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Abstract. Dynamical hysteresis is a phenomenon which arises in ferromagnetic systems below the critical temperature as a re-
sponse to adiabatic variations of the external magnetic field. We study the problem in the context of the mean-field Ising model
with Glauber dynamics, proving that for frequencies of the magnetic field oscillations of order N ~2/3 N the size of the system,
the “critical” hysteresis loop becomes random.

Résumé. L’hystérésis dynamique est un phénomene qu’on observe dans les systémes ferromagnétiques au-dessous de la tempera-
ture critique, en réponse a des variations adiabatiques du champ magnétique extérieur. Nous étudions le probleme dans le contexte
du modéle d’Ising de champ moyen avec la dynamique de Glauber, en montrant que, pour des fréquences d’oscillations du champ

magnétique d’ordre de N —2/3

, avec N la taille du systeme, la boucle d’hystérésis « critique » devient aléatoire.
MSC: 82C20
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1. Introduction

Hysteresis appears when a time dependent magnetic field 4 = k() is applied to a ferromagnet whose temperature is
kept fixed below the critical value. The origin of the phenomenon lies in the fact that, at the equilibrium, at each value
of the external magnetic field 2 may not correspond a unique value of the magnetization m of the system. The value
of m(t) is, thus, not determined by /(¢) alone but also by the previous history of the input.

The phenomenon has been widely studied and modelled. Most classical theories (see for example [5,6,22]) consider
hysteresis from a static point of view, by modelling it through integral operators not depending on the velocity of
variation of the external input.

A dynamical approach to the study of the phenomenon has been proposed for the first time by Rao et al. [20] in the
early nineties. The new theory aroused great interest and a number of experimental, numerical and theoretical works
appeared on the argument in the last twenty years, investigating the response of the system to adiabatic oscillations of
the magnetic field. They analyse, in particular, the dependence of shapes and areas of the hysteresis loops on amplitude
and frequency of the input oscillations. Most of these results are essentially numerical. Monte Carlo simulations have
widely been used to study the hysteretic response of a nearest-neighbor ferromagnetic Ising model (see for instance
[1,10,11,15-17,20,23]). On the other hand, several theoretical and numerical results are concerned with those known
as mean-field models (see [1,9,20,21]). In these models the dynamics is reduced to a single differential equation of
the order parameter (the uniform magnetization m(t)). These equations govern the dynamics of the magnetization in
stochastic spin models in the limit of infinite system volume. Therefore they neglect both thermal fluctuations and
finite system size effects. A first rigorous analysis of the effects of the stochastic fluctuations on the properties of
the hysteresis cycles has been carried out by B. Genz and N. Berglund in a series of papers of about ten years ago
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X (h)

Fig. 1. The picture shows the dependence of the two equilibrium branches X+ (1) (black lines) on the external magnetic field 4. Adiabatic oscilla-
tions of the magnetic field of amplitude A > k. yield the typical hysteresis loop (blue line).

[2-4]. They model the thermal fluctuations by adding a stochastic noise to a mean-field type equation. They consider
a Langevin equation with a Ginzburg-Landau potential:

dx = (F(x) +h)dt + N2 dw(t), F(x)=x—x°, (1.1)

where w(?) is the standard Brownian motion. We give to N > 0 the physical interpretation of the total number of
spin sites in a ferromagnetic system. Then, in the large N regime, equation (1.1) can be thought of as a continuous
counterpart of our Ising spin dynamics (see Section 2).

In the present paper we shall study the problem for the Glauber process in the Curie—Weiss model, from which (1.1)
is inspired.

Let k. > 0 be the “coercive magnetic field” value, then for |k| < h. the magnetization density of the ferromagnet
may have two equilibrium values, X4 (h) and X_ (k) (see Fig. 1). The upper branch X (/) continues past 4, while
it disappears for & < —h,; the opposite holds for the lower branch X_ (/). Let us apply, now, a slowly oscillating
magnetic field h(z). We denote, respectively, by A and w the amplitude and the frequency of the oscillations (we
choose, for instance, h(t) = —Acos(wt)). Let m(t) be the magnetization observed at time ¢ and choose initially
m(0) = X4 (h(0)). In the adiabatic (quasi-static) regime, where w is very small, the following is observed. If A < h,
then m(t) ~ X4 (h(t)) for any t > 0. If A > h., m(t) traces out the so called hysteresis loop, in the sense that m(t) €
{X4(h(t)), X_(h(t))} (approximately), jumping from the upper to the lower branch when A (¢) crosses —h, and the
opposite when h(¢) crosses h.. A sharp statement (which avoids the above approximated statements) can be obtained
in “the adiabatic limit” where w — 0.

The pediod of the magnetic field oscillations is of order ™!, thus, in the adiabatic regime the natural time-scale
of the dynamics is very long. In long time intervals other phenomena may appear which in short time intervals are
negligible and which may invalidate the picture. In the context of (1.1) X4 (h) are identified with the locally stable
solutions of the stationary equation F(x) = —h. If h is constant, say & € (0, h.), then X_(h) is metastable and, on
a time interval which diverges exponentially with N (as N — o0), there is tunneling from X_ () to X4 (h). Thus,
if w is exponentially small with N, the oscillations period is exponentially long with N, and then stochastic jumps
between the two branches occur, essentially perturbing the hysteresis loop. We intend to consider a different regime
for the frequency w, i.e. we take w = N7, k > 0. We shall concentrate here on the critical amplitude case A = h,.
In such a case the deterministic equation (i.e. (1.1) without the Brownian term) predicts that the magnetization m(¢)
tracks always the upper branch X (h(¢)), where it was initially. [3] proves that, with the addition of the stochastic

effects, there exists a critical value for «, k = % Ifk < % the dynamics is still governed by the deterministic equation,
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i.e. the magnetization tracks the upper branch, in the adiabatic limit. Whereas, if k > % there is hysteresis, thus the
magnetization jumps to the lower branch as soon as 7 = —h, and then back to the upper one when i = k. and so forth.
In the present work we will prove k = % to be the critical value even in our Ising spin context. We shall concentrate
here on the critical case x = % which is not covered by the analysis in [3,4]. We will see that for k = % the hysteresis
loop becomes truly random. There is a positive and not one probability to leave the upper-lower branch at k.. Our
future aim is to extend our analysis to the Kac potential case by taking into account spatial effects.

2. Definitions and results

The mean field Ising model

The configuration space is {—1, 1}¥, N € N; its elements are denoted by o = {¢(i),i = 1,..., N}, o (i) the spin at
site i. By
N
my =my (o) :=N20(i) 2.1)
i=1

we denote the magnetization density of the configuration o, so that my € My,

1
My = N{—N,—N+2,...,N—2,N}.
The mean field Hamiltonian is

_my(0)?

meww=N( —hmMaﬂ

and the mean field Gibbs measure at the inverse temperature B > 0 is the probability Gg ;v on {—1, 1}V given by

e_ﬂHh,N(O)
GpnnN(O) =—F——

’

Zg 1N

where the partition function Zg 5 v is the normalization factor.
For an introduction to the mean field Ising model see Section 4.1 of [19].

The Glauber dynamics

A Glauber dynamics for the Ising system is the Markov process on {—1, 1} with generator

N

Lf(o) =Y c(i,o:h)(f(o1) = f(0)). 22)

i=1
where 0;(j) =0 (j) fori # j and 0; (i) = —o (i); c¢(i, o; h) > 0, the spin flip intensity at i, is given by the formula

e—BUHN (0 D) —H) v (0)]

e—BHINGD) 4 a—BH N ()

c(i,o;h)=

with o) the configuration obtained from o by flipping the spin at i. For more details on the Glauber dynamics for
mean field Ising systems see Section 5.1 of [19].

h = h(t) is a smooth function of time, hence o (¢) is a time non-homogeneous Markov process. Since the Hamil-
tonian depends on o via my (o), the process {my (o;),t > 0} is itself Markov with state space M and generator £
given by

LafO)=c O, M[fx+2/N) = f)]+c (W[ f(x =2/N) — f(x)] (2.3)
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with
et Blh+(xE1/N)]
e BlTGEI/N)] 4 oflh+GEI/N)T’

ctx,h) = %(1 F )T (x,h), Ex, h) =

for x € My. When £ is time independent there is a unique invariant measure (see Section 5.1.2 of [19]) which is the
marginal gy of Gg v on the magnetization density my defined in (2.1). g 5, n is then the probability on My
given by

e—BNGpAN )

mp.hN(x) = , xeMy,
Zp.n.N
where
2
x Sy (x)
= —_—— — h —
ép.n,N(X) 5 X 5

and
eNoN@) . card(o e{—-1,1}V: mn(0) =x).

Ifxy e My, xy = x €[—1,1]as N — oo then ¢g v (Xn) = ¢p,n(x) Where

x2 S(x)
=T _px-
dp.1n(x) 5 x 5
and
1—x 1l—x 1+4x 1+ x
= — 1 — 1 .
S(x) 7 log— 5 log—

The mean field phase transitions

For any B < 1 and any /1 € R the mean field free energy density (see Section 4.1.2 of [19]) ¢g 1, (x) is a convex function
of x (absence of phase transitions). If instead 8 > 1 (see Fig. 2) there is &, > 0 such that, for any |h| < h¢, ¢g 5 (x) is
a double well function of x with local minima at X (k) > X_(h) and local maximum at Xo(h) € (X_(h), X+ (h));
X+ (h) and Xo(h) are solutions of the mean field equation:

x =tanh{B(x +h)},

X4 (h) is the absolute minimum for 4 > 0 and X_ (k) for & <0, then only at & = 0 there are two absolute minima and
thus a phase transition; for i € (0, h.), X+ (h) is the only pure phase while X_ (/) is a metastable state, the opposite
holds for negative fields. When h — —h., X4+ (h) — Xo(h) — 0 and the limit x. := X (—h.) of X4 (h) is an inflection
point for the function ¢g _p, (x). By symmetry the analogous picture describes X_ (k) when i — h,.

