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Consider a continuous time random walk in Z with independent and
exponentially distributed jumps +1. The model in this paper consists in
an infinite number of such random walks starting from the complement of
{—m,—m+1,...,m —1,m} at time —¢, returning to the same starting posi-
tions at time ¢, and conditioned not to intersect. This yields a determinantal
process, whose gap probabilities are given by the Fredholm determinant of a
kernel. Thus this model consists of two groups of random walks, which are
contained within two ellipses which, with the choice m >~ 2¢ to leading order,
just touch: so we have a tacnode. We determine the new limit extended kernel
under the scaling m = |2t + orl/ 3J, where parameter o controls the strength
of interaction between the two groups of random walkers.

1. Introduction. In the past decade, systems of vicious random walks and
nonintersecting Brownian motions have been investigated, and quantities such as
the correlation functions [39], the one-point distribution functions and limit pro-
cesses under appropriate scaling limits have been studied. Nonintersecting Brow-
nian motions arise in the study of random matrices [33, 34, 38], and space (and/or)
time discrete versions in random tiling and growth models [22, 23, 27-29, 40, 42,
43]. Most of these works use the mathematical framework shared by Brownian
motions starting from a point, and either ending at the same point after a given
time or the boundary condition is free (with possible extra boundary conditions
like staying positive [37, 51]).

Consider N nonintersecting Brownian bridges x;(r) on R, leaving from O at
time T = —2N and forced to O at time 7 = 2N. For large N, the mean den-
sity of Brownian paths has support, for each —2N < 7 < 2N, on the interval
(—v/4N? — 12 4/4N? — 72). This means that on the macroscopic scale, where
space and time units are set equal to N, one sees a circle. Near its boundary, the
density of Brownian paths is of order N ~!/3, thus to see something nontrivial one
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needs to look in a space window of size N'/3 and, by Brownian scalings, a time
window of size N2/3. We call this the “Airy microscope,” since it holds

(L) lim P(all N~13(x; 2sN*3) —2N) € E€ — 5?) = P(A2(s) N E = ),
—00

where Aj is the so-called Airy, process. It has a universal character and was dis-
covered in the context of the so-called multilayer PNG model [42]. The scaling
(1.1) is equivalent to the customary N ~!/6-GUE-edge rescaling along the circle
for nonintersecting Brownian motions leaving from the origin at time ¢t = 0 and
returning to the origin at time ¢ = 1; this is done by an appropriate change of the
variance of the Brownian motions.

In the context of growth models, generalizations have been introduced with ex-
ternal sources [11, 26]. Its analog in terms of Brownian motions is to require that
a finite number of Brownian motions end up at some point ¢ N. Then under the
scaling in (1.1), the limit process is a transition process from Airy, to Brownian
motion. For extensions to more general sources, see [9, 17], while for the case that
the top r Brownian motion ends up at 2N, see [3] and [4].

A further known situation occurs when a fraction p/N of the N nonintersecting
Brownian motions (leaving from the origin at time t = —2N) end at time r = 2N at
position aN and another fraction (1 — p)N at bN, witha < b. When N — oo, the
mean density of Brownian particles has its support on one interval in the beginning
and on two intervals near the end. Thus a bifurcation appears for some intermediate
time 79, where one interval splits into two intervals, creating a “heart-like” shape
with a cusp at the origin. Near this cusp appears a new universal process, upon
looking through the “Pearcey microscope,” where the space window is N/, and
the time window is N!/2. The new process is called the Pearcey process [50] and
is independent of the values of a, b and p; see [6]. Once the bifurcation has taken
place, the Brownian motions will eventually fluctuate like the Airy, process near
the edge, with a transition from the Pearcey to the Airy; process [2]. The Pearcey
process has also been obtained as the limit of discrete models; see [13, 14, 41].

The motivation of our work is to understand what happens when half of the
nonintersecting Brownian motions start and end at a point, while the second half
start and end at another point. When the two starting points are sufficiently far apart
from each other, the mean density of particles will be confined to two separate
circles, with Airy, processes appearing near the boundary, as described above.
When the two starting points move away from each other at an appropriate rate
proportional to N, the two circles will just touch, creating a tacnode. A new critical
process appears by looking at the two sets of nonintersecting Brownian motions,
which experience a brief meeting in the neighborhood of the tacnode, but looked
at with the Airy scaling; we call it the tacnode process. Pictorially it can be thought
of as two Airy; processes touching; see Figure 1.

In this paper we obtain an explicit formula for the kernel governing this tacnode
process for nonintersecting continuous-time random walks, rather than noninter-
secting Brownian motions. The same result is expected to hold for the Brownian
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F1G. 1. [Illustration of the tacnode with N = 50 Brownian bridges.

motion case, since under the scaling the discrete nature of the random walks is lost,
and the random walks become Brownian paths. Our main result is the limiting ker-
nel at the tacnode under appropriate scaling limit, stated in Theorem 2.2. Before
taking the limit, the kernel is given by Theorem 2.1. The model is to let two groups
of nonintersecting random walks with jumps %1, rate 1 and 2m + 1 integers apart
evolve during a total time or order m, with space—time rescaled a la Airy, namely
x ~Em'/3 and v ~ sm?/3 as suggested by formula (1.1). The parameter m, defined
here, plays the role of the number of particles N, previously defined.

There is an important difference with respect to the Airy,; and Pearcey cases:
here we have a one-parameter family of processes, which is obtained by mod-
ulating the endpoints’ distance between the two sets of Brownian motions over
distance of order N'/3. For the Pearcey processes (and the Airy, process), geo-
metric changes of this type only have the effect of modifying the position (and
orientation) of the cusp, but the underlying Pearcey process remains unchanged.
In the literature there is another known situation with a process in a tacnode-like
geometry [13], which, however, differs from the present one.

For Brownian motions the problem can be approached using multiple orthog-
onal polynomials [19]; then Delvaux, Kuijlaars and Zhang [20] carry out asymp-
totics for these polynomials yielding a Riemann—Hilbert description of the tacnode
process kernel (which meanwhile appeared on the arXiv). In the forthcoming pa-
per [31], Johansson uses a different approach leading to an explicit kernel for the
Brownian motion problem, but seemingly and surprisingly different from the one
obtained in the present paper. In another forthcoming paper Adler, Johansson and
van Moerbeke [5] consider a tacnode process in the context of domino tilings of
two overlapping Aztec diamonds and found yet another kernel; in the same paper
they show that the kernels obtained are all equivalent! A direct relation with the
Riemann-Hilbert type formulation of the kernel [20] remains an open problem. In
a recent preprint about nonintersecting Brownian motions, Ferrari and Veto [24]
discuss a kernel for a nonsymmetric tacnode, which contains a parameter sensing
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the relative number of Brownian motions, or equivalently, the ratio of the curvature
of the curves meeting at the tacnode.

Outline. In Section 2 we define the model and state the two main results. In
Section 3, Theorem 3.1, we derive the finite time result for t = 0, which is re-
shaped in Section 4 as a preparation to carrying out the large time limit. Before
actually doing this, we indicate in Section 5 how to introduce the time, leading to
the finite multi-time kernel in Theorem 5.4, an extension of the kernel appearing
in Proposition 4.1. In Section 6, we take the limit of the multi-time kernel, lead-
ing to the proof of the first formula of Theorem 2.2. In Section 7, we sketch the
proof of the double integral representation of the kernel, the second formula of
Theorem 2.2, using the steepest descent analysis.

2. Model and results. Consider a continuous time random walk in Z with
jumps =£1, occurring independently with rate 1; that is, the waiting times of the
up- and down-jumps are independent and exponentially distributed with mean 1.
The transition probability p;(x, y) of going from x to y during a time interval of
length ¢ is given by

(2.1) pi(x, y) =e Iy 21),

where [, is the modified Bessel function of degree n; see [1].

Consider now an infinite number of continuous time random walks starting from
(... m—-—2,—m—-1}U{m+1,m+2,...} at time t = —¢, returning to the
starting positions at time 7 = ¢, and conditioned not to intersect; see Figure 2.
Denote x;(7) the position of the walk that starts and ends at position k. Then, the
point process 7 on Z (described by the little white circles in Figure 2) defined by

2.2) )= Y x0

—t 0 t

FIG. 2. The lines are the nonintersecting walks X. The white circles are the support of the point
process 1.
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with § the Kronecker-delta, is determinantal; that is, there exists a kernel Km
such_that the k-point correlation function p® s given by ,o(k)(yl, T =
det(K,, (yi, ¥j)1<i, j<k- One of the interesting quantities is the gap probability of
a set E, which is given by P(7(1g) = 0), that is, the probability that none of the
random walks are in E at time 7 = 0. For a determinantal point process the gap
probability is given by the Fredholm determinant of the associated kernel K, pro-
jected onto E. For more informations on determinantal point processes, see [25,
30, 36, 45, 46].

The determinantal structure still holds if we consider the point process on a set
of time-slices instead of a single time T = 0. This means that given times 1] <

T) < --- < 1) in the interval (—1, t), the point process on {7y, ..., 7,} x Z defined
by

P
(2.3) n(r,x)= Z Z S(,x), (5 (1))

r=1keZ\{-m,...,m}

is determinantal. That is, the space-time correlation functions are given by the
determinant of an extended kernel, which we denote by Kf,ft(tl ,X1; 1y, X2), where
tie{ry,...,7p} and x; € Z.

It is more convenient to first study the dual or complementary process X(7).
The dual proceeds along the gaps of X(t). In this instance, the dual x(t) of X(7) is
described by n = 2m + 1 (m € N) nonintersecting continuous-time random walks,
starting from —m, —m + 1, ..., m — 1, m at time T = —¢, returning to the starting
positions at time T = ¢; see Figure 3, and Figure 4 for the superposition of the
trajectories of x(t) and X(7).

In particular, the dual process x(t) at 7 = 0 is given by the little black circles
in Figure 3. The probability measure at time t = 0 is obtained by the Karlin—
McGregor formula [32], and thus it is a determinantal process for a kernel K,,.
Finally, the complementation principle by Borodin, Olshanski and Okounkov (see

FI1G. 3. The dotted lines are the nonintersecting walks X, the dual process of X of Figure 2. The
black circles are the support of the point process 1.
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FI1G. 4. Superposition of Figures 2 and 3.

Appendix of [16]) tells us that, if the kernel K,,, governs the process x(7), then the
kernel K, = 1 — K,,, describes the dual process X(7).

