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We consider internal diffusion limited aggregation in dimension larger
than or equal to two. This is a random cluster growth model, where random
walks start at the origin of the d-dimensional lattice, one at a time, and stop
moving when reaching a site that is not occupied by previous walks. It is
known that the asymptotic shape of the cluster is a sphere. When the di-
mension is two or more, we have shown in a previous paper that the inner
(resp., outer) fluctuations of its radius is at most of order log(radius) [resp.,
log2 (radius)]. Using the same approach, we improve the upper bound on the
inner fluctuation to /log(radius) when d is larger than or equal to three. The
inner fluctuation is then used to obtain a similar upper bound on the outer
fluctuation.

1. Introduction. This note is a companion to our paper [1]. There, we intro-
duced a family of cluster growth models with a spherical asymptotic shape, but a
wide diversity of shape fluctuations. Internal diffusion limited aggregation (inter-
nal DLA) was one member of this family. More precisely, the internal DLA cluster
of volume N, say A(N), is obtained inductively as follows. Initially, we assume
that the explored region is empty, that is, A(0) = &. Then, consider N indepen-
dent discrete-time random walks Si, ..., Sy starting from 0. Assume A(k — 1) is
obtained, and define

(I.1) m=inf{r>0:8() ¢ Ak — 1)} and A(k)= Ak — 1) U{Si(z)}.

We call explorers the random walks obeying the aggregation rule (1.1). We say that
the kth explorer is settled on Sy (ty) after time 1, and is unsettled before time 7.
The cluster A(N) is interpreted as the positions of the N settled explorers.

In this paper we show how the tools developed in [1] lead in dimension d > 3 to
sharper estimates on the fluctuations of A(N) with respect to its spherical asymp-
totic shape. We keep the notation of [1], and recall the basic ones to make the paper
as self-contained as possible. We denote with || - || the Euclidean norm on R?. For
any x in R4 and r in R, set

(12) Bx,r)={yeR%:|y—x|<r} and B(x,r)=B(x,r)NZ.
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For A C 74, |A| denotes the number of sites in A, and the boundary of A is
dA={z¢ A:dy e A, ||y —z|| = 1}. For a simple random walk, let H (A) denotes
its first hitting time of A. The inner error §;(n) is such that

(1.3) n—387(n) =sup{r >0:B(0,r) C A(|B(0, n)|)}.
Also, the outer error §p (n) is such that
(1.4) n+380(n)=inf{r >0:A(|B(0,n)|) CB(,r)}.

Our main result is as follows.

PROPOSITION 1.1. There are constants {aq, B4, d > 3} such that in dimen-
sion d > 3, with probability 1,

(1.5) lim sup M <aq and limsup M < Ba.
log(n) JIog(n)

REMARK 1.2. For d =2 we show, with similar computations, that there are
constants oy, B> such that, with probability 1,

) < Ba.
log(n)
The inner error bound in (1.6) was already obtained in all dimensions in [1]. Re-
cently, Jerison, Levine and Sheffield [2] established, in dimension two and with a
different method, the estimates (1.6). Also, they announced in [2] that the approach
they followed could be adapted in dimension d > 3 to get (1.5).

<ap and limsup

(1.6) lim sup lf)l ((’;))

Let us describe the main steps. The inner error is at the heart of the argument.
It is based on a large deviation estimate which refines our previous estimates, with
interest of its own. For a real x, let | x| be the integer part of x.

LEMMA 1.3. Choose R and A large enough. Assume that | AR?| explorers
lie initially on B(0, R/2). We call n the initial configuration of these explorers and
A(n) the cluster they produce. There are positive constants {kq,d > 2} indepen-
dent of R and A, such that when d > 3,

(1.7) P(B(0, R) ¢ A(n)) <exp(—kqAR?),

and when d = 2, we have

AR?
(1.8) P(B(O. R) & A(m) < exp (_Kzlogue))'

REMARK 1.4. The reason behind the previous lemma, in d > 3, is that out of
LAR?| explorers, only about AR? eventually hit a fixed site on the boundary of
B(0, R), so that it is only these very explorers that need to be pushed away from
this very site. The cost should be proportional to AR?.
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For the outer error, we use a large deviation estimate symmetrical to Lemma 1.3
as well as our coupling between internal DLA and the flashing process of [1]. The
latter large deviation estimate was recently proved by Jerison, Levine and Sheffield
in [2].

LEMMA 1.5 (Lemma A of Jerison, Levine and Sheffield [2]). For B and R
positive reals, assume that | BR? ) explorers lie initially outside B(0, R). We call
n the initial configuration of these explorers and A(n) the cluster they produce.
There are positive constants {Ké, d > 2}, such that for B small enough, we have
when d > 3,

(1.9) P(0€ A(n) < exp(—k,R?),

whereas when d = 2, we have

R2
(1.10) P0eAMm) < exp(—xélog(R))

We give an alternative proof of this result, based on estimating the probability
of crossing a shell, while avoiding traps.

LEMMA 1.6. Consider d > 2. Fix a positive real R, and start a random walk

on z € 0B(0, 2R). There are positive constants {kq, aq} such that for any V subset
of the shell S =B(0,2R) \ B(0, R), we have

R 1%
(1.11) P,(H(B(0, R)) < H(V®)) < CXP(ad — Kd—) where p@~1 = %.

