now let S be a Markov family. Following [8] and [9] we
construct on each S € S an increasing sequence of o-algebras F;, in the following recursive way. Let ]-"g = {9, S}.
Suppose that F> is generated by {S i.n} with F'S; , € S. By the “Markov property” we can decompose F ntlg =
Ul Sj1,» and now let ]-'nSH be generated by Fn-l Sitn-

Next, for each x; and x> in a u-set S put

0 -1 pu -1
(i1, x2) = l_[ jet(dFﬁ1 |E )(F,]M)-
et(dF—'E")(F~1xp)

J=0

Fix xg € S and let ps(x) = p(x, x0)( f g P(x,x0) dx)~!. For a Markov family S and nonnegative constants R, & denote
by E (S, R, @) the set of probability measures o defined for each continuous function g € C(£2) by

o(g)= /S g(x)e“™ pg(x)dx, (6.1)

where S € § and G is Holder continuous with the exponent « and the constant R. Denote also by £ = E(S, R, «)
the closure of the convex hull of E{(S, R, o). The decay of correlations is measured in [8] and [9] via a sequence
a(n) — 0 as n — oo such that for any o € E and each Holder continuous g on £2,

lo(go F") — u3RB(g)| <am)lig] (6.2)

where || - || is a Holder norm. An argument from Section 5 of [11] compares the coefficient a(n) above with the more
familiar rate of decay of correlations [SRB(f - (g o F™)) — uSRB(f)uSRB(g)| and it follows from there that the latter
decays superpolynomially if and only if a(n) decays superpolynomially. According to [7] such decay of correlations
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holds true for C? Anosov flows with jointly nonintegrable stable and unstable foliations and for their time-one maps.
By [14] this remains true for an open dense set of C?> Axion A flows as well, as for their time-one maps. For other
partially hyperbolic dynamical systems with fast decay of correlations see [8], [9], [14] and references there.

In order to estimate 7, s (n) from (2.3) we write in the same way as in Lemma 4 from [8] that on each element S
in Fip,

mM=E@UoW”JwF”MM%ﬂ=Lm@mwwwmx 63)

where the expectation is with respect to o on S and g;,(z) = g(f (F'~lz), f(F'~'1+52)). If f and g are Holder
continuous then g; ; is Holder continuous for fixed s and ¢ and it is uniformly in # Holder continuous when s = 0. Thus,
by (6.2) we have that | A, s — E Ap ¢ decays in n with the speed of at least a(n) and this decay is uniformin ¢ if s = 0.
Hence, if a(n) decays superpolynomially then (2.6) holds true. This yields Theorem 2.2 for E(t) = Z(t,7) = g(F'z)
on a probability space (S, o) for o € E and an element S of a Markov family while g is a Holder continuous function.
We observe that the measure o here plays the role of the probability Pr in the setup of Section 2 while 1SRB plays
the role of P there.

7. Concluding remarks: Fully coupled averaging

In the nonconventional framework as discussed in this paper even the setup of fully coupled averaging, i.e. when the
fast motion depends on the slow one, is not quite clear. On the first sight we may want to deal with the equations

Xe(n+1)=X°(n) +eB(X*(n), E(n), EQ2n), ..., Etn)),
En+1) = Fxm)(En)) (7.1
in the discrete time case and

dXe(r)
dr

g
eB(X(1), E(1), EQ1), ..., E (1)), dt(t) = b(X°(1), E(1)) (7.2)

in the continuous time case. The problem is that = (kn) or = (kt) are not yet defined for k > 1 at time n or ¢ so we
cannot insert them into the first equation in (7.1) or (7.2) respectively, and so these equations do not define properly
X% and E.

A reasonable modification of this setup is to consider

Xf(n+1)=X°(n) +eB(X*(n), n1(n), m(n), ..., ne(n)),

nf(n+1)=Fyey(mf ), i=1,....¢ (1.3)
in the discrete time case and
dXe (1)
P =eB(X°(t), m (1), n2(1), ..., ne(D)),
o (7.4)
S (X 0. 0). =12,

in the continuous time case. We consider (7.3) and (7.4) as sets of £ + 1 equations but require that »7(0) = »5(0) =
s = r;i (0). This approach seems to be reasonable if we consider (7.3) and (7.4) as perturbations of equations with
constants of motion

@) _

1900+ =F V) and —

B(x,n™(@)), (7.5)

i.e. when x variable remains fixed in unperturbed equations but start moving slowly in perturbed ones. Then nY i (n+
1)) = Fi(n™(in)) and dn™ (it)/dt = i B(x, n'¥(it)).
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As it is well known in the fully coupled setup the averaging principle not always holds true and when it takes place
then usually only in the sense of convergence in average or in measure. In the nonconventional situation the problem
is even more complicated. Consider, for instance,

dat (1)
% = SB(aé’(p([)’ (Pia(t), e, (pza(t))’
(7.6)
de? (1)
% =i}, ,1), g ,0)=a¢], 0)=-=¢;, 0 =0,

where ¢ denotes a point on an n-dimensional torus T" and o denotes a constant n-vector (constant vector field on
T"). Then <pf,a’w =igf, o (i — De. Set B(Y,9) = B(a, ¥, ¥ — ¢, ..., — (£ — 1)@). Then the right hand side

of (7.6) can be replaced by e B(atg, , (1), ¢ , (1), @). If B(e) = [ B(at, ¢1.¢) dg1 dg and 920 = B (@, (1)), 34 (0) =
then employing the technique from the proof of Theorem 2.1 in [21] it is not difficult to see that for any compact K,

/ sup |« (p(t) —og(et)|dadp -0 ase— 0. a.7)
K 0<t<T7 /e ’
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