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Abstract. We study the performance of empirical risk minimization (ERM), with respect to the quadratic risk, in the context of
convex aggregation, in which one wants to construct a procedure whose risk is as close as possible to the best function in the convex
hull of an arbitrary finite class F. We show that ERM performed in the convex hull of F is an optimal aggregation procedure for
the convex aggregation problem. We also show that if this procedure is used for the problem of model selection aggregation, in
which one wants to mimic the performance of the best function in F itself, then its rate is the same as the one achieved for the
convex aggregation problem, and thus is far from optimal. These results are obtained in deviation and are sharp up to logarithmic
factors.

Résumé. Nous étudions les performances de la procédure de minimisation du risque empirique, par rapport au risque quadratique,
pour le probleme d’agrégation convexe. Dans ce probléme, on souhaite construire des procédures dont le risque est aussi proche
que possible du risque du meilleur élément dans I’enveloppe convexe d’une classe finie F de fonctions. Nous prouvons que la
procédure obtenue par minimisation du risque empirique sur la coque convexe de F est une procédure optimale pour le probleme
d’aggrégation convexe. Nous prouvons aussi que si cette procédure est utilisée pour le probleme d’agrégation en sélection de
modele, pour lequel on souhaite imiter le meilleur dans F, alors le résidu d’agrégation est le méme que celui obtenue pour le
probleme d’agrégation convexe. Cette procédure est donc loin d’étre optimale pour le probleme d’agrégation en sélection de
modele. Ces résultats sont obtenus en déviation et sont optimaux a des facteurs logarithmiques prés.
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1. Introduction and main results

In this note, we study the optimality of the empirical risk minimization procedure in the aggregation framework.

Let X be a probability space and let (X, Y) and (X1, Y1), ..., (Xp, ¥») be n 4+ 1 i.i.d. random variables with values
in & x R. From the statistical point of view, D = ((X1, Y1), ..., (X;, Y,)) is the family of given data.

The quadratic risk of a real-valued function f defined on X is given by

R(f)=E(Y — f(X))™.
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If fis a function constructed using the data D, the quadratic risk of fis the random variable

R())=E[(Y - f(x))*ID].

For the sake of simplicity, throughout this article we will restrict ourselves to functions f and random variables (X, Y)
for which |Y |, | f(X)| < b almost surely, for some fixed b > 1. One should note, though, that it is possible to extend
the results beyond this case, to functions with well behaved tail — though at a high technical price (cf. the chaining
arguments in [20] and [21]).

In the aggregation framework, one is given a finite set F' of real-valued functions defined on A" (usually called a
dictionary) of cardinality M. There are three main types of aggregation problems:

1. In the Model Selection (MS) aggregation problem, one has to construct a procedure that produces a function whose
risk is as close as possible to the risk of the best element in the given class F (cf. [2,3,9-12,16,24,25,27]).

2. In the Convex (C) aggregation problem (cf. [1,7-9,12,24,28]) one wants to construct a procedure whose risk is as
close as possible to the risk of the best function in the convex hull of F' (later denoted by conv(F)).

3. In the Linear (L) aggregation problem (cf. [9,11,15,24]), one wants to construct a procedure whose risk is as close
as possible to the risk of the best function in the linear span of F (later denoted by span(F)).

The aim in the aggregation framework is to construct a procedure f for which, with high probability

z . A(F)
R(f)SCfénAI{IF)R(f)-i-l//n (M) (L.1)

with C =1 and A(F) is either F, or conv(F') or span(F). It is worth mentioning that it is desirable for the constant
C in (1.1) to be one in the aggregation setup for at least two reasons. First, there are some obvious mathematical
differences in the analysis leading to exact oracle inequalities (C = 1) and non-exact oracle inequalities (C > 1). In
particular, the geometry of the set A(F) has a key role in an attempt to obtain exact oracle inequalities, whereas
non-exact oracle inequalities are mainly based on complexity and concentration argument (cf. [17]). Second, an exact
oracle inequality for the prediction risk R(-) leads to an exact oracle inequality for the estimation risk; namely, with
high probability

E[(f00 = 00 IP] = min, B[(£00) = f*C0) ]+ v ),

where f* denotes the regression function of Y given X. Such an estimate on the regression function cannot follow
from a non-exact oracle inequality, and thus, exact oracle inequalities can provide prediction and estimation results
whereas non-exact oracle inequalities only lead to prediction results.

One can define the optimal rates of the (MS), (C) and (L) aggregation problems, respectively denoted by w,EMS) (M),
W,SC) (M) and w,&L) (M) (see, for example, [24]). The optimal rates are the smallest prices in the minimax sense that
one has to pay to solve the (MS), (C) or (L) aggregation problems in expectation, as a function of the cardinality M
of the dictionary and of the sample size n. It has been proved in [24] (see also [12] and [28] for the (C) aggregation
problem) that

M .
log M o if M < /n, M
MS) A1y ~ - Oan~1" d L pmy ~ —
wn ( ) ’ wn ( ) { /%log(%) lfM - ﬁ an n ( ) n )

where we denote a ~ b if there are absolute positive constants ¢ and C such that ch < a < Cb. Note that the rates
obtained in [24] hold in expectation and in particular, the rate w,ﬁc) (M) was achieved in the Gaussian regression model
with a known variance and a known marginal distribution of the design. In [8], the authors were able to remove these
assumptions at a price of an extra logn factor for 1 < M < ./n (results are still in expectation). We also refer the
reader to [6,28] for non-exact oracle inequalities in the (C) aggregation context.