0

REMARK 1.7. V¢ =&\ V isinterpreted as traps. Note that o is proportional

to the radius of a cylinder of height R and volume |V |. We can also read (1.11) in
the following way:

R\ 1/d-1)
a2 e ) < 5y zen(a s 5) )

This shows that for (1.12) to be an effective inequality, one needs that |V| be
smaller than R¢. The power 1/(d — 1) on Rd/|V| in (1.12) is not important in
proving Lemma 1.5. If one were willing to accept the weaker power 1/d, then one
would have the following simple heuristics in dimension d > 3. Let ¢ denote the
time the walk spends in the annulus of height R. On one hand, the central limit
scaling yields that this probability of such a stay is of order exp(—cR?/t). On
the other hand, all this time should be spent on sites of V, and it is well known
that the probability is of order exp(—«qt/|V|*/4). Putting together these opposite
requirements, and optimizing over ¢, we find a statement weaker than (1.12), but
sufficient for our present purpose:
Rd

(L13)  P.(H(BO,R) < H(V)) < exp(ad - Kd(m>l/d).
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Even though it is not written in [1], inequality (1.13) was the motivation behind
the introduction of flashing processes in [1], which were basically used to bypass
this type of estimate. In this paper we show how the use of flashing explorers leads
easily to Lemma 1.6.

The rest of the paper is organized as follows. In Section 2, we enounce some
known results: we recall the approach of Lawler, Bramson and Griffeath [5] and
useful large deviation estimates. Then the inner error estimate is proved in Sec-
tion 3. In Section 4, we show how a flashing process permits a simple control on
the outer error. Finally, we have gathered in an Appendix the proof of the large
deviations Lemmas 1.3, 1.5 and 1.6.

2. Prerequisites.

2.1. Notation. We recall some notation of [1]. The state space of configura-

tions is NZd, its elements are denoted 1 and they represent starting conditions for
a set of explorers, or random walks. Two types of initial configurations play an
important role here: (i) the configuration n1_+ formed by n trajectories starting on
a given site z* and (ii) for A C Z¢, the configuration 1, that we simply identify
with A. For any configuration n € NZd, we write

2.1) Inl=Y_ n.

zeZ4

DEFINITION 2.1. Let R € Ry U {o0}. For z € B(0, R) U 0B(0, R), we de-
note by Mg(n, z) [resp., Wgr(n, z)] the number of simple random walks (resp.,
explorers) initially on n that hit z when or before exiting B(0, R). Thus, when
7€ dB(0, R), Mr(n, z) [resp., Wr(1n, z)] is the number of simple random walks
(resp., explorers) which exit B(0, R) exactly on z.

REMARK 2.2. Note that trajectories of walkers and explorers can be coupled
to be the same up to the settling time of the explorer, the walker then proceeding
along its simple random walk trajectories.

As in [4] (Section 3), it is useful to stop explorers as they reach 0 B(0, R), for
some R > 0, and then to define A (#) as the set of positions of settled explorers.

DEFINITION 2.3. Consider R € R U {oo}. We set
(22) VzeB(O.R)  Mg(n.2) = Wr(n.2) + Mr(Ar(n). 2).

Finally, for any function F :Z? — R and subset A C Z¢, we denote
F(A) =Y F(2).

zeA
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2.2. On a classical approach. We recall the approach of Lawler, Bramson
and Griffeath in [5]. Send N = |B(0, n)| explorers from the origin. The approach
of [5] is based on the following observations. (i) If explorers did not settle, they
would just be independent random walks; (ii) exactly one explorer occupies each
site of the cluster. Then, observations (i) and (ii) imply that for any integer n and
z € B0, n),

23)  Mu(N1p.2) = Wa(NLo, 2) + Ma(An(N).2) > My(N1o, 2).

When z € dB(0, n), inequality (2.3) becomes an equality,

2.4) W (N0, 2) + My(An(N), 2) & M, (N1, 2).
Note that for any set A C B(0,n), M, (A, z) is a sum of independent Bernoulli
variables. Note also that A,,(N) C B(0, n) so that for any z € B(0, n) U dB(0, n)

(2.5) W, (N 1o, z) + M, (B(0, n), z) > M, (N1, 2).

However, Lawler et al. did not use that W, (N 19, z) and M,,(B(0, n), z) were inde-
pendent. They could only obtain a rough estimate on the lower tail of W, (N1, z).
This in turn gave some estimates on the inner error, which was used to derive
bounds on the outer error, by using that the cluster covers B(0, n — §;(n)). In other
words, from (2.4), and the definition of §; (n), for R > n and z € IB(0, R),

(2.6) Wgr(N1g, z) + MR(B(O, n— 51(71)), Z) < MR(N]I(), 2).

Therefore, if 6;(n) is likely to be smaller than » <n < R, and z € 0B(0, R), we
have

(2.7) 14, (my<r} (WR(N 10, 2) + MR(B(0,n — 1), z) < Mr(N1y, 2)).

We will also make use of the independence of the o -fields generated by the events
{67 (n) <r} and the random variables Wg (N1, z) on the one hand, and that gen-
erated by the random variable Mz (B(0, n — r), z) on the other.