THEOREM 2.1.  The determinantal point process 1(t, x) on {t1,...,Tp} x R,
T; € (—t,t), defined by the two groups of nonintersecting walkers, starting and
ending 2m + 1 apart, at times —t and t, respectively, has gap probabilities on any
compact set E C {t1,...,7p} x R given by

(2.4) P(7i(1g) = 0) = det(1 — K& 2 ).

where the kernel Kfr’,‘t is given by

2ty
ez—,]Kf,ft(tl,xl; 12, X2)
= 1<t x,—xp (202 — 1)
ol @ pmntzTh g r-m—1

Vin
- —f dZ% dw — —
(27‘[1)2 To To.. et(w—w ) e—tz(w—i-w ) zXi—m

% Hop 1 (w) Hyp g1 (Zil)

(2.5)
I—w
Vm el(wfwfl) e*l](Z+Z71) wxz+m
S d
(27i)? fro T @) gma(utw ) grdmt
% Hopmy1(2) Hym41 (w_l)
w—2z
Vo o= (+z7") »
- ﬂ[xlyéxz]z—m ﬁo WHZ"H—] (z7 ) Houn41(2)
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with Vi =1/ (Hopm+1(0) Hyp+2(0)). The function H,, is itself the Fredholm deter-
minant on £>({n,n +1,...})

(2.6) Hy(z71) :=det(1 — K(z*l))gz({n,m,“_})
of the kernel

-1
u—z th(u—u )

27 K e= T8 du g an !
27 K@ re= h .(}gro B /T IR ORI
where I'g is any anticlockwise simple loop enclosing 0 and similarly Ty ,, encircles
the poles at 0 and u (but not z).*

The extended kernel, governing the process 1(t, x), is given in terms of the
kernel K, (x1, x2) = K%I(O, x1; 0, x2), governing the distribution 1(0, x), by

(tz—tl)H)

KX (11, x15 12, X2) = —Ljzy<ry) (e (x1, x2)

(2.8) -
+ (e e (x1, x2),

where 'H is the discrete Laplacian

(2.9) HH@=fE+D+fx =1 =2f(x).

Remark that the transition probability of (2.1), defined for ¢ > 0, can be written
as p;(x,y) =eM1(x, y) =: e/ (x, y). Here, 1 denotes the identity operator on Z,
thatis, 1(x,y) =1if x =y and 1(x, y) =0if x # y.

The formula for the kernel K, (x1, xp) = Kfr’,‘t(O, x1; 0, x2) att; =t = 0 of The-
orem 2.1, will be established in Section 3, whereas the one for K& will be shown
in Section 5. In Sections 4 and 5, it will be shown that both kernels Km (x,y) and
Kﬁft(z‘l,xz; f2, x2) have a representation, whose constituents can be expressed in
terms of Bessel functions; see the expression (4.14) and the time-dependent ker-
nel (5.26), derived from (4.14), via recipe (2.8). Also, note that the kernel K z™h
is a rank-one perturbation of the kernel K (0), whose Fredholm determinant

(2.10) H, (0) = det(L — K(0) 20 n11...0)

is the distribution of the longest increasing subsequence of a random permutation
in the Poissonized version, or, equivalently, it yields the distribution of the height
function in the polynuclear growth (PNG) model [10, 42]. In the scaling limit,
considered in Section 6, H, (0) will converge to the Tracy—Widom distribution F>.

To study the limiting behavior, when m,t — oo, consider first the system
of nonintersecting random walks starting at time —¢ and ending at positions
{...,—m —2,—m — 1} at time ¢. This is, up to a shift by m + 1, the multilayer

4For any set of points S, the notation fp s dzf (z) means that the integration path goes anticlockwise
around the points in S but does not include any other poles of f.
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PNG model studied by Prahofer and Spohn in [42]. Their work shows that the top
random walk at time 7 = 0 has fluctuations around x = —m + 2t of order ¢!/3.
By symmetry, if one considers only the nonintersecting random walks starting and
ending at position {m + 1,m + 2, ...}, the bottom random walk at time 7 =0
fluctuates around x = m — 2 also in the spatial scale ¢!/3.

The top and bottom random walks interact if the proportion of deleted configu-
rations, due to interaction, is nonzero. This happens when m = 2¢ to leading order
in 7. The first scaling where interaction is relevant is given by m = 2t + o¢!/3.
The parameter o modulates the strength of interaction of the two sets of nonin-
tersecting random walks. In the extreme cases 0 — 00, we clearly (by a simple
probabilistic argument) go back to the situation of two independent PNG models;
thus the top of the lower walks and the bottom of the upper walks are governed
by the Airy; process [42]. On the other hand, when o — —o0, one expects to see
a point process governed by the sine kernel or the Pearcey process. Moreover, lo-
cally the paths will looks like random walks, so the exponents in the scaling for
time and space are in a ratio 2 : 1. Thus, we set the scaling®

211) m=2t+o1'3, xi = &1, t = sit*!3, i=1,2.

Also note that for each time —¢ < 7 < ¢, the density of particles has its support
on two semi-infinite intervals, whose boundary, as a function of t, describes two
curves, which at T = 0 form a facnode. The purpose of Theorem 2.2 is to describe
the fluctuations of the random walks in the 1 — oo limit in the neighborhood of
(x, t) = (0, 0), but in the new space—time scale, given by (2.11).

In order to state the second main result, define the standard Airy kernel,

(2.12) Kai(6r &)= [~ diAie +1) Al +2)

and the function Q(k), already appearing in [48],

(2.13) Qo) :=[(1 — xsKaixs) ' xsAil)  with :=2" ¢
and where x,(x) = 1[x~4]. We further set

(2.14) AIO (£) 1= £ Aj(e + 52),

which equals the standard Airy function Ai(§), when s = 0, and define the func-
tions

A(s, €) := Ai® (o — &)

(2.15) + ffm dk fooo da O(k) Ai(k + ) Ai® 2V3a + 0 — &),

B(s, &) := /f’o dk Q) Ai® 2Pk — o +§)

SWe do not write explicitly the integer parts, since in the + — oo limit it is irrelevant.
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and

Cs, &) :=2"1/3 /:00 de Q(K)[Ai(zws)(lf +2713g)

+ﬁmdx Q(A)/OodaAi(a 1)
(2.16) g 0
x AT (@ 4 e+ 2‘”%)]

+ (& < —§),

where with (§ <> —&) we mean the same expression with & replaced by —£. Fi-
nally, we define the following two Laplace transforms, P (u) and Q(u):

Ou) = /fm dic Q)"
(2.17) 7

A

Plu) = — /0 * i e’ / A Q) Al +10).

THEOREM 2.2. Near the tacnode appears a new determinantal process on
{s1,...,8p} xR, the tacnode process T, whose gap probabilities on any compact
set E C{s1,...,sp} x R are given by

(2.18) P(T (1) = 0) = det(1 — K 2.
The kernel K™ is the limit of K under the scaling (2.11),

(2.19)  K™(sy, &5 52, &) := lim ﬂzwﬂim(z x1:t2, x2)
. 1,61592,82 '_l—>OO (—l)xle‘”l m 1, A1, 182,4X2),

where the convergence is uniform for &1, & and s1, s> in bounded sets. The kernel
K has the following representations:

K™ (s1, &15 52, &2)

Lsp<sl o (_ & —&)°
VAT (51— 52) 4(s1 — 52)

+ fo dy (A(s1, &1 — 1) A(=s52. 82 — ) + Als1, —E1 — 1) A(—52. —E2 — )

) +C(s1 — 52,61 — &)

(2.20)
—A(s1, 81 —y)B(=s2,5 — y) — A(s1, —=&1 — ) B(=s2, =52 — y)

— B(s1, &1 — ) A(=s2,6 —y) — B(s1, —&1 — ¥) A(=s2, =62 — )

0
-/ _dy(Bs1 &~ P)B(-s2. 82— ) + B~ — 1)B(-s2.~&2 — 7))
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as well as (with arbitrary § > 0)

K (s1, &15 52, £2)

=—Mexp< (61— 6)°
VA (s1 —52) 4(s1 — 52)

/ f el 3/3—ou eS1u2 (es”‘ N e—§1u>
(27T1)2 S+IR +1R ev 3/3—0v psv? \ gh2v | =2V

L — Pu))(1 — P(—v))

u—v

1 /- J / J eu3/3—au esmz <e§1u N e—§|u>

- u V——— —— | —— -

Qa2 Josrir  JsriR eV /3—ov esv? \f2v | e—Eav
1= P@)Q(-v)

u—v

1 / p / J e—u3/3—au es1u2 (eélu N e—$1u>
-— u Vg —5 —
(2ri)? J-s+ir o5HR | eV /3—ov s \ ghav T e—E2v

(1= P(=v)) Q)
X

u—v

4 1 /- J / J e—u3/3—(ru esluz (eglu N e—élu)
u P e T
(2mi)? Jsyir SHR  e—V3/3—0v espv? \ b2V | e—H2v

Q) Q(—v)
X ——.

u-—v

) +C(s1 — 52,61 — &)

2.21)

Note the kernel (2.21) is invariant under the involution (s, &y;s2,&2) —
(—s2, —&2; —s1, —&1), thus reflecting the symmetry of the symmetric tacnode.

The form (2.20) of the limiting extended kernel in Theorem 2.2 will be shown
in Section 6, whereas a sketch of the proof of its double integral representation
(2.21) will be given in Section 7.

In the preprint [20], the analogous problem for Brownian Motion will be an-
alyzed with the Riemann—Hilbert approach applied to multiple orthogonal poly-
nomials. It would be interesting to see how to relate the two formulas (which we
expect to be equivalent).

3. Finite system at v = 0. In this section we will prove Theorem 2.1, in
particular the formula for kernel K,,(x,y) = Kgft(O,x; 0,y), as in (2.5), for
t1 =t = 0. Consider a continuous time random walk in Z with jumps £1, which
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occur independently with rate 1; that is, the waiting times of the up- and down-
jumps are independent and exponentially distributed with mean 1. Thus, the num-
ber of up-jumps (and similarly down-jumps) during the time interval [0, ¢] is Pois-
son distributed,

tk
3.1) P(k up-jumps during [0, ¢]) = e_’y.
As will be shown, the transition probability p;(x, y) of going from x to y during a
time interval of length 7 is given by

(3.2) pe(x, y) = e H Iy 21),

where I, is the modified Bessel function of degree n; see [1]. To prove (3.2), first
notice that by symmetry, it is enough to consider y — x > 0. To go from x to y,
the process must perform & steps down and k 4 y — x steps up. Since the moment,
at which the down or up steps occur, is independent of whether it is a down or an
up step, one may assume the process doing first k steps down and then k + y — x
steps up. By the strong Markov property of the random walk and the independence
of the jumps,

pi(x,y)= ZIP)({k + y — x up-steps and k down-steps} during time ¢)
k=0

o0 lk ty—x—i—k

(3.3) P Y —
k! (y —x +k)!

= 6_2[I|x,y|(2t).

The modified Bessel function has the following expressions (for n € Z)

ko 4k
(3.4) I,Q2t) = Lyg d—ze’(HZ*')Zin = S t_Lln‘
2ri Jst z = k! (k + |n])!

with S! = {z e C||z| = 1}.

Consider now n = 2m + 1 (m € N) continuous time random walks starting from
—m,—m+1,...,m — 1, m at time T = —¢, returning at the starting positions at
time T = ¢, and conditioned not to intersect. Denote by x(t) the position at time
T of the random walk which started from m + 1 — k (i.e., the kth highest one), see
Figure 3 for an illustration with m = 2.

The probability at time t = O is easily obtained by the Karlin—-McGregor for-
mula [32], namely

2m—+1 2m+1
P( ) (k@ =y} () ) =xx (=) =m + 1~ k})
k=1

k=1

3.5) =const x det[p,(m + 1 —1i, yj)|1<i j<om+1
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x det[p; (yi,m +1— Dli<i j<om+1
= const x (det[Zy, 4j—1-m D)1= j<2m+1)>.
It is well known by [12] that the process above
(3.6) x(t) :={xx(7), 1 <k <2m + 1}, Te[—t,t],

with a measure of this form, gives rise to a determinantal point process (random
point measure)

2m+1
(3.7) n= Y 8y
k=1

with a certain kernel K, (x, y), to be computed in Theorem 3.1.
Instead of the process x(t), we shall analyze its complementary (dual) process,
which we denote by

(3.9) X(1) ={xx (), k e Z\ [1,2m + 1]}, T €[—t,1].

