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In this paper we look at the pinning of a directed polymer by a one-
dimensional linear interface carrying random charges. There are two phases,
localized and delocalized, depending on the inverse temperature and on the
disorder bias. Using quenched and annealed large deviation principles for the
empirical process of words drawn from a random letter sequence according to
a random renewal process [Birkner, Greven and den Hollander, Probab. The-
ory Related Fields 148 (2010) 403-456], we derive variational formulas for
the quenched, respectively, annealed critical curve separating the two phases.
These variational formulas are used to obtain a necessary and sufficient cri-
terion, stated in terms of relative entropies, for the two critical curves to be
different at a given inverse temperature, a property referred to as relevance of
the disorder. This criterion in turn is used to show that the regimes of relevant
and irrelevant disorder are separated by a unique inverse critical temperature.
Subsequently, upper and lower bounds are derived for the inverse critical tem-
perature, from which sufficient conditions under which it is strictly positive,
respectively, finite are obtained. The former condition is believed to be nec-
essary as well, a problem that we will address in a forthcoming paper.

Random pinning has been studied extensively in the literature. The present
paper opens up a window with a variational view. Our variational formulas
for the quenched and the annealed critical curve are new and provide valu-
able insight into the nature of the phase transition. Our results on the inverse
critical temperature drawn from these variational formulas are not new, but
they offer an alternative approach, that is, flexible enough to be extended to
other models of random polymers with disorder.

1. Introduction and main results.

1.1. Introduction.

I. Model. Let S = (S,)nen, be a Markov chain on a countable state space S in
which a given point is marked 0 (Ng = N U {0}). Write P to denote the law of S
given Sp = 0 and E the corresponding expectation. Let K denote the distribution
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of the first return time of S to 0, that is,
(1.1) Kn):=P(S,=0,S, #0V0 <m < n), neN.
We will assume that ), .y K(n) =1 (i.e., 0 is a recurrent state) and

1
(1.2) lim L(n) =—(l+aw for some o € [0, 00).

n—00 logn

Let w = (wr)ken, be 1.1.d. R-valued random variables with marginal distribu-

tion wo. Write P = u® % to denote the law of w, and E to denote the corresponding
expectation. We will assume that

(1.3) M) :=E@E) <00  VAeR,

and that g has mean O and variance 1.
Let B8 € [0,00) and & € R, and for fixed w define the law P,’?’h’w on {0} x 8",
the set of n-steps paths in S starting from 0, by putting

ﬂhw

dp,

1 n—1
(1.4) ((SF_o) = 7 exp[Z(ﬁwk—h)lsk }sn:o},

where P, is the projection of P onto {0} x S". Here, B plays the role of the inverse
temperature, /i the role of the disorder bias, while Z,’? i the normalizing parti-
tion sum. Note that £k = 0 contributes to the sum, while X = n does not. Also note
that the path is tied to O at both ends. This is done for later convenience.

REMARK 1.1. Note that (1.2) implies p := gcd[supp(K)] = 1. If p > 2, then
the model can be trivially restricted to pN, so there is no loss of generality. More-
over, if ),y K(n) < 1, then the model can be reduced to the recurrent case by
a shift of A. Similarly, the restriction to pg with mean 0 and variance 1 can be
removed by a scaling of 8 and a shift of 4.

REMARK 1.2. The key example of the above setting is the simple random
walk on Z, for which p =2 and o = % (Spitzer [19], Section 1). In that case the
process (1, S;)nen, can be thought of as describing a directed polymer in Ny x Z,
that is, pinned to the interface Ny x {0} by random charges Bw — h; see Figure 1.
When the polymer hits the interface at time k, it picks up a reward exp[Bwi — k],
which can be either >1 or <1, depending on the value of w. For & < 0 the polymer
tends to intersect the interface with a positive frequency (“localization”), whereas
for h > 0 large enough it tends to wander away from the interface (“delocaliza-
tion”). Simple random walk on Z?> corresponds to p =2 and « = 0, while simple
random walk on Z¢, d > 3, conditioned on returning to 0 corresponds to p = 2
anda=2—1 (Spitzer [19], Section 1).
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F1G. 1. A directed polymer sampling random charges at an interface.

1I. Free energy and phase transition. The quenched free energy is defined as
1
que e 1 - B.h,w
(1.5) SIE(B h) = nlmgo - log Z,"™“.

Standard subadditivity arguments show that the limit exists w-a.s. and in P-mean,
and is nonrandom; see, for example, Giacomin [11], Chapter 5, and den Hol-
lander [8], Chapter 11. Moreover, f9'°(8, h) > 0 because Z,f’h’w > e’gwo_hK(n),
n e N, and lim,,_, % log K (n) = 0 by (1.2). The lower bound f49"°(8,h) =0 is
attained when S visits the state O only rarely. This motivates the definition of two
quenched phases,

L:={(B,h): f1(B.h) >0},
D:={(B, h): f1(B,h) =0},

referred to as the localized phase, respectively, the delocalized phase.
Since h — f9"(B, h) is nonincreasing for every f € [0, 00), the two phases are
separated by a quenched critical curve

(1.7) hd*(B) :=inf{h: f4(B, h) =0}, B €10, 00),

(1.6)

with L the region below the curve and D the region on and above. Since (8, h) —
fae(B, h) is convex and D = {(B, h) : f9"¢(B, h) <0} is a level set of f9"¢, it fol-
lows that D is a convex set and ~3" is a convex function. Since B =0 corresponds
to a homopolymer, we have A (0) = 0; see Appendix A. It was shown in Alexan-
der and Sidoravicius [2] that hgue(ﬂ) > 0 for B € (0, 00). Therefore we have the
qualitative picture drawn in Figure 2. We further remark that limg_, hd(B)/B
is finite if and only if supp(ug) is bounded from above.

The mean value of the disorder is E(Bwg — h) = —h. Thus, we see from Figure 2
that for the random pinning model localization may even occur for moderately neg-
ative mean values of the disorder, contrary to what happens for the homogeneous
pinning model, where localization occurs only for a strictly positive parameter; see
Appendix A. In other words, even a globally repulsive random interface can pin
the polymer: all that the polymer needs to do is to hit some positive values of the
disorder and avoid the negative values of the disorder.
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que
¢

FI1G. 2. Qualitative plot of B+ he (B). The fine details of this curve are not known.

The annealed free energy is defined by
(1.8) £ = Tim ~ log E(ZP")
. ) L n—> 00 n g n *

Since

n—1
(1.9) E(zPhey = E<eXP[Z[IOg M(B) — h] 1{&:0}} 1{S,,=0}),

k=0

we have that f2"(B, h) is the free energy of the homopolymer with parameter
log M (B) — h. The associated annealed critical curve

(1.10) hE™(B) :=inf{h: f2"(B, h) =0}, B €10, 00),
therefore equals

(1.11) hi™(B) =log M (B).

. ue ann que ann
Since ¢ < fa" we have h; < h2™.

DEFRINITION 1.3. The disorder is said to be relevant for a given choice of K,
wo and B when hd™(8) < h2™(B), otherwise it is said to be irrelevant.

Note: In the physics literature, the term relevant disorder is reserved for the
situation where the disorder not only changes the critical value but also changes
the behavior of the free energy near the critical value. In the present paper we adopt
the more narrow definition above.

Our main focus in the present paper will be on deriving variational formulas
for hd"® and h2™, and on investigating under what conditions on K, ¢ and g the
disorder is relevant, respectively, irrelevant.
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1.2. Main results. This section contains three theorems and four corollaries,
all valid subject to (1.2) and (1.3). To state these we need some further notation.
1. Notation. Abbreviate

(1.12) E :=supp[uo] CR.

Let E := Uken E* be the set of finite words consisting of letters drawn from E.
Let P(EYN) denote the set of probability measures on infinite sentences, equlpped
with the topology of weak convergence. Write 6 for the left-shift actmg on EN

and P (EN ) for the set of probability measures that are invariant under 6.
For Q0 € P'™W(EN), let 71,10 € P(E) denote the projection of Q onto the first
letter of the first word. Define the set

(1.13) c:={QePi“V(EN):/E|x|d(m,1Q)(x)<oo},
and on this set the function
(1.14) @(0) :=/ xd(m,109)(x), QeC.

E

We also need two rate functions on P (EYN), denoted by I*"™ and 79", which
will be defined in Section 2. These are the rate functions of the annealed and the
quenched large deviation principles that play a central role in the present paper,
and they satisfy 79%¢ > 72",

II. Theorems. With the above ingredients, we obtain the following characteri-
zation of the critical curves.

THEOREM 1.4. Fix ug and K. For all B € [0, 00),

(1.15) h&(B) = Zul(bj[ﬁcb(Q) —IT(Q)],
(1.16) h™(B) = Zu%[ﬁCD(Q) - I"™(Q)1.

We know that A2"(8) = log M(B). However, the variational formula for
h2™(B) will be important for the comparison with hde (B).
Next, for 8 € [0, 0o) define the probability measures

Prduo(x),  x€E,

1
(1.17) dug(x) = e
g Mp)
and
(1.18) dgp(x1,x2, ..., x,) := K(n)dug(x1) duo(x2) x -+ x duo(xn),
‘ neN,x;,x2,....,x, € E.

Further, let Qg := qE’N € Pinv(EN). Then Qg is the probability measure under
which the words are i.i.d., with length drawn from K and i.i.d. letters drawn
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he™(B)
hd (B)

0 A

F1G. 3. Uniqueness of the critical inverse temperature .

from po, while Qg differs from Qg in that the first letter of each word is drawn
from the tilted probability distribution 1g. We will see that Qg is the unique max-
imizer of the supremum in (1.16) [note that Qg € C because of (1.3)]. This leads
to the following necessary and sufficient criterion for disorder relevance.