2.3. On sums of Bernoulli variables. Let us now recall a simple tool of [1] in
estimating deviations in view of (2.5) and (2.6). We first enounce the lower tail
estimate.

_LEMMA 2.4. Suppose that a sequence of random variables {Wy, My, Ly,
M,,, n € N}, and a sequence of real numbers {c,,n € N}, satisfy for each n € N,

law

(2.8) Wo+L,+cy>M, and M, Z M,.

Assume that W, and L, are independent, and that L, and M, both are
sums of independent Bernoulli variables. Assume that the Bernoulli variables
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{Yl("), e Y;ZI)} whose sum is L, satisfy for some k > 1,
-1
(H1) sup sup E[Yi(")] <
n j<N, K
(H2)  wy:=E[M,]— E[L,]>0.

Then, for any n in N and &, in R, we have for all A > 0,

’

2 Ny
29 PW,<§) =< exp(—k(un — &, —cp)+ %(,un + K Z E[Yi(n)]2)>.

i=1
The upper tail estimate needs other assumptions.

LEMMA 2.5. Assume for each n € N, and for an event A,

(2.10) 14, (Wo+Ln) <M, and M, M,.

Assume that W, and L,, are independent, 1 4, and L, are independent and that
L, and M, both are sums of independent Bernoulli variables such that u, :=
E[M,)— E[L,]>0. Then, forallninN, &, in R and A € [0, log2],

Q.11)  P(Wy =&, Ay) < exp(—x@n — [tn) +A2(un +4ZE[Y,-(”)]2))-

REMARK 2.6. This lower (resp., upper) tail estimate turns out to be useful
when &, + ¢, is less than (resp., &, is more than) E[M, ] — E[L,]. By Lemmas 2.4
and 2.5 tail estimates reduce to a three-step strategy: (i) estimation of E[M,] —
E[L,]; (ii) estimation of ) ; E 2[Yi(”)]; (iii) optimization in A. We emphasize that,
in particular for the lower tail, this strategy does not require any control of the
variance of W,,.

PROOF OF LEMMAS 2.4 AND 2.5. As in [1] this is an application of
Lemma 2.3 of [1]. For the lower tail, using the exponential Chebyshev’s inequal-
ity, the independence between W,, and L,, formula (2.8) and centering the random
variables, we get

[e*)\(Mn*E[Mn

D
2.12) P(Wy<&)< ] A (EIMa 1= ElLi~61—cn)
=E

[e—*La—EIL.D]

With, forall € R, f(t) =’ — (1 4+1¢) and g(¢) = (¢! — 1)?, by Lemma 2.3 of [1],
E[e~*(Mn—E[Ma])]
E[e_)\(Ln_E[Ln])]

(2.13)

Nﬂ
<exp{ f(—A)(E[M,] — E[L,]) + %gH) S 22[rt.
i=1
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We conclude by observing that for all r € R,
12
(2.14) f) < Ee[m and g(r) < e’
where [-]4 stands for the positive part. The proof for the upper tail is similar. [J
2.4. On a discrete mean value property of Green’s function.

PROPOSITION 2.7. Consider d > 2. There is a constant Kg such that, for
any n and R withn — n'3 <R <nandzin B, R) withn — Izl <1,

(2.15) IB(O, R)|Gn(0,2) — Y Gu(y.2)
yeB(0,R)

<Kjy.

PROOF. For n — R large enough (larger than some constant that depends only
on d) this is Theorem 5.2 of [1]. For n = R this is a direct consequence of Lem-
mas 2 and 3 of [4]. For the remaining cases, one can use the same Lemmas in
conjunction with Lemma 5 of [4]. U

REMARK 2.8. For the inner bound we will use Proposition 2.7 with R = n.

For the outer bound we will use Proposition 2.7 with n — R of order logn in
dimension 2 and +/logn in dimension d > 3.

3. Inner error.

3.1. Exploration by waves. We choose the following height sequence. For any
positive integer n, h(n) = 4/log(n) in d > 3, and h(n) = log(n) in d = 2. We
partition Z¢ into concentric shells of heights h(n). We define Sp = B(0, h(n)),
and for k > 1,

GB.1) S =B(0, (k+ Dh(n) \B(0,kh(n)) and % = 0B(0, kh(n)).

We realize the internal DLA with N = |B(0, n)| explorers as an exploration
wave process, where concentric shells are covered in turn; see Section 3 of [4].

We fix an integer k. For a site z € X, we call cell centered on z, C(z) :=
B(z,h(n)) N Sk, and we call tile centered on z, 7(z) := B(z, h(n)/2) N 2.
A generic cell is denoted C, and a generic tile is denoted 7. Note the obvious
facts

(3.2) U B(z. h(n)) D k.
ZEXL

Before covering shell Sg, one stops the unsettled explorers on X. Following [1],
for z € X, we prove that the Wy, (,)(N 1o, 7) explorers stopped on 7 = 7 (z) are
likely to cover C(z), if kh(n) <n — Ah(n) for a large enough constant A. More



FLUCTUATIONS FOR INTERNAL DLA 1167

precisely, we show that the probability of the event {Sy ¢ A(N)} is smaller, for A
large enough, than any given power of 1/n. As first observed in [5],

(33)  Winmy(N1o, T) + Mipny (B(0, kh(n)), T) = Myneny(N1o, T).