Lower bounds in deviation follow from the arguments of [24] for the three aggregation problems with the same
rates 1//,5MS) M), 1//,5C)(M ) and W,EL)(M ). In other words, there exist two absolute constants cg, ¢c; > 0 such that for
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any sample cardinality n > 1, any cardinality of a dictionary M > 1 and any aggregation procedure f,, there exists a
dictionary F of size M such that with probability larger than co,

7 . A(F)
R(fn)ifglAl?F)R(f)‘i‘Cl\/fn (M), (1.2)

where the residual term wnA(F)(M) is w,(lMS)(M) (resp. w,(,c)(M) or w,EL)(M)) when A(F) = F (resp. A(F) =
conv(F) or A(F) = span(F)). Procedures achieving these rates in deviation have been constructed for the (MS)
aggregation problem ([2] and [16]) and the (L) aggregation problem ([15]). So far, there was no example of a pro-
cedure that achieves the rate of aggregation w,ic) (M) with high probability for the (C) aggregation problem and the
aim of this note is to prove that the most natural procedure, empirical risk minimization over the convex hull of F,
achieves the rate of ¢,§C> (M) in deviation (up to a logn factor for values of M close to /n).

Indeed, we will show that the procedure fERM-C minimizing the empirical risk functional

n

fr=Ra(H) == (Y= F(XD)", (1.3)

i=1

log M
n

in conv(F) achieves, with high probability, the rate min(%, ) for the (C) aggregation problem (see the exact
formulation in Theorem A.l in the Appendix). Moreover, we will show that the rate w,EC)(M ) can be achieved by
FERM-C for any orthogonal dictionary (formulated in Theorem B). On the other hand, it turns out that the same
algorithm is far from the conjectured optimal rate w,EMS) (M) for the (MS) aggregation problem (see Theorem A and
[16] for the conjecture).

Our first main result is to prove a lower bound on the performance of fERM-C (ERM in the convex hull) in the
context of the (MS) aggregation problem. In [16], it was proved that this procedure is suboptimal for the problem of
(MS) aggregation when the size of the dictionary is of the order of 4/n. Here we complement the result by providing
a lower bound for almost all values of M and n.

Theorem A. There exist two absolute positive constants co and c1 for which the following holds. For any integer n
and M such that log M < con'/3, there exists a dictionary F of cardinality M such that, with probability greater than
9/12

~ERM-C .
R(f )= min R(f) + 2y (M),

where Y, (M) = M/n when M < /n and (nlog(eM//n))~'/? when M > /n. Moreover, for the same class F, if
M > /n, then with probability larger than 7/12,

R(fERMC) < min R(f) + 3y (M).

Note that the residual term v, (M) of Theorem A is much larger than the optimal rate w,(,Ms) (M) = (logM)/n
for the (MS) aggregation problem. It shows that ERM in the convex hull satisfies a much stronger lower bound
than the one mentioned in (1.2) that holds for any algorithm. This result is of particular importance since optimal
aggregation procedures for the (MS) aggregation problem take their values in conv(F), and it was thus conjectured
that fERM-C ¢ould be an optimal aggregation procedure for the (MS) aggregation problem (cf. [16] for more details
on this problem). In [16] it was proved that this not the case for M = /n; Theorem A shows that this is not the case
for all the values of M and n in the significant range (when M is sub-exponential in n).

The proof of Theorem A requires two separate arguments (as in the proofs of the lower bounds in [24] and [28]).
The case M < \/n is easier, and follows an identical path to the one used in [16] for M = /n. Its proof is presented
for the sake of completeness, and to allow the reader a comparison with the situation in the other case, when M > /n.
In the “large M range things are very different and we present a more intuitive description of the idea behind the
construction in Section 2.
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The performance of ERM in the convex hull has been studied for an infinite dictionary in [7], in which estimates on
its performance have been obtained in terms of the metric entropy of F. The resulting upper bounds were conjectured
to be suboptimal in the case of a finite dictionary, since they provide an upper bound of M/n for every n and M
whereas it is possible to achieve the rate /(log M)/n when M > ./n. Although this result is probably known to
experts and relies on standard machinery (see for instance [15,14]), we present its proof in the Appendix.

The residual term min(%, lmgTM) of Theorem A.l behaves like w,&c)(M ) except for values of M for which

n'/2 < M < c(e)n'/?*¢ for ¢ > 0. And, although there is a gap in this range in the general case, under the additional
assumption that the dictionary is orthogonal, this gap can be removed.

Theorem B. For every b > 0 there is a constant c1(b) and an absolute constant ¢y for which the following holds. Let
n and M be integers which satisfy that log M < c1(b)+/n. Let F be a finite dictionary F of cardinality M and (X, Y)
such that |Y|,sup scp | f(XOI < b. If F ={f1,..., fu} satisfies that Ef; (X) f;(X) =0 for any i # j € {1, ..., M},

FERM-
f C

then achieves the rate erC) (M): for any u > 0, with probability greater than 1 — exp(—u)

R(f”ERM-C) < minF)R(f) +czb2max|:1/,r(lC)(M), %il

~ feconv(

Removing the gap in the general case is likely to be a much harder problem, although we believe that the orthogonal
case should be the “worst” one.

Finally, a word about notation. Throughout, we denote absolute constants or constants that depend on other param-
eters by ¢, C, c1, c2, etc. (and, of course, we will specify when a constant is absolute and when it depends on other
parameters). The values of constants may change from line to line. The notation x ~ y (resp. x < y) means that there
exist absolute constants 0 < ¢ < C such that cy < x < Cy (resp. x < Cy). If b > 0 is a parameter then x <, y means
that x < C(b)y for some constant C(b) depending only on b. We denote by E?,’[ the space RM endowed with the ¢ p
norm. The unit ball there is denoted by B g’[ . We also denote the unit Euclidean sphere in RM by SM~1,

If F is a class of functions, let f* be a minimizer in F of the true risk; in our case, f* is the minimizer of
E(f(X)—Y)? Forevery f € Fset L; = (Y — f(X)? — (Y — f*(X))% and let Lr = {Lf: f € F} be the excess
loss class associated with F, the target Y and the quadratic risk.

2. On the complexity of Bi” with respect to Zg’l

The aim of this section is to give some of the ideas needed in the proof of Theorem A in the case M > /. It is also
presented to explain why the seemingly unlikely fact that the rate

1
Jnlog(eM//n)

actually improves as the size of the dictionary M increases in our construction is true.