The macroscopic mean field dynamics

The infinite volume dynamics is governed by the ODE

dx

E:F(x,h), F(x,h) :=—x +tanh{B(x + h)}, (2.4)
in the following sense. Let m y(f) be the process of generator Ly (see (2.3)), h(t) a smooth function of ¢, which
starts from m(l)v € M. We suppose that m(z)v — xYe[=1,1]as N = oo and denote by Py the law of my(¢),t > 0.
We have the following result.
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$pp(X)

X_(h)

Xi(h)

Fig. 2. The picture shows some profiles of ¢ ; (x) according to different values of 4, for g > 1.

Theorem 2.1. With the above notation, for any § > 0 and any T > 0,
lim PN{sup|mN(t)—x(t)| za} —0, (2.5)
N—o00 t<T
where x(t) is the unique solution of

% =F(x,h(®), x(0)=x". (2.6)

The proof of Theorem 2.1 is omitted. The proof in the case of constant 2 can be found, for instance, in Section 5.1.5
of [19], the proof easily extends to the present case.

The adiabatic limit

Let
h(t) := —h,cost 2.7

we denote by x,,(¢) the solution of (2.6) with i = h(wt) and initial condition x,(0) = X4+ (—h.). We omit the proof
that

Theorem 2.2. Forany t >0

lim sup |x,(t) — X4 (h(wt))|=0. (2.8)

w_)OZSw—'r

Theorem 2.2 proves that, for oscillations of critical amplitude 4., in the adiabatic limit @ — 0 there is not hysteresis
(see Fig. 3). The relevant time scale is ¢t = ™!z and the limit evolution is

lim x, (0™ '7) = X4 (h(1)). 2.9)

w—0
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Fig. 3. The function x (¢) (blue line) for small values of w tracks the positive branch X (k(¢)) (black line).

The main theorem

Theorem 2.1 asserts that the dynamics in the macroscopic limit N — oo on finite time intervals is described by the
deterministic mean field evolution equation (2.6). When w is small with N, the period of the magnetic field oscillations
is large with N. Therefore the behavior exhibited by (2.9) in the adiabatic limit may not correspond to what the Glauber
process does for large but finite N. As it will turn out, it all depends on the way w — 0 as N — 00. As stated in the
Introduction, the critical case is @ = N~2/3 to which we restrict hereafter (the origin of the factor 2/3 will become
clear from the proofs but it will also be explained in Section 3 in a heuristic way).

There are criticalities for values of the magnetic field in a neighborhood of +/.. Since % is a periodic function of
time and the process is invariant under change of sign we shall restrict ourselves to study the behavior in a semi-period.
We consider f € N2/3[—%, %1 and suppose i = hy(¢), with

hy(t) := h(N~2t) = —h. cos(N~*/t) (2.10)

so that the critical time is set at + = (0. We shall denote by Py the law of the process my(t),t € N2/3[—§, %] of
generator Ly, (1), with my (=N 2/3 %) = m?v. We choose such initial value in a neighborhood of size N —1/24y, y >0,
of the positive branch, i.e. |m?v - X4+(0)] < N~Y2+Y (since hN(—N2/3%) = 0). The main result is given by the
following theorem. It provides the probability, for large N, to find the magnetization in a neighborhood of one of the
two equilibrium branches X4 (4 (?)), respectively, before and after the critical time ¢ = 0.

Theorem 2.3 (Main theorem). Consider the events

H () = [sup|mN(t) — X+ (hv )| = N’l/””}, ICR,y>0. (2.11)
tel

There is p— € (0, 1) so that forany y,n >0and y' > y, if|m(])v — X4 (0)| < N~V2HY then

. + (23| T _
ngnooPN{Hy,(N [ > nD} 1, (2.12)

I (N3, B = 2.1
NTOOPN{HV<N m 3 P, 2.13)
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where py =1—p_.

The critical interval is N%/ 3(—7), n), n > 0 arbitrarily small. Equation (2.12) shows that, in the limit as N — oo,
the magnetization remains, almost surely, in a neighborhood of size N ~!/ 24y y' >y, of the positive branch before
the criticality (i.e. for t < —npN 2/3y, Equation (2.13) provides the behavior after the criticality (for t > nN 2/3), it states
that there exists a non-trivial probability to find the magnetization either in the positive or in the negative equilibrium
branches.

The result can be iterated, as the same arguments can be repeated every time the process runs into a criticality. The
macroscopic dynamics is no more deterministic since, at every step there is a positive probability for the magnetization
to jump or not, and the hysteresis loops observed become, in this sense, random.

3. Outline of proof

The proof of (2.12) is simple. Indeed, if we fix 7 > —h, + ¢, for some ¢ > 0, and the magnetization is initially in
a neighborhood of X (%), then my () has a drift towards X (k). Therefore, with large probability, it stays in a
neighborhood of size N~1/ 247" (as N~1/2 is the strength of the noise) of the positive branch. Only after a longer
(exponential) time, tunneling to the negative branch will be observed. In our case / is not fixed but it is so slowly
varying that the above argument remains valid as long as h(t) > —h, + ¢, for some ¢ > 0 (see Section 7). When h
approaches —h, the above picture is wrong because at —h, the value x, is stationary but not stable. Lack of stability
and slow changes of the frequency make the noise competitive with the drift (for the special choice w = N~%/3) as we
are going to see.

Scalings

In order to understand the scalings let us go back to the stochastic ODE (1.1). Let the magnetic field oscillate as
h(wt) = —h,cos(wt), by expanding to leading orders F(x) + h (F(x) given in (2.4)) around x., —h. (i.e. for x — x,
and wt both small) we get approximately

(@) F'(xo)

dx = {he—
{02 2

(x—xc)z}dt+Nl/2dw(t). (3.1

We scale y = w®(x — x.) and T = w1, thus

h 2.2 F” 2
0 *dy = {w—z”th + w2 % }a)—b dr + N~V207b2 qu(r) (3.2)
which becomes independent of w and N if
PPNV =1, 24a-3b=0,a+b=0, (3.3)

which yields w = N~2/3.

The same scalings apply to our case as we shall prove using extensively martingales techniques. In order to get rid
of constants in the final equation, it is convenient to introduce suitable coefficients in the scaling transformation (3.2),
we define, thus, the process

Yn(t) = vN'"3 (my (uN'3t) — xc) (3.4)
with
1/4 1/4
w= <ﬂh2x > and v= (ﬁxc)3/4<h3> ) (3.5)

We shall study the process Yy (¢) in a time interval which starts from time —T7', letting T — +o0o after N — oo.
The proof of (2.12) can be extended (see Section 7) till time —uT N 1/3 (which is the microscopic time corresponding
to time —T for Yy (-)) in the following sense:
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Theorem 3.1. There is ¢ > 0 so that, for any T large enough, ¢ > 0 small enough,

limsup Py {[Yn (=T) = T| <&} = 1 —e 7. (3.6)

N—o0

One of the main points in the proof of (2.13) will be to show (see Sections 4 and 8) that the law of Y () converges,
as N — o0, to the law of the stochastic ODE

Ay () =[* - Y*()]dt +£dw,, &= %,u,vz, (3.7)

which is (modulo multiplicative coefficients) the same as (3.1) with parameters as in (3.3). Due to the quadratic
dependence on Y the solution can blow up in a finite time, therefore the process is defined with values on R U {—o0},
with the convention that, if ¥ (r) = —o0, then Y (t') = —oo for all ¢’ > ¢. The drift in (3.7) vanishes on the two straight
lines Y = =+¢. It is negative for ¥ < —|¢| and it points towards |¢| for ¥ > —|¢|. A more careful analysis shows that
there is a critical trajectory y*(¢) < O solution of the deterministic version (i.e. with & = 0) of (3.7) such that any
deterministic solution which starts above the critical curve is exponentially asymptotic to (¢, ¢) as t — oo.

We denote by P_r , the law on R U {—o0} of the solution Y (¢),t > —T, of (3.7) starting from Y (—-T) =y, T > 0.
In Section 5 we prove the following theorem.

Theorem 3.2. Let P be the probability law with support on solutions Y (t) of (3.7) such that

lim [Y(1)+1|=0 P-as. 3.8)

1—>—00
then there exist p+ € (0, 1), p1 =1 — p_, such that

Plthereist: Y (1) = —o0) = p_ and P{llim ¥ (1) — 1] =o} _— (3.9)

— 00

For any ¢ > 0 small enough, for any bounded continuous function g(y) with compact support and any t € R,

JAim 1y ri<eEp [¢(Y())]=Ep[g(Y ()] (3.10)
Moreover there exists ¢ > 0 such that, for any T large enough, ¢ small enough,

PlY(-T)-T|<e}>1—eT, 3.11)

Thus with P probability one either Y (#) blows up in a finite time or it is asymptotic to ¢ as t — 00, both events
having non-zero probability. The next goal is to extend the above result to the finite N process Y (¢). For T > 0 we
define the rectangle:

Rr={(t,y)eR* t e[-T,T1, |yl <2T} (3.12)
and, for € € (0, 1),

E)RJTF =T} x [T —¢,T +¢], ORy :=[-T,T] x {-2T}, (3.13)
SRfTE C d'Rr. For the processes Y (¢) such that (—7,Y(—T)) € Rr, we denote by tr the first exit time from Ry

tr=inf{t > —T: Y(1) ¢ Ry} (3.14)
and define the sets

EF=1{v: (vr,Y(rr)) € 3RT ). (3.15)

We shall prove in Section 5
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Proposition 3.3. Let Y(t),t > —T, be a solution of (3.7) starting at —T from y: |y — T| <e¢, ¢ > 0 small enough,
then

lim P_y Y e&fués}=1 (3.16)
T—o00
moreover
Jim Ppy | gim |y — | =0y e&f | =1 (3.17)
and
lim P_z y{thereist: Y(t)=—oolY €&} =1. (3.18)
T—o00

The following corollary is a direct consequence of Theorem 3.2 and Proposition 3.3:
Corollary 3.4. For Y (t) as in the previous proposition we have

dim [Py Y € &7} = p=|=0. (3.19)

Let Py,_7,y be the law of Yy (¢) given Yy (—T) = y. Using martingale convergence theorems, in Section 8 we
prove the following result.