Since (3.3) corresponds to an inequality of type (2.8), we wish to use Lemma 2.4,
but we need to ensure (H1) and (H2).
First, if ]ﬁ%(r) denotes the sites of B(0, kh(n)) at a distance less than r from 7,
there is L and pg > 1 (which depend only on the dimension), such that
pd—1
(3.4) sup Py(S(H(Zx)eT) < ;
YeB(0,kh(n)\B(Lh(n)) Pd

(see Lemma 5.1 of [1]). Set ¢, = |IE%(Lh(n))|, and note that ¢, < ¢(Lh(n))¢ for
some constant ¢. From (3.3) we have

s Winy (N0, T) + Minny (B(0, kh(n)) \ B(Lh(n)), T)
. > Myn(n)(N1o, T) — cy.

We will use Lemma 2.4 with L, = My, (B(0, kh(n)) \ I@(Lh(n)), T) and we
note that (H1) is ensured by (3.4). Let us define

(3.6) u(T)= E[Myn(N1o, T)] — E[Mynem)(B(0, kh(n)) \ Bz (Lh(n)), T)].
We consider the event that S is not covered, and use the bound

P (S; not covered)
(3.7) < P(3T C Zk: Wen(ny(N1Lo, T) < (7))
+ P (Sk not covered, VT C Xk : Wipn)(N1o, T) > %,u(T)).

In the next sections, we compute (7 ), and estimate the probabilities of the two
events on the right-hand side of (3.7).

3.1.1. Mean number of explorers crossing a tile. 1f T is atile of a cell C which
belongs to shell S; C B(0, n), at a distance Ak (n) from B(0, n), then we show that
for some positive constants {cg, d > 2},

(3.8) w(T) = cqAh(n)?.

The inequality in (3.8) follows as in [1], Section 4.2, and relies on Proposition 2.7.
Note that (3.8) ensures (H2).
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3.1.2. Winm)(N1o, T) is unlikely to be small. Like in (4.17) and (4.18) of
Section 4.2 of [1], there are constants C,; such that

(3.9) Y. PNS(H(Z)eT) <

{ Coh2(n)log(n),  ford =2,
yeB(0,kh(n))

Cyah4(n), ford > 3.

By Lemma 2.4, since for A large enough we have u(7) > 3cLeh(n)? > 3¢,, there
are positive constants {c/;, d > 2} such that

310) P(Winany(N1o, T) < 2u(T))
' exp(— M2 Ah2(n) + A2c,h2(n)log(n)),  ford =2,

<
= | exp(—Akq Ah? (n) + 22 hd (n)), ford > 3.

Thus, after optimizing over A, we get

1
P(Elz € Tk Winm)(N1o, 7 (2)) < §M(7)>

(3.1D)

5 K3 A%h2 (n)
n exp(—,7>, ford =2,

4c; log(n)

=<

J k3A%h (n)

n exp(—i/), ford >3,
dc,

and the event {Wy,(,) (N1, 7) < % w(7)} has a probability that decreases, for A
large enough, faster than any given power of 1/n.

3.1.3. C is likely to be covered when Wiy, (N1o, T) is large. We consider
here the event (V7 C S, Wiy (N1o, T) > %Ahd(n)}. Consider shell Sy at a dis-
tance Ah(n) from 9B(0, n). Since Si is the union of B(z, A(n)) when z € Xy,
Lemma 1.3 implies, when d = 2, that

1
P(Sk ¢ A(N) and W) (N1o, T) > 5#(7) for all T)
(3.12)

h?(n)
10g(n)>'

We obtain a bound smaller than any power of 1/n when A(n) =log(n) and A is
large enough. When d > 3, then we have

P(Sk ¢ A(N) and Wiy (N 1o, T) > +u(T) for all 7))

< |Sk| eXp<—K2KA

(3.13)
< |Sk| exp(—«ak Ah*(n)).

For any given power of n, we obtain a negligible bound when h%(n) = log(n)
and A is large enough.
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4. Outer error. In this section, we prove the outer error estimate (1.5). This is
a consequence of our inner error estimates, of Lemma 1.5, combined with coupling
with a flashing process of [1]. When dimension d = 2, and for A large to be chosen
later, we decompose the event {§p(n) > Alog(n)}, as

@.1) {8o(n) = Alogm)} = {80 () € [Alogn) +i — 1, Alog(n) +i[}.
i>1

In dimension d > 3, /log(n) replaces log(n) in (4.1). Note that the index i is
at most of order n¢. Now, we fix i > 1, and we set 3h(n) = A/Tog(n) + i in
d >3, and 3h(n) = Alog(n) + i in d = 2. We now consider the event {§p(n) €
[34(n) — 1,3h(n)[}. We also define

Y =B(0,n + 3h(n)) \ B(0,n + 3h(n) — 1).
Note now that

P(80(n) € [3h(n) — 1,3h(n)[)
4.2)

< P(U {z € A(N),é0(n) =|zll _”})'
zeX

For z € X, and in view of Lemma 1.5, we define
(4.3) G(z)={z€ AN),80(n) =zl —n, |A(N) NB(z, h(n))| > ,Bhd(n)}.