If x denotes the trajectories of the 2m + 1 particles, then let X denote the trajectories
of the holes, obtained by the particle-hole transformation; see Figures 2 and 4.

The reason for starting with the process x is that the Karlin-McGregor formula
applies to a finite number of paths, while X has an infinite number of paths. By
the complementation principle in the Appendix of [16], the dual point process at
T =0,

(3.9) 7= 8%
k

is also determinantal with correlation kernel
(3.10) Ko (x, ¥) = 8y — K (x, ).

First of all, we compute the kernel K, (x, y) in a form which will be suitable for
asymptotic analysis.

THEOREM 3.1.  The point processes n and n, defined in (3.7) and (3.9), are
determinantal with correlation kernel K, and K,,, given below. Thus, for any finite
subset E C 7., the gap probability of E is given by

P(T)(:U_E) = 0) = det(]l — Km)ﬁz(E)’
(3.11) ~



TACNODE PROCESS 2611

with kernels K, (x, y) and Km(x, y), invariant® under the involution (x, y) <
(_ya _-x)’ I’lamely

-1
Vm et(z—z ) wy—m—l
Kn(x.3) = 505 ¢ dz ¢ v

5 Hop1(w) Hap1 (271

Z—w
Vm et(w—ufl) wy+m
3.12 — d d
( ) * (27Ti)2 Lo wﬁ‘o,w : et(@=z7h) gxtm+l
y Hom+1(2) Hom1 (w™h)
w—2z
V, 1 _
+2—7:11¢1; dZWHZmH(Z 1)H2m+l(Z)
0
and
. Vi ol @27 yy—m—1
K (x, =——_f dyg dw
m (¥, ) @nri)? Jr, ¢ Fo.  elw—w™h zx—m
y Hom1(w) Hopy1(z71)
Z—w
Vi et(w—w_l) wytm
3.13 — d d
( ) (zm)z fi—‘o wﬁo,w Zet(z—z_l) Z)c+m—H

y Hopi1(2) Hymp1 (w™1)
w—z

Vin 1 1
- 1[X¢y]ﬁ ﬁo dZWHZm-H(Z YHom41(2),

where V,;, = 1/(Hapm+1(0) Hypy2(0)). The function H, itself is a Fredholm deter-
minant on £2>({n,n +1,...})

(3.14) Hy(z7") :=det(1 — K(Z_l))e2({n,n+1,...})
of the kernel

-1
B (—1)ktt ut 1 u—zgetmu)

315 Kz Dipi=—— 7{ d d ,

G R = B e, Ty v —z oo

6As it should from the geometry of the problem! The involution interchanges the two double
integrals in (3.12), as is seen from renaming w <> z in the second double integral; also the third term,
the single integral, only depends on |x — y|, as is seen from z — L
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where 'y is any anticlockwise simple loop enclosing 0 and similarly I'o , encir-
cles 0 and u only (hence not z).

PROOF. Step 1: Computing the kernel K, (x, y) for the inliers x(t) at T =0,
from the Karlin—-McGregor formula (3.5): It is well known by [12] that a mea-
sure of the form (3.5) implies that the point process (random point measure) 7, as
in (3.7), is determinantal with correlation kernel

2m+1

(3.16) Kn@, )= Y ocMIA hepex),  x,y€Z,
k,£=1

where

(3.17) Oe(xX) = Lipi1-m (20),

and A is the 2m + 1) x (2m + 1) matrix with entries

(3.18) [Al.e = (@, 00) = Y o (X)e (x).

xeZ

Using (3.4) and (3.17), the entries of the (2m + 1) x (2m + 1) matrix A, as in
(3.18), are given by

A=Y oe@)ee(x) =D or(0)@e(x) + Y o (x)ge(x)
X€Z x>0 x<0

et(z-i—z’l)et(w—f—w’l) 1
3.19 ?{ d
( ) Z (27”)2 To To w kaé (Zw)x_m

1 et(z+z_1)et(w+w_1) 1
+ —_— f}g dz dw .
xg%) Qri)? Jr, Jr kwt (zw)*=™m

In the first integrals, we deform the paths to |z] =1 and |w| = R > 1. Then we
take the sum inside the integrals and use }_,-o(zw) ™" = wz/(wz — 1). Similarly,
in the second integrals, we deform the paths as|z|=1and |w|=1 /R < 1 and use
> c<0zw) ™ = —wz/(wz — 1). This leads to

1 ol @z pt(wtw™ wz
- 2% dz?g dw . 7
(2m1)= Jiz1=1 lw|=R gh=mylt—m — yz -1
! @z ) pt (w+w™) wz
(3.20) 2?§ f .
—@ri)? Jiz= lw|= l/R Zh=myt=—m 7 —1

prilti s b
e fiz—l dZW = Ik 6(40’

Ap =

2711
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since for any value of z, the two integrals differ only by the residue’ at w = 1/z.
However, doing the asymptotics of the kernel K,, (x, y) with this choice of basis
and thus with this A~! seems to be hopeless.

Step 2: Changing the basis ¢y — Yy, such that A — 1 in the kernel
Ky (x,y), that is, so that K, (x,y) = Zi’ﬁfl Yr(x)¥r(y). Replace the basis
(¢k (X))k=1.... 2m+1 with an orthonormal basis (Y (x))k=1.... 2m+1 With respect to
the ¢2(Z) scalar product (, ) used in (3.18) [generating the same vector space, i.e.,
det(pr(xj))1<k, j<n = const X det(Y(x;))1<k, j<n so that the measure (3.5) has
the same form, but with A = 1]. More precisely, we shall search for polynomials

P, of degree k such that, upon defining dp; (z) := Zd—ze’ (+z7h

d
nw=¢ Zﬁ’_(f,,) Poi(zh)

(3.21)
- yg Ao " Py (w), 1<k <2m+1,
S

satisfies, using the same argument as in (3.20),

St = (W V)
=24 dn@ ¢ dpw ey P Perw)

X€EZ

(3.22)
= 721 dp2 (2) Pe—1(2) Pe—1(z7")

=: (Px—1, Pe—1)),

thus defining a new inner-product ((, )) on the circle S I'={zeCllzl =1}. So it
suffices to find an orthonormal basis of polynomials on the circle for the weight
dp2:(2). A classical expression for the polynomial P (z) is (see, e.g., [47])

1
1 (i, j] ocick C
3.23 Pr(z) = det 0<j<k—1
( ) k(@) J/detmy, - detmy ¢ .
Zk
where my = [, jlo<i,j<k—1 and
(3.24) i i= () = ) douz T = 1.

Hence the Py(z) are polynomials of z with real coefficients. Orthonormal poly-
nomials on the circle satisfy a Christoffel-Darboux-type formula, due to Szeg6;

"This residue argument will reappear later in (3.40).
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see [44]. Namely, with the notation P (z) =" P(z —1) and further using the real-
ity of the coefficients, one obtains for z, w € § 1

n—1 n—1
> Pz HPi(w) =Y Pe(z) Pe(w)
£=0

=0
_ Pr@) P (w) — Py(2) Pa(w)

(3.25) I=zw
_ ann(z—l)wnpn(w—l) — Py(2) Py(w)
- 1—w/z
2" Py(@w" Py(w™h) = Py (27 Py(w)
B 1—w/z '

Step 3: Expressing the polynomials P,(z) in terms of the Fredholm determinant
H,(z™"), as in (3.14). In order to do this, one first introduces the bilinear form

1

d .
(3.26) (f, &)ts = —.7§ 2 g Xt =),
2w Jst u

upon setting t := (f1,1,...) € C* and s := (s1, 52,...) € C*. It was shown in
[7, 8] (see also the lecture notes [52]) that the functions®
. Tat—[z7']s)
NGO (O
L Tts+[z7D
VTt 8)Tu11(t, )

are bi-orthonormal polynomials with regard to the bilinear form (3.26). In the for-
mulas above, the 7, (t, s) are 2-Toda t-functions and are defined as Toeplitz deter-
minants, which are also expressible as a Fredholm determinant of the kernel (3.29)
below, using the Borodin—Okounkov identity [15]. We obtain

(L, 8) == det[if d—uuk_eezio—l(li”j_sjuj)il
2wiJst u
(3.28)

pV(t,s;2) =z
(3.27)

PPt s 2) =z

1<k,l<n

= Z(t,s) det(]l - K(t, S))gz Z(t,s):=e Y51 tys) ,

({n,n+1,...})°
where the kernel K(t, s) is given by
Z?ozl(ljvij-f-sj'vj)

£
e
- du dv . —
(27.”)2 ﬁo To. vkt y — gy ez?';l(tju—f—ksjuj)

(3.29) K(t,S)k:=

8For « € C, one defines [a] = (c, %, %, ...)eC®.
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The coefficients ¢;, s; have to be such that the expression Z;?il(tjuj —sju~/)
appearing in the exponent of (3.28) is analytic in the annulus p < |z| < p~! for
0 < p < 1. Then, the Borodin—Okounkov identity (3.28) gives a kernel K(t, s),
with contours given by |u| = [v|™' = p’, with 0 < p < p’ < 1. Assume, using
Cauchy’s theorem, that the contours may be deformed to any circle of radius 0 <
p < 1. Then, using Z?‘;l(v/z)j/j = —1In(1 —v/z) (for |v/z|] < 1), we obtain

K(t,s+ [z Di.c
(3.30)

1 _(]g. d ut 1 1 —ujz e GV
= — u v n -
2mi)? Jr, To, VKHl v —u 1l —v/z 250 ur +sjul)

and

B31)  Zts+[ 'Y =e TN = 7 )0 B
We now specialize all this to the locus

(3.32) L={t=(2t0,0,...),s=(-20,0,...)}.

On this locus, one checks that Z(t,s)|, = e4f2, that K(t, s) and its translation,
restricted to the locus L, are closely related to the kernel K (z~1) defined in (3.15)°
K(t, )| "2 K (0),
(3.33) .
Kt,s+ [z "Dl Z K@),
and that the restriction of 7, (t, s) to £ leads to the Fredholm determinant H, (z~!)
as defined in (3.14),

2
T2 (t,8) |2 = Hy(0)Z(t,8)| 2 = e¥ H,,(0),
(3.34) Tt s+ [z Dle = Hoz " He 27 Z(t,9) |2
— Hy(z~ Ve 207,

Moreover, the bilinear form ( f, g)¢ s defined in (3.26) reduces to the inner-product
( f, g)) defined in (3.22),

1 d -
635 (fghale= 5=, LD fanga) = (f.g).

2mi

. conj .
9With A “=" B we mean that the two kernels A and B are conjugate kernels. In the present case,

the conjugation factor is (— 1)*—¢. We remind the reader that two conjugate kernels define the same
determinantal point process.
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It follows that the bi-orthogonal functions for (f(z), g(z))ts, restricted to the lo-
cus L, coincide with the orthonormal polynomials defined by (3.22), which by
(3.27), (3.34) and (3.33) yields

Zne—ZZ/zI_In (Z_l)

VH,(0)H,+1(0)’

(3.36)  Pu2)=p Pt s;2)|c=pP(ts; )| =

where
(3.37) Hy(z7") = det(1 - K(Z_l))ez({n,nﬂ,...})

with the kernel K (z™1) as in (3.15); this follows from (3.33). The fact that the
(]) and p ) are equal on the locus £ is a consequence of the symmetry of the
1nner-product {(, ), as in (3.22). However, one easily verifies it with the above
formulas. The equivalence of the Fredholm determinant parts is evident only after
the change of variable v — 1 /u and u — 1/v. Then, the kernel obtained for p(1>
is the transpose of the one for pn
Step 4: Expressing the kernel K,,(x,y) as (3.12). Using this new basis ¥, as
in (3.21), and using the Christoffel-Darboux formula (3.25), the kernel K, (x, y)
becomes, by Step 2 (recall that n =2m + 1),

K (x,y) =D v (@) ¥ ()

k=1

y—ml’l 1

_f dpt(z)‘(f d,ot(w) m Zpk(Z ) P (w)

y-m
= @ ¢ dow ((9) Pa(@) Pa(w™)
I'o Lo,z Z I—w Z

- Pn(z—l)Pn(w>).