THEOREM 1.5. Fix o and K. For all B € [0, 00),
(1.19) hEC(B) <h™(B) = 1%°(Qp) > I"™(Qp).

What is appealing about (1.19) is that the gap between /9"¢ and 7*™ needs to
be established only for the measure Qg, which has a simple and explicit form. We
will see that the supremum in (1.15) is attained, which is to be interpreted as saying
that there is a localization strategy at the quenched critical line.

Disorder relevance is monotone in ; see Figure 3.

THEOREM 1.6. Forall uy and K there exists a B = Bc(o, K) € [0, oo] such
that

=he™(B),  ifBel0, Bel,

(1.20) ) { <h¥™(B),  if B e (Be,o0).

III. Corollaries. From Theorems 1.4—1.6 we draw four corollaries. Abbreviate

(1.21) x:= ) [P(Sy =01 w:=sup[supp(ro)]-
neN

COROLLARY 1.7. Ifa =0, then B. = oo for all .
COROLLARY 1.8. Ifa € (0, 00), then the following bounds hold:

(i) Be = BF with BF = B (o, K) € [0, oo] given by
(1.22) B :=0vsup{B:MQ2B)/M(B)* <1+ x~'}.
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(i) Be < B* with B = B2 (o, K) € (0, 0] given by
(1.23) B = inf(B:h(uplpo) > h(K)),

where h(pglio) = [ log(dug/duo) dup is the relative entropy of ug w.rt. o,
and h(K) := =3}, K (n)log K (n) is the entropy of K .

COROLLARY 1.9. Ifa € (0,00) and x < oo, then B, > 0 for all .

COROLLARY 1.10. Ifa € (0, 00), then B, < oo for all juo with o({w}) =0
(which includes w = 00).

We close with a conjecture stating that the condition ¥ < oo in Corollary 1.9 is
not only sufficient for 8. > 0 but also necessary. This conjecture will be addressed
in a forthcoming paper.

CONJECTURE 1.11. Ifa € (0,00) and x = oo, then B. = 0 for all 1.

1.3. Discussion.

1. What is known from the literature? Before discussing the results in Sec-
tion 1.2, we give a summary of what is known about the issue of relevant vs.
irrelevant disorder from the literature. This summary is drawn from the papers by
Alexander [1], Toninelli [20, 21], Giacomin and Toninelli [14], Derrida, Giacomin,
Lacoin and Toninelli [9], Alexander and Zygouras [3, 4], Giacomin, Lacoin and
Toninelli [12, 13] and Lacoin [18].

THEOREM 1.12.  Suppose that condition (1.2) is strengthened to

K(n) =n""L(n)
(1.24)
with a € [0, 00) and L strictly positive and slowy varying at infinity.

Then:

(1) Be=0when o € (3, 00).

(2) Be=0when o = % and lim,_, oo[logn1’ =1 L2 (n) = 0 for some § > 0.
(3) Be >0 whena = % and ¥, enn L) 7% < oo.

4) Bc>0when o € (0, %).

(5) Be =00 when o =0.

The results in Theorem 1.12 hold irrespective of the choice of wg; see Re-
mark 1.13 below. Toninelli [21] proves that if log M (L) ~ CAY as L — oo for
some C € (0,00) and y € (1, 00), then B, < oo irrespective of @ € (0, c0) and L.
Note that there is a small gap between cases (2) and (3) at the critical threshold

=1
oa=s5.
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For the cases of relevant disorder, bounds on the gap between h2"(8) and
hd"®(B) have been derived in the above cited papers subject to (1.24). As B | 0,
this gap decays like

B2, if a € (1, 00),

(1.25) R (B) — h{(B) =<y B2 (1/B),  ifa=1,
g/ = ifa e (3,1)

for all choices of L, with ¢ slowly varying and vanishing at infinity when L(c0) €
(0, 00).

Partial results are known for o = % For instance, it is shown in Giacomin,
Lacoin and Toninelli [13] that, under the condition in Theorem 1.12(2), the gap
decays faster than any polynomial, namely, roughly like exp[—8~2/%], 8 | 0,
when Lz(n) = [log n]'=%, n — oo. This implies that the disorder can at most
be marginally relevant, a situation where standard perturbative arguments do not
work.

REMARK 1.13. Some of the above mentioned results are proved for Gaussian
disorder only, and are claimed to be true for arbitrary disorder subject to (1.3). Full
proofs for arbitrary disorder are in [9, 13, 18, 21].

REMARK 1.14. The fact that o = % is critical for relevant vs. irrelevant dis-
order is in accordance with the so-called Harris criterion for disordered systems
(see Harris [17]): “Arbitrary weak disorder modifies the nature of a phase transi-
tion when the order of the phase transition in the nondisordered system is < 2.”
The order of the phase transition for the homopolymer, which is briefly described
in Appendix A, is < 2 precisely when o € (%, o0) (see Giacomin [11], Chapter 2).
This link is emphasized in Toninelli [20].

1I. What is new in the present paper? The main importance of our results in
Section 1.2 is that they open up a new window on the random pinning problem.
Whereas the results cited in Theorem 1.12 are derived with the help of a variety of
estimation techniques, like fractional moment estimates and trial choices of local-
ization strategies, Theorem 1.4 gives a variational characterization of the critical
curves, that is, new. (It is very rare indeed that critical curves for disordered sys-
tems allow for a direct variational representation.) Theorem 1.5 gives a necessary
and sufficient criterion for disorder relevance that, although not easy to handle,
at least is explicit and offers a different handle. Theorem 1.6 shows that unique-
ness of the inverse critical temperature is a direct consequence of this criterion,
while Corollaries 1.7-1.10 show that the criterion can be used to obtain important
information on the inverse critical temperature.

REMARK 1.15. Theorem 1.6 was proved in Giacomin, Lacoin and
Toninelli [13] with the help of the FKG-inequality.
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REMARK 1.16. Corollary 1.7 is the main result in Alexander and Zy-
gouras [4].

REMARK 1.17. Since (see Section 8)
(1.26) }Sii%M(Zﬂ)/M(ﬂf: L, ﬁli)néoh(/tﬂluo)=10g[1/uo({w})],

with the understanding that the second limit is co when pg({w}) = 0, Corollary 1.8
implies Corollaries 1.9 and 1.10. Corollary 1.10 was noted also in Alexander and
Zygouras [4].

REMARK 1.18. Note that y = E(|I; N I>|) with I1, I, two independent copies
of the set of return times of S [recall (1.1)]. Thus, according to Corollary 1.9 and
Conjecture 1.11, 8. > 0 is expected to be equivalent to the renewal process of
joint return times to be recurrent. Note that 1/P(I; N, # @) =1+ x~! (see
Spitzer [19], Section 1), the quantity appearing in Corollary 1.8(i).

REMARK 1.19. If po is Bernoulli(1/2) on {—1,1}, (1.26) gives that
limg_, oo h(1glpo) =log2. For any o > 0, we can find a distribution K that sat-
isfies (1.2) and H(K) < log2, and thus (1.23) implies that 8. = B.(uo, K) < 00.
This shows that for « > 0, the condition wo({w}) = 0 is not (!) necessary for
Be < o0.

REMARK 1.20. As shown in Doney [10], subject to the condition of regular
variation in (1.24),

Co

P(S, = 0) ~ LoD

(1.27)
as n — oo with Cy, = (/) sin(amwr) when « € (0, 1).

Hence the condition x < oo in Corollary 1.9 is satisfied exactly for o € (0, %)

and L arbitrary, and for o = % and ), cn n—1[L(1n)]~% < oo. This fits precisely
with cases (3) and (4) in Theorem 1.12.

REMARK 1.21. Corollary 1.8(ii) is essentially Corollary 3.2 in Toninelli [21],
where the condition for relevance, h(ug|imo) > h(K), is given in an equivalent
form (see equation (3.6) in [21]). Note that, by (1.2), h(K) < co when « € (0, 00).

1.4. Outline. 1In Section 2 we formulate the annealed and the quenched large
deviation principles (LDP) that are in Birkner, Greven and den Hollander [6],
which are the key tools in the present paper. In Section 3 we use these LDP’s to
prove Theorem 1.4. In Section 4 we compare the variational formulas for the two
critical curves and prove the criterion for disorder relevance stated in Theorem 1.5.
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1 T4

vy (@) v (2) v (3) y(4) vy (5)

F1G. 4.  Cutting words out from a sequence of letters according to renewal times.

In Section 5 we reformulate this criterion to put it into a form, that is, more con-
venient for computations. In Section 6 we use the latter to prove Theorem 1.6. In
Sections 7-8 we prove Corollaries 1.7-1.10. Appendix A collects a few standard
facts about the homopolymer, while Appendix B provides the details of the proof
of a key lemma in Section 3 based on an approximation argument in [6].

2. Annealed and quenched LDP. In this section we recall the main results
from Birkner, Greven and den Hollander [6] that are needed in the present paper.
Section 2.1 introduces the relevant notation, while Sections 2.2 and 2.3 state the
relevant annealed and quenched LDP’s.

2.1. Notation. Let E be a Polish space, playing the role of an alphabet, that is,
a set of letters. Let E := oy E* be the set of finite words drawn from E, which
can be metrized to become a Polish space.

Fix po € P(E), and K € P(N) satisfying (1.2). Let X = (X¢)ken, be i.i.d. E-
valued random variables with marginal law pg, and 7 = (7j);ey i1.i.d. N-valued
random variables with marginal law K. Assume that X and t are independent, and
write P* to denote their joint law. Cut words out of the letter sequence X according
to 7 (see Figure 4), that is, put

2.1 To:=0 and T;:=T;,_|+ 1, i eN,
and let
(2.2) YD=Xr_,, X1_41,.... X1,—1),  i€N.

Under the law P*, Y = (Y ), ey is an i.i.d. sequence of words with marginal dis-
tribution gg on E given by
dgo(x1, ..., x,)
(2.3) =P (Y e (dxi, ..., dx,))
= K(n)duo(xy) x --- x duo(xn), neN,x;,...,x, €E.