To prove that P(z € A(N),80(n) = ||z|| — n) is smaller than any given power
of 1/n, we further split the event into two pieces:

4 P(z€ A(N),80(m) = |lz]| —n)

' < P(G()) + P(z € AN), |A(N) NB(z, h(n))| < Bhé (n)).

The second term on the right-hand side of (4.4) is dealt with using Lemma 1.5. We
deal now with G(z). Note that under {6p(n) € [3h(n) — 1, 3h(n)[}, no explorer
escapes B(0, n + 3h(n)). Thus, on G(z), there are at least ,Bhd (n) explorers which
settle on B(z, h(n)) before exiting B(0, n+ 3k (n)). We now express the event G (z)
in term of flashing explorers, as introduced in [1].

4.1. On a flashing process. We refer the reader to Section 3.1 of [1] for a
definition of flashing processes. Here, we partition Z¢ into shells encaging B(0, n),
with for k > 0,

Si =B(0,n + 2(k + Dh(n)) \ B(0, n + 2kh(n)).

Also, for k > 0, let £ = dB(0, n + (2k + 1)h(n)). We now consider the flashing
process. Explorers behave like internal DLA explorers, as long as they stay in
B(0, n). After exiting B(0, n) they do not flash until their hitting of ¥, and behave
like flashing explorers as defined in Section 3.1 of [1]. In shells {Sk, k > 0}, cells
and tiles have the meaning given in Section 4 of [1]. The key features the reader
has to keep in mind are as follows:
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o If a flashing explorer is unsettled up to time H (%), then after time H (Xg), it
probes one site distributed almost uniformly over the cell centered at S(H (X)),
and settles if the site is unoccupied.

e When an explorer leaves the cell centered on S(H (X)), it cannot afterward
settle in S, but perform a simple random walk, independent of other explorers,
until it hits X 1. Thus, if we know that an explorer has reached at time ¢ a site
of B(0,n + 2k + 1)h) \ B(0, n + 2kh), then it performs after time ¢ a simple
random walk, independent of its surroundings, until it reaches .

e We can build the internal DLA cluster, A(N), and the flashing cluster A*(N)

using the same trajectories Sy, ..., Sy such that
N N
(4.5) AWN) = {Si(T@))} and  A*(N) = [J{Si(T*())}.

i=1 i=1
and for all i = 1,..., N, T*(i) > T (i). This last property, at the heart of our
coupling argument between the flashing process and the original DLA, is fun-
damental. It implies that if a DLA explorer has crossed a site before settling, then
the corresponding flashing explorer has also crossed the site before settling.

Before introducing more notation, let us explain the simple idea behind our
estimate.

Heuristics. Using representation (4.5), event G(z) for z € ¥ implies that at least
Bh?(n) flashing explorers hit B(z, h(n)) before exiting B(0, n + 3h(n)). Consider
these explorers after the moment they enter B(z, 2 (n)) C S; for the first time. They
are behaving as independent random walks until they hit X;. Now, a fraction must
hit ¥ on B(z, 2h(n)) N X1. We show that this latter event has a probability we can
estimate through the approach of [1].

For simplicity, let us call R the radius of Xy, that is, Ry =n + 3h(n). Recall
that for A C B(0, Ry) U dB(0, Ry), we call Wg,(N1p, A) the number of flashing
explorers which hit A before (or as) they hit X;. In this section, the initial config-
uration is always N1¢, and we omit this coordinate in Wg, to simplify notation.
Under our coupling (4.5), we have

(4.6) G(2) C {Wg, (B(z, h(n))) = Bhé(n)}.

Let 7’ be the closest site of X; to the line (0, z), and note that ||z — z’|| < 1. Note
that a fraction of the Wg, (B(z, h(n))) independent random walks in B(z, h(n)) N
B(0, n + 3h(n)), must hit X in a neighborhood of z’. Indeed, first note that since
7/ € 1, we have

4.7) 0B(2, 2h(n)) N B(0, n + 3h(n))| = 1[8B(2', 21 (n))|.

Now, for any y € dB(z, h(n)), a random walk starting on y, exits B(z, 2h(n)) on
any site of dB(z’, 2h(n)) with a probability proportional to (2k(n)) 1=d Thus, there
is a positive constant p such that

69 ity BB ) €52
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In other words, each flashing explorer stopped on 0B(z, h(n)) before hitting X
has a probability at least p to exit X; from ¥; N B(z, 2h(n)). Thus, there is a
positive constant /, such that for any large enough integer &,

(4.9) P(WR1 (B(z',2h(n))NZ) < gk’WRl (B(z, h(n))) > k) <exp(—Ik).
From (4.6), we have

U G(z) C U {WR1 B(z',2h(n)) N Z)) > gﬁhd(n)}

ZeX 7/ex

(4.10) u U {WRI(IBB(Z/,Zh(n)) N < gﬂhd(n) and

77e%

W, (B(z. b)) = B (o .
Let us now define, for any a > 0,

(4.11) F(a)= | {Wg,(B(z, 2h(n)) N 21) = ah® (n)}.