Proposition 3.5. For Y (¢) solution of (3.7) starting at —T from y: |y — T| < ¢, ¢ small enough, we have

Jim Py 7y {Yy e&r} =P Y e&r) (3.20)
—00
and
Jim Py-rylYve&f UEr} =P_r {ye&fuer} (321
—> 00

Proposition 3.5 allows us to extend the results obtained for Y (¢) to the finite N process Yy (¢). Finally in Section 8
we prove the following proposition that is the last ingredient to conclude the proof of Theorem 2.3.

Proposition 3.6. Forany n,y > 0,

lim lim PN{H§<N2/3[;7,§D‘YN eg;f}zl. (3.22)

T—00 N—oo

4. Limit dynamics in the critical region

The study of the limit behavior as N — oo of the spin-flip evolution defined in Section 2 is based on some martingale
theorems. In our dynamics we have two natural martingales:

t

My () =mpy(t) —my(—pTN'?) - / Fn(mu(s), hn(s))ds, (4.1)
,MTN1/3

where Fy(x,h) :=Lyx, T > 1, and

t
M3 (1) — / Gy (mn (5). Ay (5)) ds “2)
*/LTNIB
with G (x, h) := Lpx2 — 2xLpx.
In the following lemma we prove that, for large N, the function Fy(x, h) is well approximated by the infinite
volume drift F(x, h) = —x + tanh{8(x + h)} (see the infinite volume equation (2.4)).
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Lemma 4.1. There exists ¢ > 0 such that, for any x € [—1, 1], |h| < h¢, N large enough,

| Fn(x, by — F(x, b 5% 4.3)
and, for A(x,h) =1 —xtanh{8(x + h)},

NGy (x, h) = 2A(x, )| < % 4.4)
Proof. We have

Fn(x, h) = %(c"'(x, h)y —c™(x,h) = (eT(x,h) — ¢ (x, b)) —x(¢F(x, h) + ¢ (x, b))

then there exists ¢ > 0 such that

|6 (e, ) + 6 (x, )| < % and |(&7(x, h) — & (x, h)) — tanh{B(x + h)}| < % 4.5)
for any N large enough, that yields (4.3). Now

Gn(x,h) = [+(x h)+c ™ (x,h)]
thus

2= NGy (x, h) =2[1 = (& (x. h) + ¢ (x, )] + 2x[6T (x, h) — &7 (x, )]
then (4.4) follows from (4.5). O

Let Y(¢),t > —T, be the solution of (3.7) starting from Y (—7") = y, and 77 be the first exit time from the rectangle
Rt (see (3.12) and (3.14)). We denote by PfT’y the law of the stopped process Y (t A 77) on D[—T, T]. We call
Ty, 7 the corresponding stopping time for the finite N-process Yy (¢) (see (3.4)) and denote by Py, the law of the
corresponding stopped process. We are going to prove (see Proposition 4.3) the convergence of PN _r,yt0 P*e
suitable T, y. Let D[—T, T] be the space of functions on [T, T'] that are right-continuous and have left-hand 11m1ts
The convergence results in this section are meant in the sense of the Skorohod metric on D[—T, T']. For more details
on the space D[—T, T] and the weak convergence on D[—T, T'] see Chapter 3 of [7].

For the martingale MN () = UN1/3MN T(,uNl/3(t ANTN.T)),

INTN,T

My7r(t)=YnGEATyT) — YN(=T) — WN2/3/ Fn(m(usN'3), hy (wsN'3)) ds
-T

we have the following result

Proposition 4.2. Let w(t) be the standard Brownian motion and & := % wv?, then

My 1(t) 25 ew(T +1 A7) as N — oo. (4.6)

Proof. By (4.2), the quadratic variation of M ~.7(t) is given by

t/\‘L'NT

VN 7(t):=v ,uN/ (mN(pLle/3) hN(pLle/3))d
thus, for A(m, h) as in Lemma 4.1, by (4.4), there exists ¢ > 0 such that

sup
t>—T

tATN,
VN () —2v ,u/ NTA(mN(Mle/S),hN(ule/S))ds <cN!
-T
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for any N large enough. In a neighborhood of (x., —h.),
A(x,h) = % + O +he) +O(x — xc)
moreover, for t < N2/3 there exists ¢ > 0 such that |An () +he]l <c(tN —2/3)2 for any N large enough. We have, thus
sup A(mj\/(ule/3),hN(ule/S))—l chfl/3
_T<s<tnr B

for a suitable ¢ > O then

sup | V.7 (t) —&(T +1 Aty r)| <eN7'3, 4.7)
t>—S

We have ty 7 f) 77, for N — 00, hence, by (4.7),

VN,T(I) E ET+tAtr) as N — o0

thus (4.6) follows since A;IN,T(—T) =0and A;IN,T(I) has at most discontinuities of order N ~2/3 (see [7] and [18]). I
Proposition 4.3. Forany T,y > 0 such that y < 2T, ’P;’;,,_T’y converges to pr,y as N — oo.

Proof. As usual with martingale problems, we first need to prove tightness and then to identify the limiting points by
proving that they satisfy a martingale equation which has unique solution. By Proposition 4.2 follows the tightness of
My 7 (¢). It remains to prove the tightness of

INTN,T

I'nr(t) = U/,LNZ/3 / . FN (mN(;Lle/3), hN(ule/z')) ds.

We use the Chensov moment condition, indeed there exists ¢ such that, forall ¢t > s > —T,
2
Epy o, [|[Tva @) = Tv g ()] <clt — 5], (4.8)

where (4.8) holds after using the Cauchy—Schwartz inequality, being the integrated function in L2. It follows that the
stopped process Yy (t A Ty 1) is tight and, consequently, its law Py _7,, converges by subsequences. Moreover, any
limiting point has support on C([—T, T'], R), this follows from the fact that the jumps of Y are £N ~2/3.

By (4.3), we can approximate the term Fy (x, &) in (4.1) with F'(x, k) unless errors of order N -1 We perform the
Taylor expansion of F(x, #) in a neighborhood of (x., —h.). Being F(x;, —h.) = dF /dx(x., —h.) = 0, the leading
terms are the first order in (h + h.) and the second order in (x — x.), we have

F(x,h) = (h+he) — Bxe(x —x)* + O((h + he)(x = x0)) + O((h + he)*) + O((x — x)?).

On the other hand, for tN~2%/3 vanishingly small as N — oo, hy(t) = —h. + hctzN_4/3/2 + O N~3%), thus
there exists ¢ such that

sup <c¢N7! (4.9)
tepN3 [T,y 1]

he 5
Fn(mn (@), hn @) — { 721\/ 3 Bxe(mn (1) — xc)z}

for N large enough, then, by (4.9),

<eN7Y3.0 4.10)

n INTN T .
My,7(t) = YN(t AT ) + YN (=T) + / {gwﬁsz — Bxepv™! Y%(s)} ds
-T

sup
t>—T

For our choice of 1 and v (see (3.4)), the integrand in (4.10) becomes 52— Y]%, (s). From (4.10) and Proposition 4.2
we deduce that any limiting point satisfies a martingale relation that uniquely defines a process which is the law of the
solution of (3.7). O
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5. Behavior of the limit process

In this section we are going to investigate the behavior of a generic solution Y () of the SDE
Ay (t) =[* = Y2(0)]dt + £dw,, &> 0. (5.1

For any fixed tp € RU {—o0}, yo € R, we denote by Py, y, the probability law of the process Y (¢),t > to, solution of
(5.1) starting from yg at time 79. Moreover we denote by P the law of Y (¢),¢ € R, solution of (5.1) conditioned to
|Y()+t| > 0ast — —o0.

Deterministic analysis

One of the preliminary steps for the study of (3.7) is the analysis of the related deterministic equation
Y0 =1 =y, (5.2)

Proposition 5.1 is proved in Section 2.3 of [8], it concerns the asymptotic behavior for # — oo of a generic solution
y(t) of (5.2).

Proposition 5.1. There exists a decreasing solution y*(t) of (5.2) such that —t > y*(t) > —~/t2 + 1, for any t > 0.
Let y(t) be the solution of (5.2) starting at time to > 0 from yg € R,

o if yo > y*(ty), then, for any & € (0, 1) there exists ts > to such that |y(t) —t| < m forany t > tg;
o if yo < y*(t0), then y(t) is decreasing for t > 0 and it explodes to —oo in a finite time.

Asymptotic behavior of Y (t) for t — 0o
In this first part of the section we prove the following theorem.

Theorem 5.2. Consider the sets

ET .= {Y : [lirn |Y(t) —t| :0} and E~ = {Y: thereist: Y(t) = —oo} 5.3)
—00
then Py, y (Y € ETUE™}=1foranyty € RU{—o00}, yo € R.