The reverse operation of cutting words out of a sequence of letters is glueing
words together into a sequence of letters. Formally, this is done by defining a con-
catenation map k from E™N to ENo_ This map induces in a natural way a map from
P(I:f Ny to P(EN), the sets of probability measures on EN and ENo (endowed with
the topology of weak convergence). The concatenation q(‘)gN ok~ of q(‘)X’N equals

u?o, as is evident from (2.3)
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2.2. Annealed LDP. Let P™(EN) be the set of probability measures on
EN that are invariant under the left-shift @ acting on EN. For N ¢ N, let
YWD y)yPer e the periodic extension of the N-tuple YW . yWNye EN
to an element of EN , and define

1 Nl o
(2.4) Ry = v > iy, yoyper € PM(EN).
i=0
This is the empirical process of N-tuples of words. The following annealed
LDP is stagldard; see, for example, Dembo and Zeitouni [7], Section 6.5. For
Q e P™(EN), let H (Q|q68N) be the specific relative entropy of Q w.r.t. qSDN de-
fined by

1
Ny . : N
2.5 H(Qlqg )-:Nh_f)%oﬁh(nNQmNQ(? )5

where my Q0 € P(E Ny denotes the projection of Q onto the first N words, A(-|-)
denotes relative entropy, and the limit is nondecreasing.

THEOREM 2.1. The family P*(Ry € -), N € N, satisfies the LDP on P™ (EN)
with rate N and with rate function I1*™ given by

(2.6) ™Q):=H(QIgd™),  0eP™(EY).

This rate function is lower semi-continuous, has compact level sets, has a unique
zero at quN , and is affine.

2.3. Quenched LDP. To formulate the quenched analog of Theorem 2.1, we
need some more notation. Let P (EN0) be the set of probability measures on
ENo that are invariant under the left-shift 6 acting on E No_ For Qe Pm"(E Ny such
that mg :=Eg(71) < 0o (where E denotes expectation under the law Q and 7;
is the length of the first word), define

1 71—1 )
@7 Vo= —Eg ( 3 59kk(y)) e P (ENo),
mo k=0

Think of W as the shift-invariant version of Q o «~! obtained after randomiz-
ing the location of the origin. This randomization is necessary because a shift-
invariant Q in general does not give rise to a shift-invariant Q o x .

Fortre N, let [-]i: E— [E]tr = f{zl E" denote the truncation map on words

defined by
(28) y:(xla”-vxn)'_)[)’]tr::(xl’--wxn/\tr)’ nEN,xl,--.,XnEE,

that is, [y]r is the word of length < tr obtained from the word y by dropping all
the letters with label > tr. This map induces in a natural way a map from EN to
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[E]{\r], and from P™(EN) to Pinv([E]{\rI). Note that if Q € PI™(EN), then [Q]y is
an element of the set

(2.9) pvin ENy — 10 e P™(EN) :mg < 00).

THEOREM 2.2. (Birkner, Greven and den Hollander [6]) Assume (1.2). Then,
for ;L? No_ g5, all X , the family of (regular) conditional probability distributions
P*(Ry € +1X), N € N, satisfies the LDP on PV (EN) with rate N and with deter-
ministic rate function 19°¢ given by

. Iﬁn(Q), ifO e fPinv,ﬁn(EN)’
(2.10) 11°(Q) == im I™(0ly),  otherwise,

where

(2.11) 1"(0) := H(QIg§™) +amg H(Wolud ).

This rate function is lower semi-continuous, has compact level sets, has a unique
zero at qu>N and is affine.

There is no closed form expression for / 49¢(Q) when m g = oo. For later refer-
ence we remark that, for all Q € PV (EN),

17MQ) = Jim 1™ () = sup I (10,
tre

(2.12)
11(Q) = lim 19%([Q]w) = sup 11" ([ Qlw)
tr— 00 treN
as shown in [6], Lemma A.1. A remarkable aspect of (2.11) in relation to (2.6) is
that it quantifies the difference between /9%¢ and /™. Note the explicit appearance
of the tail exponent «. Also note that 79%¢ = /"™ when o = 0.

3. Variational formulas: Proof of Theorem 1.4. In Section 3.1 we
prove (1.16), the variational formula for the annealed critical curve. The proof
of (1.15) in Sections 3.2-3.4, the variational formula for the quenched critical
curve, is longer. In Section 3.2 we first give the proof for po with finite support.
In Section 3.3 we extend the proof to o satisfying (1.3). In Section 3.4 we prove
three technical lemmas that are needed in Section 3.3.

3.1. Proof of (1.16).

PROOF. Recall from (1.17) and (1.18) that Qg = ¢§", and from (1.11) that
h&"™(B) =log M (B). Below we show that for every Q € pinv(ENy

(3.1) BP(Q) — I"™(Q) =log M(B) — H(Q|Qp).
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Taking the supremum over Q, we arrive at (1.16). Note that the unique probability
measure that achieves the supremum in (3.1) is Qg, which is an element of the
set C defined in (1.13) because of (1.3).

To get (3.1), note that H(Q|Qp) is the limit as N — oo of [recall (1.17)
and (1.18)]

d
N/ [ (v Q) (yl’---’yN)]d(ﬂNQ)()’l,--w)’N)

v0p)

1 d(y Q)

TN Jp ot [d( w0 )
M)

(32) PleD -+

]d(ﬂNQ)(yl,-««,yN)
1
=logM(B) + ﬁh(”NQmN Qo)

1
By [ [t e+ OGN Q). ).

where, c(y) denotes the first letter of the word y. In the last line of (3.2), the limit as
N — oo of the second quantity is H(Q|Qo) = I*"™(Q), while the integral equals
N®(Q) by shift-invariance of Q. Thus, (3.1) follows. [

3.2. Proof of (1.15) for o with finite support.

PROOF. The proof comes in three steps.
Step 1: An alternative way to compute the quenched free energy f9'¢(B, h)
from (1.5) is through the radius of convergence z9"¢(8, h) of the power series

(3.3) Y rzbhe,
neN
because
(3.4) (B, ) = e STEM,
Write

N
(3.5) zbhe = 3" 3 [T K ki — ki e

NeNO=ko<k)<---<ky=ni=1
so that, for z € (0, c0),

(3.6) Sz =3 B,

neN NeN
where we abbreviate

N
B.h, w(z) — Z l_[ Zki_ki—lK(ki _ ki_l)eﬂwki*1 —h g4

O=ko<--<ky<ocoi=1

3.7 FL
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Step 2: We return to the setting of Section 2. The letter space is E, the word
space is E= Uken E¥, the sequence of letters is w = (wi )keN,» While the sequence
of renewal times is (T )ieN, = (ki)ieN,. Each interval I; := [k;_1, k;) of integers

cuts out a word wy; := (wg;_;, ..., wg;—1). Let
N
(3.8) RY = R (k)Xo == ~ > 85 (w1, omory 91

denote the empirical process of N-tuples of words in @ cut out by the first N
renewals. Then we can rewrite F Ie’h’w(z) as

FEm ) = E(exp[N [z togz + (Be(y) - 1) dem RS |)

3.9
NhE(exp[Nme logz + NBP(RW)]),

where 7(y) and c(y) are the length, respectively, the first letter of the word y,
w1 Ry is the projection of R} onto the first word, while m re, and ®(RYy) are
the average word length, respectlvely, the average first letter of the first word un-
der RY.

To identify the radius of convergence of the series in the left-hand side of (3.6),
we apply the root test for the series in the right-hand side of (3.6) using the expres-
sion in (3.9). To that end, let

1
(3.10)  S9°(B; z) :=limsup N log E(exp[Nm g logz + NBD(RY)]).

N—o0

Then

1
(3.11) hmsup—logF'”“’() —h + SI(B; 7).

N—o0

We know from (3.4) and the nonnegativity of f9'¢(8, k) that z9"°(8, h) < 1, and
we are interested in knowing when it is < 1, respectively, = 1 [recall (1.6)]. Hence,
the sign of the right-hand side of (3.11) for z 1 1 will be important as the next
lemma shows.
LEMMA 3.1. Forall B €[0,00) and h € R,
SUB;1-)<h = f(B,h)=0,

StB;1-)>h = f(B,h)>0.

(3.12)

PROOF. The first line holds because, by (3.11), —h + S9¢(8; 1—) < 0 implies
that the sums in (3.6) converge for |z| < 1, so that z4¢(8, h) > 1, which gives
f(B, h) <0. The second line holds because if —h + §9¢(8; 1—) > 0, then there
exists a zg < 1 such that —/ + S9"¢(B; zo) > 0, which implies that the sums in (3.6)
diverge for z = zg, so that z4"°(8, h) < zg < 1, which gives f4"°(8,h) >0. O
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SU(B; 2)

h&(B)

0 /i ¢

FIG. 5. Qualitative plot of z — SI"¢(B; z).

Lemma 3.1 implies that
(3.13) hEe(B) = ST(B; 1-).

The rest of the proof is devoted to computing S9¢(8; 1—).

Step 3: Since ug has finite support, Q — ®(Q) is continuous. Therefore we
can apply Varadhan’s lemma to the expression in (3.10) for z = 1 using the LDP
of Theorem 2.2. This gives

(3.14) B D= sup_ [BP(Q)—IT(QD)].

erinv(EN)
We would like to do the same for (3.10) with z < 1, and subsequently take the limit
z 1 1, to get (see Figure 5)

(3.15) ST(B;1-)= sup  [BP(Q) —IT™(Q)].

erinv (EN)
However, even though Q +— ®(Q) is continuous (because 1o has finite support),
Q + mg is only lower semicontinuous. Therefore we proceed by first showing
that the term Nm RY logz in (3.10) is harmless in the limit as z 1 1.

