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LARGE DEVIATIONS OF THE EMPIRICAL CURRENTS FOR
A BOUNDARY-DRIVEN REACTION DIFFUSION MODEL!

BY THIERRY BODINEAU2 AND MAXIME LAGOUGE
Ecole Normale Supérieure and Université Denis Diderot

We derive a large deviation principle for the empirical currents of lattice
gas dynamics which combine a fast stirring mechanism (Symmetric Simple
Exclusion Process) and creation/annihilation mechanisms (Glauber dynam-
ics). Previous results on the density large deviations can be recovered from
this general large deviation principle. The contribution of external driving
forces due to reservoirs at the boundary of the system is also taken into ac-
count.

1. Introduction. A major challenge in nonequilibrium statistical physics is to
provide a counterpart to the notion of free energy and to the Gibbs measure which
is the cornerstone of the equilibrium statistical physics. Large deviation principles
have been proposed as a good alternative to investigate properties of nonequilib-
rium systems [4, 11, 16]. In particular, a lot of attention has been devoted to the
case of lattice gas dynamics for which explicit large deviation principles can be de-
rived in the hydrodynamic scaling (we refer the reader to [4, 11] for recent surveys
and further references). Motivated by this recent progress in physics, the original
mathematical works [12, 19] on the hydrodynamic large deviations for conserva-
tive dynamics have been generalized to take into account the contribution of reser-
voirs at the boundary of the system [2, 5, 15] and the current of particles flowing
through the system [3].

An interesting class of models has been introduced in [8, 9] to describe re-
action diffusion equations by combining the Symmetric Simple Exclusion Pro-
cess (SSEP) to a Glauber dynamics which models the annihilation and creation
of particles. In [8, 9], the hydrodynamic limit as well as the fluctuations of the
density have been investigated for these models. The density hydrodynamic large
deviations have then been proved in [17]. In this paper, we generalize this result
by deriving the joint large deviations of the density and of the (conservative and
nonconservative) currents flowing in the system. We also take into account the
contribution of reservoirs acting at the boundary of the system. Our results were
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motivated by the recent research in nonequilibrium statistical physics on dissipa-
tive dynamics and in particular on granular media [1, 21, 23]. We refer to [7] for a
more comprehensive discussion on the physical aspects of the large deviations for
dissipative systems.

Contrary to the purely conservative dynamics [3], one has to introduce two types
of currents: the conservative integrated current Q; which records the particle jumps
from the diffusive part of the dynamics (SSEP) and the nonconservative integrated
current K; associated to the creation annihilation process (Glauber). Heuristically,
if one denotes by Q,(r) and K ¢(r) the instantaneous currents at time ¢ and loca-
tion r, then the density obeys the following equation:

3 pi(r) = —3, 0, (r) + K, (r).

The goal of this paper is to compute the asymptotic cost of observing an atypical
trajectory of the currents Q, K and of the density p when the number of particles
tends to infinity. Even so it is apparently more complicated to consider the joint
deviations of the empirical currents and the empirical density, it turns out that the
structure of the joint large deviation functional Iy is more transparent as it splits
into two distinct contributions involving either the diffusive part or the Glauber
part of the dynamics

Io(p, Q. K)=1i(p, Q) + Ia(p, K).

The precise form of the functional /y can be found in (2.12). In Section 6, the den-
sity large deviation functional derived in [17] is recovered by a contraction princi-
ple. This provides a natural interpretation of the density large deviation functional
as the optimal combination between the two macroscopic currents Q, K in order
to create the atypical density trajectory p at a minimal cost /1 + I5.

Our proof relies on the standard machinery developed to study hydrodynamic
large deviations [18, 19], as well as on more recent tools introduced in [2, 3, 5, 15].
Therefore in this paper, we will not detail the aspects of the proof which can be
deduced readily from the existing literature, and we will focus on the new features
occurring from the nonconservative part of the dynamics. The paper is organized as
follows. In Section 2, we introduce the model and state the main results. A strong
form of local equilibrium is stated in Section 3. The upper and lower bound of the
joint density/current large deviations are derived in Sections 4 and 5. Finally the
density large deviations are recovered in Section 6.

2. Notation and results.

2.1. The microscopic dynamics and notation. We consider the one-dimen-
sional Symmetric Simple Exclusion Process (SSEP) in the domain {—/, ..., N}
with creation and annihilation of particles in the bulk and reservoirs at the bound-
aries. More precisely, the particles perform random walks with an exclusion con-
straint which imposes at most one particle per site, and particles can be removed or
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created in the bulk according to a rate which depends on the local configurations.
At the boundaries £ N, two reservoirs maintain constant densities. The dynam-
ics can be viewed as a toy model for chemical reactions where the chemicals are
injected at the boundaries, then diffuse and react in the system [8, 9].

The stochastic dynamics is a Markov process on {0, 1}2¥*! whose generator is
obtained by adding the generators of the different dynamics

N? N? N?
2.1) Ly=—Lon+——LyN+——L_nN+Lin
2 2 2
with the SSEP generator
N—1
Lonfm= > [f™*hH = rml,
x=—N

and creation and annihilation generators at the boundaries depending on the pa-
rameters B and B~

Linf)=[n(N)+ B+(1—n)]Lf ™) = fF()],
Lonf)=[n(=N)+B_(1=n(=N)]fn~™) = f],

where
. ifz=x
N ’ f ’ . n(y), i ;
ro={1D0, Wiy mUe={i. =y
e o n(z), else.