The proof of Theorem 5.2 consists of three parts. We define the stopping time
11 ::inf{t: Y(t)= —oo}

then IT € RU {4+o00}. We fix T > 0 large enough, suppose [T > T and study the behavior of Y (¢) for t > T. In
Proposition 5.3 we prove that if Y (¢) is in a neighborhood of y*(¢) at time T then Y (¢) escapes from it P-a.s. In
Propositions 5.5 and 5.7 we prove that the probability for the events ¥ € ET to occur is close to the probability that
Y (¢) leaves such a critical neighborhood, respectively, from below or from above. Unless further indications, in this
section we mean, by c, a positive constant not depending on 7.

We will denote by y*(z) the solution of the ODE (5.2) defined in Proposition 5.1, and define the process z*(¢) :=
Y (t) — y*(¢). z*(¢) verifies the equation

dz*(t) = =" () (2" ()1 + 2y* (1)) dt + & dw (1). (5.4)
For any fixed § > 0 small enough, we define the stopping time 77 ; :=inf{t > T: |z*(t)| > &}.
Proposition 5.3. Forany T > 0, § > 0 small enough,

1g-1Prymftss <oof=1. (5.5)
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Proof. Let us assume I7 > T. We need to prove the assertion for the paths such that |z*(7T")| < §. Suitably applying

the Ito’s formula to (5.4), we get
dz*2(1) = [-22*2 (1) (272 (1) + 29" (1)) + £%] dr + 262" (1) dw (1),

*
thus, for 7 <t < 7.8

t
(1) = 2*(T) + &%t + 2¢ / ¥ dw,
T

the inequality descending since, for 6 small enough, —2zfir* (e T2y ) =0.
T8 T T,

IATS . . . . .
The process 2 . T s z; dwy is a continuous martingale, thus its expected value is constantly zero and

IAT] 5 2 t
E[<2§ f z dws) } = 4&2 / B[ 1< ] ds <4£%6°( —T)
T T ’

hence, by the Doob’s inequality, for any n € N,

(T+n4)/\r;f,5 48282
PT,Y(T){%‘/ zy dwg zn3} < 457e"
T

==
thus, from the Borel-Cantelli Lemma and (5.7), P, y(r)-a.s., there exists 71 such that, for n > 7,

82> 22((T +n*) A T75) > —n® +&2((T +n*) A 7 s)
then ‘L';i’(; < (T +n*) Vv (8% 4+ n3)/£2, thus, for any T > 0
* C * 4 _
’PT,Y(T){TT,(S < OO} > PT,Y(T){}!ILH_’I_Ig{TT,a < (T +n )}} =1
and (5.5) is proved.
We omit the proof of the following lemma.

Lemma 5.4. Lett > s, for any y > 0, we have

2 t 2 2
& [1— e @I </ it gy < & (st
2yt —Js T2yt \2ys?—1

for any s > %V, and

—ys 2 ' —ys
e Vs [1_t*1e*V(’2*Sz)/2] 2ys 5/ e du < e Vs
2ys 2ys2+1 s 2ys

2

forany s > 0.
Proposition 5.5. There exists ¢ > 0 such that, for any T large enough, § > 0,

- —eT
11'1>Tlr;a<oo,z*(r;‘5)<—élpr;5,Y(r;_5){Y¢E }Se .

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)
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Proof. Suppose 77 ; < 0o and [T > T, thus, consequently, /T > 77 ;. We denote by 3(t) the solution of the ODE
(5.2) starting at time 77 5 from y*(t7 5) — 8/2. From Proposition 5.1 we know that () explodes to —oo in a finite
time. Consider z(¢) := Y (¢) — y(¢), thus Z(¢) verifies the SDE

Az = =2 (2 4+ 29(1)2,) dr + € dwy.

We can assume z(7; 5) < —8/2 since lz*(r;5)<—8 < lz(t%)s_a/z. We have

R R -2 1’* Y(s)ds o oty
i) =z(tf 5)e it - / 2 we SO dy £ x (1) (5.11)
7 ’
with
. L2 $s)d
g 0= [ 5T (5.12)
7
then
. 2L 3()ds
IE(T},(;)S*B/ZPT?S,Y(f;a){Z(t) <e 7.8 (X‘[;.S (t) — 3/2), Vvt > ‘L';i’a} =1.

The probability law of )@;5 (t)|‘l,';8, t> T;,s’ is a centered Gaussian. Since y(¢) < —1,t > I;B, we have

. Y A TOL a2 1 50 1
E[xf;s(t)lr$,5]=/* e s du < e¥Ts / e 2% du < 7 (5.13)
' ) r.s

where the last inequality descends from (5.9), since r; s = T. Hence there exists ¢ > 0, such that

A . ) -
Pf;a,m;s){ sup z(7) = 0} =< Pf;a,m;g){ sup oz (1) = 5} <e ! (5.14)
T g B V20
for any T large enough, where the second inequality follows from (5.13) and (A.2). Then we get (5.10). ]

We denote by y™(¢) the solution of (5.2) conditioned to lim;_, _, |y (¢) + #| = 0 and define the process z7(¢) :=
Y(t) — yT(t). z7(¢) satisfies the SDE

dzt () =—z" () (2" (O + 2y () dt + Edw (@), (5.15)

thus, for any #p € R U {—o0},

t § . t
0 =t gye o DY / P2y OB 4y 4 gyt () (5.16)
0]
with
t
X (1) = / e 2Jy s gy (5.17)
0]

We fix ¢ > 0 small enough and define the stopping time 1;8 =inf{t > T: |z7(1)| <e}.
Lemma 5.6. Fortg € RU {—o0}, X;)“(t) as in (5.17), yo € R, there exists ¢ > 0 such that, for X large enough,

Py, v {tsgtr; X1t v 1) > A} <e (5.18)
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Proof. X,?)r () is a centered Gaussian process of variance
+2 ' —4 [yt (s)ds
Elx i 2@)]=[ et du.
0]

Let us suppose, at first, 7y < 0. We know that y*(¢) > —¢ for t <0, thus, for fp <t <0,

ltol )
e 2 du< — A,

1
Elv+2(n] < 2:2/
[Xl‘() ()] =¢€ It — 4|t|

where the second inequality follows from (5.9). A similar estimate can be obtained for # > 0 using (5.8), since
inf,cg yT(¢) > 0 and yT(¢) >t — 1/t for t > 0 large enough. Therefore, for any fy € R U {—o0}, there exists ¢ > 0
such that, for ¢ > 1y,

E[x2 0] < c(l A 1>,

It

thus (5.18) follows from inequality (A.2). O
Proposition 5.7. There exists ¢ > 0 such that, for any T large enough, §, & > 0,
117>T11:;5<oo,z*(r;5)>8tpr;,5,Y(t;iﬁ) {T;,s = +OO} = ech. (5.19)

Proof. Suppose 77 ; < oo and [T > T, then IT > 17 5. As in the proof of Proposition 5.3, we mainly make use of
comparison arguments. We compare, by means of Lemma A.1, the process z1(#) with suitable Gaussian processes.

Then use the inequality (A.2) to estimate the behavior of such Gaussian processes. We will avoid the details, let us
see. Suppose z*(7 ) > 8 and |21 (7] ;)| > &, we need to distinguish two cases: zt (7} ;) > ¢ and 27 (1] 5) < —e.
Consider the first case z+(r; s) > &, from (5.16), we have

2L yt@s)ds
Lotz ymePrpy vz g2 T (@) <27 (7 )e 770 +

+ —
EX,;S (t)} =1,
thus

12*(1;5)»731;5]&;5){ inf 2T () >s}
’ ’ R = S

: +
=< 11*(1;8)>8,Pr;,5,Y(r;5){I;I;ﬁt: (Z (tT,B)e
<o, (520)

where the last inequality is obtained by the use of Lemma 5.6.

We prove, now, the statement for the second case z+(r; 5) < —&, z*(r; 5) > 8. At first, we show that, with large
probability, z*(¢) reaches the line %t, i.e. that the stopping time 77 :=inf{r > 7;:: z*(z) > %t} is finite. We compare
z*(t) with the process v (¢), solution of the linear problem

t
dvt (1) = Ev+(t) dr +£dw(t), v (t75) =2"(t7s) (5.21)
we have
t
v = v+(r;,5)e(l/4)(’2_ffzﬁ) + Ee’2/4/ e /A dw,. (5.22)
7
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Since —z(z + 2y}) > 1z/2 for 0 < z < —3y}/2, by Lemma A.1, z*(r) > v*(z), as long as 0 < z*(r) < %t. It is
sufficient to apply the inequality (A.2) to v™(¢) whose quadratic variation is easily estimable from (5.9) and (5.22) to
show that

. —T
1v+(1;5)>8lprfﬁ,Y(r;5){t>11;1£ U+(t) = O} <e” ¢
ZT7s

and
20t (1) _
1U+(tT8)>8PTT5 Y(tf 8){ su p < 1} <e cT
i
hence
27%(t) —eT
lr;,5<r’rtpr;5,Y(r;’5){f% = OO} = 17;,a<T/T’PT;,5’Y(T;,5){tilig ; <lp<e ™. (5.23)
=T
For ¢ large enough, y*(¢) >t — 1/t, thus, from (5.23), with Prs v (x; ,)-probability greater than 1 — e =T, there exists
75 < 17 < oo such that z* (t7.) > —1}./2 — 1/717.
By an analogous comparison argument it is possible to prove that
lz+(r$)<—s,r}<oo7Dr’T,z+(r/T){ sup Al (< _8} = e T, (5.24)
>tk
Equation (5.19) follows, then, from (5.20), (5.23) and (5.24). O
Proposition 5.8. There is ¢ > 0 such that, for any & > 0 small enough, T, A large enough, » < e/T,
2
Lt <ocPei vt | it suply () =y ] - AT (5.25)