(3.38)

Note that the w-integrand in the double integral = has no pole at w = z, enabling
one to deform the w-contour so as to include z € S'; this has the advantage that
the double integral of the difference can be written as the difference of two double
integrals, each of them being finite.

Inserting (3.36) into (3.38) and setting V,;, = 1/(Ham+1(0) H212(0)) we get

K (x,y)

(3.39) f 7§ ! YU Hy () Hog 1 (271)
To Lo,z

(2 )2 Vet g Z—w
ol _
Vi f % wet("’ W) WY Hop 1 (2) Hoe1 (w ™)
Qri)2 Jry Jry, et grmtl z—w .
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The expression in (3.12) is finally obtained by noticing that

1 F(z,
% dz dw (z, w)
Iy To

(2mi)? w—z
(3.40)
F(z w)

1
S fa of Ly
(27T1)2 ﬁo Lo, w F0 (Z Z)

proving formula (3.12). 3
Step 5: Expressing the dual kernel K, (x, y) as (3.13). First of all, by (3.36), we
have

(3.41) Hy(z™" = Py(2)e* /227" Hy (0) Hy 1 (0).

Thus (with n = 2m + 1), the last term of (3.12) is given by

Vin

dz _
2_7'[1,¢;‘ WHZ’”H(Z 1)HZmH(Z)
0

(3.42)

1 dz » )
= % fgl We%(z-l—z )Pn(Z)Pn(Z 1).

In particular, at x = y we have
(3.43) (B4 lx=y = ((Pn, Pu)) =1

and thus

Vin dz

—1
2—77.’i : WHZ’”‘H(Z )Hp11(2)
0

(3.44)
=3 TP LI SR HH
=8y + (= x’y)Zni ??_0 sz_y“ 2m+1(27 ) Hom41(2).

S0, Ky (x,y) = 8r.y — Ky (x,y) = KEY0, x1; 0, x2) of (2.5), thus establishing
Theorem 3.1. This also ends the proof of Theorem 2.1 for 1y =, =0. O

4. Reshaping, motivation and Bessel representation. In this section we first
reshape the kernel (2.5) of Theorem 2.1 for #; =, = 0, to make it adequate for
asymptotic analysis. Second, we rewrite all the terms using Bessel functions and
the Bessel kernel. This will allow us to use known asymptotics for Bessel functions
and kernel, without the need for new asymptotic analysis.

4.1. Reshaping. Note that the kernel K (z™1), defined in (3.15), with |u| <
|v| < |z|, namely

_1)kHt 6 _ o 2tu—uh
@) K= 2D y{du b dv : i
0

(2mi)? vkt y — v — 7 Q20—
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is a rank-one perturbation

4.2) K@ Die=KOke+hi(z e

of the symmetric!? kernel
(_1)k+e ¢ 1 eZt(u—u_l)

4.3) KOk, e = "o 7§r0 du T dv VKL — g2t = 1)’

upon using the identity

e 1 1
(4.4) SR

V—UuUv—2z vV—Uu U—Z’

where (remember |v| < |z| in the first integration below)

1 _1 dv e2—vhH
ez = — 7§
k@) 2mi Jry (—v)ktl v —¢
-1 d —2t(v—v~ 1) —2t(z—z 1)
4.5) = —7§ vk+1 - +- k+1
271 Jry. (—v) vV—2 (—z)k+
—2t(z—z71)
N €
=. hk(Z ) + W
and
-1 _
(4.6) gr=—0¢ du(—u)te?u D,
2ri Jr

In (4.5), one has replaced the integration about a small circle around O by an in-
tegration about a contour containing z as well; this is done in order to be able to
expand, later on, 1/(v — z) in a power series in z/v. Therefore we can rewrite the
Fredholm determinant H,(z~") of K(z~!) as

4.7) Hy(z™H = H,(0)(1 = R,(z™Y),
where!!

Ri(z™h = (0, xuh(z™h)),

Ok = ((1 = xu K (0)xn) ™ xn8);

and x,(k) = Ljk>n); here the symmetry of K(0) is being used. Accordingly
R,(z™Y = (0, xuh(z™")), as in (4.8), decomposes as (recall that n = 2m + 1)

(4.8)

—21(z—z" 1

(4.9) Riz =8 Y+ T,
(=)

10As is seen by replacing u +— 1/u, v+ 1/v.
HEora = (ak)kez and b = (by)kez, the inner-product (a, b) 1= i cz arby.
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with

(4.10) SiE) = (0 kT, Tue =Yy Lt

_\k
=1 (&9
We set for x € Z,

| el @z
Ax) = —

——(1=8,zh),
27i Jr, Z(—Z)x_’"( Sn(2 ))

-1 e~ 1z=27) i
B(x) :=— fi"o dZWTn(Z ),

@ cim = o e
0 §
R,z 4 Ry(z) — Ru(z"HR,(2)
(—z)* ! ’

—1
C =1 — d
2(x) x40 5~ fro z
C(x):=2C1(x) + Cy(x).

Remark that C;(x) = C1(—x) and C,(x) = Co(—x). Also introduce functions
E;(z, w), which also depend on n =2m + 1,

et(z—z_l) zZ\™ .

Bz w) = (;) (1 =Sy ))(1 = Sa(w)),
el@=27h . |

Ex(3,w) = = (=2)" ()" T (1= Sy ) T (w),

(4.12) im—ﬂ

3@ w) i= =y (07w M LD (1 = Sa(w),
et(z—z‘) z m .

EsGow) == (2) BT,
et(w—w w

With these notations, the following statement holds.

PROPOSITION 4.1. The kernel ]Km(x, y) in (3.13) has the following expres-
sion:

x—y Hnt1(0) ~
(=D yiHn(O) K (x, y)

4.13) =C(x—y)

1 Y Eizow) ((—w) T (=)
+<zm>2ﬁodz ro,zdw —w ( (—2)* +<—w>x+1>
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as well as the Airy kernel-like expression:
Hy11(0) ~

1)y i
(=D H,(0) K (x, y)
=Clx—y)
+Y (Ax —)A(y — ) + A(—x — ) A(=y —©)
c>0

4.14)
—Ax —c)B(y—c¢)— A(—x —c)B(—=y —0¢)

— B(x —)A(y —¢) = B(—=x — ) A(—y —¢))
— Y (B(x —0)B(y —¢) + B(—x —c)B(=y — ¢)).

c<0

PROOF. Let us first prove (4.13). Consider the kernel Km (x,y) as in (3.13);
one uses H,(z~") = H,(0)(1 — R,(z"1)), as in (4.7), and one renames the in-
tegration variables (w, z) — (z, w) in the second double integral, enabling us to
combine the two double integrals. Then, taking into account the prefactor,

Hp11(0) ~
H,(0)

(=D Ko (x, )

1 d .
_ [f”ﬁ S (- Ry H)(1 = Ru(2)

2wi Jry (—z)* vl

R S L X
(27'[1)2 ﬁ‘o yg“oz et(w= w_l)<_> < (—2)* +(—w)x+1>
y (1—R,(z")N(1 — Ry(w))
z—w ’

(4.15)

That the single integral above equals C,, defined in (4.11), follows from the fact
that the —1 term can be deleted, since .- frydzz¥ ™ " =8,y and 8, 1,2, =0.
Multiply out (1 — R, (z="(1 = R, (w)), use the expression (4.10) of R, and the
functions E;’s defined in (4.12) with the result

1 1 (w2t (—2) )
415 )= —— ¢ d d
@19 =2 7§r ? T, wz—w< (—* | (—wy
(4.16) X (E](z, w) + Ez(z, w) + E3(z, w) — %Ez;(w,z))

+Ca(x —y).

The double integral, involving the last expression in brackets, is not in a usable
form, in view of the saddle point method and the topology of the contours (see the
discussion after the proof). Namely, the integrations have to be interchanged, at
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the expense of a residue term, as is given by the general formula (3.40). So, using
this formula, and further renaming z <> w, the double integral with E4 becomes

1 1wt (=2
) (2mi)? 7§r0 dz ygro_z de —w ( (—2)* * (—w)*+l

+2C1(x —y),

)E4<z, w)
“4.17

where C1(x) is defined in (4.11). So, taking equation (4.16) and (4.17) into ac-
count, we find that formula (4.13) for the kernel Km (x, y) holds.

Next we prove (4.14). The first observation is that the kernel (4.13) depends on
x and y through the expression in brackets only; the latter itself is invariant for
the interchange (x, y) — (—y, —x). So it suffices to consider the double integral
associated with the first term (—w)?~!(—z)™* only; the other one is automatic.
Since the integration paths can be taken to satisfy |z| < |w], in the double integral
of (4.13), one may use the series

1 1 —z\¢ )
(4.18) - = <—> valid for |w| > |z|,
I—w (—U)) >0 —w

and one notices that for each of the E;, the double integral decouples into the
product of two integrals over ['g:

1 Ei(z, —w)Y !
f dz?g dw 1z, w) (—w)
1—‘0 FO,Z

(2mi)? z—w  (=2)*

_dZ et(Z—Zil) ~
B Zﬁo 21 (—Z)X—m—c(l - Sn(Z 1))

c>0

(4.19)
—dw (—w)Y~m—c2

To 2mi et(w—w*')

=) A(x—0)A(y —o).

c>0

(1= Sp(w))

To see that the second integral equals A(y — ¢), one performs the change of variable
w — 1/w. Since the only poles are at w = 0 and w™! = 0, this is allowed; so, we
do not pick up further poles. The same decoupling occurs for the other E;’s, which
yields

1 Ea(z, w) (—w)*~!
(2mi)? ﬁo dz To.; dw z—w  (=2)*

=-Y A(x—¢)B(y—o),
c>0

(4.20)

1 E3(z, w) (—w)*~!
fi"odzfi—‘(),zdw :_ZB(X_C)A())_C)

(2mi)? z—w (=2)* =0
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and
1 E4(z, w) (—w)¥~!
——p d d
(2mi)? fro ¢ To. — (=2)*
4.21) =—Y B(—x+c+DB(—y+c+1)
c>0
=—ZB(—x—c)B(—y—c).
c<0

Then adding the same expressions with the interchange (x, y) — (—y, —x) yields
formula (4.14), completing the proof of Proposition 4.1. [

In anticipation of Section 7 on the integral representation of the limiting kernel,
which will be obtained by saddle point analysis, some comments must be made
here; they will also explain the interchange of integrals, which occurred in (4.17).
Given the future rescaling m ~ 2t with x = §1t1/3, y= §2t1/3 for t — oo, the
steepest descent method applied to A(x) and B(x) at z = —1, in particular to the

part of the integrand e*’ (Z_Z_l)(—z)im = ¢ F®@ | respectively, uses the Taylor
expansions

F(z):=z—z ' +2log(—z) = %(z + ¥+ 0@+,
(4.22)

log(—2) = —(z+ 1) = 3@+ D?+ 0@z +1)°.