The example used for this result is a class Fy; = {0, +¢1, ..., ¢y} where (¢i)f‘i | is a bounded orthonormal
family of Lo(PX) and Y = ¢p741(X) is orthogonal to this family. We also assume that & (X) = (¢1(X), ..., du (X))
is isotropic, that is, for every A € R", E(®(X), 1)? = ||A[3.

An element in conv(Fy) is of the form f, = (@, \) for some X € BIM, its excess loss is Lp, = (@, 1) —
2(®, A)pp+1 and the process one has to minimize is indexed by B{VI and given by

@2.1)

n n

1 2
PLy = . Z(@(X,»), /\)2 - Z(fD(X,-), Mou1(Xi). (2.2)

i=1 i=1

It follows from [21] that the oscillations of the quadratic term A € B]M — (P, — P)({®,21)?)| are of
lower order, and that the empirical process (2.2) behaves like A € BM — [A|3 — 2n=1/2(V, 1) where V =
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n~1/2 Yo dmt 1<1>(X ), while a Gaussian approxunatlon shows that V' essentially behaves like a standard Gaus-
sian vector G in R™ . Hence, the excess risk PL ||)L||2 of the empirical risk minimization procedure f S5 owill
be located around

G, A . _
arg min min <r - 2( >) =arg min (r —2n~ 12 sup (G, A)).
O<r<lyeBMn/r&M-1 NG 0=r=I reBMN/rSM-1

Observe that for every radius 0 < r <1, sup, BN /rSM-1 (-, A), is an interpolation norm, which will be denoted by

| - l ao- The problem arises because in the range 1/M <r <1 (which is the range we are interested in), a proportional
change in the radius r only results in a logarithmic change in the value of E| G| 4c, which is why one has to obtain a
sharp estimate on E||G | 4o for every r.

It turns out that a rather accurate estimate on the complexity of B{VI N /rSM=1 comes from vectors of “short”
support. Namely, for every I C {1, ..., M}, let S’ be the set of vectors in S¥~! supported in I. Set

1 1
=] —=8"cBln—=8¥""
kgﬁ R/

If one replaces B{” N ﬁ&' M=1 by Cy, it is much easier to analyze ERM over that set. Indeed, it is straightforward to
verify that ERM is likely to choose a vector in Cy, where k minimizes the functional

5 k 2*1/2
J‘IEﬁGWJ‘I(Em)’ =

where (x) is a non-increasing ordering of the vector (|x;|).

A sharp estimate on the Gaussian quantity reveals that the gap between the “level” k and the “level” ¢ decrease
with the dimension M. Thus, the minimum of (2.3) — which is proportional to (2.1) — decreases as M increases.

The proof of Theorem A will be a combination of two approximation arguments — first, of the measure
n~1/2 > ' , X; by a Gaussian, and second, an approximation of Bf” by the sets Cy, reducing the problem to the
one described above.

One should comment that it is possible to approximate B]M N ﬁS M=1 ysing a completely combinatorial set

UI 1=k k~'{—1,1}!, and the way the complexities change between the levels k and £ as M increases gives a more
geometric explanation to why the minimizer moves closer to 0.

3. Proof of the lower bound for the (MS) aggregation problem (Theorem A)

The proof of Theorem A consists of two parts. The first, simpler part, is when M < /n. This is due to the fact that
if0<6 <1and p=60r~ M/n, the set Bf” N /7SM=1 is much “larger” than the set Bf” N \/ﬁBg’I This results
in much larger “oscillations” of the appropriate empirical process on the former set than on the latter one, leading to
very negative values of the empirical excess risk functional for functions whose excess risk larger than p. The case
M > /n is much harder because when considering the required values of r and p, the complexity of the two sets is
very close, and comparing the two oscillations accurately involves a far more delicate analysis.

3.1. The case M < \/n

We will follow the method used in [16]. Let (¢;);en be a sequence of functions defined on [0, 1] and set u to
be a probability measure on [0, 1] such that (¢;: i € N) is a sequence of independent Rademacher variables in
L ([0, 11, w).

Let M < ./n be fixed and put (X, Y) to be a couple of random variables; X is distributed according to w and
Y =opm1(X). Let F ={0,x¢1,...,Edp} be the dictionary, and note that any function in the convex hull of F
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can be written as f = Zyzl Lj¢; for A € BY. Since relative to conv(F), f* =0, the excess quadratic loss function
is

Li(X, V) = =2¢p1 (X[, @ (0) + (1, 2 COF,

where we set @(-) = (¢1(-), ..., dpm(-)).
The following is a reformulation of Lemma 5.4 in [16].

Lemma 3.1. There exist absolute constants co, c1 and ca for which the following holds. Let (X;,Yi)i=1,..n be n
independent copies of (X, Y). Then, for every r > 0, with probability greater than 1 — 8exp(—coM), for any » ¢ RM

n

1
1215 = > {2 (X))

i=1

M 1 <& "
ClﬂrTS sup ;Z(A,(D(Xi))q’)MH(Xi)SCz/rT_ a2

reyrBY oy

<im 3.1)
) 2 .

and

Set r = BM/n for some 0 < < 1 to be named later, and observe that B{"’ NJrSM=1 =  /rsM=1 because
r<1/M.Forany A € \/rSM~1 PL; = ||k||% =r, and thus applying (3.1) and (3.2), it is evident that with probability
greater than 1 — 8exp(—coM),

inf P.Ly=r— sup (P—Py)L,
).GB{WﬂﬁSM_I rersM-1

1 2
A5 == (%, <P(Xi))2 sup = ) (h, @(Xi))pm1(Xi)
n

i=1 )LE«/;SM*I n i=1
3 M 3 M M
S—r—261\/r—= —'8—201\/3 — < —cy/B—,
2 n 2 n n

provided that 8 < (2¢1/3)>.
On the other hand, let p = aM/n for some « to be chosen later. Using (3.1) and (3.2) again, it follows that with
probability at least 1 — 8 exp(—coM), for any A € B{W N \//_)Béw