ZEX]

Thus, from (4.10) and (4.9), and for some constant C > 0

P(U G(z)) < p( U {WRI(B(Z/, 2h(m) N 1) > gﬁhdm)})

ZEX 7/ex

+ 21| sup P<WR1(IB3(Z/, 2h(n))NE) < gﬁhd(n)‘
7€

4.12)
Wi, (B(z, h(m))) = ﬂhd(n)>

< P(F(%,B)) + Cnd! exp<—1§ﬁhd(n)>.

It remains to show that for any fixed a, we can find A [defining 4 (n)] such that
P(F(a)) is smaller than any given power of 1/n.

4.2. Estimating P(F(a)). Note that by definition of §;(n), for z € X1 =
0B(0,n +3h(n)) and 7, = B(z, 2h) N Xy, Wg, (7;) satisfies the inequality

(4.13) Wr, (T;) + Mg, (B(0,n — 8;(n)), T;) < Mg, (N1, T,).

Thus, for some large constant «; to be chosen later, we have

h(n)
Ls; (n)<agh(n)/(2A) (WR1 (7;) + Mg, (B(O, n— adﬂ)»

(4.14) .
=< MR1 (N]lOv 7—2)
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Inequality (4.13) puts us in the setting of Lemma 2.5. Thus, we first need to
compute

@15 AT = E[Me V10, 7] — E[ M, (B(0.0 — a5 ). 7. ) |

Following the same computations as in Section 4.3 of [1], we have for some con-
stant K

).

N h(n) ,_ hi=Y(n)  Kay
(4.16) M(Tz)SK<0‘dT”d ])X B

Second, note that as in Section 4.3 of [1], we have that for constants {cs, d > 2},

{ ch(m)log(n),  ifd =2,

2
@1 3 PASHED)eT) <) -~ ifd>3.

zeB(0,n)

In optimizing over A in (2.5), we find for (other) constants {c4,d > 2}, if A is
choosen large enough

P(3z € 21 : Wg,(T2) > ah® (n))
(4.18) o
n .
< P(61(n) > ad—h(”)) +n eXp(_czlog(n))’ itd=2,
2A :
exp(—cqh?(n)),  ifd>3.

We conclude using the fact, for oy large enough, the first term of the sum in
the right-hand side of (4.18) is smaller than any given power of 1/n. This was
proved in Section 3 for the original internal DLA and the same proof can be
adapted for the flashing process we consider here. The only difference is that we
need a stronger version of Lemma 1.3 where P(B(0, R) ¢ A(n)) is replaced by
PB(0, R) & Aqr(n)) for some large « (this stronger version of the lemma is ac-
tually what we prove in the Appendix). Indeed, we can use Lemma 1.3 in the con-
text of our flashing process by considering only explorers that do not exit B(0, n).
Once oy is fixed, we choose A large enough so that (4.18) holds.

APPENDIX A: PROOF OF LEMMA 1.3

We fix 1, a configuration of AR? explorers in B(0, R/2), and we choose z €
B(0, R). Then

P(B(0, R) ¢ A(m) < P(B(O, R)  Aur (1))

< Y P(Wur(n,2)=0)
z€B(0,R)

(A.1)

for any o > 1 (in the sequel o will have to be taken large enough). Let L be a large
positive real to be fixed later, and let ¢ be the configuration with one explorer on
each site of B(0,«R) \ B(z, L). We have

(A.2) Wor(n,2) + Myr (S, 2) > Myr(n,2) — [B(z, L)|.
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Note that Wyr(n,z) and Myr(Z, z) are independent: we are in the setting of
Lemma 2.4. Assume for a moment that conditions (H1) and (H2) hold, and in
addition,

E[Myr(1,2)] — E[Mur (¢, 2)]
(A3)

> max<3\IB3(z,L)

_ Py(HZ<HaR)2).

yeB(0,xR)

Then, we have

(A4)  P(Wur(n,z) =0) <exp(—C(E[Mgr(n,2)] — E[Mar(¢, 2)]))-

We next consider separately the case d > 3 and the case d = 2, estimate the expec-
tation of My (n, z) — Myg(Z, z) and show (A.3).

A.1l. The case d > 3. We show in this section that for some x; > 0, and A
large enough,

(A.5) E[Myr(1.2) — Mag(£,2)] = ’%’AR2 > 3[B(z, L)|.

The proof is based on the following classical estimates. There are ap, ap positive
constants such that for any y, z € Z¢
(A.6) d < P,(H. < 00) < 4
. — < <) ————.
Ly —zf?=2 =7~ Ly = z]1472
Note first that when L is large enough, (H1) holds. Indeed,

sup  Py(H; < Hyg) < sup Py(H; <o0)

yillz=yll>L yillz=ylI>L
(A7)
an k—1 .
< < with k > 1.
1+ Ld-2 K
We now estimate the mean number of explorers hitting z.
E[Myr(n,2)] — E[Mar (¢, 2)]
(A.8) = Y n()Py(H; < Hyp) — > Py(H; < HyR)
veB(0,R/2) veB(0,aR)\B(z,L)
> Y nPy(H.<Hyr)— Y. Py(H;<o0).

yeB(0,R/2) yeB(0,aR)
Note that for y € B(0, R/2), we have
Py(H; < Hyg) = Py(H; < 00) — E\[1H,p<H, Ps(Hyp) (H; < 00)]