Proof. Let us suppose r;" . < 100, thus the relation (5.16) with r}L . in place of #y holds, for ¢ > r}L o We apply

Lemma 5.6 to the process x:i (), thus, by symmetry, we get
T,

TT&

A 2
+ —c

P+ Y%){ sup !xr;g(t)|ﬁ> E} <e ¢ (5.26)

tZrT,a '
for any A large enough. Let us define the stopping time ‘ET =inf{t > tT e |z (t)] > 2¢}. We have
! ) o+ d 2 2 ! 6“2 C
/ e 2/u T ds gy < 26 / —du<-Al,
‘L'+ T+ t
T.e T.e

thus, with PTT+ Y(rf )-probability greater than 1 — 2e—*? we have

2", y(s)ds &2 A =27 yt(s)ds A
—ee T B (C_ " 1) — L <ty <ee e +— (5.27)
t 2t 2/t

for rT L ‘L’ o+ Assume A < e+/T, thus, since 1;8 > T, from (5.27) it follows that

Pt vl the <90} Pty s )] < 2e) < et (5.28)

1
TT.SSIS‘ET,S
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then, by (5.27) and (5.28), we have

P+ Y, ){ 1nf sup|z+(t)|\/;>)»}

T
T.e*
IT, t=s

< P,;S’Y(I;S){I’T’,g < oo} + Pt;y},(th){ mf §1>113|z+(t)|f > Alt7 . oo] <2e*

hence (5.25) is proved. O
Proposition 5.9. There exists ¢ > 0 such that, for any T large enough, 8, & small enough,

17-71e; coozvep =5Pep v p{Y ¢ BV} e (5.29)

Proof. Assume IT > T, r; 5 < 0o and z*(r; 5) > ¢ then, for any ¢, § > 0 small enough, T large enough,
+ +
PT;,; Y(r7, 5){Y ¢E } = E[ <c>olpr}r Y(rJr ){Y ¢E }] + PT;_(S’Y(T;(;){tT,s = +oo}
thus (5.29) follows from Propositions 5.7 and 5.8. O

Conclusion of proof of Theorem 5.2. Let us suppose T > fg, thus, from the definition of IT and Proposition 5.3, we
have

PioyolY ¢ EFUE™} =E[1p=1Prym{Y ¢ EYUE™}]
=E[ly, coo =13, Prp, vl Y ¢ ETUET]]. (5.30)
Equation (5.30) is bounded by
E[1-71e <o0r ez p<—sPez, v p{Y € E7H +E[1mor1ey | coonep =6 Per, v p{Y € ETH]
<e~’T, (5.31)

where the inequality follows from Propositions 5.5 and 5.9, and holds for some ¢ > 0, for any T large enough, §, ¢
small enough. The result follows from (5.31) by performing the limit for T — oo. ]

Behavior of Y (¢t) for t - —o0
In this part of the section we will provide some results for the behavior of Y (¢) for negative ¢, |¢| large enough.

Proposition 5.10. Let P be the probability law defined at the beginning of this section. There is ¢ > 0 such that for
T, A large enough, A < ﬁ,

{ sup ¥ () — +(t)|\/H>x} <o W (5.32)

t<-T

Proof. 77 (¢) satisfies the equation (5.16) even in the limit as fyp — —o0. y¥(¢) — 400 and z¥(¢) — 0 for t — —o0,
P-a.s., thus

4 t
) =— / T2y 2T O gy 4 gt (1), (5.33)

We use Lemma 5.6 with fo = —oo to estimate the behavior of x*__(#), then the proof proceeds specularly to proof of
Proposition 5.8. U
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Proposition 5.11. There is ¢ > 0 such that for T, S, A large enough, S < T, A < VS,

—ex2
1‘Y(T)_T|<M(2ﬁ)7>_ﬁy(n[_Til:g_smt) IV A} <e (5.34)
Proof. The proof of (5.34) is almost the same of Proposition 5.10. ]

Behavior of Y (t) in bounded intervals

In this part of the section we study the behavior of solutions Y (¢) of (5.1) starting at time —7 from y: |y —T| <e, ¢
small enough. We recall that the stopping time 77 € [T, T'] is the first exit time of Y (¢) from the rectangle R7 (see
(3.12) and (3.14)). Notice that the condition |y — T'| < ¢ guaranties (—7,Y(—T)) e Rr.

Lemma 5.12. There exists ¢ > 0 such that, for any T large enough, ¢ small enough,
Ly i< Pory (Y (rr) =2T} <=7,

Proof. We have yT(=T)>T,y <T +¢,then z7(=T) =y — y"(—T) < &, hence, by (5.16),
Ly ri<eP-ry{z" (1) e+ ExT (1), Vi = -T} =1,

thus, since SUP_7< <7 y+(t) < T, we have

1y—11=eP-1y{Y (r7) =2T} < 1|y—T|§s77—T,y[ sup zT(t) > T}
—T<t<T

T —¢
=< PT,y{ sup XfT(t) > —} =< e_Csz
—T<i<T &

where the last inequality follows from (A.2) and Lemma 5.6. (|
Lemma 5.13. There exists ¢ > O such that, for any T large enough,
Popor{M=tr + T} <™. (5.35)

Proof. Consider the process y(¢), solution of the ODE (5.2) starting from —%T at time t7. Let us consider, now,
Z(t) ==Y (t) — y(1), thus Z;, (17) = —%. Using exactly the same arguments used in proof of Proposition 5.5 to show
(5.14), it is possible to prove that

Pey.—ar | sup 2) = 0} <™. (5.36)

t>1r

y(¢) lies below y*(¢), then, from Proposition 5.1, we know that it explodes to —oco. It is easy to show that y(¢) explodes
within 77 + T~ (see Lemma 2.3.15 in [8]), then (5.35) easily follows from (5.36). U

Proof of Proposition 3.3. Let Y(—T7) =y with y: |y — T| < ¢, then, from Theorem 5.2 we have
Pory|Y ¢Ef UE Y =P_r Y ¢Ef UE Y€ ETUET]
<P_ry {Y(T) e [2T,y"(T) —e) U (y"(T)+¢,2T]. Y € ET} (5.37)
+ P_ry{Y(xr) =2T}. (5.38)
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Lemma 5.12 provides a bound for the probability in (5.38) that assures its convergence to 0 as 7 — co. The term
(5.37) vanishes as T — oo since, by Theorem 5.2, for any ¢ > 0 small enough,

Pt sl )~y 0] e e £ <1
hence (3.16) follows. From Proposition 5.8 and Lemma 5.13 it follows that

Yor yaryeorE Per.y ) {re¢E¥) < el (5.39)
for some ¢ > 0, thus (3.17) follows from (5.39) and Theorem 5.2. O
Proof of Theorem 3.2

We consider two processes Y, Y solutions of (5.1) starting from Y(—7) = y and Y(-T) = y, with y, y such that
ly—T|<e,|y—T| <e for some ¢ > 0 small enough. Without lost of generality, we can suppose y > y. We denote
by Q_r,,.; the probability law of the coupled process (Y (¢), Y (1)) by taking the same noise for ¥ and Y.

Letus fix S € (1, T) and ¢ > 0 small enough and define the sets

As=Ar s = {Y: sup |Y(t) — y+(t)| < 8} (5.40)
—T<t<-S§
and
By =Bs.ci={: sup|y () = y* ()] <e}. (5.41)
t>S

Let g, Ts be the first exit times respectively for the processes Y (r) and Y (¢) from the rectangle R defined in (3.12).
We call IT and IT the times of explosion to —oc of ¥ and Y. Y(r) and Y (r) are well defined, thus, respectively for
t < I and for r < IT. We agree with the convention to define Y () := —oo for t > I1, Y (1) := —oo fort > Y (r). We
have the following results.

Lemma 5.14. Forany S € (1,T) and ¢ > 0 small enough

Q_T,w[ lim sup Y(z)—Y(t)=0|Y,YeASmé:;mBS} —1. (5.42)

T—o00s>_T

Proof. Let us assume Y, Y € AgN E;’ N Bs. We denote by v(¢) the process Y(t) — Y (1), then dv = —v(Y + Y) ds,
hence

vy = (5 — )~ [r e (5.43)

thus v(7) > 0 forany r > —T.
Since Y, Y € Ag and y*(t) > —t for t <0, from (5.43) we have

0<v(t) < g2 lrute) du < ge$=e=T=8 for _ T <t<-§
thus

lim sup v(t)=0. (5.44)

T—o0 —T<t<—S

Y, Y € £ implies Y (1), Y(t) > —2S for any —S <t < S, then, by (5.43),

0<v(r) <v(=8)e [sY@+Twidu — e85 o g<s<5,
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thus, by (5.44),

lim sup wv(t)=0. (5.45)

T—oo_g<i<§
Y,Y €Bsthus Y(¢),Y(t) > yT (1) —e>0,fort > S, S large enough, then, from (5.43) we have
0 < v(t) < v(S)e sTWH WA <6y fors > 8,

thus, from (5.45),

lim supv(t) =0 (5.46)
T—o004>g
then the lemma is proved. O

Lemma 5.15. Forany S € (1, T) and € > 0 small enough

Q,T,y,;{hm sup \Y(r)—Y(r)|=0|YeASmgs—jeAs}=1. (5.47)

T—o00 —T<t<tg

Proof. Letusassume Y € AgNE ¢ and Y € Ag. Consider the process v(¢) defined in the proof of the previous lemma,
then, since Y, Y ¢ Ag, (5.44) holds a159 in the current case.
On the other hand Y € £ implies Y (t) > Y (t) > —2S, then, since |zg| < S,

0 < v(r) < v(—S)e™ [sXW+Y e 61685 for _ ¢ <f < g,
thus, by (5.44), we have

lim sup v(@#)=0 Q_r,y;5-as. (5.48)

T—o00 —S<i<tg

hence (5.47) follows. O

Proposition 5.16. For any bounded continuous function g(y) with compact support and for any fixed ¢ > 0 small
enough,t > —T, we have

Am 1y ri<elisri=e[Ep_, [e(Y(O)] - Ep_, ;[2(Y O)][ =0. (5.:49)

Proof. We define G(¢) := |g(Y (t)) — g(Y (1))| then we need to prove that

lim 1)y_7i<ely-ri<eEo_, ;[G(1)] =0. (5.50)
T—o00 ?