Finally the creation and annihilation generator in the bulk is given by

N-M-1

Linfm= Y. cx.plf@" - fml

x=—N+M+1

where the rate of creation and annihilation c(x,-) is a nonnegative cylindric
function with range M, that is, there exists a fixed integer M (possibly equal
to 0) such that c(x,n) = c(Wx—p, - .., Nx+m) depends only of the values of 7 in
{x —M,...,x + M}. We remark that the diffusive part of the process is sped up
by N? to obtain a nontrivial hydrodynamic evolution.

For a given trajectory 7:[0, T1— {0, 1}V *1 let ,otN be the empirical density
of particles in [—1, 1] at time ¢ € [0, T']

1 N
o =— > n(xX)e/n.
N
x=—N
We denote by in (x) the conservative current through the edge (x,x + 1), that
is, the total number of particles that have jumped from x to x + 1 minus the total

number of particles that have jumped from x 4 1 to x between the times 0 and ¢.
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The empirical measure associated to this current is defined as the signed measure
on[—1,1]

(2.2) 0 =7 2 Q) (Wdyn.
x=—N

The renormalization by N2 takes into account the space renormalization as well as
the diffusive scaling of the SSEP dynamics which leads to an extra factor N. We
denote by K ,N (x) the nonconservative current at site x, that is, the total number of
particles created minus the total number of particles annihilated at site x between
times 0 and ¢. The corresponding empirical measure is

1 N
KN=— 3" KN N
Nx:—N

For any continuous function ¢ € C([—1, 1]), we will use the notation
1 N X
N
=— X — .
(o: @) N x:E—N M ( )w(N)

The same notation will be used for KZN . As the conservative current applies to
edges, we will write for ¢ € cl(—1,1))

(0 Vo) = % ]:Z::;’ Q?(x)(go(%) — go(%))

Note that (p(%) —@(5) is of order 1/N so that the scaling is coherent with (2.2).
Finally, for any functions f (s, r) in [0, T] x [—1, 1], we use the shorthand notation

1
Vs € [0, T] (fs)=/_1drf(s,r).

The density profiles bounded away from O and 1 will be relevant so that we in-
troduce C.([—1, 1]), the set of continuous functions f on [—1, 1], for which there
exists a constant € > 0 such that e < f < 1 — €. Given a function y € C.([—1, 1]),
let v)]/v be the Bernoulli product measure on {—N, ..., N} with marginals

k
(2.3) Vk e {—N,...,N} U;V(n(k)zl):y(N).

For « € [0, 1], the Bernoulli product measure with uniform density « is denoted
by vé\’ . Let IP’Q’ be the probability measure associated to the Markov process
(plN , va , K IN ) on [0, T'] with initial measure v)],v on the particle configurations.
We define M, the set of signed measures on [—1, 1], endowed with the weak
topology. We also consider My, the subset of M of all absolutely continuous
measures, w.r.t. the Lebesgue measure with positive density bounded by 1,

Moy={px)dx e M,0<p(x) <lae.l.
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In order to consider the joint large deviations of (p¥, QN, KN) during the time
interval [0, T], we will work on £ = D([0, T], Mg x M x M) the space of cad-
lag trajectories with values in Mo x M x M endowed with the Skorohod topol-
ogy [13].

2.2. The results. The hydrodynamic behavior of the microscopic dynamics in-
troduced in Section 2.1, can be described in terms of a few macroscopic parameters

Vae[0,1]  C(a) =vo(c(0, n)(1 —n(0))),
A(a) = v (c(0, n)n(0)),

where C and A represent the average creation and annihilation rates at density o
and

2.4)

(2.5) Va €[0,1]  o(@)=ve(no(l —n1)) =a(l —a),

which is the conductivity of the SSEP. Finally, we denote by p1 = p[iﬁ the den-
sities at the boundaries imposed by the reservoirs.
We are now ready to state the hydrodynamic limit:

THEOREM 2.1. Let y € C.([—1,1]) with y(—1) = p— and y(1) = pL.. For
eachT >0and ¢ € C(10,T] x [—1, 1)),

T
vs=0  tim BY|| [ ar (oo - (o)

N—o00

>5]=0,

where p(t, x) is the unique weak solution of

0:p(1,x) = 3Ap(1, x) + C(p(t, X)) — A(p(t, X)),
(2.6) p(t, £1) = p+,
p(0, x) =y (x).
The meaning of weak solution of (2.6) is recalled in the Appendix (with H =

G =0).
As a consequence of Theorem 2.1 a law of large numbers holds for the currents.

THEOREM 2.2. For any test function ¢ € C'([—1,1]) and t > 0,

Vé >0 lim ]P’JIY[
N—o0

1 rt _
)+ [ dstwva)

>81|=O,

lim IP;V[

N—o00

t
(ko) = [ dslolc () - AG)| = 8] =o.

where p is the unique weak solution of (2.6).
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Theorems 2.1, 2.2 can be deduced from the methods used to prove the large
deviations so that their derivation is omitted; see also [3, 8, 9].