LEMMA 3.2, S9(8;1-) =S9(B; 1) forall B € [0, 00).

PROOF. Since S%¢(8; 1—) < §9"°(8; 1), we need only prove the reverse in-
equality. The idea is to show that, for any Q € Pv(EN) and in the limit as
N — 00, R} can be arbitrarily close to Q with probability ~ exp[—-N19"°(Q)]
while m ge remains bounded by a large constant. Therefore, letting N' — oo fol-
lowed by z 1 1, we can remove the term Nm RY logz in (3.10). The details are
given in Appendix B. [J

Combining Lemma 3.2 with (3.13) and (3.14), we obtain (1.15). U
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3.3. Proof of (1.15) for ug satisfying (1.3). The proof stays the same up
to (3.13). Henceforth write C = C(ueo) to exhibit the fact that the set C in (1.13)
depends on pg via its support E in (1.12), and define
(3.16) A(B):= sup [BP(Q)—IT(Q)],

QeC(po)
which replaces the right-hand side of (3.15). We will show the following.

LEMMA 3.3.  S9¢(8; 1—) = A(B) forall B € (0, 00).

PROOF. The proof of the lemma is accomplished in four steps. Along the way
we use three technical lemmas, the proof of which is deferred to Section 3.4. Our
starting point is the validity of the claim for po with finite support obtained in
Lemma 3.2. (Note that |E| < oo implies C = C(ug) = pinv(EN))

Step 1: S9"¢(B; 1—) < A(B) for all B € (0, c0) when g satisfies (1.3).

PROOF. We have S%¢(8; 1—) < §9¢(B; 1). We will show that S9*°(8; 1) <
A(ppB)/p for all p > 1. Taking p | 1 and using the continuity of A, proven in
Lemma 3.4 below, we get the claim.

For M > 0, let

(3.17) M (Q) 2=/ (x AM)d(m1,10)(x).
E

1

Then, for any p, g > 1 such that p~' + ¢! =1, we have

E(eNﬂd)(Rﬁ)) — E(e’B PO O len=my B PO C(yi)l{c(yi)>M})
(3.18) < [E(e?? ity cODleop=m)] 1/p [E(c? P CON ety 1/q
< [E(eNPBO" (R VPR (98 TiZi O icwp-mn )14

where yi, ..., yy are the N words determining R% and c(y;) is the first letter of
the ith word. Hence

1 w 11 o
N log E(eVPPRY)) < — — logE(eNpﬂq’M(RN))
pN
(3.19) L1 N
 ogE(e?P Xizi O lict>my)
+ 4N ogE(e )

Since Q — ®Y(Q) is upper semicontinuous, Varadhan’s lemma gives
1 ®
(3.20) limsup — log BV " B < sup  [ppdM(Q) — I7(Q)].
N—o0 N erinV(EN)

Clearly, Q’s with [;(x A 0)d(;r1,1Q)(x) = —oc do not contribute to the supre-
mum. Also, Q’s with [ (x v 0)d(rr1,1 Q)(x) = oo do not contribute, because for
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such Q we have 19%(Q) = oo, by Lemma 3.5 below, and ®¥(Q) < oo. Since
®M < P, we therefore have

sup_ [pBOM(Q) —IT(Q)] < sup [pBD(Q)—I1"(Q)]
QePv(EN) 0eC (o)

= A(pp).

Next, we use the following observation. For any sequence ® = (Oy)yen Of
positive random variables on a space with probability measure P, we have

(3.21)

1 1
(3.22) lim sup I log®y <limsup v logE(®y) P-a.s.,

N—o0 N—o00

by the first Borel-Cantelli lemma. Applying this to

(3.23) Oy = E(eqﬂ PO C(yi)l{c(y,->>M})

N
with E(®N)=( [ QBT =) duo(X)) — eV,
E

we get, after letting N — oo in (3.19),
e 1 1
(3.24) STEB; 1) < —A(pp) + —logeu.
p q

By (1.3), we have cy < oo for all M > 0 and limpy . cy = 1. Hence
SeB; ) <A(pp)/p. U

Step 2: S9"¢(B; 1—) > A(B) for all 8 € (0, co) when 1 has bounded support.

PROOEF. In the estimates below, we abbreviate
(3.25) LY = Nleu\,},

the sum of the lengths of the first N words. The proof is based on a discretization
argument similar to the one used in [6], Section 8. For § > O and x € E, let (x)s :=
sup{kd :k € Z, k§ < x}. The operation (-) extends to measures on E, E and EN in
the obvious way. Now, (R%;)s satisfies the quenched LDP with rate function / gue,
the quenched rate function corresponding to the measure (ug)s. Clearly,

(3.26) E(eLaI\)/ logz—i-Nﬂ@(R]“\})) > E(eL“A’, logz-l-NﬁdD((R%)g))’

and so, by the results in Section 3.2, we have

(3.27) S 1-)>  sup  [BP(Q) — I§(O)].
0eC({1o)s)

For every Q € C(up), we have
328) @) =lme(Q)).  I"(Q)= lim [;"(0)s,),
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where §,, = 27". The first relation holds because ® ({Q)s) < ®(Q) < P ((Q)s) +3,
the second relation uses Lemma 3.6(i) below. Hence the claim follows by picking
8 =6, in (3.27) and letting n — co. U

Step 3: §9"°(B; 1—) = A(B) for all 8 € (0, 00) when g satisfies (1.3) with
support bounded from below.

PROOF. For M >0 and x € E, let x™ = x A M. This truncation operation
acts on o by moving the mass in (M, 0co) to M, resulting in a measure /Lg/[ with
bounded support and with associated quenched rate function 79 Let R?\’,’M be
the empirical process of N-tuples of words obtained from RY; defined in (2.4) after
replacing each letter x € E by x™. We have
(3.29) E(eL‘;(, logz-i—Nﬂ(I)(R%)) > E(eL“,\’,logz—i-Nﬁ(D(RaA)],M)

).

Combined with the result in Step 2, this bound implies that

(3.30) S(B;1-)> sup [BD(Q)—I1TM(Q)].
Q'eC(ud)

For every Q € C(up), we have

®(Q) = lim ®(Q")= A}gnoofEu A M)d(m1,10) (),
(3.31)
17(Q) = lim 14" (Q™).

The first relation holds by dominated convergence, and the second relation uses
Lemma 3.6(ii) below. It follows from (3.31) that

limsup sup [BP(Q") — IMM(Q)] = BD(Q) — I1°(Q)
M—o00 g'ec(uy!)
(3.32)
VO € C(no),

which combined with (3.30) yields

(3.33) S(B:1-) = BP(Q) — I11(Q)  YQ €C(uo).
Take the supremum over Q € C(uo) to get the claim. [

Step 4: S"¢(B; 1—) > A(B) for all B € (0, c0) when g satisfies (1.3).

PROOF. For M >0and x € E, let x™™ = x v (—=M). This truncation opera-
tion acts on pg by moving the mass in (—oo, —M) to —M, resulting in a measure

o M with support bounded from below and with associated quenched rate func-
tion 799 —M Let R;@’_M be the empirical process of N-tuples of words obtained
from R} defined in (2.4) after replacing each letter x € E by x™M,
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As in Step 1, for any p, ¢ > 1 such that p~! +¢~! =1, we have
E(eL’;\’, logz-i—Nﬂ(D(R]“\}’_M))
(334) < E(GL% 10gz+Nﬁ®(R%)e_ﬂ Z,N=1 C(yi)l[c(y[)<—M})

< [E(ePL% logz+Np/3<l>(R1“\}))]1/P [E(e_qﬁ >N, C(yi)l{c(yi)<7M))] 1/q ,

and hence
1 0] w,—M
NlogE(eLNlog”Nﬂq’(RN ))
(3.35) < li 10gE(ePL%10gz+Npﬁ<D(R,”\’,))
=ON

11 N
+ = —logE(e 1P Xi=1 cO) ety <—my).
P )

Let N — oo followed by z 1 1. For the left-hand side, we have the lower bound
in Step 3, while the second term in the right-hand side can be handled as in (3.22—
3.24). Therefore, recalling (3.10) and writing plogz =logz”, we get

1 1

sup  [BP(Q) — 11" M(Q)] < =8 (pB; 1—) + —log C_py
0eC(ug™) p q

(3.36

with C_yy :=/ e~ Bx <=y g1 (x).
E

Letting M — oo and using that limy;_, o, C_p = 1 by (1.3), we arrive at

1

(337) —SM(pp,1-) =limsup sup [BD(Q) — MM (Q)] > A(),
p M— o0 QGC(MaM)

where the last inequality is obtained via arguments similar to those follow-

ing (3.30), which require the use of Lemma 3.6(iii) below. Finally, let p | 1, and

use the continuity of 8 +— S(8; 1—), proven in Lemma 3.4 below. [

This completes the proof of Lemma 3.3 and hence of Theorem 1.4. [

3.4. Technical lemmas. In the proof of Lemma 3.3 we used three technical
lemmas, which we prove in this section.

LEMMA 3.4. B+ A(B) and B +— SI°(B;1—) are finite and convex on
[0, 00) and, consequently, are continuous on (0, 00).