Letus fix S € (1, T) large enough and ¢ > 0 small enough, y, y: |y —T| <e¢,|y — T| < e. For Ay as in (5.40) we
have

Eg ;,;[6(0] —Eg 1, [1y7eaG®)]|
<2sup [g|(P-ry{Y & As} + P-r5(Y ¢ As})
< 4sup|gle €S, (5.51)
where the last inequality follows from (5.34). We have
Eo ;s [1y7easGO] —Eo 1, 5[y reasnerues) GO
<2suplgl(P-sy{Y ¢ EF UES} + P_s5{Y ¢ E5 UESY). (5.52)



Random hysteresis loops 327
For Bgs as in (5.41) we have
Eo ;s [y seaner O] —Ea 1, ;[ly seanpsnes GO
<2sup gl (1)y—y+(s)1<e Ps.y (Y & Bs} + 15_y+(5)1<e Ps,5{Y ¢ Bs})
<4sup|gle S, (5.53)

where the last inequality follows from (5.25).
Since g is bounded, it follows from (3.16), (5.51), (5.52) and (5.53) that for any ¢ > 0 there exists Sy such that, for
any T > § > Sp, forany t > —T,

‘EQJ,,V.; [G(t)] - Eer.y,y[(ly,?eAsmS;mBS + ly,?eAsmsg)G(t)]| =¢. (5.54)
By the continuity of g and Lemma 5.14 it follows that

Q_T,y,;{ lim sup G(t)=0|Y,1?eAsm£S+mBs} —1, (5.55)

T%ootsz
thus
Th—>m00 llZ_TEQ—T,y.}_' [1)’,)76./4508505;(;0)] =0. (556)

On the other hand, by Lemma 5.15,

Q,T,y,;{ lim  sup G(r)=0|YeASmss—1?eAs} —1, (5.57)
T_”)O—Tgtfrs
thus
lim Bo | [1raizely pesyre; GO] =0 (5.58)
We have

Eg ;.5 [lfsitirs—&-S’llY,)_’eAOSS_G(I)] <2suplg|P-r,{r =5 <5 <1} (5.59)

with the right-hand side term vanishing as S — oo.

Since Y (¢) > Y (¢), IT > I, thus, for t > IT, Y (1) = Y () = —o0, then G(z) = 0. It remains to estimate the term
for tg+ S~ <t < IT. We have Y (15) = —2S and Y (t5) = —28 + v(ts), with, by Lemma 5.15, lim7_, « |v(z5)| =0
for Y,Y € AsN & . Hence for any fixed ¢ > 0 arbitrarily small there is Tp such that, for any T > Tp

Eg ;.5 [lrs+S*l StfﬁIY,YeAsnsg G(1)]
<Eg ;s [Megis1<alig <251 G®)]
<25upl8IEQ 1, ;[17(rg)<—25+¢ Prs. Fe) 11T = Ts + S7'}]
then, by Lemma 5.13, for any ¢’ > O there exists Sy such that, for any T > § > Sy,
EQ—T,y,)" [lrs+S—' stsfllY,l?eAsﬂgg G(t)] <¢' (5.60)
From (5.59) and (5.60) it follows that
TILmooEQ’T'” [ltZTSIY,YeAsngg G(t)] =0, (5.61)

then (5.50) follows from (5.54), (5.56), (5.58) and (5.61). 0
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Corollary 5.17. Let Y (1), I?(t) be solutions of (5.1) starting from Y (—T) =y, IA/(—S) =79, T > S, then, for any
function g(y) as in the previous proposition,

Jim_tim [Ep, [e(V @) Uyorize — Bp  [s(FO)]Ly_gizc| =01 (5.62

Proof. Suppose T > S, |y — T| <&, [$ — S| < &. We have
Ep_.,[s(Y0)] =Ep_;, [Epg, s [s(Y®)]] (5.63)
thus
Ep_,, [s(YO)] = Ep_; [Ep_sy s [8(YO) [Ny 5)-s1=¢]|
<suplglP_r ||V (=S) — S| > ¢} < sup|gle™"5, (5.64)

where the last inequality in (5.64) follows from (5.34). On the other hand, from Proposition 5.16, for any ¢ > O there
exists So such that, forany 7 > S > S,

Ep_,, [Epgycs [8(Y @)y s)-si<e] = Ep_ [8(Y )1 j5-5¢] < ¢ (5.65)

then (5.62) follows from (5.63), (5.64), (5.65) and the boundedness of g. O

Proposition 5.18. Letr P be the probability law defined at the beginning of this section, then the probabilities py 1=
P{Y € E*} are strictly positive.

Proof. Let us prove, at first, the statement for E~. By (5.33), z7 () < & x T, (t) P-a.s., thus, for y := y*(0) — y*(0) >
0, P(x) := «/Lz_n f;oo e~7°/2dz, we have

P{z*(0) <0} =P{zT(0) < =y} = P{xF(0) < =yt '} = @(ye ' /\E[XxIX]) 2 ¢ >0 (5.66)

since, by Lemma 5.6, E[ xfgo (0)] is bounded by a constant. From (5.4) it is easy to verify that

t
S0 <OV L@, g0= [ 0% g,
0

P-a.s. Let us suppose z*(0) < 0, then z*(¢) < & x5 (¢), thus

Pl (T) < =8} = P{x$(T) > =86 '} = @ (867" JE[x2(T)]) = ¢ > 0 (5.67)

for any § > 0, hence, from Proposition 5.5, (5.66) and (5.67) it follows that P{Y € E~} > 0.
By the use of comparison arguments as in proof of Proposition 5.8 it is easily provable that there exist pax, ¢ > 0
such that, for any & < emax, if 27 (=T)| < §, then

P—T,Y(—T)[ sup TIz*(t)} < e} > em¢/e, (5.68)

—T<i<

To prove (5.68) it is sufficient to use the small balls inequality (A.5). Thus the claim for E* follows from Propositions
5.8 and 5.10 and (5.68). (Il

Conclusion of the proof of Theorem 3.2. The convergence result (3.10) is a direct consequence of Corollary 5.17.
Equation (3.11) easily follows from Proposition 5.10.

The convergence of the probabilities 1)y _7|<cP—7,y{Y € E +} is a direct consequence of (3.10); finally, from (3.17)
and Proposition 5.18 it follows that p_ € (0, 1). U
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6. Escape from criticality

In this section we study our N-finite dynamics assuming Yy € £, i.e. Yy (zy,7) = —2T or, equivalently,

2T

— Ivr= prn, NP e [T, TIuN'/>, (6.1)

my(In.1) = xc —
we recall the definition of H}jf (1) in (2.11) and prove the following result.

Proposition 6.1. Forany i/ >

dim 1im Py {Hy (W TN vy eérf=1. (6.2)
We consider the stochastic process xl’(, ) = x;’{,(TN,T)(t) defined as the solution of the ODE (2.6) with h =
hy(t) and random initial condition x3,(7y,7) = my(Zy,r). We prove that, for any p’ > u (u as in (3.5)), x},(t)
reaches X_ (hy (¢)) within the time Ty 1 + M’TN‘/3, then we show that, by tracking xj(, (t), our magnetization my (t)
approaches X_(hn(t)). We denote by Py 1 the probability law of my (¢) given Yy € £ . All the computations are
done for N > T, N, T large enough. Unless further indications, we will denote by ¢ a generic positive constant
independent of N, T'. In order to lighten notation, in this section we will omit the index N for the magnetization and
simply write m(¢) and x*(¢).
We define the stopping time

Iy =inf{t > Ty 7 [m@) —x*(@1)| > N~V/6)
and recall that F(x) = —x + tanh{8(x + h)}, we have the following result

Lemma 6.2. Let v, 1" be two stopping times for m(t) such that Tyt <1 <1’ < ’fN,T and N >t — 1 Py, ,-as.
There exists a function  (t), such that

oF
sup Y () — —(x* @), hn ()| <eN7HO (6.3)
T ’f' 0x
N T<t<InT
and, for y > 0 small enough,
Py T| sup [|m() — x* ()| = Or.0(0)] < o} >1—¢N77 (6.4)
U lr<r<y
with
oS v 2@ =D Ffywdn [ — 2 Y ) du
Or () = |m(t) —x (r)|e T + N 1+el / W,(s)‘e v ds ). (6.5)
T

Proof. Let us define the function f(x,t) := x — x*(¢), then the process

t

M) = f(m(@).1) — f(m(Ty.r). T.r) —/

TN

0
|:£h(s)f + £:| (m(s), s) ds
is a martingale. For any 7 as in the hypothesis, the process M (¢) := M(t) — M(t A 7) is a martingale as well and

t
Velt) = / (Lo — 2 Liisy £] (ms). ) ds
t

AT

is its quadratic variation. For any t > 7y 1,

E[M%(t/\t/)h, U] =E[Ve(t AT)lT, 7] §cN_l(t/\r’—t/\r) §cN_l(r’— 7)
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thus, by the Doob’s inequality, for any y € (0, 1),

(r/ — 7)l/2

P{ sup |Mf(t)|ZW

T<t<t’

‘r, r’} <cN77

then

(_L./_.L,)l/2}

Pﬁ’T{ sup |Mf(t)| > N

T<t<t’

(‘L'/ _ .L.)l/Z
:E,P&T |:1‘L'<‘L'/P{ sup |M-[(l)| > W

T<t<t’

T, I’H <c¢N77.