The steepest descent path for A(x) will therefore look like < with an angle of
approximately 4 /3, whereas for B(x) it will look like > with an angle of ap-

proximately'? £27/3 with the positive real axis. The contours of the four double
integrals of equation (4.13), associated with each one of the E;’s, from the point of
view of steepest descent analysis about z, w = —1, are topologically two circles,
a z-circle inside a w-circle, which are deformed so that locally near z = w = —1
they look like the set of pictures in Figure 5 (see Section 7), with the two circles
intersecting the real axis at the common point z, w = —1 and to the right of —1.

4.2. Bessel reformulation. The purpose of this section is to express the func-
tions A(x), B(x), C1(x) and C3(x), as in (4.11) in terms of Bessel functions, the
expressions Qy and the Bessel kernel K (0), as in (4.8) and (4.3). Throughout we
will be using the integral representation of the Bessel function of order n € Z,
together with its symmetries,
t(z—zh

1
(4.23) J,(21) = z—m}fr dzeZT = (=D)"J_p(2t) = (=1)" T, (=21).
0

12The angles can be within the range 7 /3 &+ 7 /6 and 27/3 £ /6.
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J. (21) is different from the modified Bessel function I,,(2¢), defined in (3.4). To do
so, we shall need the following Bessel function expressions for the basic building
blocks.

LEMMA 4.2. The kernel K (0) defined in (4.3), the expressions hy and g
given in (4.5) and (4.6) and the functions T,(z~') and S,(z™"), given in (4.10),
can be expressed in terms of Bessel functions as follows:

KO = ) Jivar1 () Joray1(41)

a>0

=:By(k+1,£+1), ge = Jet1(41),

-1 a e_Zt(Z_Zil)
hi(z™h) = —ago(—z) Tira1 (40) + —
4.24) -
I e—2t(z—z_1)
= hk(Z ) + W,
_ Ok
Lz H=) ——,
(Z ) gl (_Z)k—n—l-l
Siz™h) = =Y (=) QuJkrar1(40),
a>0
k>n

where B, (i, j) is the Bessel kernel in [42]. Also,
(425) Qu=Y)_ Peedis1(4)  with Py = ((L— xaK(©0)xa) ")y
{>n
PROOF. For K (0) ¢ one uses in (4.3) the series 1/(v —u) = vl > aso/v)?

for |u| < |v| and then (4.23). The same geometric series is used for Ay (z7YH in (4.5)
but with u replaced by z, from which formula (4.24) for Ay (z~1) and the formula
for S, by (4.10) follow. Finally, one has g = (—1)*"1J_1_,Q2t) = Jo11(21). O

The more intricate term is C» from (4.11).

LEMMA 4.3. The expression Ca(x), as in (4.11), equals
(4.26) C2(x) = Lixz01C5 (%),

where

" o1 1 1 1
Ci() = (=1) ﬁfrodzzm(zen(z )+ Ru(2) = Ru(z ™Ry (2))

4.27)
= Z Ok (]l[x;éO]Jk—x|+l(4t) — Qktix| + Z QZK(O)k,Z—pcl)-

k>n {>n
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PROOF. One first notices that the integrand in (4.27) is invariant under the
mapping z — z~1. Then, using formula (4.24) for R, zH= > ksn Qkhk(z_l),
one breaks up the calculation as follows: -

(a) Terms from R, (z=YH + R, (2). We have

(4.28) Ry N+ Ru@ =Y Qc(hi(z™") + hi(2))
k>n

and thus, by integration, one checks first for x > 0, then for x < 0 and for x =0,
that, using the symmetry properties of the Bessel functions [see (4.23)],

1 mEH e
2mi Jr, zx+1
(4.29) = (= D" (Lx>0Jk1-x (41) + Ly co Sk 14x (41))

= (=D Lpe0y Skt 112 (41).

Substituting into the left-hand side of (4.27) gives the first term on the right-hand
side of (4.27).
(b) Terms from R, (z=YH R, (2). We have

(4.30) Ry DRy =Y 0xQehi(zHhe(2).

k,4>n
From (4.23) and (4.24) we get

1 hi(z"Hhe(2)
ﬁo dz———

2mi fann

= Y (=D*P8ap x Jitat1(4t) Jores1(41)

a,b>0
=Y =D 1 (A0 g2 (—40)
b>0
(4.31) ol
=Y =D a1 A T a1 (A1) + (= 1) 8o x
a>0

= 0 (Bt = X st 4 a1 40 )

a>0
= (=1 (8e—k,x — K(O)k,e—|x|),

using in the last equality the expression (4.24) for the kernel K (0). In the sec-
ond equality we used the symmetries (4.23) of the Bessel functions. Substituted
into (4.30), this gives the last two terms in (4.27). [

PROPOSITION 4.4. The expressions A(x), B(x), C(x), defined in (4.11) for
X € Z, can be expressed in terms of Bessel functions Ji, Qx and the kernel K (0),
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as follows:

A) =12 QO+ YY" OtJir14aG0) Iy 14a—x (1),
(4.32) kznaz0

B(x) =Y OrJk—mix(20)

k>n
and
C(x) =Y Or(Jrext1(41) + Jrpxs1(41))
(4.33) kzn
+ > 0k Qe(KO)igr e + K(O)p—ve)-
k.4>n

PROOF. The formulas for A and B follow directly from (4.11) and the expres-
sions for 7,, and S, in (4.24), together with the symmetries (4.23) of the Bessel
functions. Then

_ -1
1 J Th(z7)Th(2)

Cl(x) = 2_7-[1 To 2 (_Z)x—i-l
B (-1 (—2)f*
(4.34) —%ﬂ o ﬁodz pr

=Y 0kQek—tx=_ Ok Qk+ix|-

k,f>n k>n

From Lemma 4.3, it follows that

(435 Ca(x)=1ps) Y Qk(Jk_xm @) — Qe+ Y QZK(O)k,e—|x|)-

k>n >n
Next we show that 1,0 can actually be omitted. To do so, it suffices to show that
the sum on the right-hand side of (4.35) vanishes when x = 0.

Indeed, setting P = (1 — )(,,K(O)X,,)*1 , as in (4.25), remember that gy =
Jo+1(4t) and that Oy = (P x,g)k- Then, denoting (-, -) the canonical scalar prod-
uct on £2(Z) we get, for x = 0, that the right-hand side of (4.35) equals

(PXxn& Xn&) — (P Xxn& xnP xn8&) + (P xn&: XnK(0)XnP xng)
(4.36) = (P xn&: xn&) — (P Xn&: Xn(L — xn K (0) xn) P xn8)
= (PXn&: Xxn&) — (P Xn&: xn&) =0.
Plugging these results into C(x) =2C1(x) + C2(x) we obtain
43 Cw=Y Qk(lk_|x+1 (41 + Quip + 3 QZK(O)k,E—m)-

k>n {>n



2626 M. ADLER, P. L. FERRARI AND P. VAN MOERBEKE

It follows from the relation P = 1 + y, K (0) x, P [see the definition of Q and P
in (4.25)] that acting on x,g and taking the kth entry,

(4.38) Ok = Lik=n (Jk+1 @)+ > KO Qz)-

>n

Using this relation for Qx| in (4.37) we obtain
C(xX) =Y Or(Jr—ix+1(41) + Jigxj+1(40))
k>n

+ > 01 Qe(K Ok e—1x) + K Oksixl.e)-
k,t>n

(4.39)

Finally, since K(0) is symmetric, we replace K (0)x ¢—x| = K(0)¢—|x,x and
change the labeling k <> £. This yields (4.33), except for replacing |x| by x, which
can then be done. [

5. Extended kernel for finite time. Formula (4.14) (in Proposition 4.1) with
A(x), B(x), C(x) given by Proposition 4.4 gives the kernel Km governing the fluc-
tuations of the walkers near the point of meeting of the two groups of nonintersect-
ing random walkers at time T = 0. In this section we prove Theorem 2.1 and we
extend Proposition 4.1 to the multitime setting (Theorem 5.4).

Consider the n = 2m + 1 walks whose positions were denoted by x4 (7) in Sec-
tion 3. Consider p different time slices 71 < 72 < --- < T, in the interval (—z,1).
Then, the probability measure at these times of the positions of the random walks
is given by

p n ,
P(m A\l = /)
j=lk=1

= const x det[p;yr (m+ 1 —1, yjl')]lgi,jgn

(@) =xx (=) =m + 1 —k})

k=1

(5.1)
p—1
X (H det[pr,, <, Oy, yf+1)]1<i,j<n)

=1

X det[Pt—rp(y,'p, m+1— li<i j<n-

It is well known that a measure of this form has determinantal correlations in
space—time [18, 21, 28, 38, 49], as stated in the following proposition.
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THEOREM 5.1. Any probability measure on {xi(e), 1<i<n,1<¢f<p}of

the form"3

1 () = © (¢+1)

7 det(¢(z0, ai; 71, X; ))155,;5;1 l_[ det((ze, x; s T+, X ))15i,j5n
(5.2) =

x det(¢(zp, xi(p); Tp+1:0j) 1< j<n

has, assuming Z # 0, the following determinantal k-point correlation functions
fort, ..., e{t, ..., T}
(5.3) p® (1, x1, .t xi) = det(K (8, x5 £, X)) 1<i, j<k-
The space—time kernel K (often called extended kernel) is given by

K(t1,x15 02, x2) = =@ (11, x15 2, x2)1(t2 > 11)
5.4

n
—1
+ > p(tr,x15 Tpe1, b)IBT i jo (10, 4y 12, x2)
i,j=1
with (x means integration with regard to the consecutive dots)
(55) ¢(T X T y)= ¢('frax§fr+17‘)*“‘*¢(fs—1";fs,)’), l:fTI’<tSa
. r» s LS 0’ if‘L’,» Z fs,

and with the n x n matrix B having entries B; j = ¢ (7o, a;; Tp+1, bj).

Our measure (5.1) has the form required by Theorem 5.1. The normalization
constant Z is nothing else but the partition function and it is nonzero since the
set of n paths satisfying the nonintersection constraint is nonempty. We already
determined the one-time kernel for T = 0. To get the extended kernel one has to let
the one-time kernel “evolve” by means of the operator of the random walk. This
formulation was already present in the work of Prihofer and Spohn on the Airy;
process [42].

LEMMA 5.2. The extended kernel Kfr’l‘t(tl, X1; t2, x2) of the time-dependent
point process 1(t, x) is given in terms of the kernel K, (x1, x2) = K0, x;; 0, x2)
of the same point process 1(x) at T = 0 by the formula

56 Ry, x1; 12, ¥2) = =Ny <11 (€27 M) (x1, x2)
‘ + (e7"MK,e2M) (x1, x2),

where the infinitesimal generator 'H of the single random walk, the discrete Lapla-
cian, acts on functions f as

(5.7) Hfx)=fx+ D+ fx—1)—2f(x), xeZ.

13The functions ¢ (T, x; Tg41, y) themselves may in fact vary with £ above.
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Comparing the first term of (5.4) and (5.6), one sees a different ordering in the
times. This is consequence of the dual transformation.