(A.9) >4 Ey[ = }
L+ ly —z[4=2 1+ ||S(Hyr) — 21972

. a an
> inf —M————  sup — .
yeBO.R/2) 1+ ly —zl1972  yeom.ar) 1+ Ily — 2[972



1174 A. ASSELAH AND A. GAUDILLIERE

Now, for a constant o« which depends only on ay, az, there is k > 0 such that

A.10 Py(H, < H,
(&.10) yeIEB(OR/Z) (He < Har) = gy

Now, using (A.10) in (A.8), we have a constant ¢ such that
E[Mar(n,2) — Mar(£,2)] = AR?
(A.11)

K ar
=T 2 Triy =
k yilly—zll<aR L+ 1ly =zl

> KAR? — caz(aR)z.

When A is chosen large enough, we obtain (A.S).
Finally, there are constants {C;, d > 3} such that for any z € B(0, R)

C3aR, ford =3,
(A.12) > Py(H. < Hyg)* < { C4log(aR),  ford =4,
y€B(0,aR) Cyq, ford > 5.

Thus, hypothesis (A.3) holds.

A.2. The case d =2. We still have

Gar(y,2) _ Gur(z,y)
Gur(z,2) Gur(z,2)
Gar(z,y) = E;[a(S(Hyr), y)] —a(z, y),

where the potential kernel a(., .) replaces Green’s function. Note that for 0 < ||z|| +
R < aR, we have two positive constants K> and K} such that

(A.14) Kjlog(2aR) > Gp:.2ar) > Gur(z,2) > Gp(z.r) (2, 2) > K2log(R),

Py(H; < Hyg) =

(A.13)

by Proposition 1.6.6 of Lawler [3]. To estimate G4g(z, y), we use Theorem 4.4.4
of [6] which establishes that for z # 0 (with y the Euler constant),

2 2y + log(8)
(A15) a(0,2) — = log(Jlz])) — L2 ‘ e
T llzll
Thus, for y e B(0,®R),0 < ||z]| < R, and y ;é Z
2 S(Hyg) —
(A.16) Garz3) - —E[log(wﬂ‘ <2K,.
o Iy —zll
When y € B(0, R/2), we get
2
(A17) Gar(z. y) = ~log(2(a = 1)/3) = 2K,.

We choose « large enough so that for some constant Cy, we have, for all y in
B(0, R/2),

(A.18) Gar(z,y) = C1.
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Formulas (A.13), (A.14) and (A.18) together imply that
E[Myr(m.2)]= Y. n()Py(H; < Hypr)

yeB(0,R/2)
Cy
(A.19) >——— Y
K5 log(2a R) yeBO.R/2)
_ CIAR?
~ K}log(2aR)
Using Lemma 3 of [4], we have, for some positive constant C,
Cy(aR)?
A.20 E\M , < E|Myr(B(,aR), < -
( ) [Myr($,2)] < E[Myr(B(0,xR),2)] log(R)

We need now to choose L to have (H1) satisfied. Note that for y # z, (A.16)
and (A.14) yields

1 2 |S(Hor) — zl|
(A21) Py(H, < Hyg) < —E[—lo (—) +2K }
PSR o log®) L P\ vy =zl ¢
If |z — y|l > R/log(R), we obtain, for some constant Cs,

Cslog((a + 1) log(R))

log(R) '
When R is large enough, we have that (H1) holds for L = R/log(R). Note that
|B(0, L)| is of order Rz/log(R)2 and is much smaller than R2/10g(R).

Finally we need to control the sum of second moments. Simply note that,
from (A.20),

(A.22) Py(H; < HyR) <

C2a2R2
(A.23) 3 P}(H, < Hyg) < E[Muyr(¢.2)] < .
yeB(0,a R)\B(0,L) 0g(R)

APPENDIX B: PROOF OF LEMMA 1.6

We will choose an & such that R/2h is a positive integer. We divide S =
B(0,2R)\ B(0, R) into R/2h concentric shells of height 2h. Fork =1, ..., R/2h,
define

St = B(0,2R —2(k — 1)h) \ B(0, 2R — 2kk) and
(B.1)
S := 0B(0, 2R — (2k — 1)h).

Also, we set So = B(0, 2R)“. Then, we start on z € 9B (0, 2R) a flashing explorer
associated with this partition with an explored region V. The flashing setting is

much simpler than the one introduced in Section 3.1 of [1]. There is an under-
lying simple random walk, say S*, and each shell S;, S», ... is associated with
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a flashing site. These flashing sites, say {Z;,0 < k < 2R/ h} are obtained as fol-
lows. We set Zy = z, and for £ > 1 we draw a continuous random variable R; on
[0, #] with density in r € [0, h] — drd_l/hd: the flashing site Zj is the exit site
from B(S*(H (Z¢)), Ry) after time H (Xy). Then, the explorer settles on the first
flashing site in S \ V. The purpose of the flashing construction is that: (i) the flash-
ing site is distributed almost uniformly inside the ball B(S*(H (X)), #); and (ii)
P.(H(B(0, R)) < H(V)) is bounded above by the probability that the explorer
crosses S.