PROOF. For the first function, note that A(B8) < SUP 9 eC (1) [BP(Q) —
I*™(Q)] <logM(B) < oo by (1.3) and (3.1), and convexity follows from the
fact that A is a supremum of linear functions. For the second function, note that
S (B; 1—) < §9"¢(8; 1) = A(B), and convexity follows from Holder’s inequal-
ity. U
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LEMMA 3.5. If u,v € P(R) satisfy h(u|v) < oo and [g e dv(x) < oo for
some % > 0, then [ (x Vv 0)du(x) < oo.

PROOF. The claim follows from the inequality

(3.38) /Efdufh(Mv)—l—log/Eef dv,

which is valid for all bounded and measurable f (see Dembo and Zeitouni [7],
Lemma 6.2.13) and, by monotone convergence, extends to measurable f > 0. Pick
f)=rx(xVv0),xeE. O

LEMMA 3.6. Forevery Q € pinv(ENy.

(i) limy o0 I§°((Q)s,) = 19°(Q) with 8, :=27";
(i) limps— o 1M (QM) = 19°¢(Q);
(i) limps— oo 199~ M(Q~M) = [9%¢(Q).

PROOF. (i) The proof proceeds by choosing an appropriate function I :
[0, 1] — R and proving that:
1(0) =1lim I (8);
(@ 1(0) lim (©))
(339) (b))  1(0)=1(51) = 1(82)
whenever 8p = k§; € (0, 1) for some k € N.

Recalling (2.10) and (2.11), we see that we need the following choices for /:

N='h((zn Q)sl(mngEN)s), 8> 0,
1 1(8) =
1o N~ h(zn Qlengd™), §=0,
H BNy 0y, §>0,
o 16— «@ggon> >
H(qu() )’ (S:O,
(3.40) N
N~ h(anYo)slmvpd 0)s),  §>0,
3 1®=1 o
N~ h(nyVolnnug 0, §=0,
H((W SNoy sy 550,
@ 16" @g§0>w >
HWgluy ), §=0,

with N € N. It is clear from the definition of specific relative entropy [recall 2.5)]
that if (a) and (b) hold for the choices (1) and (3), then they also hold for the
choices (2) and (4), respectively. We will not actually prove (a) and (b) for the
choices (1) and (3), but for the simpler choice

1(5) = {h(W)al(Mo)s), §>0,

3.41
-41) h(ulio), 5=0.
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The proof will make it evident how to properly deal with (1) and (3).

Let B(R) be the set of real-valued, bounded and Borel measurable functions
on R and, for ¢ € B(R) and § > 0, let ¢s be the function defined by ¢s(x) :=
¢ ({x)s). As shown in Dembo and Zeitouni [7], Lemma 6.2.13, we have

h(slo)s) = sup { [ #atms—10g [ e¢d(uo)a}

¢eBR)

= sup {/ d)gdu—log/ e¢5duo}.
peB®) /R R

From this representation, property (b) follows for the choice in (3.41). Next, fix
any ¢ > 0 and take a ¢ such that [p ¢ dp — log [pe? dpo > h(i|po) — &. Then,
since ¢ converges pointwise to ¢ as & | 0, the bounded convergence theorem
together with (3.42) give

(3.43) 1ir5ri})nfh((u)5l(uo)a) > h(ulpo) — &.

(3.42)

Hence liminfs o /(8) > 1(0) — €. Since 1(0) > 1(8), property (a) follows after
letting ¢ | O.

Having thus convinced ourselves that (3.39) and (3.40) are true, we now know
that for any Q € P (EN) the sequences

(B44)  H{Q)s, 1@@N)5),  H{(Wo)s, |(uS%)s),  neN,

are increasing and converge to H (qugg’N), respectively, H(Wg| Mg@ N0). This im-
plies the claim for Q with mg < oo [recall (2.11)]. For Q with mg = 0o we use

that 79"°(Q) = supycn I ([Qlir) [recall (2.12)], to conclude that / (glue((Q)(gn) is in-
creasing and converges to 19%¢(Q).
(i1)—(iii) The proof is similar as for (i). O

4. Characterization of disorder relevance: Proof of Theorem 1.5.
PROOF. We will need the following lemma, the proof of which is postponed.

LEMMA 4.1.  The supremum sup o cc[BP(Q) — I9°(Q)] is attained for all
B € (0, 00).

Let Q* be a measure achieving the supremum in Lemma 4.1. Suppose that
hd™(B) = h3™(B). Then
hEe(B) = B2 (Q™) — 11°(Q) < BO(Q™) — I"™(QF)
< BP(Qp) — I"™(Qp) = he™ (B) = h™ (),

where the second equality uses that Qg achieves the supremum in (1.16) [with
1™ (Qp) < oo], as shown by (3.1). It follows that both inequalities in (4.1) are

4.1
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equalities. However, since Qg uniquely achieves the supremum in (1.16), we must
have O* = Qg and therefore 19%°(Qg) = I*""(Qp).
Conversely, suppose that /9"°(Qg) = I*""(Qg). Then

(42)  hI"(B) = [BP(Qp) — IT(Qp) 1 =[BP(Qp) — I"™(Qp)] =A™ (B).
Since hd < (B) < h*™(B), this proves that il (8) = K™ (). O

We now give the proof of Lemma 4.1.

PROOF. The proof is accomplished in three steps. The claims in Steps 1 and 2
are obvious when the support of wg is bounded from above, because then @ is
bounded from above and upper semicontinuous. Thus, for these steps we may
assume that the support of 1( is unbounded from above.

Step 1: The supremum can be restricted to the set CN{Q € pinv(ENy. g meD) <
y} for some y < oo.

PROOF. We first prove that

(4.3) Jim. SQng [BP(Q) — I1(Q)] = —o0.
®(0)=a

To that end we estimate, for a € (0, 00),

sup [BP(Q) —I1"(Q)] < sup [Ba — h(m10|po)]
QeC QeC

P(Q)= P(0)=
(4.4) ¢ ¢

= sup [Ba — h(u|mo)],
HEP(E)

IE le dM(X)<OO,fExdp.(x):a

where we use that /9'°(Q) > I*™(Q) = H(Q|Qo) > h(my,10Q|wro). The last
supremum is achieved by a measure w; of the form du, (x) = M (n) " lerx duo(x),
x € E, with A such that [ x duy (x) = a [recall (1.17)]. To see why, first note that
such a A = A(a) exists because (A — [ xdu, (x)) is continuous with value O at
A =0 and limy_, o [ x dp (x) = sup[supp(o)] = w, where w = co by assump-
tion. Next note that, for any other measure x with [ x du(x) = a, we have

(4.5)  h(ulun) =h(plpo) — ra +log M(A) = h(plpo) — h(palmo),

which shows that & (u|wo) > h(uy | o) with equality if and only if © = p;. Con-
sequently,

sup [Ba — h(ulmo)] = ﬁ/ x dpp(x) = h(pal o)
HEP(E) E

Jg Ixldp(x)<oo, [f x du(x)=a
(4.6)

=: g(A).
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Clearly, a — oo implies A = A(a) — 00, and so to prove (4.3) we must show that
lim; o0 g(2) = —00.

To achieve the latter, note that a lower bound on A () | o) is obtained by apply-
ing (3.38) to f(x) := ,B_(x v 0) for some ,3 > B. This yields

@.7) g <—(B—B) /E xdpts () + log[M () + 11.

The integral in the right-hand side tends to infinity as A — oo, and so (4.3) indeed
follows.

Finally, recall the definition of A(8) in (3.16), which is finite because of
Lemma 3.4. Then, by (4.3), there is an ag < oo such that

(4.8) Zuré [BP(Q) — IT"(DI<AB)—1  Va=a,

®(Q)=a
and so all Q € C with &(Q) — I11"°(Q) > A(B) — 1 must satisfy ®(Q) < ag
and 19"¢(Q) < BD(Q) + 1 — A(B) < Bap + 1 — A(B) =: y. Consequently, the
supremum can be restricted to the set C N {Q € P™(EN): 19 (Q) <y}. O

Step 2: @ is upper semicontinuous on {Q € pinv(ENy. “e(Q) <y} for every
y > 0.

PROOF. From the definition of ® and the inequality h(mwy1Q0|wno) <
I19%¢(Q) < y, it follows that it is enough to show that the map u — W (u) :=
JE(5.16), (x v 0) du(x) is upper semicontinuous on K, := {u € P(E) : h(u|po) <
y}. To do so, let (u™)yen be a sequence in K, converging to pu weakly as
M — oo. Then

@9 v = [ [V 0 Al )+ [ 6 du o,
E E
and so

limsup\D(;LM) < f [(xVO)An]du(x)
M—o0 E

(4.10)

+ sup xl{x>n}duM(x) Vn e N.
MeNVE

By the inequality in (3.38), we have

A fExl{x>n}duM<x> < h(1™ o) + log fE 1= dpg (x)

@.11)
VM,neN, 1> 0,

and so

1
(4.12) sup | x1pespy du™(x) < Y 4 Zlog f M= dpg (x).
MeNJE A A E
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By (1.3), the limit as n — oo of the right-hand side is y/A. Since A > 0 is
arbitrary, we conclude that the limit as n — oo of the left-hand side is zero.
Letting n — oo in (4.10) and using monotone convergence, we therefore get
limsup,,_, .o ¥ (uM) < W(w), as required. [

Step 3: Let I'(Q) := BD(Q) — I9"°(Q). Then, by Step 1, we have that for some
y >0,

(4.13) sup['(Q)= sup TI'(Q)= sup T(Q).
QeC QeC QepPmv(EN)
1ve(Q)<y Iave(Q)<y

By Theorem 2.2, 19" is lower semicontinuous. Hence, by Step 2, & — 19" is
upper semicontinuous on the compact set {Q € pinv(EN): Jaue( Q) < y}, achiev-
ing its supremum at some Q*. Let u* := w1 Q*. Then, by (1.3), the inequality
in (3.38) gives

(4.14) /E(x vO)du*(x) <y —i—logLex duo(x) < oo,

and, since ®(Q*) > —oo, we also have [ (x A 0)du*(x) > —oo, so that * € C.
Hence

(4.15) sup'(Q)=sup_ T'(Q)=T(Q%),
QeC QePinv(EN)
1% (Q)=y

which completes the proof. [J

5. Reformulation of the criterion for disorder relevance. Note that,
by (2.10) and (2.12), for o > 0, the necessary and sufficient condition for rele-
vance, 19%°(Qg) > I1*"(Qp), in Theorem 1.5 translates into

(5.1) Jim mig,, H(Wigp,lug ) > 0.
In Lemma 5.3 below, we give two alternative expressions for the specific relative
entropy appearing in (5.1). These expressions will be needed in Sections 6 and 7.
1. Asymptotic mean stationarity. In what follows we will make use of the notion
of asymptotic mean stationarity (see Gray [16], Section 1.7). Let A be a topologi-
cal space and equip ANo with the product topology. A measure P on AN is called
asymptotically mean stationary if for every Borel measurable G ¢ ANo,

n—1

— 1
(5.2) P(G):= lim = > PO *G) exists.
n—-oon k=0
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As in Section 2, 6 denotes the left-shift acting on AN0_ If P is asymptotically mean
stationary, then P is a stationary measure, called the stationary mean of P.