PROOF OF LEMMA 5.2. The operator H in (5.7) is the generator of the contin-
uous time process defined by the transition probability p;(x, y), in (2.1). Indeed,
one checks that this transition probability is given by [the reader is reminded of
the notation following formula (2.9)]

5 1 et(z-kz’1 -2)
V) =¢€ iy (2t) = — dz———
pi(x,y)=e |x yl( ) 271 1y Z oy
(5.8)
=eM1(x, y) = (")(x, y),
because
0 1 dZ -1 —-1_
_ ,Y) = — — Ntttz =2)
atpz(x y) i ﬁo pray (z+z )e
(5.9 =px—1Ly)+px+1,y)—=2pi(x,y)

= (Hp)(x,y)

with initial conditions pg(x, y) = 1(x, y). Here, 1 denotes the identity operator
on Z, thatis, 1(x, y) = 1if x = y and 1(x, y) = 0 if x # y. The one-point kernel in
Section 3, formula (3.38), was written as a sum involving ¥ (x) and 1% (y). Under
the time flow, they will become different functions; therefore, we set Wy (0, x) =
@4 (0, x) = Y (x), and thus, with this new notation, the kernel reads
n n
(5.10)  Kp(xi,x) =Y ¥ax)¥(x) =Y Wi(0,x1)®x (0, x2).
k=1 k=1

The two set of functions {®;(0,x),k=1,...,n}and {¥x(0,x), k=1, ...,n} sat-
isfy

span{®x (0, x),k=1,...,n}=span{p;(m + 1 —k,x), k=1, ...,n},
(5.11) span{W;(0,x),k=1,...,n} =span{p;(x,m+1—k), k=1,...,n}

Wlth <q>k(07 x)’ \ij(()’ x)) = Sk,pa

so that the matrix B defined in (5.4) becomes the identity matrix.
Let us consider the functions of Theorem 5.1. First of all, the function
¢ (t1, x1; t2, x2) appearing in (5.4) becomes

@(t1, x15 12, X2) L1y > 1] = Lty>1,1 Pra—1y (X1, X2)
(5.12)

(IZ*ZI)'H)

=1p,=11(e (x1,x2),

where 11,1 € {11, ..., Tp}. Next, with 7o = —¢, 7,41 =1 we have

(5.13) @1, x; 1, by) = pr_sy (x, b) = (1) (x, ) % ¢(0, -3 1, by)
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and

(5.14)  ¢(—t,ak; 12, X) = pryr(ar, x) = ¢ (—t, ar; 0, ) * (€7 (-, x).

With the choice of basis used for the kernel at T = 0, we have that ¢ (0, -; ¢, by)
is replaced by Wi (0, ) and ¢(—t, ax; 0, -) by ®¢(0,-) (so that B = 1). Thus in
Theorem 5.1 we have replaced

G t1, x5 1, br) — (e (x, ) % Wi (0, )

(5.15)
= (7" (0, ) (x) =: Wi (11, x)
and
¢ (—t,ar; 12, x) — Dk(0, ) * (M) (-, x) = (Px (0, )" (x)
(5.16)

= (M (0, ))(x) = By (12, x).

Therefore the extended kernel has the following expression in terms of the kernel
K, in (3.38):

n
K1, x15 12, X2) = —Lj1y <)) Pry—r, (X1, X2) + Z Wi (11, x1) i (12, Xx2)

k=1
(5.17) "y 2 ”
= — Ty <o) (€"27V) (x1, x2) + (1K) (x1, x2).

Notice that, using the semi-group property of ¢/’ we have the consistency re-
lations (fori =1, ..., p)
Wi (27, 0) = (T (1, ) (1),
(5.18)
Oy (17, 1) = (Pe (1, )T H) (x),

The kernel ]Kg;“ for the dual random walk is then given by taking the comple-
ment. Using (5.17) and remembering that K,, = 1 — K, from formula (3.10), we
get

KX (1, x15 12, X2)
= T =011 (x1, x2) — KE (81, x15 12, x2)

(e M) (x1, x7)

= Ly =1 L(x1, X2) + Lty <]

(5.19) — ("MK, e (x1, x2)
= L1y =) (€M) (x1, x2) + Lity <11 (€27 (x1, x2)

— (e(tz_”)H)()q L x2) 4+ (e — K,p)eM) (x1, x2)

= 1y <17V (x1, x2) + (7T K e (x1, x2),

yielding (5.6), completing the proof of Lemma 5.2. [J
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With the help of Lemma 5.2, we can easily prove Theorem 2.1, starting from
Theorem 3.1.

PROOF OF THEOREM 2.1. One of the key ingredients is that f(x) :=u” is an
eigenfunction of H with eigenvalue u 4+ u~!' — 2. Indeed,

HHx) = T o = u = 2wt
=w4u"'=2)f(x).
Moreover, H is symmetric. Therefore,

@M f)(x) = e @D p ),

(Fe™) () = (T f)(x) = '@ D £ ().

Then, (2.5) follows straightforwardly from (3.13) by applying e~ to the left,
e to the right of K,, [together with (5.8) for the first term of (5.6)]. O

(5.20)

(5.21)

For the further analysis, we extend the reformulation of the kernel for r =0, as
in Proposition 4.1, to the extended case. For that purpose, we first define the basic
functions replacing A, B, and C of the one-time case (see Proposition 4.4). To do

s0, define a new function J)ET) (2t) dependent on a parameter T
dz ¢ (z=z7h
ro2miz  z*

t x/2
:e—2f< “) 52 =12,

t—1

100 =

(5.22)

Also define a t-dependent extension of the kernel K (0), ¢, as in (4.24), namely
(5.23) KOO i= Y I D 40 T o1 (40).
a>0

Then define new functions A(z, x), B(t, x), C(t,x) with T € R and x € Z, which
extend the functions A(x), B(x), C(x), first defined in (4.11) and re-expressed in
(4.32), by

A, x) =I5 o+ 3N Ordiiza@n) I L @0,

k>na>0

B(t,x):=Y Q" .0),

k>n

Cr,x) =Y QD) @+ I3, @4n)

k>n

+ Y 0k Qu(K (0. + KT (0)i—r.0).
k,>n

(5.24)
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Remember H, (0) = det(1 — KO)p21.n41,.)-

LEMMA 5.3. Given the notation (4.12) for the E;’s, the extended kernel Kf,ft
is given by

(=D2e* Hyi1(0) ey,
(_1)X|e4t| Hn(O) K;C;: (t],X],tz,XZ)

Hn+1(0)
= =L <t)1Pty—1 (X1, X2) ———— + C (1] — 2, X1 — x2)
H,(0)
(5.25)

I—w

1 |-
+ - % d dw E;(z,w
Q)2 Jry To. ; (2. w)

(_w)x2—1 el (z4+z7'+2) (_Z)xz e—tl(w+w*1+2)
( (_Z)xl eftz(w+w_1+2) (_w)XH—l e*lz(z+z_l+2) )
THEOREM 5.4. The extended kernel K is also expressed as

(—=1)*2e*2 H,41(0) -
Kext ., b,
Chnedn H,©) m (t1, x1;5 12, X2)

Hn+1 (O)
H, (0)

+ ) (A1, x1 —)A(—12, X3 — ) + A(t1, —x1 — ) A(—12, —x2 — ©)

=~ <11Pt—1, (X1, X2) +C(t — 12, x1 — x2)

(5.26)
— A(t1,x1 —¢)B(—12,x2 —¢) — A(t1, —x1 — ¢)B(—12, —x2 — ©)

— B(t1, x1 —c)A(—t2,x2 — ¢) — B(t;, —x1 — 0)A(—12, —x2 — ©))

— > (B(t1,x1 — ©)B(—t2,x3 — ¢) + B(t1, —x1 — ¢) B(—12, —x2 — ©)).

c<0

PROOFS OF LEMMA 5.3 AND THEOREM 5.4. First of all, let us focus on the
term (e2=™M)(x1, x2) in (5.6). Remember that 7o — #; < 0, so we can rewrite

(_1))626412 3 (_1)x262t2
(_I)W(e(tz tl)H)(xl,xz) = Wﬁxl—xﬂ(z(h — tl))
2ty
e
(5.27) = ez_tlllxl—le(z(tl — 1))

= ptl—lz(-xlvx2)7

where we used the property I,,(—2¢t) = (—1)"1,,(2¢) of the modified Bessel func-
tion; see (3.4).
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Next we derive the double integrals in (5.25). The corresponding expression
of the kernel K, in (4.13) is a linear combination [not forgetting the conjugation
factor of the left-hand side of (4.13)] of

wxz—l 7%

(5.28) T

Applying e~ to the left and €27 to the right, (5.28) transforms into

w2l itz =2) 2 emnwtw'=2)

(5.29) - zX1 e—tg(w+w‘1—2) a wx1+1 e—t2(2+z_1—2) ’

x5 4
The multiplication by the prefactor E:B"? 242

leads then to the expression in (5.25).

Next derive the terms with the sums in (5.26) and the expression for C. We act
with the semigroup on the summation part of the kernel (4.14), which is expressed
in terms of A(x), B(x), C(x), namely

Hy41(0) 5

H, (0) Ko (x1,22) = Y _[(=1)"A(x1 = )I[(=D)2A(x2 — )] +

c>0
+ (=D C(xy — x2)

with A(x), B(x), C(x) given in Proposition 4.4. So, except for the term C(x; —
X3), the expression above is a sum of decoupled terms. Therefore acting on the
(—D*A(£x — ¢)’s and (—1)*B(Ex — ¢)’s with e " to the left amounts (by
linearity) to acting on the (—1)* Jy+,(2r) (for some N depending on the terms)
and finally to acting on 1/(—z)** inside the integration. More precisely, by (5.21)
with f(x) := 1/(—z)™, we have

(5.30)

(eitle)(x) — etl(z+z’l+2)f(x) and
(5.31) 1
(fe?M)(x) = e f ),

from which, by linearity,

nH dz et(z © —tH
Y e, (D I, D=9 —— (e L) (x)
Iy 27iz
VeZ
dz e 1
5.32 —¢ G nGr4Y
(5-32) T 2miz 2V (—z)**
= (=DM (@20
and
(5.33) 3 (=1 Iy ey 20 (v, x) = (=D e 2 R ).

yeZ
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This extends to the functions (—1)*A(£x — ¢), (—1)*B(E£x — ¢) because they
are linear in the (—1)*Jy+,(2f) [see (4.32)]. Explicitly, applying e 1" (to the
left) to (—1)* A(£x — ¢) amounts to replacing A(£x — ¢) with eM A1, £x —¢).
Similarly, applying " (to the right) to (—1)*A(x — c¢) amounts to replacing
A(£x — ¢) with e *2A(—t2, +x — ¢). The same holds for B instead of A. Thus
we have obtained the terms in kernel (5.26) including A’s and B’s.

Exactly the same procedure applies for the term (—1)*'7*2C(x; — x7), because
it is again a linear combination of (—1)*"*2Jy 4y, xx, (41). Therefore acting with
e~ """ and e as before on (—1)¥17*2C(x; — x») leads to the replacement of
C(x1 — x2) by e*@~2)C (1) — 15, x; — x7). This completes the proof of formulas
(5.25) and (5.26) for the extended kernel, thus establishing Lemma 5.3 and Theo-
rem54. [

6. Asymptotics. In this section we prove the first half of Theorem 2.2, namely
formula (2.20). From the discussion in Section 2 after Theorem 2.1, concerning the
interaction between the top and bottom sets of random walks, we rescale space,
time and the gap n = 2m + 1 between the two groups of walkers, as follows:

6.1) m=2t+o0t"3, xi = &1, 1 = sit*!3, i=1,2,

where o € R is a fixed parameter modulating the “strength of interaction” between
the upper and lower sets of walks. To prove formula (2.20) of Theorem 2.2, we first
analyze the asymptotics of the building blocks and determine some bounds which
will be used later to show that we can exchange (by dominated convergence) the
large time limit with the integrals (sums).