For a small 8 to be chosen later, we say that y € X has a dense neighborhood
if |B(y,h)NV]|> ,Bhd, and we call Dy their set. There is ¥ > 0 such that knowing
that S* has crossed Dy, ..., Dy_;:

o if S*(H (X)) ¢ Dy, then the probability that S* does not settle in S is smaller
than x8;

e the probability that S*(H (X)) € Dy is smaller than k| Dy |/ h4=1 (see Lemma 5
of [5]) uniformly over the position of the previous flashing site (in Sx_; or,
exceptionally, on the border of S;_1).

Now, the flashing explorer has crossed the annulus S if Z; € V forall k > 1. In
other words,

R/2h
(B.2) {HBO,R) <H(V)}C ({Zre V).
k=1

By successive conditioning, we obtain

R/2h R/2h

K| Dil

(B.3) PZ< () {Zk e V}) <] <K,3 - ﬁ)

k=1 k=1 hk

By the arithmetic—geometric inequality and (B.2), we obtain

p R/2h | Dy R/2h
B4)  P(H(BO,R) <H(V)) < (Kﬂ T Rion W)

Note that each y € Dy, satisfies |B(y, h) N V| > ,Bhd, but each site in B(y, k) NV
is in the neighborhood of at most #9~! sites of Dy. Thus for some «”’,

R/2h R/2h
/2! B Dy | 1 RE Dy v

B.5 <KV < )
®-5) 1; pa-t =KIVE e R/2h];hd—1_,3th—1

We choose now § such that 4«8 < 1, and we choose the smallest /& such that R/2h
is a positive integer and

2K/|V|>1/(d—l)}

(B6) h > maX{hO, (IBQ'—R
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This adds a constraint on | V|,

/32
24y’
Instead of including (B.7) as a condition of our lemma, we find it more convenient

to note that the probability we estimate is always less than 1, so that we deal with
the case where (B.7) is violated with the constant ag of (1.11).

(B.7) V| < RY,

APPENDIX C: PROOF OF LEMMA 1.5

Recall that a; and k; are the constants appearing in Lemma 1.6. We define a
positive constant

2ad d—1
(C.1) y =max(l, (—) >
Kd

Choose now 8 > 0 such that 48y <1 and hg = R/4 > 1. Note that
(C2) vinl <yBR? < hf.

We build now, by induction, a random subdivision of B(z, R) into shells of heights
ho, hy, ..., in which, respectively, No, N1, ... explorers of A(n) have settled. We
emphasize that the randomness comes from A(n), and that the event {0 € A(n)}

imposes to have N; > |h;], for i > 0. Assume that &1, ..., hx have been defined
such that

k R
(C3) he=1 and ) hi< >

i=1

We define th =y N < y|n|, and, by (C.2) we have hy41 < hg. Note also that

hix+1 > 1. Indeed, necessarily Ny > |hi], so that hij >y |lhr] > |hx]. Since

min(hy, ..., hxg4+1) > 1, the number of steps before we violate (C.3), say L, is
finite. Obviously L < R. Note that since hy < ho,

R L L-1 R R
(C4) =D hishi+ ) hiso 47

Thus, we define

L
(C.5) hit1=R— (Z h,-) > 0.
i=0

For any choice of integers [, ng, ..., n;, the event {L =1, No = no, ..., NL =ny}
implies that ny + --- 4 n; explorers have crossed a shell B(z, R) \ B(z, R — hg)
by stepping on at most ng explorers settled in it, that ny + - - - + ny explorers have
crossed shell B(z, R — hg) \ B(z, R — hg — h1) with n; explorers settled in it,



1178 A. ASSELAH AND A. GAUDILLIERE

and so on and so forth. Using Lemma 1.6, the fact that n; < 8 R?, 1 < R and the
notation § = d—il, we reach the following estimate:

P(O € A(n))
< > P(L=1,No=ny,...,NL =n;)
I<R,ng,ny,....m<In|
Vi,ni>|h;]
(C.6) R L.
< R(ﬁRd) + sup e sy ing
I<R,ng,n1,....n1 <|n|
Vi,ni>hi]

o (1) e (1)),

i=1

Now, note that by the arithmetic—geometric inequality, for 1 <i <[ (and using
hi < ho)

d~\ § d ) d d S/i
;((@) +...+<hf-1> )Z<h_ox.._th—1)”
I no ni—1 no ni—1

(C.7)

Thus, from (C.6) and (C.7), we have

L
P(0Oe A <R RdRJrl max exp| — [N
(0 Am) < R(ERT)™T _ max _ exp ad;ln,
Vi,ni>|h;] =
d\R+1 TR
< R(BR max exp| —— h .
- (ﬂ ) I<R,ng,ny,....n1<|n| P( 14 .Zl l+1>

Vi,ni>\h;|

Since 1 < R/4, note that we have hy + --- + h; > R/4 by (C.4). By Holder’s
inequality, note that for constants {cy, d > 2},

(C.8)

LZ_I ind > (Z,-L:_ll hiy1)?
i+1 = — . _ _
i=1 l (ZiL:11 1/11/(d 1))d !
(C.9 5 5
R R
(&) &) )
log(L) log(R)
Rd
2
chZCdR , ford > 3.

ford =2,

This completes the proof.
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