For Q € PV (EN) recall from Section 2.1 that k(Q) € P(ENo) is the proba-
bility measure induced by the concatenation map « : EN — ENo that glues a se-
quence of words into a sequence of letters, that is, K (Q) = Q o k~!. Our aim
is to replace Wy in (5.1) by «(Q), which is not stationary but more conve-
nient to work with. These two probability measures are related in the following
way.

LEMMA 5.1. Ifmg < o0, then k(Q) is asymptotically mean stationary with
stationary mean k (Q) = W¥g.

PROOF. Let X :=«(Y) € ENo, where Y is distributed according to Q. Let [
denote the set of indices i € Ny where a new word starts (0 € ). For i € Ny, let
ri :=inf{j € N:i — j € I}, that is, the distance from i to the beginning of the word
it belongs to. For j € I, let L/ denote the length of the word that starts at j. Then,
for any G ¢ ENo Borel measurable, we have

n—1 n—1 i
K(0)(O'X €G) = Q0'X €G,ri =k)
> 22
(53) i=0 li(; ki(;
=Y > Q0'Xe€G.ri=k).
k=0 i=k

Next, note that
Q0'X € G,ri =k)

=Q00'XeG,i—kel, L %>k
(5.4) . ‘
=Q00'XeG, L™ >kli—keDQG —kel)

=00*XeG,L°> k0 —kel).

Hence, dividing the sum in (5.3) by n, we get

1 n—1 ) n—1
(5.5) - S k(Q)O'XeG) =) 00" X € G, LY > k) fin,

o k=0
where we abbreviate f , := n~! Z?;'{)_I Q(j € I). By the renewal theorem,
lim,,_, 0 fik,n = 1/mg for k fixed. Since

(5.6) Y O > k) =mg < oo,
k=0
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we can apply the bounded convergence theorem, and conclude that

(0)(G) = i 3 0@ X € G, L0 > k)
k=0

1 o0 o0
(5.7) =—3 > 00"XxeG.L'=))
MQ =0 j=k+1
] =

= Y > 00" xeG, L= j)=¥y(G).

Q j=1k=0

The last equality is simply the definition of Wg in (2.7). [

To complement Lemma 5.1, we need the following fact stated in Birkner [5],
Remark 5, where ergodicity refers to the left-shifts acting on EN and EN.

LEMMA 5.2. IfQ € Pinv(ENY s ergodic and mg < oo, then Vg € pinv(EN)y
is ergodic.

An asymptotic mean stationary measure can be interchanged with its station-
ary mean in several situations (see Gray [15], Chapter 6), for example, in relative
entropy computations, as in Lemma 5.3 below. Before stating this lemma, we use
an extension of the notion of specific relative entropy to measures that are not
necessarily stationary. More precisely, for two measures P and Q on a product
space AN, we define the specific relative entropy of P w.r.t. Q as

(5.8) H(P|Q) :=limsup %h(nan Q),

n—oo

where 7, is the projection onto the first n coordinates. For Q € Pinv(l:f Ny, we
introduce the following Radon—Nikodym derivative:

druk (Q)

(x), x € ENo,
d,u%g’”

(5.9 Jn(x) =

With this notation, the main result of this section is the following.

LEMMA 5.3. For Q € pinv(EN) ergodic with m g < 0o,
(5.10) HWolud™) =Huw(Q)Iud™"),
1
(5.11) = lim ~log fu(x)  fork(Q)-as.allx e ENo,
n— n

The first equality holds also without the assumption of ergodicity.
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PROOF. The first equality follows from Gray [16], Corollary 7.5.1, last equal-
ity in equation (7.32), which does not need the assumption of ergodicity. For the
proof of the other equality, define

dr n \IJQ
dud"
Since Wy is stationary and ergodic (Lemma 5.2), Gray [16], Theorem 8.2.1, ap-

(5.12) fu(x) =

(x).

plied to the pair W, ,u? No oives that

.1 = ®N
(5.13) nlggoglogfn(x) =HWolug )

for Wy almost all x. But Wy is the stationary mean of « (Q) (Lemma 5.1), so that
Gray [16], Theorem 8.4.1, combined with (5.13) gives

. _ ®Nog
(5.14) nlggo - log fn(x) = H(Woluy ™)
for x(Q) almost all x. [

II. Alternative formulation. We will apply Lemma 5.3 to the measure [Qg]lir,
which is ergodic, being a product measure. The word length distribution of it is

K(n), if 1 <n<tr—1,
oo

(5.15) K'(n):={ > K@m), ifn=tr,
m=tr
0, ifn >tr.

For [Qgl, the function f, in (5.9) becomes

n—1 eﬂxk

Lis=0) e
(5.16) fn<x>=EKu<1‘[( ) ‘ ):EKU(eZk—é{ﬁXk—logM<ﬂ>}1{sk=o}),
Lo \M(B)

where Eg« denotes expectation with respect to law of the Markov chain S with
renewal time distribution K starting from 0. This follows from the definition
of Qg and (1.17). To emphasize the fact that in the last expression the sequence

x € ENo jg picked from « ([Qglir), we take two independent sequences

(5.17)  (xK)keNy> (*x)keN, drawn from ;ng’ No and ,u,?NO, respectively,

and an independent copy S" of S. Let I :={i >0:5; =0}, I':={i >0: 5] =0}.
Then
N
H(Y1op,l15 ")
(5.18) -
— lim l log E g [ezz;(l)[ﬂxk1{k¢1/}+/3fkl{kel/}—IOEM(ﬁ)]l(kel}].
n—o0 n

Note the appearance of two renewal sets I, I’, which are the key to understanding
the issue of relevant vs. irrelevant disorder; recall Remark 1.18.
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6. Monotonicity of disorder relevance: Proof of Theorem 1.6.

PROOF. In view of (5.10) in Lemma 5.3, the condition for relevance in (5.1)
becomes

(6.1) Jim mg, Hc([Qplo)lig ) > 0,

We will show that B — H (k([Qpli)] ,ugz’N") is nondecreasing for every tr € N,
which will imply the claim because m[g,), = m g« does not depend on 8. It will be

enough to show that g — h(nnK([ng]tr)l,u?”) is nondecreasing for all tr, n € N.

Fix tr,n € N. For 8 € [0, 00) and x = (xg, X1, ..., X,—1) € E", let
o dmu([0ply) ( Pk )
6.2 k 5 = =Egu s
(6.2) (B, %) aul (¥) =Eg kg,, M)

with J, := {0 <k < n:S; = 0} the set of renewal times prior to time n for the
chain S that has renewal time distribution K%, to which we add 0 for convenience.
Our goal is to prove that

63) B f(B):= fR k(B X)logk(B. )] dug" (%) = h(ar (1Qp]w) 15"

is nondecreasing on [0, 00). We will do this by proving a stronger property.
Namely, for 8 = (8o, B1, ..., Bn—1) €[0,00)" and x € E", let

_ eBrxk
(6.4) kB, %) := EKn(k]"J[ M(ﬁk)>'

We will show that

(6.5) B> f(B) = /R [k(B. ) logk(B, )] dp" ()

n

is nondecreasing on [0, 0c0)" in each of its arguments.

We will prove monotonicity w.r.t. 81 only. The argument is the same for the
other variables, with one simplification for Byp; namely, we may drop the corre-
sponding indicator 1{yc,) in the third line of (6.6) and in (6.8). First, using that
[k(B, %) d,uf)z’” (x) = 1 for all B, we compute

3, f (B)

= [ 9 [k (5. B log k(B D)1 dyaf” ()
(6.6) R

- /R 0, k(B ©)llogk(B, %) A" (3)

Bix Brx
=/ 8ﬂ1<e—)EKu<l{1EJn} I ﬂ)logk(ﬁ,@dug‘?”@).
R" M(B1) resny M B
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Next, we note that

ePrr ePriix M(B1) —eP¥ I M (B1)
9 d = d
ﬂl(M(,Bl)) Hot M(B1)? polx)
M’(ﬂ1)> efri
6.7 =x - d
©.7) (’” R

= (x1 — Eg))dug, (x1),
where Eg, := M'(B1)/M(B1) = [ x1dug, (x1). Now, let %! be ¥ without x;, and
abbreviate
eBrxx

(6.8) Alx; i) = EKU( I1

—1{1eJn}>10gk(5,i)-
kesn(1y M(Br)

Then, for fixed !, the integral over x; in (6.6) equals

[ 1= Ep) A £ dag, ()
6.9) .