Before stating the large deviation principle, we need more notation. Let G and
H be smooth functions in [0, T'] x [—1, 1]. For a given trajectory (o, Q, K) in &,
we set

2.7) Jo.n(p, Q. K)=Jh(p, Q)+ J&(p, K)
with
| T d 1 T
JH(p,Q)=<QTVHT>—/O <Qs£vm>ds—5 [ patyds
1 pT 1 T
2.8) — [ (o) (VHY ds + ~ s / VH(s, 1)ds
2 Jo 2 0

1 T
——,5_/ VH(s,—1)ds,
2 0

where o (u) = u(1 — u) is defined in (2.5) and

T d
T K) = (KrGr) - [ <Ks—Gs>ds
0 ds
(2.9) .
—fo ds (C(ps)(€%s — 1) + A(ps)(e™% = 1)),
where A and C were introduced in (2.4).

The first functional is related to the contribution of the conservative currents and
the second one to the nonconservative currents; see Theorem 2.5. We define

J(p, Q,K)=sup Jg.u(p, Q,K)= sup Jh(p, Q)+ sup J&(p,K),
G,H HeC!l.?2 GeCl0

where the supremum is taken on functions G € C'? and H € C'2. Note that the
functions G and H can take arbitrary (finite) values at the boundaries.

Define A as the set of trajectories (o, Q, K) satisfying the following two con-
ditions:

e Conservation law. For all test function ¢ € C'([—1, 1]) vanishing at the bound-
aries

(2.10) {pr9) = (pog) = (Q:10:¢) + (K:9), Q0 =0, Ko=0.
e Energy condition. The energy Q(p) of the density trajectory is finite with

B T 1 1 T 1 5
o Q(p) _sgp{/(; dt/‘_ldx,o(t,x)V(p(t,x)— 5/0 dt/_ldmp(t,x)

T
_/0 dt (o1, 1) — p_g(, —1))},

and the supremum is taken over smooth functions ¢ in [0, T] x [—1, 1].
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DEFINITION 2.3. Trajectories (o, Q, K) in £ with densities (p (¢, x), O(t, x),
K (t, x)) belonging to C!-? will be referred to as smooth trajectories.

For smooth trajectories the conservation law reduces to
0rp +0y0;Q — 9, K =0,

where d; Q, 0; K are the instantaneous currents, and the energy condition reads

1 /T 1
Q(p) = Efo ””/_1 dx (Vp(t,x))* < 00

with p(t,1) = p4 and p(z, —1) = p—. The energy condition was introduced in
[5, 15, 22] to control the approximation procedure in the derivation of the large
deviation lower bound; see Theorem 2.7.

Finally we define the dynamical rate function

_ ] J(p, 0, K), if (0, 0, K) € A,
(2.12) Iop, Q. K) = { ~+o00, otherwise.

N

Y we introduce

To take into account the large deviations of the initial measure v
for any function m : [—1, 1] — [0, 1]

hy(m):<mlogﬂ>+<(1 —m) log ! _m>
Y 11—y

and
hy (m), if w(dx)=m(x)dx,
+00, otherwise.

Iy(u)={

The rate function is the sum of the dynamical deviation cost from the initial
measure and the deviation cost from the hydrodynamic trajectory

From now, the initial density profile y is a given smooth function in C,([—1, 1])
equal to p+ at the boundaries. We state the large deviation theorems.

THEOREM 2.4. For all closed sets F € £

limsupllogPN[(pN ON kKMyeFl<— inf I(p,0Q,K)
Nooo N v roEre T (p.Q.K)eF T ‘

We first state the lower bound for smooth trajectories.

THEOREM 2.5. Let (p, Q, K) be a smooth trajectory; see Definition 2.3. Then
the large deviation functional 1y has an explicit form

T 1 (3 Q(x, 1) + dxp(x,1))?
’0<P’Q»K)—fo d’/_ldx{ 20 (p(x, 1))

+<I><p<x,t>,at1<<x,z))}

(2.13)
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with
®(p, k) =C(p)+ A(p) —/k2+4A(p)C(p)
(2.14)
e (\/K2+4A(p)C(p)+/c)
(0] .
s 2C(p)

If C(p) =0, then ® becomes

A(,0)+/c—/clog<A_(; ) ifk <0,

00, if k > 0.

A similar formula holds if A(p) = 0.
For any open set O € £ containing the smooth trajectory (p, Q, K)

<I>(p,/<)={

1
liminf — log PN [0, ON, KN) € O1> ~1(p, 0, K).
N—oo N 4

REMARK 2.6. The first contribution to (2.13) comes from the difference be-
tween the instantaneous empirical current 9, Q and the canonical instantaneous
current associated to p which is —%V,o. This term has already been analyzed in
the conservative dynamics [3, 6]. The second term in (2.13) should be interpreted
as the large deviation functional associated to Poisson processes with parameters
C(p:) and A(p;).

In order to derive the lower bound for general trajectories, we introduce two
technical assumptions on the rates (2.4):

ASSUMPTION (L1). The rate A (resp., C) is either concave and positive on
10, 1[ or uniformly equal to zero.

ASSUMPTION (L2). The functions A and C are monotonous and
(2.15) Yz €10, 1] A'(z) >0, C'(z) <0.

THEOREM 2.7. Assume Assumptions (L1) and (L2), then for all open sets
Oeé,

I
liminf —logPY[(oY, 0N, KN) € O1=~ inf 1(p,Q.K).
imint y 08B (6 O KD €012 = inf_1(6: 0.)