<r+ sup
re/rsM-1

n ‘ n

n

1
115 = — > fr @ xn)

i=1

3 M 3 M
23 e [P (3 e a )M
2 n 2 n

Therefore, if 0 < < 8 satisfies that 3a/2 4+ 2c2/a < ¢1+/B for some 0 < B < (2¢1/3)? then with probability greater
than 1 — 16 exp(—coM), the empirical risk function A — R, (f3) achieves smaller values on BIM N/rsM ~1 than on
BM N /pBY. Hence, with the same probability, R(fERMC) > p = aM/n.

n

2
= [ e (XD)pasi (X)

i=1

|P. Ly < PLy + +

3.2. The case M > /n
Let us reformulate the second part of Theorem A.

Theorem 3.2. There exist absolute constants cq, c1, ca and ng for which the following holds. For every integers n > ng
and M, if Jn < M < exp(con'’3), there is a function class Fy; of cardinality M consisting of functions that are



294 G. Lecué and S. Mendelson

bounded by 1, and a couple (X, Y) distributed according to a probability measure ., such that with u*"-probability
at least 9/12,

1
JnlogeM//n)

where fis the empirical minimizer in conv(Fyy). Moreover, with u®" -probability greater than 7/12,

R(f)zf%%‘;”f”

c
Jnlog(eM//n)

The proof will require accurate information on a monotone rearrangement of almost Gaussian random variables.

R(f)ifnelg;R(f)+

Lemma 3.3. There exists an absolute constant C for which the following holds. Let g be a standard Gaussian random
variable, set H(x) =P(|g| > x) and put W (p) = H™'(p) (the inverse function of H). Then for every 0 < p < 1,

2L ) ) loglog(2/(mp?))
|W (p) 10g(2/(np )) +10g10g(2/(rcp ))‘ < C—log(2/(np2))
Moreover, for every 0 <e <1/2and 0 < p <1/(1 + ¢),
(W2(p) = WX((1+e)p)| <Ce.  |W3(p) — W((1 —&)p)| < Ce.

Proof. The proof of the first part follows from the observation that for every x > 0,

xfﬁ exp(—x%/2) <1 - xiz) <P(lg| > x) < x‘f/—zﬁ exp(—x%/2), (3.3)

where c¢ is a suitable absolute constant (see, e.g. [22]), combined with a straightforward (yet tedious) computation.
The second part of the claim follows from the first one, and is omitted. O

The next step is a Gaussian approximation of a variable ¥ = n~1/2 Z:’zl X;, where X1, ..., X,, are i.i.d. random

variables, with mean zero, variance 1, under the additional assumption that X has well behaved tails.

Definition 3.4 ([18,26]). Let 1 <o <2. We say that a random variable X belongs to Ly, if there exists a constant C
such that

Eexp(|X|*/C%) < 2. (3.4

The infimum over all constants C for which (3.4) holds defines a norm called the o norm of X, and we denote it by
X Nl -

Proposition 3.5 ([22], p. 183). For every L there exist constants c| and ¢ that depend only on L and for which the
following holds. Let (X,)en be a sequence of i.i.d., mean zero random variables with variance 1, and || X ||y, < L. If
Y = ﬁ S, X then forany 0 < x < c1n'/S,

3.3
P[Y > x] = Pg > x]exp(E;i}; )[1 + cz%}

and

PlY < 1=Plg < ]exp<_EX%x3 ) |:1 + x 1]
<—x]=Plg<—x T coo——|.
6/n Jn
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In particular, if 0 < x < c1n1/6 and EX13 =0 then

x+1
PllY|>x|—P >x||=cP >x .
[P[1Y] = x] = P[Ig] = x]| = c2P[lg] = x] NG
Since Proposition 3.5 implies a better Gaussian approximation than the standard Berry—Esséen bounds, one may
consider the following family of random variables that will be used in the construction.

Definition 3.6. We say that a random variable Y is (L,n)-almost Gaussian for L > 0 and n € N, if Y =
n~1/2 Yo'y Xi, where X1, ..., X, are independent copies of X, which is a non-atomic random variable with mean 0,
variance 1, and satisfies that EX> = 0 and I Xy, <L.

Let Xy,..., X, and Y be such that Y =pn~1/2 Z?:l X; is (L, n)-almost Gaussian. For 0 < p < 1 set
Ulp) = {x > 0: ]P’(|Y| >x) :p}.
Since X is non-atomic then U (p) is non-empty and let
ut(p)=supU(p) and u (p)=infU(p).

We shall apply Lemma 3.3 and Proposition 3.5 in the following case to bound u™ (i /M) and u~ (i /M) for every i,
as long as M is not too large (i.e. log M < c1n'/3). To that end, set em.n = [(log M)/n]l/z, and for fixed values of M
andn,and 1 <i <M let

uf =ut(i/M) and u;

—u=(i/M).

Corollary 3.7. For every L > 0O there exist a constant Cy that depends on L and an absolute constant Cy for which
the following holds. Assume that Y is (L, n)-almost Gaussian and that log M < Conl/ 3. Then, foreveryl <i <M/2,

2M2 2M2 log(log(2M?/(mi?)))
(u;r)2 < log<F> — log<log<F)> + Cj max log M2/ (xi2)) »EM,n

and

0 2M? 2M2>> log(log(2M?/(mti?)))
(ui )< > log(W) — log<log<F — C| max log(2M2/(m'2)) JEMon (-

Proof. Since /Tog M < Con'/%, one may use the Gaussian approximation from Proposition 3.5 to obtain

P[|Y| > /4logM] < P[|g| > \/m](l ta <@))

2 JA4logM + 1 1
< | ———exp(—2logM)| 1 +c; valoeM+1 < —.
4mlogM N M?

Thus, forevery 1 <i <M, if x e U(i/M) then x < /4log M.
Let1<i<M/2andx e U(i/M). Since x <2Con'/® (because x < \/4log M < 2Con'/®), it follows from Propo-
sition 3.5 that

x+1

li/M — H(x)| < c3H(x) -

<caH(x)epm n, (3.5)

where H (x) = P[|g| > x]. Observe that if W(p) = H~'(p), then

|W2(@i /M) — x*| < csemn.
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Indeed, since H (x)(1 — caep.n) <i/M < H(x)(1 + c4&p ), then by the monotonicity of W and the second part of
Lemma 3.3, setting p = H (x),

W2 /M) < W (1 + caep ) H (x)) < W2 (H (X)) + coemn = X* + Coemn.-

One obtains the lower bound in a similar way. The claim follows by using the approximate value of W (i /M) provided
in the first part of Lemma 3.3. O

The parameters ul+ and u; can be used to estimate the distribution of a non-increasing rearrangement (¥;*) f‘i | of
the absolute values of M independent copies of Y.