Recall the initial condition (6.1), then there exists a function ¥ (¢) satisfying (6.3) and such that

ECN_I

B
[0+ L] m6.5) = w6106 - x°9)
fort >7nyr.Fort <t < YA'N,T we define the process

t
Re(t) = f(m(0), 1) — f(m(v),7) —/ V() f (m(s), s)ds — M. (0),

then, from (6.7),

RO _

-1 —
1 S N PN’T-a.s.

t<t<Tn 71

By treating (6.8) as an integral equation for f(m(z), t) we find
F(m@), 1) = f(m(@), 7)e)e VO¥ LR (1) + Mo (1)]

1 t N
+efr¢<“>d"/ [Re(s) + Mo ()| (s)e™ e V@ dngs o<t <7y 7.

From (6.6) and (6.9), assuming N > t/ — 7, we find

2(.[/ _ .L,)I/Z

PI;,T{ sup |RT(I)+MTU)|S N(li},)/z

T<t<t’

}zl—cNV

thus (6.4) follows.

Lemma 6.3. Let us fix 6 > 0 small enough and consider the stopping time

Tnr =Ty rs:=inf{t > Ty r: x*(t) < x. — 8}

then, Py r-a.s, there exists Co > 0 such that TA// T INT < COT_INI/3 forany T, N large enough, and

2T
VN3 —4B8x. Tt + TuN1/3)

xX*@) > X)) i=x. — for Iy 1 §t§TI<,’T.

(6.6)

6.7)

(6.8)

(6.9)

(6.10)

6.11)

Proof. Recall the initial condition (6.1) for x*, then, for Ty 7 <t < ZMTN]/3 we have —h, < hy(t) < —h. +

c¢T*N~2/3 thus

0< F(x*(t), hn(t)) — F(x*(t), he) <cT*N~/3
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1/3
hence, for Ty 7 <t < 7}(,’T A2uTNY3,

—Bxe(1+cod) (x* (1) — x0)* < F(x*(t), hn (1)) < —Bxe(1 — co8) (x*(1) — x.)* + ¢T* N~/
for a suitable co > 0 independent of §, then x1(f) < x*(¢) < x2(t), x1,2(¢) solutions of
X (1) = —Bxe (1 + co8) (x1 (1) — xc)°, 6.12)
(1) = —Bxc(1 — co8) (x2(t) — xc)’ + TN =23 (6.13)
with x; (Ty.7) = x2(Tv.1) = x*(Tn.1) = xc — 2T /vN'/3 Tt is easy to check that

1
VN1BQT)=1 = Bxe(1 4 cod)(t — 10)

x1(t) = x; — (6.14)

On the other hand m;(¢) is a function blowing up at time

N1/3
InT + COT < 2uTN'3

for a suitable C¢ possibly depending on §. In particular we have T[\//,T <2uT N'/3, thus the result follows. (]
Lemma 6.4. Let us fix § > 0 small enough and define the stopping time

Ty =Ty s =inflt = T4 ;0 x*@) < X_(hn (1)) + 8}
then, P&T-a.s., there exists C1 > 0 such that ’T](,’j — TI\//,T <Cj forany T, N large enough, and

x*) < X-(hn(®) + 8 foranyt =Ty 1. (6.15)
Proof. Let x;(¢) and x,(¢) be the solutions of

() =F(%1(1),he) and 5(t) = F(%2(), he) + cT*N7/3 (6.16)

with fl(T}(/,T) = ’EZ(TJ\//,T) = x*(TA’,’T) = x, — 8. From Lemma 6.3 we know that 7y 7 <2uTN'/3, Py r-a.s., then
211 < X1 (hy (@) <%0 for T o <t < Ty o+ uTN'.

Consider the stopping time 77,’] = inf{r > T]\//,T: x1(t) < X_(hn(t)) + 8/2}, then there exists C; > 0 such that
,j'/\///,T — T/\/,)T < C1. We denote by Ax () the non-negative function x,(z) — X (), thus

2

d _ _ T P
EAx(t) <(B-DAx(®)+ CW, AX(TN,T) =0,

hence Ax(f) < ¢cT?>N~%/3 for any 1 < T1</,T + uTN'73, then, in particular, x*(’]ﬂ'j\’/’T) < )22(’]7,/]) < il(izg,r) +
cTsz_z/3 < X,(hN(TA’,/’T)) + 8 for N large enough, then 7 . < ’fl(,”T < 73+ + C1. Equation (6.15) is thuDs
proved.

Lemma 6.5. Consider the stopping time
Ty =inflt = Ty 71 x*(1) < X_(hn (1)) + N~}

then, Py r-a.s., there exists C2 > 0 such that TI(,’TT — TI(//,T <CyInN forany T, N large enough, and

() = X_(hw )| < N"V2 forany Ty <1 < gsz. 6.17)
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Proof. There exists ¢ > 0 such that

3
—aF(X—(hN(I))a (@) = B[X—(hy®)* —22] = ¢

for ’TA’,”T <t< §N2/3. We have § > x*(t) — X_(hn(t)) >0 for t > T]('/,T’ then there exists ¢y > 0 not depending on
6 such that

Fn(x* @), by (@) < —c(1 — co8) (x* (1) — X— (hn (1))).

Let us call Ax () :=x*(t) — X_(hy(¢)) > 0, then, being X_(hy(t)) a not decreasing function for 0 <t < %N2/3,
there exists ¢ > 0 such that

%Ax(t) < —cAx(t) — %X_ (hN(t)) < —cAx(1), Ax(TA,’,T) =94,

—c(t=Ty

hence Ax () < de 1) for any ’T](,”T <t< %N2/3, then follows the result. O

Proof of Proposition 6.1. The proof consists of three steps.
Step 1. We prove, at first, that there exists ¢ > 0 such that, for any y > 0 small enough,

Prollm(Ty.r) —x*(Ty 1) < N7V =1 —eNT7. (6.18)

We have [x*(t) —x.| <8 for Ty 7 <t < T]\/I,T’ then there exists ¢ > 0 independent of § such that
0 * * 2a7—2/3
0< aF(x (1), hn (@) < Bxe(1 4 cod) (xe — x*(1)) + cT°N

thus, in particular, there exists ¢ > 0 such that, PIQ’T-a.s., forany Ty 7 <t < ’ZX,,T A ’fN,T,

WO =9 @) <c[(xe —x*®) + T’ NP <[ (xe = 2@) + T*N27],
the last inequality descending from (6.11). For Cp as in Lemma 6.3, referring to (6.5) for the definition of

@TN.TvTI\//,T (1), there exist ¢, ¢’ > 0 such that

Ot ;.1 , (1) < N7V exp{ vf(u)du}

N71/3+}//2 , t T2
<c—— —X —— |dsy. 6.19
<c Vi exp{c /TNf |:(xc x(s)) + N2/3] s} ( )

Let us define 1 := (v/4Bx.T —2uT), then, by the definition of X(¢) in (6.11), the exponent in (6.19) is bounded
by

,/l 1 N T2 oo T2 Tyl |[Yr N3 —¢
C S =C —F%= —_ n———7——7—.
Lo \YTN3 =1 " N2/3 N2/3 N.T TP N3 =Ty 7|

Since, by Lemma 5.31, TA/,.T <Inr1+ CoN'3/T, Py r-a.s., there exist ¢, ¢, ¢” > 0 such that

t—1rNY3 JTN-1/3

5 , 34y - 1T
sup OTN,TvTN,T(t) <cN Tv7 = TANI e

Inr=<t=Ty NInT

< 'N“VAY2
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for T large enough, thus, by 6.4,

P&,T{ sup Im(@) —x*(0)| < cN—1/3+V/2} >1—cN7”
TNYTSIST]Q‘T/\'ZAVNYT

in particular, with the same probability 7, 1<I,T <7 ~.T, thus (6.18) follows.
Step 11. We prove, now, that there exists ¢ > 0 such that, for any y > 0 small enough,

Py r{m(T r) —x* (TN )| < N7V R > 1 —eNTY. (6.20)

We have |0 F (x*(¢), hny (£))/0x| <max({l, B — 1} := cg, thus, by (6.15), there exists ¢ > 0 such that

t

Y(u)du

/
TN,T

sup
7 7 T
Ty r<t<Ty +ANIn T

<c.

We can use the same arguments of Step I, there exists ¢ > 0 such that

sup Oy 7y () <c(|m(T} 1) = x*(Ty 1) |+ NTIT)

/ 17 T
TN.7~§I§TN.TATN_T

P,;’T-a.s., thus, by (6.4) and (6.18), we have

Pﬁ,ri sup |m () — x* ()] ScN_1/3+V/2} >1—cN77
T p<t<Ty o Iy 7

thus (6.20) follows since 7, A’,”T <7 ~.7 With the same probability.
Step 111. We conclude the proof of the proposition. We have |x*(t) — X _(hy (t))| < fort > T/(,’ - thus, for small §,

RN 9
S F (0, hy () = (14 0®) = F (X~ (hn ®). v ().

On the other hand, there exists ¢ > 0 such that %F(X, (hn (), hn (1)) < —c, forany Ty , <1 < ZN?/3, hence there
exists ¢/ > 0 such that

sup |y ()] < —¢'.