Recall from (5.22), (2.13) and (5.23) the functions J\”(2¢) and Q, and the
kernel K (0);.¢,

¢ x/2
JPQt) =e (t i T) Jy (2412 = 72),
T

62  KDOne=> I, (40 Jarer1 (d0),

a>0
Q) =[(1 — x5 Kaixs) ' xsAil(k)  with 6 :=2" 0,
and where x,(x) = 1|y~,]. Remember from (2.14) the definition of
(6.3) AI®) (&) := 8IS Aj(e + 52)

and define the Airy-like kernel

1

(s) N [(s272/3) -
(6.4) K (e, 1) ._fo dy Ai (k +7) Ai(A + 7).
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Also define the following step functions of k, A € R, for which—by anticipation—
we indicate the limits for t — oo:

| 2/3 .
T =11 [(2s¢t+xil/3+1](2[ )= AT,

2/3
IC;S) (K, )\.) = (21)1/3K(H )(0)[4Z+K(21)1/3],[4l+)\.(2t)1/3] e K‘isl) (K, )&),
6.5)  Qi(k) := 20" Qs ey
©) -1 0)
= [(ﬂ_x(n74t)/(2t)l/3lct X(n74t)/(2t)1/3) X(n74t)/(2t)1/3‘-72t ](K)
— (k).

LEMMA 6.1. We have the following bounds and limits for j,(s) and ICZ(S) de-
fined in (6.5). There exists a ty > 0 such that uniformly for t > tg it holds that

©66)  |FV00] <ciminfl,e ™), K0 G, 1)] < cpe P
for any fixed 6 > 0 and some constants c, c; > 0 (independent of t). Moreover
(6.7) lim 7 (k) = Ai® (), lim K (e, 1) = K (i, 1)
—>00 —00
uniformly for k, A, and s in a bounded set.

PROOF. We have

! 2/3
TE =1 ey 20

1 4 sp— 173\ /2)[2e+£217)

_ 2
(6.8) = <1 —

X t1/3‘][2t+§l‘1/3] (2t\/ 1-— s2t—2/3 )

The prefactor can be estimated for + — 00, as follows:

:e§s+(2/3)s3(1 +01"3),

/3
Y 1+Sl‘_1/3 t+(1/2)§t1
(6.9) et ( )

=173

where the O(+~1/3) is uniform for s in a bounded set and independent of £. There-
fore, for ¢ large enough, |(6.9)| < exp(2|&s|+ |s3 |). Concerning the remaining part
of (6.8), using (A.4), one readily obtains

(6.10) Jim 1120, ) (201 = 52072/3) = Aig +57).

Regarding the bound, for s in a bounded set, if ¢ is large enough it follows from
bound (A.6) that

(6.11) 613 Ty ey (204 1 — 526723
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is first of all uniformly bounded and for large £ it decays as e #¢ for any choice of
B > 0. The statements in the first parts of (6.6) and (6.7) then follow if we choose
B satisfying 8 > 0 + 2|s| for any s in the given bounded set.

To compute the limit of ICt(S), one uses definition (6.5) and formula (6.2) for
K6 (0), but with J replaced by J in the last equality below,

s 2/3
K17 e, 1) = 0P K D O) gy 05 ar422015)

— (7\1/3 (52723 0?7
(6.12) =0 3T Taroentm @D aaanis ()
ye(2n~1/3N

I 12 0
:W Z \.72(; )(K+V)u72(,)()\+y)'
ye@n)-13N

From this, using bound (6.6) on 7, we obtain

1
(6.13) UC;S) (i, )»)’ < C,%e—9(1<+)\)W Z e 20v < CZe—G(K+A)
( t) yet)~1/3N

for t > 9 =1 and some ¢, > 0, uniformly for s in a bounded set.
We can think of the sum in (6.12) as an integral of piece-wise constant functions.
The first bound in (6.6) allows us to use dominated convergence to exchange the

limit and the integral. Then, lim;_, o0 7% (k) = Ai® (k) yields

oo —
6.14) 1im KOG, )= [ dy A%V + ) A+ ) =K 0.
—00 0

LEMMA 6.2. Set 6; := % and define the operator M; = xs, IC,(O) X5, ap-
pearing in the definition (6.5) of Q;. Then, uniformly for t > ty, we have for the
operator—norm14 -1,

(6.15) 1M, <1,
which implies that
(6.16) I@-M) < - IMID'<C<o0

for some finite constant C independent of t.

PROOF. By Lemma 6.1 and the fact that 6, — ¢ as t — o0, it follows that

(6.17) Jim M = x5 Kaixs =: M

M Where ||A|| = sup| r<1 |Af].
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pointwise. Moreover,

Jim M, = M* < lim | M, — Mg
6.18) =t1§gofdxdx|/\/lt(x,x) — M, W2

_ /dlc di lim | My (k, ) — M, )2 =0,

where we use by Lemma 6.1 dominated convergence to exchange the limit and the
integral together with (6.17). It is known that Ay = ||M]| < 1 for any fixed &
(see, e.g., [48]). This, together with (6.18), implies that

(6.19) Ml < IMI[ 4+ M; = M| < 1

for ¢ large enough. [

LEMMA 6.3. Consider Q; as defined in (6.5). There exists a to > 0 such that,
uniformly for t > tg, it holds

(6.20) Q1 ()] < e3¢
for any 6 > 0 and some constant c3 > 0 (independent of t). Moreover,

(6.21) tl_iglo Qs (k) = Q(k)

uniformly for k in a bounded set.

PROOF. For the sake of this proof, set J; := j,(o) and K, = IC,(O). First of
all we prove that Q;(«) is uniformly bounded for ¢ > ty. Recall that Q;(x) =
[(1— M, X5, J2:1(). Since (1 — M)~ ! exists, we can use the identity

(6.22) A =MD =14 x5, Kixs, (1 = M),

which upon integrating from & to oo against the function [J»; gives

(6.23) Q) = x5, T2 () + | dA K (e, LA — M)~ x5, T2 1),

Ot

Thus,
(6.24) Q)| < |x5, T2 ()] +/~ A, e, ML — M) ™ x5, Tl

But

(6.25) I — M) x5, T D < 11— M) Far oo

is uniformly bounded for ¢ > #y (by Lemmas 6.1 and 6.2). Then, using the bound
for K, and 7,*) () in (6.6) we obtain the bound (6.20).
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To prove (6.21), we show that
(6.26) Q1 = Qlos =5Up| Qi (€) — Q)| — 0
as t — 00. We have
Q1 — Qloo = (1 — M) x5, T2 — (1 = M)~ x5 Ailoo
(6.27) <@=M)™" =@ = M) xs Tarloo
+ 1@ = M) xe Tor — x5 Ailleo + O ),

where the correction term O(+~!/3) comes from the fact that the difference be-
tween &; and & is not larger than (2r) /3. Then,

6.27) < (L = M)~ = (@ = M) N1x5 Tt oo

(6.28) | U
+ 1@ = M) xs Tar — x5 Ailoo + O ~13).

The first term goes to zero as ¢ — o0. Indeed, | x5 J2t|co < C < 00 by Lemma 6.1,
and, using the identity

629 @-M)'—@-M"=@ - M) M, - M@ - M)

together with the fact that | M;|| < 1, M| < 1, and || M — M;|| - Ointhe t —
oo limit [see Lemma 6.2 and (6.18)]; so one has ||(1 — M)~ — (@ — M)~ || — 0.
The second term goes to zero as well, since ||(1 — M)~!|| is bounded and, by
Lemma 6.1, | x5 J2r — x5Ailco —> 0. O

PROOF OF THEOREM 2.2, FORMULA (2.20). We now define new func-
tions A; (s, &), B (s, &), C; (s, &), which are rescaled versions of A(z, x), B(z, x),
C (7, x) [see formula (5.24)] under the scaling (6.1):

Ai(s, €)=t A(st?3, &1/3),
(6.30) Bi(s, &) :=1'PB(st?3, €113,
Ci(s, &) :=1'3C (51?3, &1'/3).

As t — 00, these functions will converge to A(s, &), B(s, §), C(s, §) of (2.15) and
(2.16).
One then recognizes in these expressions functions (6.5), thus yielding

Ai(s,6) =T 0 — &)

1 1
+(2t)1/3 21: Q20173 Z Qt(K)jZ(tO)(K +a)

ae2)~1/3N

(6.31) x I3 VPa+o —8),
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1 S —
&@f)=é5ﬁxg:QN@Z”@—G+ZWK—IU%
[ACK (2I)1/3 e t 2t
+ T2 e+ 271
+Ei£-X:QOOquﬂWx—TV%A)
2/3 ! 4 t )
(2t) / K, eyt

+ lCl(v)(K + 2—1/3%-, )\’))
For instance, the function Jx4144(4f) in A(t,x) becomes, upon setting a =
a(26)'/3 and k 1= 20) "3 (k — 41),

- 0

(6.32)  Jir14a(@0) = Ty erarn 1A @0 = 2OV (e + ).
Notice that the sum over k > n in the expressions (5.24) becomes a sum over
K € In’[ with
(6.33) L= Pn,n+1,..}—40),

so that the condition k > n = 2m + 1 = 4t + 20t!/3 4+ 1 translates into x =
Q)3 (k — 4r) > 2236 =6. Setting the summation variable ¢ = ytl/ 3 rewrite
the kernel (5.26) in Theorem 5.4, with the scaling (6.1)
(—1D)™e*2 Hyy1(0)
(=D)¥1e* H,(0)

K1, x15 12, X2)

H,11(0)
= ~lisi>n] ;I+(10) 15 s, sz €1t Et 1 P) + Gy (51 — 52,61 — £2)
1
tas > (A& = A(=s2.6—y)

yet—1/3N
+ A (s1, —&1 — ) Ai(=s2, 62— ¥)
—Ai(s1,61 = y)Bi(=s2,62—y)
—Ai(s1, =61 —Y)Bi(—s2, —&2—v)
= Bi(s1,61 — ) Ai(=s2,62 — y)
— Bi(s1, —&1 — Y) A(=s2, —&2 — ¥))
- tl% Y. (BiGsi.& —v)Bi(—s2. 62— y)

yet=137._

(6.34)

+ Bi(s1, —&1 — ¥)Bi(—s2, —&2 — ).
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In view of (2.10) we have lim;—, o H,+1(0)/H,(0) = 1 and in the ¢ — oo limit,
(n—4t)/ (21)!/3 = &. Notice that the sums with the preceding volume element,
1/t13 or 1/(21)'/3 depending on the case, can be just thought of as integrals with
the integrand being piece-wise constant. What follows holds uniformly in ¢ for
t > tg where 1y is a fixed constant. The exponential bounds of Lemmas 6.1 and 6.3
imply that for any 6 > 0 there exists some ¢ > 0 (the constant ¢ depends on o,
which is, however, fixed)

(6.35) [Ar(s, —§) <ce™ and - lim Ay(s. £) = A(s. §).