Lemma 3.8. There exists constants ¢ > 0 and jy € N for which the following holds. Let Y1, ..., Yy be i.i.d. non-
atomic random variables. For every 1 <s < M, with probability at least 1 — 2exp(—cs),

i: Yil=u; | =s/2 and |{i: |V;|=u]}| <3s/2.
In particular, with probability at least 11/12, for every jo < j < M/2,

* +
Uy Vi Supyoaysp

where [x] =min{n € N: x <n}.

Proof. Fix 0 < p < 1 to be named later and let (85)?1 | be independent {0, 1}-valued random variables with E§; = p.
A straightforward application of Bernstein’s inequality [26] shows that

1 M
g
1=

In particular, with probability at least 1 — 2exp(—c; Mp),

> t) < Zexp(—cMmin{tz/p, t})

M
(1/2)Mp <Y 8 < 3/DMp.
i=1
We will apply this observation to the independent random variables 8; = 1y;|>q}, | <i < M, for an appropriate
choice of a. Indeed, if we take a for which P(|Y;| > a) = s/M (such an a exists because Y; is non-atomic), then
with probability at least 1 — 2 exp(—cys), at least s/2 of the |Y;| will be larger than a, and at most 3s/2 will be larger
than a. Since this result holds for any a € U (s/M) the first part of the claim follows.
Now take sg to be the smallest integer such that 1 — 2 Z?/[:SO exp(—cs) > 11/12 (in particular ¢~'log24 < 59 <

¢ !(log48 + 1)). Applying the union bound and a change of variables, it is evident that with probability at least 5/6,
forevery [ (3s9)/2] +1<j<M/2,

i 1Yil zuy}| =) and  |{iz Vil =y m}l <i— L
and thus uz_j < YJ’.k < ”FL(z(j—l))/sr 0

With Lemma 3.8 and Corollary 3.7 in hand, one can bound the following functional of the random variables
YL

Lemma 3.9. For every L > O there exist constants cy, ..., c4, jo and a < 1 that depend only on L for which the fol-
lowing holds. Let Y be (L, n)-almost Gaussian and let Y1, ..., Yy be independent copies of Y. Then, with probability
at least 11/12, for every jo <{ <k <aM,

. <log(ek/€) - 8M,n> <Y _yF<c <log(ek/£) + sM,n>
Jogemiey )= LR =T Jogemje )
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Moreover, with probability at least 10/12, for every jo <{ <k <aM

X 172
1 1 k/t

— Jlog(eM/e)  /log(eM/k)’

and if jo <k <aM, then uy <Y < “E(k—l)/sw and

=

X 1/2
c4
(/S 7 ) I p— m—
( ; ’ Jlog(eM/k)
provided that 1og> M < k and that ey , = \/(logM)/n < 1.
Proof. The first part of the claim follows from Lemma 3.8 and Corollary 3.7, combined with a straightforward com-

putation. For the second part, observe that, for some well chosen constant c1 (L) depending only on L, with probability
atleast 11/12, Y < ¢1(L)+/log M. Hence, applying the first part of the claim, with probability at least 10/12,

. jologM 1 ¢ 2
EZ Yk = (L)T+EZ(Yi*_Yk*)

i=1 i=jo

ca@hlEs o (log?ek/iD) | i
ki= log(eM /i) log(eM/i)
i 1
§c1(L)J010gM + &t < c4
k log(eM/k) log(eM/k)’

provided that log> M <; k and that & m.n < 1. Note that to estimate the sum we have used that

1 k 1
Z o8 (e /l) < Zlog (ek/i) < C73.
log(eM/z) log(eM/k) k log(eM / k)
Now the second and the third parts follow from the first one. (]

The next preliminary step we need is a simple bound on the dual norm to the one whose unit ball is A, = B{” N
ﬁBé"’. Recall that for a convex body C € R¥ | the polar body of C is C° = {x € R®: sup,cc(x, y) <1}, and in our
case, A} = conv(BOAg U r_l/zBéw) (see, for example, [23]). From here on, given v € RM  set

lvllag = sup (v, w),
wWeA,

and, as always, (v*)M | is the monotone rearrangement of (|v; |)l I

Lemma 3.10. For every v € RM and any 0 < p < r <1 such that 1/r and 1/p are integers,

1/p 1/2
||v||A;>—||v||A;zvf/r—vf/p—(pZ —vi),) )

and in general forany 0 <r <1,

/r 1/2
Url/rjS||U||A$SUF1/r]+\/|—1/ﬂ(Z U[1/r] ) .
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Proof. First, observe that for every v e RM,

j 1/2
Ivllae = ér}ignM («/7(2(1}1* - v;f)z) + v;‘) (3.6)

i=1

Indeed, since A; = conv(BoAg U (l/ﬁ)Bé”), itis evident that ||v|| 4o = inf{||u |l + Jrlwll2, v =u+w}. One may
verify that if v = u + w is an optimal decomposition then supp(w) C {i: |u;| = |lu|lso}. Hence, if ||u]lcoc = K then for
every 1 <i <M, u; = K sgn(v;)1{jy; =k} + Vil{jv|<k}, and thus, w; = Ly >k} (v; — sgn(v;) K). Therefore,

lvll ae :,}‘l%{K**/;( Z (il —K)Z)l/z}.