= A;”(xl - Em)dum(xl)/Rn Axy; Yydpg, (x1) =0,

where the inequality holds because both xi — x; — Eg, and x| — A(xl;)?l)
are nondecreasing [for the latter we need that ) € [0, 00)]. It therefore follows
from (6.6), after integrating over x! as well, that dg, f(B)=0. O

7. Disorder irrelevance: Proof of Corollaries 1.7 and 1.8(i).
7.1. Proof of Corollary 1.7.

PROOF. This is immediate from Theorem 1.5 and the fact that 79%¢ = 73"
when « = 0. The latter was already noted at the end of Section 2. [

7.2. Proof of Corollary 1.8().

PROOF. We will show disorder irrelevance for all 8 that satistfy M(28)/
M(ﬂ)2 <1+ x~'. To show that for such B the limit in (5.1) is zero, we use

an annealed bound on H (V¥[o ﬁ]trl,ugb NO) based on the expression (5.11) for it. We
bound the limit in the right-hand side of that formula, using (3.22) with the role of
®, played by

dr, ik ([Qp1u)

(x), x e ENo,
dud"

(7.1) Ja(x) =

This satisfies
(7.2) Ec0p1e) (fn(¥)) = Eyon (fa (X) fn (X)),
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because f,(x) depends on the first n coordinates of x only, and the Radon—
Nikodym derivative of 7,k ([Qpglir) With respect to ,ug’" is f. Using (5.16), we
write the last expectation as

Eu(t)@n(fn(x)fn(x))
nol o oBa \ Lise=01 1l o oBr \ Tisig)
:Eug?” ((EKtr XEK“)(IE)(M(,B)> E)(M(,B)) ))

n—1 eﬂxk I{Sk=0} n—1 eﬂxl l{SI/:O}
= E tr E tr E n
(ke Bk )< & (,E)(M(ﬂ)> E)<M(ﬂ)> ))

=y koo L5 =5/ =0)
=(E[(tr XEKtr)(D(,B) K=k ),

(7.3)

where E v x Egu is the expectation with respect to two independent copies S, S’
of the Markov chain starting from 0 with renewal time distribution K , and

M@2B)
(7.4) EB) =
M(B)?
If we now let
.1 A e gl
(7.5) (L) = nlllgo;bg(EK" x Egu)(e” 70 15=5=0),

then (5.11), (3.22) and (7.1)—(7.5) imply that
(7.6)  H(Wg,lng™) < Allog B(B),  B€l0,00),treN.

Combining this bound with the condition for relevance in (5.1), we see that to
prove irrelevance it suffices to show that

(7.7) lim mg,1, A (log E(B)) = 0.

tr— 00

By (A.2) in Appendix A, we have
(7.8) AN =0 < r<irp:=—logP(INI #2),

where I, I’ are the sets of renewal times for S, S’ without truncation, and f>(A)
as defined in Appendix A. By Lemma A.1, if 1 < A, then sup,,cy tr /5" (1) < oo.
Since limgy_s o mpggl,/ tr = 0 always, (7.7) holds as soon as log E(8) < Ao, that
is, 2(B) < 1/P(INI" # &). Now the claim of the corollary follows because P(1 N
I' # @) = x/(x + 1) (see Spitzer [19], Section 1), with x as defined in (1.21), and
with the convention that the last ratiois 1 if x =o00. [
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8. Disorder relevance: Proof of Corollary 1.8(ii).

PROOF. We restrict the expectation in (5.18) to the set
(8.1) A ={Sio: IN{1,...,n}=1"N{1,...,n}},

that is, S follows I’ and collects only the tilted charges x; defined in (5.17). This
gives for the expectation the lower bound

n—1
(8.2) exp[zwk ~log M(ﬁ)]l{ke,/}}mn).

k=0

Letk, :=[IN{l,...,n}|,tfj=0and 7{ <--- < r,én the elements of I'N{1, ..., n}.
By the renewal theorem, we have k,,/n — 1/my as n — co. Moreover,

ko
(8.3) P(A) =P >n—1 ) [[ K"/ —7/_)D.
i=1

so that

k
1 1 k 1 n
~logP(A,) = ~logP(r; > n —7,) + = > log K*(¢/ = /_))
n n n ky P

(8.4) t
1 T
— — > K"(k)log K" (k),
M=
while
1! 1
(8.5) — Y {Bxk —log M (B)} ey —> —c(B)
n k=0 mtr
with

(8.6) c(B) = BE, (1) —log M (B) = Bllog M (B)]' —log M(B) = h(pg| o).

Hence

tr
(8.7) meH (Wi, g ) = h(pglio) + Y KT (k) log KU (k),
k=0
and
(8.8) liminfmig,i, H(k[Qsllg ) = h(ugluo) — H(K).

Consequently, h(ugluno) > H(K) is sufficient for disorder relevance. [

We close by proving the second part of (1.26).
(8.9) ﬂlglgoh(uﬂluo) = log[1/pmo(fw})].
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We distinguish three different cases:
(1) w = 00. Apply (3.38) with . = g, v=po and f(x) =x V0, to get

(8.10) h(uplio) = fE (r v 0) dup(x) — log[M (1) + 11.

The integral diverges as 8 — o0, and so (8.9) follows.

(2) po({fw}) =0 with w < oco. Now ug converges weakly as B — 00 to &y,
the point measure at w. Hence (8.9) follows by using the lower semicontinuity
of uw+— h(u|uo) and the fact that h(8,|no) = oo because §,, is not absolutely
continuous w.r.t. (g.

(3) nwo({w}) > 0 with w < oo. Define

8.11) fp(x) = dip oy = e . xeE.
dpo M)
This function satisfies
ﬁll)ngo fp(x)=0 forx <w,
(8.12) ﬁlifréo fp(w) =1/pno({w}),

fpx) = 1/mo({w}) <00 forx <w.
Since t + tlogt is increasing on [1, co) and on (0, 1] takes values in [—e~ 1, 0],

we can apply the bounded convergence theorem to the integral

(8.13) h(pg o) =Lfﬂ(X)10gfﬁ(X)dM0(x),

to get (8.9).

APPENDIX A: STANDARD FACTS ABOUT THE HOMOPOLYMER

In this appendix we recall a few standard facts about the homopolymer. For
proofs we refer to Giacomin [11], Chapter 2, and den Hollander [8], Chapter 7.

The homopolymer has a path measure as in (1.4), but with exponent
A ZZ;(I) L{s,=0}, A € [0, 00). For a given renewal time distribution K, it is known
that the free energy f () is the unique solution of the equation

(A.1) et => Kme MW
neN

whenever a solution exists, otherwise f(A) = 0. Clearly
(A.2) fA)=0 <= Air=<-logP( #9),

where I = {k € N:§; = 0} is the set of renewal times of S.
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Let S, S’ be two independent copies of the Markov chain starting form 0, with
renewal time distribution K, and with sets of renewal times I, I’. Transience of the
joint renewal process I N I’ is equivalent to P(I N I’ # &) < 1. In that case, let

(A.3) ro:=—logP(I NI # @) >0,

and denote by f>(1) and f3'(1) the free energy of the homopolymer whose un-
derlying Markov chain has renewal set I N I’ when the renewal times of S, S’ are
drawn from K, respectively, K defined in (5.15). Then limg_ oo fztr ) = fo(r).
Note that f(A) =0 if and only if A < Ag. This property does not hold for fztr(X),
but the following lemma shows that f3'(A) tends to zero fast as tr — oo when
A < Ag.

LEMMA A.1. Suppose that P(I N 1" # @) < 1. Then supgcytr f37(1) < 00
forall & < ).

PROOF. As in the paragraph preceding the lemma, define IV, 'Y, where
now the Markov chains S, §" have renewal time distribution K". Let K>, K3 be
the renewal time distributions generating the sets I N I’, I" N I'" respectively.
Put Ly(n) := Y}_; K2(k) and LY (n) := Y}_, K¥ (k). Then L(c0) = e~ and
L5 (c0) = 1 because the renewal process 1" N I’ is resurrent. Since KJ'(n) =
K;>(n) for 1 <n < tr, it follows from (A.1) that

tr—1 00
e = Z Kz(n)e_"fér(k) + Z Kﬁr(n)e_”fg(k)
n=1 n=tr

(A.4) .
< Ly(tr—1) + e "2 [1 - Ly(tr—1)],

where the equality holds because f;"(1) > 0 for A > 0. Hence

1 — Ly(tr—1)
- Lz(tr—l)]

(A.5) tr £ () < log[e

The term between brackets tends to (1 — e™70) / (e™* —e0) as tr — oo, which is
finite for A < Ag. O

The order of the phase transition for the homopolymer depends on the tail of K.
If K satisfies (1.24), then (see [11], Theorem 2.1, [8], Theorem 7.4)

(A.6) FOY~ A1), a0,

for some L*, that is, strictly positive and slowly varying at infinity. Hence, the
phase transition is order 1 when « € [1, 00) and order m € N \ {1} when « €
[%, ﬁ). This shows that the value o = % is critical in view of the Harris criterion
mentioned in Remark 1.14.
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APPENDIX B: PROOF OF LEMMA 3.2

We borrow ideas from the proof of the lower bound of the LDP in Theorem 2.2
given in Birkner, Greven and den Hollander [6], Proposition 4.1. What follows is
a rewriting of the relevant parts of that proof, organized as Sections B.1-B.4. Our
setting is the same as their setting because the assumption throughout Section 3.2
is that £ := supp[ o] is finite.

We will prove that S9*°(8; 1) < S¢(B; 1—). Fix A < S9"°(8; 1). By (3.14)
and (2.12), there is a Q € P™(EVN) with m¢o < oo such that Sd(Q) —
19%¢(Q) > A. Because @ and 79" are affine, we may assume without loss of
generality that Q is ergodic.