The concavity Assumption (L.1) has been introduced in [17]. As we shall see
in Section 5.2, it simplifies the proof of the lower bound; however, it is mainly
technical and Theorem 2.7 should be valid without Assumption (L1). We refer
to [5, 15, 22] for further results on this generalization in the case of conserva-
tive dynamics. Assumption (L2) will be used in the Appendix only to ensure the
uniqueness of the weak solutions for singular perturbations of the hydrodynamic
equation (2.6).
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3. Modified dynamics and local equilibrium. Local equilibrium lies at the
heart of the hydrodynamic limit theory, and it ensures that during the time evo-
lution, the local measure remains close to an equilibrium measure with a varying
density. In this section, we state, in our framework, a strong form of local equilib-
rium which will be useful for the derivation of the hydrodynamic large deviations.
The proofs are omitted as they follow the scheme introduced in [2, 18, 19].

3.1. The modified dynamics. We first define a modification of the original pro-
cess (2.1) which will be used to derive the large deviations. For smooth functions
GeC'%and HeC"2on[0,7T] x [—1, 1], denote Lg”H’, the time-dependent
generator given by

N? N? N?
(3.1) LG = 7Lé{fN +LIG,’N+7L+,N+7L_7N
with
" N—1
Loy fm= Y [fon™*) — faml
x=—N

X exp|:(17(x) —n(x+1)) (H(t, %) - H(t, %))},
N

Ly fm =3 cCemn)e 00N 4+ (1 - n(x))e/M]
x=—N

x [f(") — fF(].

The modified dynamics induces a weak drift in the conservative dynamics. For
large N, a particle jumps from x to x &= 1 at rate %(1 + %E)XH(I, V) LIG’N is the
generator of a nonconservative dynamics for which the intensity of creation and

annihilation varies in time and space according to G. Finally, let IP’;V c.g be the

N
14

ator Lg”H[. We stress the fact that the reservoir dynamics are unchanged. As in
Theorem 2.1, one can show that the modified dynamics follows the hydrodynamic
limit equation

0ip(t,x) = 3Ap(t,x) = V(o (p(t,x))VH (2, x)) + C(p(t, x))e? "0
(3.2)

probability measure associated to the process with initial measure v,/ and gener-

— A(p(t, x))e 60,

3.2. Local equilibrium. We set A[(x) ={ye{—N,...,N}suchthat |y — x| <
[} and define the local density as

1

(3.3) ') = —
VR

> ),

eAl(X)
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where |A; x)l stands for the number of sites in A ™) Let Y be a cylindric function
with support in {—R, ..., R}. Given ¢ a smooth functlon on[0,T] x[—1,1] and
8, & > 0, we define the set Bs ¢, (Y) on the trajectories {ns}s<7 as

Byop (V) = {{Us}ssT,

(3.4)
N-R

VoT s mx; (p<s’ %)[W”’“) - ”f;g”(x)(‘ﬂ)]' < 5}»

—N+R
where 7,1 is the configuration 5 shifted by x.
The local equilibrium property also holds for the modified dynamics (3.1).

THEOREM 3.1. Given ¢, ¥ and § > 0, the trajectories concentrate super-
exponentially fast on the set B g,,(1#)

limsup lim sup — logIP’y 6.1 (Bs.e.o(W)°) =

e—>0 N—-oox©

Moreover, the reservoirs impose local equilibrium at the boundaries with the den-
sities p4, p—. For any continuous function ® in [0, T,
>5|=-

The derivation of Theorem 3.1 follows from the bounds on entropy production
[19] which can be adapted to control the boundary terms as in [2].

T
hmsupﬁlog]P’y G. HH/() ds ®(s)(ns(£N) — ps)

N—o00

4. Large deviation upper bound. The derivation of Theorem 2.4 is split into
several steps. First an upper bound with the rate function J (2.12) is derived for
compact sets, then for closed sets. Finally, we prove that the rate function is infinite
for the trajectories which do not belong to the set A introduced in (2.10), (2.11).

4.1. The upper bound for compact sets. In order to compare the original dy-
namics starting from the initial profile y to a modified dynamics with regular drifts
G, H (3.1) starting from the initial profile w, we compute the Radon—-Nikodym
derivative [18],

g e 0o [[afor o)
@.1) +<K¥Gr>—f0 dS<KNdiGs>+0H<;,>}

- /0 Ry (s)ds +hy (ol )}
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where hy, ,,(p) = (plog(w/y)) + (1 — p)log((1 — w)/(1 — y))) and
N—1

NQ
Ry(s) = ER (x:X_:N s () (1 = ns(x + 1))
e 53) 201
s+ (1= ns(X))[eXp<H<s, %) _ H(s, s 1)) _ 1})

+ i C(x,ﬂs)[exp<(1—2ns(x))G<s, %))-1}

x=—N

(4.2)

Expanding the exponential and summing by parts, we get

1 N—-1 X
RN(s)=5: > [nwan(s. )

x=—N
+ %(VH(S, %))z[ns(x)(l —ns(x + 1))
Fe(x+ (1 — ns(X))]”

1
3 (NVH(s, 1) = ns(=N)VH (s, —1)]

+ i C(X»ns)[eXp((l _Zns(x))G<S, %)) — 1} +0(1).