Moreover A, (s, &) tends to A(s, &) uniformly on bounded sets, by uniform con-
vergence on bounded sets and dominated convergence of the integrand. Using the
exponential bound of Lemma 6.3 and the fact that 7; is just bounded, we obtain
similarly

(6.36)  |Bi(s.§)| <cminf{l,e™™} and  lim Bi(s.8) =B(s. ).
Finally, the exponential bounds of Lemmas 6.1 and 6.3 imply that

(637) Ci(s. &) <c and  lim C/(s,§) =C(s, ),

where the last limit holds uniformly for & and s in bounded sets.

Using the bounds in (6.35), (6.36) and (6.37), one concludes that the integrands
(summands) in (6.34) are uniformly bounded by functions which are integrable
(summable). This is uniform for £, n and s in a bounded set. Then, by dominated
convergence, we can take the limit inside, thus yielding (2.20). Finally, the Gaus-
sian term in (2.20) comes from the known asymptotic (for s > 0),

: 1/3 —2st%/3 2/3y _ 1 2
(6.38) tl_l)r(r)lot e Ienpp(25t77) = —m exp(—§-/(4s)),
which can be derived from a saddle point argument. [

7. Integral representation of the Tacnode kernel. To derive the double in-
tegral representation (2.21) of Theorem 2.2 there are two ways. One can use the
Airy functions integral representations (A.7) together with

oo 1
(7.1) / dre 2V — whenever R (1 — v) > 0.
0 u—v

This is quite straightforward, but it requires several computations which are not
reported here.
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The second is to do a steepest descent analysis starting from formula (5.25) in
Lemma 2.1. Here we merely indicate a sketch of the saddle point argument (not a
proof). The limits of the other terms have been discussed in the previous section.
The main task here is to take the limit of this double integral, when t — oo, with
the scaling

n=2m+1, m=2+oct3,

(7.2) z=—1+4""7 and w=—1+wt™'73,

xizéit1/3 and t,'=sl't2/3, i=12.

Also recall the definitions (2.17) of the Laplace transforms Q(g“) and P (¢), as
well as the function C in (2.16). The reader is reminded of the steepest descent
discussion in Section 4.1. For taking the limit of the extended kernel, we need the
following lemma.

LEMMA 7.1. Given the scaling (7.2) above, the following limits hold:

s t@—zY__ym _ 3 /3—0¢
(7.3) Tim 6D (o =
and
fim 7,(H =e700@),  Jim T, (w) =" Q(—w),
(7.4)

lim S,z =P©),  lim S,(w)=P(-w),
1—00 —00
where P and Q are the Laplace transforms defined in (2.17). One also checks

—t;j(z4+z7142) — esi§2

(—w)2—l 81l
(7.5) lim — and lim e
t—oo (—z)¥ eb t—00

PROOF. Letting t — oo, settingn =2m+1,m =2t + ot'/3, the critical point
will be at z, w = —1, and thus the leading contribution will come from the neigh-
borhood of the critical points, which suggests the scalings in z and w above. The
Taylor expansion of the F-function (4.22) gives

1/3

et(zfz’l)(_z)m _ et(zfz’1)+mlog(fz) — o F@+ot'Plog(~2)

(7.6) _ JFC 1 Py gor A log (1117 113)
_ B8 (1 01,

Setting in addition the scaling for #; and x;, one finds by Taylor expanding about
z=—1and w = —1 the limits (7.5). Introducing the running variable k = 4¢ +
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/c(2t)1/3, one gets
. 1\ _ 1: Ok
tl—l>rgo Tn(z) = tl—1>rgo Z (—z)k—n+1
k>n

— llm Z le—(k—n-i-l)log(—z)

—00
k>n

(7.7) =1lim@n~"7 Y @04

=00
k>6+Q1)~1/3

« e~ k=)' (=¢1717)
_=\nl/3 _ ~
= [ deQuoet 2 =2t o)
K>0
and similarly

(7.8) lim T, (w) = 27 f _dk Qe ™ =70~ w).

The limit of the gxpression Sy, as in (4.10), involves hk, asin (4.24). Using the for-
mula (4.24) for h;(z~1) in terms of Bessel functions and Lemma 6.1, one checks,
introducing the running variable a = p(21)!/3,

tl_i)lgoi_zk(z_l) = —tl_i)rlolo Z(—Z)afk+a+1(4l)

a>0

(7.9 ——lim@)~'R Y @0 Ples(=an) O 4y
e k>6+21)~1/3

o0 —ue2l3
=—/(; due ™ Ai(k + ).

Therefore, one finds

lim S,(z"h = lim (Q, x,h(z™")) = lim > Qph(z™")

—00 —00 l—)OOk>n
(7.10) =lim 2~ Y 2o u)hz

1—00
k>6+21)~1/3
00 _ued 3. A
=~ [ dc 0w [ due " Aiw + ) =P,
K>0 0

This completes the proof of Lemma 7.1. [J

Sketch of Proof of Theorem 2.2, formula (2.21). Since the sum in brackets in
(5.25) is invariant under the involution x| <> —xp and t; <> —1», it suffices to con-
sider the double integral, with the first term only. The second half comes for free
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w,’

/Z
Ei(z,w) ~ Ey(z,w) ~ Es(z,w) ~ Ey(z,w) ~
HPE-Fw)  FE+FW)  o—t(PE)+Fw) HF()-F(w)

F1G. 5. Contours z € Ty and w € T ; in the neighborhood of 7z = w = —1.

by acting with the involution! Given scaling (7.2), Lemma 7.1 yields

(7.11) tl_1>oo Z—w (—2)% e—hwtw 42 T ¢ — ¢

and, from (4.12),

eézw 2

1/3dzdw( w)2~l e=heta” '+2) dg“dw(e&{)eslgz

520

et 3/3—0¢ R R
hm ZE (z,w) = . Gw( —P©))(1 —P(-w))

e( /3_6§
o efw3/3+crw

(1 —P()(~w)

(7.12)
e 3+ot ot . .
a €w3/370a) ¢ (1 o ,P(_w))Q(;)

e{ /3—0¢ eZc(

- 3/3 ow e 20'(1)

A(—1)Q(w).

Combining (7.11) and (7.12) yields the following limit below, first with the
contours as indicated in Figure 5, which then can be transformed into the vertical
lines above in Figure 6, compatible with Figure 5. Indeed, to pick steepest descent
paths about z = w = —1 respecting the integration contours in fro dz 5511(1Z dw of
(7.13), one must choose the local paths, as illustrated in Figure 5; these paths
must be completed by closed contours encircling the origin deformed to provide
steepest descent contours. In the ¢, w scale, there are 4 rays emanating from the
origin w = ¢ = 0; one is then free to deform these rays so as to obtain two parallel
imaginary lines near the origin, as depicted in Figure 6. Therefore the following

w! lc wlc wlc w! lc
L : L g

FI1G. 6. Vertical lines £ + iR and 26 + iR of integration for ¢ and w.
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limit holds for the first double integral

£1/3 dw (—w)2=! ¢ (z+z7'+2) 4
f f ——- > Ei(z,w)
t—>oo 2ni)? Jr, Fo:Z2—w (=) enwhw +2)

1 / d;/ 4 o030t ps18? <eslc)
- w
(27Ti)2 S+HR _8+iR €w3/370'a) es2w2 ebrw

. . (1)
y (1 =PEHA —P(-w))
{—w
1 3308 ps18% 4 k1L
cam o de [ de (40
(27‘[1)2 25+iR S1iR e~ /3—0w psr0 e -
ii
(7.13) L (1=P)0-w)
. —
1 / J / 4 e 3=08 gs18? (ea;)
2ri)? J-s+ir ¢ —25+iR wew3/3fow 05207 \ 520
N . (i11)
L (1= P0)Q©)
{—w
1 oC3F0L o518/ EiL
- - / dg“/ do—; 2( )
(27‘[1)2 SR _5+iR @[3 +0w psrw? \ 520 .
(iv)

L 2-09w)
t—w
In view of the scaling (7.2), the involution x| <> —x» and #; <> —#; induces the

involution & <> —&> and 51 <> —s», so that the limit of the other double integral is
given by the same formula (7.13) above, but with

(7.14) 51 <> —%’2 and S1 <> —9$2.

We are also allowed to interchange the integration variables { <> —w, provided
the contours of integration are modified accordingly; this last interchange implies

(7.15) / dg / dw remains
5+iR —56+iR

(7.16) dt dw and / dt / dw interchange.
28+HR S+iR —8+HR —26+HR

So, the three combined maps,

(7.17) < —w, S1 <> —$2, &l —&
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have the following effect on the four double integrals (i), ..., (iv) in (7.13):

§1¢ —§1¢
double integral (i) with AN same double integral (i), except for ¢ ;
652“’ 6_5260

&1& —&1¢
e e
double integral (ii) with —— — same double integral (iii), except for ——;
e&w e_%_ZCU

§1¢ —&1¢
double integral (iii) with e — same double integral (ii), except for ¢ ;
5o e—50

§1¢ =51
e e

double integral (iv) with —— — same double integral (iv), except for
652“’ g_§2w

Therefore the limit

/3
t—>oo (2mi)? ﬁo fro Z—w ZE @ w)

(_w)xz—l e—t1(z+z’ +2) (_Z)x2 e—tl(w+w"+2)
( (=21 embrwTi+) © (—w)nit e—f2(1+z'+2))

(7.18)

is given by the right-hand side of (7.13) with the replacement
o518 18 il

eéZ‘U e e%’zw + e*SZw.

(7.19)

Finally, in order to change the sign of the last integral, one switches the sign w —
—w and ¢ — —¢, which changes

1
(7.20) / / da)— into +/ dg do——.
5+iR S+iR {—w —5+iR S+iR {—w

Renaming variables ¢ — u, w — v gives formula (2.21).

APPENDIX: SOME PROPERTIES OF BESSEL AND AIRY FUNCTIONS
Let us recall that the Bessel function representation of order n € Z

ol @z

1
A.l J.2t) = — _
(A1) (=5 di

has the symmetries
(A.2) Jn(2t) = (=1)"J_ (2t) = (=1)" I (=21).

Moreover,

1 dz eP@=77h palz+z7") b n/2
A3) ¢ =E © - (b+a> Jn(2y/ 6% — a?).
—da

2miJry z "




TACNODE PROCESS 2645

It is well known [1] that
(A.4) Hm 17375, 4005 (20) = Ai(§).

t—00

An uniform bound obtained in [35] is
(A.5) 120\ 31,20 <e, c=0.785..., nel.

This bound, together with uniform expansion which can be found in [1] is used in
Lemma A.1 of [22] to get the following result. Fix any 6 > 0. Then, there exists a
constant tp > 0 and a constant C > 0 such that, uniformly in ¢ > #g,

(A.6) 613 J gy e13) 20| < € min{1, e %),

Actually, the statement of Lemma A.1 of [22] is for 8 = 1/2 but inspecting the
proof it is straightforward to see that it holds for any fixed 8 > 0. The Airy function

has, among others, the following two integral representations. For any § > O, it
holds

1 1
AT AW == [ due”P Al = — f dv e /e
27 Js+iR 271 J_stir

Moreover, for any § > 0, it holds

AIO () = 2B Aj(x 4 52) = f du e’ /3us—ux
21 Js+ir
(A.8)

Ai(s)(x) :esx+253/3 Ailx +S2) — L/ dve—v3/3+v2s+vx.
21 J_s5+iR
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