{i:lvi|=K}

Moreover, since it is enough to consider only values of K in {v’;: 1 <j < M}, (3.6) is verified. In particular, if 1/7 is
an integer then '

1/r

1/2
2
lvllas < W(Z(v;* ) ) + o),

i=1

On the other hand, if 7, = {u € RM: |ju|l» < /r,|supp(u)| < 1/r} then T, C B} N \/r B} . Hence,

1/r 172
[vllae = sup (v, w) = /7 (Z(v?‘f) :

weT, i=1

Therefore, if 1/r and 1/p are integers, it follows that

1/r 5 1/2 1/p ) 172
||v||Ag—||v||A;zﬁ<Z(v?)) —(ﬁ(Z(v;"—vi"/p)> +v1"/p>

i=1 i=1

1/p

172
2
=Vl = Vi T \/E(Z(vz* —vi),) ) ’
i=1
because (r Z:irl (v;“)z)l/2 > vf/r.
The second part follows in a similar fashion and it omitted. O

Proof of the lower bound of Theorem 3.2. Let ¢1,...,¢py, X and a > 0 be such that ¢1(X),..., oy (X) are
uniformly distributed on [—a, a] and have variance 1 (in particular a = ﬁ), Set T(X) = ¢py+1(X) =Y tobe a
Rademacher variable. Assume further that (¢,~)?i Tl are independent in LQ(PX ) and let Fy; = {0, £¢1, ..., Edm}.

Note that the functions in conv(F)y) are given by f, = (@, L) where @ = (¢1,...,¢pn) and A € Bf”.
It is straightforward to verify that the excess loss function of fj relative to conv(Fyy) is

Lr =i —dms1)* — O —dui1)* = (D, 1) — 2P, Mpu+1

(since f* =0), implying that EL ¢, = ||A||%.
Let us consider the problem of empirical minimization in conv(Fy) = {(%, ®): A € BM}. Recall that A, = B} N
N/ Bé"’ and, for an independent sample (@ (X;), ¢p+1(X;));_,, define the functional

v =n(inf R(fi) = inf Ra(f)).

If we show that for some r > p, ¥ (r, p) < 0, then for that sample, EL 7= p.
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Note that, for any r, p > 0,

Y(r,p) < sup Y (D(X). A — 2 sup Y (@ (X,), M)gr1(X)

AeAri:l AeA,iZl
n

+2 sup Y (D(Xi), Mpm1 (X)),

HeAp i

and let us estimate the supremum of the process
n
heAr— Y (DX 2 =n((Py = P)((.2)%) + [2]3).

i=1

Observe that @ (X) is isotropic (that is, for every A € RM FE(x, d(X))? = ||)»||%), and sub-Gaussian — since
(A, @(X))ly, <4all\||2. Hence, applying the results from [21], it is evident that with probability at least 11/12,

sup [(Py — P)((x, #)%)| < c(a)max{diam(A,, - 12) (3.7)

(A -1l v3 (A - 12) }
LEA,

Jn ' n

Recall that for r > 1/M, y2(A,, || - |l2) ~ +/log(eMr) (see, for instance, [21]), and thus, if » > max(1/M, 1/n), then
with probability at least 11/12,

n sup (P, — PY((@,1)%) + [IAl13) < nr + c1y/nrlog(eMr),

LEA,

where ¢ is a constant that depends only on a.
Next, to estimate the first two terms, let

n
Yi=n""23 " pu 1 (X)(@(Xi), e)
i=1
and observe that (Yj)ﬁ’[: | are independent copies of a (2, n)-almost Gaussian variable. If we set V = (Yi)f‘i | then

sup Y (1, @ (X))pu1(Xi) — sup Y (0, (X)) 41(X;)

AeA,iZl OEApizl

= /n(sup (3, V) = sup (6, V) = Va(IVllag = 1V lla3) = ().

LEA, 0€A,

By Lemma 3.10, if 1 /r = £ and 1/p = k are integers, then

|k 1/2
et (00 )]
i=1

and thus, if £, k, M and n are as in Lemma 3.9, then with probability at least 9/12,

crlog(ek/0) B c3 )
= ﬁ(Jlog(eM/ﬂ) Jlog@M/k)
log(ek/¢)

Z CANN—F/——,
J1og(eM/€)

provided that k > c¢5¢ for c¢s5 large enough.
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Hence, with probability at least 9/12,

Y(r, p) < —204\/71\/1% +nr +ci/rnlog(eMr).

It follows that if we select r ~ 1/y/nlog(eM/+/n) and p ~ r with p < r so that the conditions of Lemma 3.9 are
satisfied, then with probability at least 9/12, ¥ (r, p) < 0. Hence, with the same probability,

6
Vnlog(eM//n) O

Proof of the upper bound in Theorem 3.2. We will show that with constant probability,

R(f) = min R(f)=EL7>

inf inf R,(f,) < inf inf R, (f5) (3.8)
O0<r=roreBMn/rSM-1 ro<r=<leBMnrSM-1

for rg ~ 1//nlog(eM//n), and thus, on that event, R(]"\) < rp. To that end, one has to show that

inf inf P, Ly < inf inf P.Ly,.
0<r=ro xeBMn,/r&M-1 rosr=lxeBMn/r&M-1 '
Let
0= sup [(P—P)((2.4))]
reBYny/rBY

and set r* = inf{r > 0: EQ(r) < r/2}. Applying (3.7) and since y2(A,,| - ||l2) ~ log(eMr), then r* <
coy/log(eM/\/n)/n. Hence, by a standard fixed point argument (see for instance, [4]), it follows that with proba-
bility greater than 11/12, if » € B} and || |13 > r*, then

A5 1 ¢ 2 3IA3
Tf;;(q)(xi),)\) =—-

In particular, by Lemmas 3.9, 3.10 and Corollary 3.7, with probability larger than 9/12, for every r > r*,