B.1. Step 1: Good sentences. For ¢ > 0, the set
(B.1) Us(Q) :=1{Q" € P™(E): d(Q) > ®(Q) —¢)

is open because @ is continuous. Hence there is an Mo € N large enough, a §; >0
and a finite set Ay € EMo such that

(B.2) Uns, :={Q € P™(E"):|(mm, Q)(5) — fil <281 Vs € Ao} CU(Q),
where we set f := (1, Q)(s) for s € Ap. Also, by (1.2), we can assume that
(B.3) Km)>n""""  vn> M.

By the ergodicity of Q, for every s € Ay we have

1 o
B4) lim —[{0<j<M—My:mp,(0'Y)=s}=fs for Q-a.e. Y.
M—oco M

Consequently, there is a large M and a finite set A C EM with
(B.5) (T Q)(A) > 1—¢
such that

1 o
(B.6) Ml{ij§M—M0:71'M0(91z)=s}| — fsl <81 Vs € Ag,z € A.

Moreover, we can assume for all z € A the following relations, which are stated
in [6], equation (3.6), and are consequences of ergodicity, too:
(B.7) k()| € [M(mg —¢€), M(mg +¢€)],

log Q(K(Y(l), Y@, .., Y(M)) =K(Z))
(B.8)
€ [—M(mQH(\I!Q) + 8), —M(mQH(\IlQ) — 8)],

(B.9) logQ((YM,YP, ..., YM)=27) e [-M(H(Q) +¢), —M(H(Q) — ¢)],

|1 (2)]

(B.10) > loguo((k(2))i) — MmoEuy,[log uo(X1)] € [-Me, Me],
i=1
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M
(B.11) > log K (]z"]) — MEg[log K (11)] € [-Me, Me].

i=1
In the above relations, |« (z)| denotes the length of the string « (z), (k' (2)); is the ith
letter of that string, z® is the ith word of the sentence z, |z is its length, while
H(Q), H(V) are the specific entropies of the measures O, Wo. In the last rela-
tion, 7 is distributed as the length of the first word of an element of EN drawn
from Q. Finally, M can be chosen such that

8Mj

1
(B.12) M>5—, M(oz—i—l—ke)log[M(mQ + &)+ Mp] < e.
1

B.2. Step 2: Good trajectories. For given w € ENo, we define a set 1.7 of
trajectories for the renewal sequence T = (7});cn, on which RY, € Uy s, In gtep 3
we will control the probability that T follows a trajectory in ’Z;“’M

Let B := {«(2) : z € A} be the set of concatenations of the sentences of A.
By (B.5) and (B.8),

(B.13) IB| > (1 — g)eMmoH(Yo)=e)

Divide w into consecutive pieces of length A :=[M (m g + €)] + Mo, mark with 1
those pieces that start with an element of B, and mark with O the remaining pieces,
that is, for j > 0, let

(B.14) 0j = l{Owa starts with an element of B}*

Let {j (r):r > 1} be the increasing sequence that picks out the j > 1 witho; =1,
and let j(0) = 0. The increments {j(r + 1) — j(r) : ¥ > 0} are i.i.d. geometric ran-
dom variables with probability of success pp := P(w starts with an element of 5).
It follows from (B.10) and (B.13) that

(B.15) p=>(1— 8)eM(mQH(\‘I"Q)+mQE\I/Q[IOgMO(Xl)]—zé‘)

(B.16) —(1— S)C—MmQH(\IJQI;L?NO)—ZeM.

The equality in the second line follows from [6], equation (1.26). In particular, for
P-a.e. w we have o; = 1 for infinitely many j’s, and so the sequence {j(r):r > 1}
is well defined.

Pick any N > 16M/é;. The set 7., consists of all 7" that first jump to j (1) A

li.e., T1 = j(1)A], next make M jumps that cut out of /(DA% an element of A
[which is possible by the definitions of j(1) and B], next jump to j(2)A [i.e.,
Ty+2 = j(2)A], next again cut out an element of 4, and continue likewise until
they jump to j([N/(M + 1)1 + 1) A (no conditions are imposed afterwards). The
words between two consecutive j(r)A’s we call a block. After the first jump to
Jj(1)A and up to the last jump to j([N/(M + 1)] + 1) A, at least N words are cut
out, because T has created [N/(M + 1)] blocks each containing exactly M + 1
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words. We note that the first M words are important and of typical length, while
the last word is of an untypically large length and its sole purpose is for T to move
to a good position in w. Call YV, y@ |y the first N words cut.

LEMMA B.1. Ry €Ums, forall T inT7,.

PROOF. By the definition of R, we need to show that every element s € Ay
occurs in the finite sequence

(B.17) (g7 (YD, ¥ P,y P

the right number of times, that is, a number of times that falls in the interval (( f; —
281N, (fs +2581)N).

For the lower bound, note that the sequence (Y O y@ o yW )) contains at
least the words of the first [N /(M + 1)] — 1 blocks out of the [N /(M + 1)] blocks
that T created, because the last word of these blocks has index at most i* = 1 +
(N/(M+1)—1)(M+1)=N — M < N. Each such block offers at least M ( f; —
81) occurrences of the word s, because of (B.6) and i* < N — Mjy. Thus, we have
at least

fs -4 1

N
M, —csl)(M—Jrl —2) = N(f by = 2

N —2M(f; —81)
(B.18)
> N(fy — 281)

occurrences of s in the sequence in (B.17), where the last inequality holds because
N > 16M /51 and M > 8 My /5 by (B.12).

For the upper bound, note that, because of (B.6), the occurrences of s in the
sequence in (B.17) are at most

L+ ((fs +8DM + M0)<ML+1 + 1) + Mo
(B.19)

NM,
<N(f; +68) + M—+°1 FM(fy+81) +2Mo+ 1 < N(f; +261),

where the last inequality again uses N > 16 M /§; and M > 8My/61. U
B.3. Step 3: Probability of good trajectories. For the quenched probability
P(T € ’];"”M), we have the lower bound
P(T € %) = K(j(1)A)
(B.20) % (eM(H(Q)—mQH(\IIQ)—Ze)eM(EQ[logK(rl)]—e))rN/(M‘Hﬂ

IN/(M+1)]
inf  K([jor+1)— j(r)]A —n).
x I onif KL D = J0IA =)

r=1
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The last product is a lower bound for the probability of the large jumps that land at
the points j(r + 1)A, 1 <r <[N/(M + N)]. The power preceding this product
corresponds to the jumps inside each of the [N /(M + 1)] blocks, and uses that,
by (B.8) and (B.9), for each element of 3 there are at least eM(H(Q)—mgH (¥g)—2e)
different words of A having this element as concatenation, and that, by (B.11), the
probability for M jumps to cut out a given word in A is at least e™ Eollog K(xi)l—¢)
It therefore follows that
|
IZIVII_l)lglofﬁ logP(z € 7.%))
(B.21) > H(Q) —mgH (W) + Egllog K (11)] — 3¢
1
—E(1 inf K({[j2) —jIA - .
+ogBllog | inf K(L@ = 1A -n)])

To be more precise, (B.20) gives (B.21) with the right-hand side multiplied by
M /(M + 1), but since the factors in (B.20) are probabilities, replacing M /(M + 1)
by 1 still gives us a lower bound. Now, because of (B.3) and A — > My, the last
expectation is bounded from below by

E[log((Lj (2) — j(HIA) 9]
(B.22) = —(a+ 14 )E[log([j (2) — j(1)]A)]
> —(a+1+ 8)(logA +logE[j(2) — j(l)]),

where we use the concavity of log. Since E[j(2) — j(1)] = 1/pg, by combining
(B.21) and (B.22) with the lower bound on pg in (B.16), we get that

liminf N "' og P(T € T.%,)
N—o0 ’
> H(Q)—mgH(Wp) +Egllog K(11)] — 3¢
1
—[- 1
+o [+ 1+e)
(B.23) x (log A —log(1 —8)+MI’HQH(\IJQ|M?N0)+28M)]
=H(Q)—MQH(‘IJQ)JrEQ[lOgK(fl)]—mQH(‘IfQIM?NO)
N N
—amoH(Wolud ) —3e —emgH(Wolud )

- %(a +1+e)(logA —log(l —e)) —2(ax + 1+ ¢)e.

The fourth line equals —79"¢(Q) because of [6], equations (1.16), (1.30) and
(1.32), where in using (1.16) we note that what we call in this paper « is called
a — 1 in [6]. The fifth line is at least —eC¢ for some positive constant C¢ that
depends on Q, because of (B.12). Thus, we end up with

(B.24) 1}'VriigofN—1 logP(T € T%y) = —1"°(Q) — ¢Cy.
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B.4. Step 4: Lower bound. For T € ’Z;“’ , we have

) N
and note that
1 N 1 1
(B.26) hm —J(’V——‘ + 1) =S —
N—oo N M+ 1 M+ 1 pp
Hence

(B.27) >E(e

w 1 NB®(RY
E(eNmRN 0gz+NBP( N))

( NmR%Ing—l—Nﬁd)(R 1T 7o })
Slem

> eNB@Q)=6) L N/ MADTHDMimo+e) MO P(r & T2, ),

Combining (3.10), (B.24), (B.26) and (B.27), we get

M(mQ +¢e)+ My
(M +1)pg

ST(B;z) = BP(Q) — Be + logz

(B.28)

19¢(Q) — Cye.

Now let z 1 1 and ¢ | 0, to get S9"¢(B; 1—) > P (Q) — 19"¢(Q) > A. Since A <
S4U€(B8; 1) was arbitrary, it follows that S9*°(8; 1—) > S1"¢(8; 1).
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