T <t<IN?BAt

Letus fix 7y , <ty < §N2/3 A?A'N,T, thus

o Yd
Oy ()= |m(TA/,/T) - x*(TIG’T)|efTN,T e +4EN"UN2
then, by (6.20),
Py {0z, o () < N7V 4 4 fEN=U702) > | — N7 621)

Let us fix, now, i/ > u/ > p and choose t, = u”T N'/3, thus, by Lemmas 6.3 and 6.4, 1, > T/(//,T’ Py r-a.s., hence,
by (6.4) and (6.21) we get

Pﬁ,r{ sup Im(t)—x*(t)lsTN*‘/”V/z}zl—cN*V (6.22)

T p<t<tuNIyT
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then, in particular, with the same probability 7y.7 > f,. We have 7T, v <HTN 1/3

<ty Py r-as., then

Py r{m(WTN'P) = x*(WTN'P)| < TN Y > 1 — N7, (6.23)
On the other hand, by Lemma 6.5, TI(’/,T < /,L/TNI/S PQ’T-a.s., hence

Py rlmWTN'P) —x*(WTN'P)| < N2} =1 (6.24)

thus (6.2) follows from (6.23) and (6.24). O

7. Behavior far from criticalities

In this section we give some results concerning the dynamics in the stable region. Theorem 7.1 provides a law for
the behavior of my(¢) in N2/3[—%, —n] and N2/3[n, %], n > 0. Recall that Py is the probability law of my (¢) in
N2/3 —73, 5] given mN(—%N2/3) = m?v. For any fixed n € [-7, 5], we denote by 771'\’, the law of my (¢) in N%/3[n, 71
given my (N33 = m?\,. For Hf(l), I C R, asin (2.11), we prove the following result.

Theorem 7.1. For any n,y > 0 small enough and y' >y > 0, iflm(l)v — X410 < N~V24Y then

: + (23] T _
ngnooPN{HV(N |: o ni|>} 1. (7.1)
For any n,y > 0 small enough and y' > y > 0, if|m9\, — X (hy(qN?3)| < N7VZHY then
im P (N3, B ) =1 (72)
N—o00 N 4 2
Foranyne[=5.5).y' >y, if Im} — X_(hyqN*/*))| < N~V then
tim P Ho (N30, Z ) =1 (1.3)
N—o00 N Y 2

Theorem 7.2 provides a connection between the critical and the stable regions.

Theorem 7.2. There is ¢ > 0 so that for any T large enough, y,n,e > 0

limsup Py {| Vi (~T) — T| = el ({—aN?3})} <e=7 (7.4)
N—oo

and
timsup Py { (H ({nN?})) 1| Yw (1) — T| <} <=7 (7.5)
N—o0

For the proof of Theorems 7.1 and 7.2 see Section 2.5 in [§].

8. Conclusion of the proof of the main result

At this stage Theorem 2.3 is an almost direct consequence of Theorem 3.1, Propositions 3.5 and 3.6, that we are going
to prove.
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Proof of Theorem 3.1. Let us fix y, ¢ > 0 small enough. Recalling that Py is the law of m(¢) with m(—nN 2/3/2) =

m(l)v, suppose |m(,)v — X4 (hn(0)] < N~VY2H7 then, for any fixed n > 0,

Pal[Y(=T) = 7| > e} = Pu{ (4, ({=aN*2 )} + Pa{ Y (<T) = 7| = el ({-uN>"})

thus the result follows from (2.12) and (7.4).

O

Proof of Proposition 3.5. For P}‘\‘,’_T’V and ’PﬁTJ as defined in Section 4, Py _7 ,{Yn € S?} = P;’_T",{YN € S?}

and P_7,{Y € 5% }=Pr, y{Y € 5%}, thus Proposition 3.5 follows directly from Proposition 4.3.

Proof of Proposition 3.6. For any 7, y > 0, Hf([), I CR,asin (2.11), we have

s 2))
o o ) o)

+ Py { (M, ((nN*P ) NIYn () = T < &)

YNGS;}

O

then the plus case of (3.22) follows from (7.2) and (7.5). Analogously, for any 7, y, &’ > u independent of N, we

have

RGNS
<] (3 (1. 2])) Pt

Pl (TN ) Y <65

thus the minus case of (3.22) follows from (6.2) and (7.3), since u'T N BARTS n for large N.

Lemma 8.1. We have

lim lim |77N{YN€€ }—1|y—T|5aPN,—T,y{YNGg%HZO

T—o0o N—

and

Jim IJEnoo]PN{YN €EFUEL} —1y_11=ePn 1 y{YNn €EF UES }| =0

Proof. We prove only (8.1). We show at first that, for any fixed y: |y — T| < ¢, ¢ > 0 small enough,

Jim lim [Py {Yy € EFNYN(=T)—T| <e} - Py _1,{¥n €EF}|=0.
We have

inf Py -1 {7} <PN{EFIY(-T) ~T|<e} < sup Py -r,{F}
ly—T|<e ly—T|<e

thus, in order to prove (8.3), it is sufficient to show that, for any couple y, y: |y —T|,|y — T| <e,

lim lim [Py 7, {EF} =Py -r3{EF }[ =0.

T—o00 N—oo

8.1

(8.2)

(8.3)

8.4
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Equation (8.4) follows since, for Y (¢), Y (1) solutions of (5.1) starting at — 7 respectively from y, y, by Proposition 3.6
we have

Jim [Py 7 {Yy €& - Pory{re&f}| =0 (8.5)
and, by Proposition 5.16,

Jim [P Y e £} =Py s{V e &7} =0 (8.6)
thus (8.4) follows from (8.5) and (8.6). We have, now

|Pn{Yn € EF} — PalYn € EFI|Yn(=T) = T| < e}| < 2Py {|YN(=T) = T| > ¢}. (8.7)

From Theorem 3.1 we know that the term in (8.7) is vanishingly small for large 7', then (8.1) directly follows
from (8.3). U

Conclusion of the proof of Theorem 2.3. We just need to prove (2.13) since the proof of (2.12) has been proved in
Section 7 as a part of Theorem 7.1 (see (7.1)).
Let us suppose |m(1)v — X, (0)] < N2+ We have

PN{H;E <N2/3[n, g])} — Py{ry € £Z)

)
)

+Pn{Yn ¢ EF UES ) (8.9)

YNEgYi-}

Yy € 5;} (8.8)

From (3.16), (3.21) and (8.2) we have

lim lim Py{Yy ¢&f UEF}=0.

T—oo N—oo
From Proposition 3.6 we know that the terms in (8.8) and (8.9) are vanishingly small for large T and N, thus,

from (8.1) we have

lim lim
T—o00 N—oo

T
PN{Hff <N2/3 [n, ED} —1)y_7)<ePn,—T | YN €EF}| =0. (8.10)

Suppose |y — T'| <&, Y(¢) as in Proposition 3.6, then

Parol € &8} = pel = [Pyroftn e 65} = Pory Y e &8} [+ [Proly egf) —ps| @D
then (2.13) follows from (3.19), (3.20), (8.10) and (8.11). O
Appendix

In this paper we mainly make use of techniques of comparison with Gaussian Processes. In this appendix we provide
some Gaussian Inequalities and a comparison lemma.
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Marcus—Shepp inequality for Gaussian processes

There is a classical result of Landau and Shepp [12] and Marcus and Shepp [14] that gives an estimate on the prob-
ability for a general centered Gaussian process of escaping from a large ball. If G(¢) is an a.s. bounded, centered
Gaussian process of variance o%(¢), then

1 1
lim — lnP[sup G(t) > k} =——— with 012 = supoz(t). (A.1)
A—o00 A2 2

tel 012 tel

An almost immediate consequence of (A.1) is that for any A large enough, § small enough,

7D{SUpIG(t)l >l <pe2220-8) (A.2)
O N

Small deviations for Gaussian Markov processes

We give a result of Li (see [13]) dealing with the probability, for a Gaussian Markov process, of escaping from a small
ball. Let G(¢) be a continuous centered Gaussian Markov process of covariance o (s, 1) # 0 for fg <s <t < t;. We
can write o (s, t) = G(s)H (t) with G, H > 0 and G/H non-decreasing on (fo, t1), then

TCZ 151
lim s2ln7>{ sup |G(1)| < s} - ——/ (G'H — H'G) dt. (A3)
e—0 8 1

fh<t=<n

We apply (A.3) to processes of the kind

t
G@t) = / el qy, <<, (A.4)
Iy
we get
s 2 n — [ a(s)ds
lim e?log P| sup [G()] <ef == (1 -l ®F), (A.5)
e—=0 fo<t<t 8

Comparison with Gaussian processes

In the thesis we repeatedly make use of a comparison argument comparing the solution of a linear SDE with the
solution of a more general SDE, let us see.
Let G, be a solution of the problem
dG; = (a(1)G; + b(1)) dr + & dw, (A.6)

with @, b:R* — R bounded on bounded intervals and & € R, then G(¢) is a Gaussian process of the form

1 t t "
G(t) = Gig)eo “ O + / b(s)eh W 4 4 ¢ / el at0du gy
fo

fo

Consider, now, the processes v(#) solution of
dv, = C(Ut, t) dr + S dwt

with the same noise of (A.6), c:R x RT — R globally Lipschitz.
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Lemma A.1. For G(t), v(t) as above we define §; := c(G;,t) — [a(t)G; +b(@)], A; :=G; — v;, and let T e RT be a
generic random variable. Suppose

then

sign(A;) =sign(é;) or A =0,

sign(A;) =sign(d;) forany v <t <inf{s > 1: §; =0} a.s.

Proof. We have

dA[ = (G(I)At +8;)dl

thus, for any 7 > 0

then

t t t
A(;):A(f)ef,a(s)ds+/ 5(s)els @ du g

T

follows the result. O
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