1 = 2L
inf P, Ly = inf - (X)), A\ - = O (X:), Nebpra1 (X;)
N T R LW sy I (n Z( 2 n Zx D) Aem1(X;
' ! i=1 i=1
2 2 21|V ac
L2 e amz=loX wp av=l- W
2 Jn reBMNrSM-1 2 “/ﬁkeB{”mﬁBé‘l ) NG
r 2 [1/r] ) 1/2
NN Y1y VI Z(Yi*_yfklm)
v i=1
A ci
=3~ m\tnraun-nm T eSS
=7 _ i c3/log(caMr) + I S 0 (3.9)
T2 Tog(csMr)

provided that r > cg+/log(eM//n)/n for some constant c large enough. Therefore, on that event, if ||)»||% >

c7y/log(eM//n)/n then P,Ly, > 0. On the other hand, P,L s = 0, and thus ||').C||% < c7y/log(eM/\/n)/n (where
f = f3) with probability at most 9/12.
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It remains to show that with sufficiently high constant probability

inf inf P,Ly < inf inf P, Ly,
0<r<ro xeBMn/r&M-1 TOSI=r1 e BMN/rSM-1

for ro ~ 1/y/nlog(eM/\/n) and r| = c7+/log(eM //n)/n.
Using the same argument as in (3.9) and applying Lemmas 3.9, 3.10 and Corollary 3.7, it is evident that with
probability at least 10/12,

inf inf P.Ly,

TOST=I1 e BMN/rSM-1

) 172 o
> inf |(r — —|log(CoMr) — cgloglo (CoMr0)> ) - — Q(r1) (3.10)
roSrSn( ﬁ( g glog nlog(csMrg)
and for some r, < rg to be named later,
inf inf P,Ls < inf inf P.LC
0<r<ry AeB{”rlﬁr}/?SM*I "SI = e xeB{W%I\l/?SM*I "
. 2 1/2
< inf (r-— —(10g(C1Mr) —C9 loglog(Cerz)) + Q(r). (3.11)
0<r<nr N

Moreover, thanks to (3.7), with probability greater than 10/12,

Q(r1) + Q(r2) <cioy/r1logeMry)/n.

Fix 0 < B2 < Bo to be named later and set

Bo B2

R - T S —
0T ntogemtygm T UnlogeM) )

For By large enough (resp. B> small enough), the infimum in (3.10) (resp. (3.11)) is achieved in rq (resp. r2). Therefore,
with probability greater than 8/12

inf inf P,L £ inf inf P,L £
0<r<roreBMn/r&M-1 ‘ TSI e BMN/rSM-1 '
c11log((Coro)/(Cyr c eMr
< cu 2((Coro)/( 12))+r2—r0+ 1 +en r110g< 1)
V1og(CiMrz) vnlog(csMry) Jn
< log((CoBo)/(C1B2)) B2 — Bo Cl4 ci4log(eM/\/n)

+
Vnlog(eM//n) VnlogeM/\/n) = /nlog(eM//n) n

Therefore, there exists some fop for which the latter quantity is negative and thus (3.8) holds for ro = Bo/

Vnlog(CoPoM//n). O

4. Proof of Theorem B

Our starting point is to describe the machinery developed in [4], leading to the desired estimates on the performance of
ERM in a general class of functions. Let G be a class of functions and denote by L = {(x, y) —> (y —g(x))> — (y —
gZ‘;(x))zz g € G} the associated class of quadratic excess loss functions, where g¢; is the minimizer of the quadratic
riskin G. Let V =star(Lg,0) ={0L: 0<0 <1,L e Lg}and forevery L > 0set V) ={h € V: Eh <A}
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Theorem 4.1 ([4]). For every positive B and b there exists a constant co = co(B, b) for which the following holds.
Let G be a class of functions for which L consists of functions that are bounded by b almost surely. Assume further
that for any L € Lg, EL* < BEL. If x > 0, \* > 0 satisfies that E|P — P, llv,. <A*/8and

X
A (x) =cp max(k*, —),
n
then with probability greater than 1 — exp(—x), the empirical risk minimization procedure g in G satisfies

R(3) < inf R(g) + A*(x).
geG

Let F be the given dictionary and set G = conv(F). Using the notation of Theorem 4.1, put Leony(ry ={Lyf: f €
conv(F)}, consider the star-shaped hull V = star(Lcony(F), 0) and its localizations V), = {g € V: Eg < A} for any
A > 0. Thanks to convexity, the following observation holds in our case (see [19] for the proof).

Proposition 4.2. If f € conv(F) then ELy > || f — f*”iz(PX) where f* is the minimizer of the quadratic risk in

conv(F). In particular,

1. EL2? <4bEL forany L € Leonv(F);
2. for u >0, if f € conv(F) satisfies that EL s < u, then f € f*+ K,,, where

K, =2[conv{£fi, ..., £ fu} N RB(L2(P¥))].

The first part of Proposition 4.2 shows that Lcony(r) satisfies the assumptions of Theorem 4.1 with B = 4b%. To
apply Theorem 4.1 one has to find A* > 0 for which E||P — Py|ly,. <1*/8, and to that end we will use the second
part of Proposition 4.2. First, observe that it was shown in [5] that

E|lP = Pullv, <Y 27'EIP = Pallc,.,, - (4.1)

i=0

where from here on we set £, = {£ € Leonv(r): EL < u}. Applying the second part of Proposition 4.2 it is evident
that { f e conv(F): ELy <} C f*+ K.