x=—N

Thanks to the local equilibrium, the microsopic expressions in Ry (s) can be re-
placed by their averages. We set

Bs.e = By ¢ (viry2 (n0(1 —10)) N By ¢ 61y (c(0, m)10)

N Bs ¢ -6 -1y (€0 (1 = 10)) N Bf .

where the sets Bs ¢ ,(-) were introduced in (3.4) and

(4.3)

T
Bs . = Hf dsVH(s, £1)(ns(£N) — ﬁi)‘ < 8}.
’ 0
The super-exponential replacement Theorem 3.1 implies

1
V6 >0 lim sup lim sup v logIP)}]Y(Bg’g) = —00.

e—>0 N>
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For trajectories in Bs ¢, the Radon—Nikodym derivative can be approximated as
follows:

N
d]Pw,G,H

1
—s = exp[N(JG,H,e<pN, O, kM) + hy.w(pg) + OG,H(—) + 0(6))],
dPY N

where we used the functional

‘]G,H,G(pa Qv K)

T d T d
=<QTVHT>—/O dS<Qs%VHs>+(KTGT)—/O ds<KS£GS>
1 T
@h =5 [ dsAH +apxia(VHY)
2 Jo
T
— [ ds (o wioe® — D+ Alpy i~ 1)

1 r 1 r
+ —,6_,_/ dsVH(s,1)— —,5_/ dsVH(s,—1)
2 0 2 0
with A, C and o as in (2.4), (2.5). The function i, is an approximation of unity
Pﬁv * e = 1] N
For any O open set in £, we can then deduce the large deviation upper bound

1
lim sup NP;V @)

N—o00

1
< max|:limsup — logP;\’((pN, oV, kN)e ON Bs);
N—o0 N

1 .
lim sup ~ log ]P’]]Y(Bg,g)}

N—o0

S 1msup — 10 ONB; ¢ 2 ) ]
N»oopN & w.G.H dIP’iY,G,H { 5,6}
1
<limsup —
N—o00

N
X 10g PLIZ,G,H [e—N(JG,H,e((pN, QN’KN))-th,w(pO )+OG’H(1/N)+0(6))10]

= sup {=JeHe(p, Q. K)—=hyw(po)}+ O().
(0.Q.K)e0

This is true for any (¢, G, H, w) and any § > 0, so finally

. 1 .
4.5 limsup—PY(©O) < inf  sup {—JG ue(p. Q. K)—hyw(po)}.
N—)OON G’G’va(p,Q,K)EO
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The previous bound can then be extended to any compact set /C by using a finite
covering with open sets (see [18])

1
limsup —logPY'(K) <—  sup  sup{Jg u(p,Q.K)}=—J(p,Q.K).
N—ooco N (0.0.K)eK G.H

4.2. The upper bound for closed sets. We are going to prove the exponential
tightness, that is, to exhibit a sequence {K,} of compact sets in £ such that for
any n

1
(4.6) limsup — log P}/ (K5) < —n.
N—o0 N
The large deviation upper bound will then follow for general closed sets F' of £ by
noticing

lim sup - log PY(F) < hm nsup log[]P’N (F N Ky) +PY (K]

N—o00

Smax[ sup J(p,Q,K);—n].
(0, Q. K)eFNIKC,

Letting n go to oo completes the upper bound for closed sets.
In order to build a sequence of compact sets, we need to check first that the
measures concentrate on equi-continuous trajectories

LEMMA 4.1. Let ¢ be a C! function on [—1, 1]. Then we have for all € > 0,

1
“4.7) lim lim sup v logIP’N[ sup |(,otN¢)) - (pSN¢)| > e] = —00,

=0 No>oo 1—s|<8

(4.8) hmhmsup%logIF’N[ sup (O ¢) — (0N} > €] = —o0,

1
4.9) lim lim sup — logPN[ sup |(KIN¢) - (KSN¢)| > e] = —00,
=50 Noo N lt—s|<8
where the supremum is taken over s, t in [0, T].

Second, we need estimates on the total variation norm of the empirical currents.

LEMMA 4.2. For any time T > 0, one has

(4.10) hm hm —log]P’N sup — KN ()| >a | =—o0,
oo N o<t<t N XX_:N

1 -
4.11 lim lim — logPV — Y10 W)z a)=—cc.
(4.11) Jim lim - loglPy (021; N2 x:_NIQt )] _a)
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Should the currents be bounded (as the density), then Lemma 4.1 would be
enough to ensure the exponential tightness [18].

We postpone the derivation of the lemmas and conclude the proof of the expo-
nential tightness (4.6). We focus on the conservative current as the same strategy
applies to p, K. Fix a sequence ¢; of C? functions on [—1, 1] dense in C([—1, 1]).
We set

Com={Q € DUO.T1. MY sup 1Qi0n) — (@1 = ).
[t—s|<8 m
Using Lemma 4.1, we have
VI>0,¥m=1,¥n>1,38(n,m,1)  PY(QN ¢ Ciswum.iym) < exp(—Nnml).
We introduce also C, = {Q € D([0, T], M); sup,7|Q;| < k(n)}, where Q|

stands for the total variation norm of the measure Q;, and k(n) is chosen, ac-
cording to Lemma 4.2, such that

P (QN ¢C)) < exp(=Nn).
Now consider
(4.12) Ke= [\ CismmimnNC,.