Proof of Theorem B. By the Giné—Zinn symmetrization Theorem [26],

1 n
E|lP — Pllz, <2BE; sup |= > & L(Xi, Y;)|. (4.2)
LelL, |
Note that if £ € £, and f € conv(F) satisfies that L = L, then for any (x, y),
2 2
Lan| =y = f@) = (= W)
= (/) = f)(2y = f@) = fF(0))| < 4b[F(x) = f*(0).
Thus, by the contraction principle (see, e.g. [18]) and Proposition 4.2,
EIP - Pallg, < ~2EE LS rx
— L, <— sup |— Y & |-
n m ﬁ € fEKM ,\/ﬁ — 1 1
Observe that since the dictionary consists of an orthogonal family, if (eq, ..., ey ) is the standard basis in Eg” and

F()=(fi(), ..., fu()), then

K, ={2(x, F): xe B N yré},
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where £ is an ellipsoid with principal axes (| f; || Lzei)iﬁi |- From here on we will assume that (|| f; || Lz)iAi | is a non-
increasing sequence.
Now, we want to bound

1 « 2 &
E sup —Zsif(Xi) =E sup - £i(A,F(Xl~)>
feKu |2 reBMnme|™ iZ
wl =1 1 NV i=1
2 |
=—E|> —&F (X)) :
vn i=1 Vn (BMnym€)°
where || - ||( BYJEE)° denotes the dual norm to the one whose unit ball is Bf"[ N /€. We will use two different

strategies to bound this process depending on M < /n or M > ./n. First start with the case M > /n. Since both Bf”
and &£ are unconditional with respect to the coordinate structure given by (¢;) f‘i 1» it follows that

2\ 172
. %
vl gm o~ inf |: M( ( ) ) +max|v-|:|, 4.3)
BINVRE® 11, my Vi ; I fillL, iere
and in our case, v = (v./)ﬁ!’lz1 =((1//n)- 37, sif/(X,'))yzl.
Let

Jo={j: I fjllL, = coby/log M //n},

where cp is a constant to be named later. A straightforward application of Bernstein inequality [26] shows that, for
r=cy,

P(3j € Jo: Puf] =t + DIfiI7,) < D exp(—can(ll £17,/6%) min(?, 1))
j€do

< M exp(—c3tlog M) <exp(—catlog M)
and
P(3j € J§: Puf] = (t+ 1Db°n~ ' log M) < exp(—cat log M).
For every integer £ > cy, let
Ag=1{Vj e Jo: Paf} <@+ DIfilIT,} 0 {V)j € J§: Puff < @+ Db*n~ og M}.

Set By = Ag41 N Aj and note that P(By) < P(A7) < 2exp(—c4fllog M) for any £ > c.
For every £ > c1, consider the random variables conditioned on By,

1 n
Uje=—=>_ & fi(X/Ilfill,|Be ¥jelo
ﬁ i=1
and
1 n
Uje=—=Y_&fj(X)|Be Vjel.
ﬁ i=1

Hence, by Hoeffding’s inequality (cf. [26]), there exists an absolute constant cs such that, for any j € Jp,

n=t Y f (XD

<cs(C+1),
1513,

1Ujell3, e <5
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and for any j € J§,
U136 < 5(€ + D)b*(log M) /.
By a result due to Klartag [13], it follows that for every such £ and any 1 < j < |Jy|,
j 1/
E. (Z(tﬂ ) < ceV/t,/ jlog(elJol/j).
i=I

where (U E)l 01 is a decreasing rearrangement of (|U; ¢|) jes,- Moreover, by a standard maximal inequality (see, e.g.
[26])

log M
E,maxU;, < c7,/log|J¢ max U < cgv/tb
e T .0 < c7,/10g| IS | || joellyae) <8 N

For every 1 < j < |Jo|, let I be the set of the j largest coordinates of (|U; ¢|)jey,- Hence, by (4.3) and since
I fille, =b,

(%7

j 1/2
gﬂieﬁ(Z(U&)*) + B max( 11511, Uf max Ujel)
0

i=1

le(X)

[CormE &)
(BM N ymE)°

S VU j10(elol/j) + by og(el ol ) + Ee max U
0

< VU(iy /i 10g(elJol/7) + by log(el ol /) + ﬁbk’%.

Therefore, if we take j = min{[1/u], |Jo|} it is evident that

(%7

Thus, integration with respect to X1, ..., X,, and applying the estimates on the measure of By,

<b [log(eM M).
n

le(X)

log M
i eBe> 5bﬁ( Tog(eMp) + = )

(BM N ymE)°

1
—¢&i F(X;)
n

(BM N /m€)°
Finally, by (4.1), forany A > 1/M,

EIIP = Pully, <D 27 E|P — Pullz

2i+1;
i>0
<b222_i log(eMZ"“k)<b2 log(eM 1)
~ l>0 n ~ n ’
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then E|| P — Py|lv,. <A*/8, as required.
When M < /n, we use the strategy developed in [15]. Let S be the linear subspace of L?(P¥) spanned by F and
take (ey, ..., ep) to be an orthonormal basis of S (where M’ = dim(S) < M). Since K, C SN 2ﬁB(L2(PX)), then

E sup Ze,f(X) <2E sup Za,(ZA e;j(X; ))‘
feky 1211
1/2 7
"
< «/—E(Z< Zsle](X )) ) < .
The rate obtained in the case M < /n follows now from (4.1). |
Appendix

We establish the following upper bound on the risk of FERM-C 55 5 (C)-aggregation procedure in the general case. Its

proof follows the same path as in Section 4. But, rather than studying the empirical process indexed by the interpolation
body Bf” N /i€, in the case M > /n, one simply uses the approximation Bf” N./ué C Bf” to get, conditionally
on Xq,..., Xy,

E, sup
feKM

<E; sup
reBM

Zszf(X)

< Zle(X)>' E, max lyil,

where, forall j =1,..., M, y; is the sub-Gaussian random variable n —1/2 Zl 1 i fj(X;) with yrp-norm bounded by
n-! Z?:l fi (Xi)2 < cob? and thus by a maximal inequality [18],

E; max |y;| <ciby/logM.
1<j<M

The result below follows from this upper bound and (4.1) for the case M > \/n, and the case M < /n follows the
same path as the proof of Theorem B, and thus its proof is omitted.

Theorem A.1. For every b > 0 there is a constant c1(b) and an absolute constant ¢y for which the following holds.
Let n and M be integers which satisfy that log M < c1(b)/n. For any couple (X,Y) and any finite dictionary F of
cardinality M such that |Y|, sup s | f(X)| < b, and for any u > 0, with probability greater than 1 — exp(—u),

log M
R(f~ERM'C) < min R(f)+cab max|:m1n< 08 >, ﬁ]
feconv(F) n n n
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