[>0,m>1

Ascoli theorem (see [13], Theorem 6.3, page 123) implies that X, is a compact
set. Combining the previous estimates, we see that K, satisfies (4.6).

PROOF OF LEMMA 4.1. We start by proving (4.8) and follow the strategy
of [3]. It is enough to show that the expression below goes to —oo as § vanishes

max limsup l log]P’)],V[ sup (inqb) - (Q,]X;qb) > e].
0<k<T/8 N—oo N ks<t<(k-+1)8

Thanks to the computation of the Radon—Nikodym derivative of the modified dy-
namics (4.2) (with VH = %gb, G =0), we know from (4.1) that for all a > 0,

My =exp{N<Q’TVa¢>>

T N—1

1
3 A ds Z (ns(x)qub(%)

x=—N
6D peTmt

+mu+nu—mwm>

+ Nns(N)¢ (1) —ns(=N)¢(=D] + 0(1)}
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is a mean one positive martingale. One easily checks that the integral term is
bounded above by C¢a2N T (we will take the limit as a goes to infinity), where
Cy is a constant depending only on ¢. Therefore, multiplying by aN, adding and
subtracting the integral term of the logarithm of the martingale and exponentiating,

PY[ sup (0)e) - (Qfse) > €]
ké<t<(k+1)8
(4.13)

M
< ]P’N[ sup SASLENS exp{eaN — C¢a2N6}:|.
kd<t<(k+1)§ /VIok

Taking § small enough such that C¢a2N d < %, then Doob’s inequality implies
that the last expression is bounded above by exp[—aNe/4]. Letting a go to oo
completes the proof.

For the nonconservative current, (4.9) follows in the same way by using the
martingale

T N
N; :exp|:(a¢K1Tv) —/(; ds Z c(x, ny) [T 72mCNGE/N) _ 1]:|

x=—N
The proof of (4.7) can be found in [18]. [J

PROOF OF LEMMA 4.2. The probability of the event in (4.10) can be esti-
mated from above by the large deviations of (2N + 1) independent Poisson pro-
cesses, and thus

1 N
4.14) Va>0 PY| sup — > [KY(x)|=a|<exp(—NC,),
OstsTNx: N

where C, goes to infinity as a diverges.
We turn now to the bound (4.11) and show that

- /
(4.15) Va>0 P sup — > [0V ()| =a)<e NG,
OSISTN x=—N

where C/, goes to infinity as a diverges. To prove (4.15), we first use a microscopic
identity (which holds at any time),

Vx € {=N,...,N}
ON(x—1)— QN ) =N (x) —nd (x) — KN ().

Therefore (4.14) implies that with probability at least 1 — e~VCa_ the conservative
current through the edge (x, x 4 1) satisfies

Viel0,T] 1N @) <|ON(=N)|4+2N( +a).

(4.16)
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From this, we get

1 N—1
P’J( sup 10 (x)| = Sa)
-N

0<t<T N2 =

N
~N
< NG +PN< sup 2L 5 2)
0<t<T N

4.17) N
—N
Se_NCa['i‘P]]/v( sup %2361_2)

0<t<T

N
N OVEN)
+}P’y <051§1£T N < 3a+2>.
We bound now the first term on the RHS (the second one can be bounded similarly
by symmetry). Using again identity (4.16), we get
N
—N
IP’N< sup % Z3a—2>

0<t<T

1 N—1 -
5]1)5( sup > Qﬁv(x)za—4)+e NCat
0=<t<T X=—N

The terms in the RHS can be estimated as in (4.13) by reducing to a martingale
estimate. This completes (4.15). O

4.3. The set A. To complete the derivation of the upper bound, we prove that
the trajectories concentrate exponentially fast on the set A introduced in (2.10),
(2.11).

The conservation law. Let C(% ([—1, 1]) be the set of twice differentiable func-
tions vanishing at the boundary.

LEMMA 4.3. Forany ¢ € Cg([—l, 11), we introduce

Nx:—N—H

N AN N 1 N X 1 X N
Vi 0V KN g =1 X (5 ) = mo) - 5 V(5 ) 0 o
+¢(%)Kﬂx).
Then for any § > 0,

1
limsup - 1log P/[|Vr (o, O™, K, ¢)| > 8] = —o0.

N—o00
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PROOF. For any site x and times s < ¢, the following microscopic relation
holds:

np () =0 () =10} (x = 1) = 0 (x = DI = [Q} () = 0/ (x)]
+ KN (x) — KN (x).
Summing in x and integrating by parts, the Q-term gives

N-1

1
Vi, QN KN ) == 37 WeQf )
x=—N

(x+1)/N 1
W, = / du (x L u)qs”(u),
X N

/N

with

where we used that ¢ vanishes at the boundaries. From this identity we get for any
a>0

N-—1
4.18) PN (Vr(pN, QY. K", ¢) > 8) <e *NP) (exp(a WxQ]TV(x))>.
N

x=—

We first note that W, is of the order 1/N 2 and that uniformly in x, Wyy1 — W,
is of the order €y /N? where €y vanishes to 0 as N goes to infinity. Thus identity
(4.1) implies

dIPnyOH N-1 v
dIP’N =expla Z Wy Q7 (x) +aog(N) |,
Y x=—N

where H is such that H((x + 1)/N) — H(x/N) = W,. This function is a mean
one martingale, and (4.18) leads to

1
102y (Ve (o™, 0N, KN, ¢) > 6) < —as + a0y (1).
Letting N and then a go to oo concludes the proof of the lemma. [

Let (¢r) be a dense sequence of functions in Cg([—l, 1]), and define

A2 ={(p, Q. K) € & such that Vk < n, |Vr(p, Q. K, ¢p)| <8}

The previous lemma gives that for all » and § > 0,

. 1 N N N N :
limsup — logPY[(o", 0¥, KNy e Fl<—  inf  J(p, 0, K).
N—oco N (0.Q.K)eFNA}

This is true for any n and (¢,,) is dense. So letting 6 go to 0, we can define Iy = +o00
for the trajectories which do not satisfy relation (2.10).
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Energy condition.

LEMMA 4.4. Forany smooth ¢ : (0, T) x [—1, 1] = R. There is a constant cg
such that

. . 1
4.19) Vk=>0 lim sup lim sup Nlog]P’Q’(Qw(pN) > k) < —k+coT,

e—>0 N-—>o0

where Q, is defined for some suitable constant c

T 1 T
Q)= [ dr [ axpt.xet.x) = [ di (prptt. )= poptr.~1)

(4.20)
1 T 1
——f dt/ dx o(t,x)°.
2¢ Jo -1

The proof of this lemma follows from [5, 15] and therefore is omitted. By con-
sidering a dense sequence of functions {¢x}, one can deduce from (4.19) [15] that
the large deviations are infinite for the trajectories p such that sup, Qy () = +00.
Note that if p is such that sup,, Qy(p) < 400, then p is in L2([0, T], H(-1, 1D)
and the Riesz representation theorem implies that there exists V p such that for any
0:(0,T)x[-1,1]—> R,

T 1
| ar [ dx p.090t.0 ~ (0. 1) = poptr.~D)
4.21) -

T 1
:/ dt/ dxVp(t,x)e(t, x).
0 -1

5. Large deviations lower bound. The derivation of the lower bound is split
into two parts following the general scheme for hydrodynamic large deviations
[18, 19]. First we derive the lower bound for regular trajectories. Then under As-
sumptions (L1), (L2), we prove that general trajectories can be approximated by
regular trajectories. A key feature in this approximation procedure is that the con-
tribution of both currents decouple

Io(p, Q,K)=1i(p, Q)+ L(p, K)

= sup Jj(p, Q)+ sup J&(p, K),
HeCl2 Gecl0

(5.1)

where J }1 and Jé were defined in (2.8) and (2.9). This simplifies some steps in
the approximation as both functionals can be analyzed independently, contrary to
the study in [17]. Assumption (L1) provides some convexity properties of the large
deviation functional which simplify the proof. We follow closely some arguments
of [3, 18]. Thus we will sketch the main steps of the proofs and only detail the new
aspects related to the nonconservative currents.
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5.1. Lower bound for smooth trajectories. In this section we derive Theo-
rem 2.5. Suppose p, O, K are smooth in time and space (see Definition 2.3) and
that for any time ¢ and x, p (¢, x) is bounded away from 0 and 1. To the trajectory
(p, O, K), one can associate the functions G (¢, x) and H (¢, x) satisfying
301, x) = =3Vp(t,x) +0(p(t, )VH({, x),

52
2 3K, x)=C(pt,x)el" — A(p(t, x))e 69,

The pointwise existence of G comes from the fact that the polynomial C X2 —
K X — A has one positive root for positive C and A. Furthermore H is well defined
as long as o (p) = p(1 — p) # 0. We choose H (¢, —1) = 0 and the value of H at
x =1 is imposed by (5.2), contrary to the case of density large deviations where
H is equal to 0 at both boundaries; see Section 6.

LEMMA 5.1. For smooth trajectories (p, Q, K) the functional Iy (2.12) is
given by

(5.3) Io(p, Q. K) = Jg,u(p, 0, K)

with G and H as in (5.2). This expression coincides with the explicit form of the
functional (2.13).

PROOF. As (p, O, K) is smooth in time, JG, 7 can be rewritten after integra-
tion by parts as

Je. a0, Q. K)
T 1 1 ~ -
(5.4) _ /0 <[a 0, + 5V~ 5a(ps)wars}VHS>ds
T . N 5
+ fo (8K Gy — C(ps)(€% — 1) — Alpy)(e=% — 1)) ds

for any (é, H ) smooth functions.
For G and H given by (5.2), we are going to check that

(5.5) Jo.1n(p. Q. K) = sup J5 (p. Q. K).
G,H

Indeed, take H = H + F and any G, then it is easy to see that

1
Jé’[:[(pv Q’K):JG,H('O’ Q,K)— 5

<Jg y(p. Q. K).

T
/0 ds (o (ps)|VFy )
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Moreover, if G = G + F and H any regular function, then from the expression of
Jé (2.9) and identity (5.2), we get

Je.qp, O, K)=Jg gp, 0, K)

T
+f ds (C(py)eCs (1 + F, — ef))
0

T
+ /0 ds (A(py)e G (1 — Fy — =)
<Jg (0 0. K),

where we used that exp(x) —x — 1 > 0 for any x € R. This completes the proof of
(5.5).
Finally for G and H given by (5.2), one can rewrite (5.4):

1 (T 1 1 2
Jon(p. 0. K)=3 [ <G(p )(ast+5v,)s> >ds

T
+ / (C(ps)(1 — €55 + GyeF)) ds
0

/T —e 05 — -Gy
(A(ps)(1 —e Gse V%)) ds.
0

This leads to the explicit form of the functional (2.13). O

REMARK 5.2. For G and H as in (5.2), then the conservation equation d;p =
;K — V9, Q implies that p obeys the hydrodynamic limit (3.2) of the modified
dynamics Pg’H (3.1).

We introduce now the set of regular trajectories:

DEFINITION 5.3. Denote by S the set of trajectories (o, Q, K) satisfying
I(p, O, K) < oo and such that:

e p is bounded away from 0 and 1: there is ¢ > O such that ¢ < p(¢,x) < 1 — ¢ for
any (¢,x)in [0, T] x [—1, 1].

e There exist two smooth functions G € C'"Y and H € C'? such that (p, Q, K)
is a weak solution [in the sense of (A.1)] of

8p(t.x) = 1 Ap(t,x) = V(o (p(t. X)) VH (1. X)) + C(p(t, x))eC "

(56) — Ap(t, x))e= G,
pt.£)=pr.  pt=0.x)=y ().
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e For any smooth test function ¢ in cl1(0, 7] x [-1,1]),
T d
(@ror) — [ <Qs —<ps>ds
0 ds
1 T 1 T
(5.7) =3 [ o 0ds+ 35 [ o —Dds
2 0 2 0
1 T T
+3 fo (s Vs ds + /0 (0 (ps)V Hyg) ds,

T d T
(5.8) (Kror)— fo <K%¢s>ds= /O ds ([C(ps)e® — A(ps)e™ % 1py).

The same argument as in Lemma 5.1 implies that for any trajectory (p, Q, K)
inS
Io(p, Q. K)=Jg,H(p, Q. K)

1 (T T
(5.9 —- / (0 (ps) [V Hy [2) ds + f (C(ps)(1 — €% + GyeB)) ds
2 Jo 0

T
+ / (A(pe)(1 — e~ — Gye=Cv)) ds.
0

We prove now the lower bound for trajectories in S. Theorem 2.5 is a direct
consequence of relation (5.9) and of the following proposition.

PROPOSITION 5.4. For all open sets O € £,

1
liminf — log PN [(p", OV, kN) e O] > — inf  I(p, 0, K).
Im inf = log y (07, Q )e0] = ooml s (0, O, K)

PROOF. Let (p, O, K) bein O NS and satisfying I (p, Q, K) < oo. There is
smooth (G, H) for which p is a weak solution of (5.6). Thanks to Lemma 3.1,
there is € > 0 such that the trajectories concentrate in the set Bs . (4.3)

1
(5.10) limsupﬁlogPaG’H(Bis) <-1
N—oo

The function Jg, g defined in (4.4) is continuous on £. Moreover, since pg
is bounded away from 0 and 1, the function ¢ — h, ,,(¢(0,-)) is continuous on
D([0, T], Myp). Let ¥V C O be an open neighborhood of (p, Q, K) such that

V(‘p» Uv L)EV |JG,H,€((pv Ua L)_JG,H,G(pv QaK)| <85
|hy,po(§00) - hy,po(p0)| = |hy,po((ﬂ0) - hy(P0)| <34.
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Using the change of measure (4.1),

d]PW

PY(©O) =PV (V) =PV (VN By ) > IPQVO,G,H(T
deO G.H

IVﬂBg e)

> exp| —N(JG,H,€<p, 0,K) +hy(po) + Og.u(N~',€,8))}
Po G, H(V N BS e)

Thanks to (5.10) and the hydrodynamical limit for the perturbed process (3.2)
Jim PG (VN By =1,

where we used the uniqueness of the weak solution of (5.6) (see the Appendix) to
conclude that the probability of V converges to 1. This leads to

.. 1
liminf — logPY (0) > —Jg 1.c(p. Q. K) — hy.po (00) + 0.1 (5. €).
N—oo N

Letting € | O and é | 0O, and since (G, H) satisty (5.6), the proposition is complete.
g

5.2. Approximation for general trajectories. To complete Theorem 2.7 for
general open sets, it remains to prove the following lemma.

LEMMA 5.5. We assume Assumptions (L1), (L2). For any (p, Q, K) such that
I(p, Q, K) < oo there is a sequence (p™, Q™ , K™Y in S converging weakly to
(p, Q, K) such that

— 1 (n) ) g0
(5.11) I(p,Q,K)_nll)rgoI(,o , 0" K"™).

Lemma 5.5 implies that

5.12 K)= f  I(p, 0, K).
(5.12) pQK)GOQS I(p, 0,K) ’Ql’nK)eo (p, 0,K)

Combining this identity and Proposition 5.4 proves Theorem 2.7.

5.2.1. Bounding the density away from 0 and 1. We first approximate the den-
sity by trajectories bounded away from 0 and 1.

LEMMA 5.6. Let P = (p, Q, K) be a path such that I (P) < +oo. There is
= (ps, Qs, Ks) with density ps uniformly bounded away from 0 and 1 which
converges to P and such that

I(P)= Sli_r)%I(Pg).
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PROOF. Using Assumption (L1), we first establish a property of the func-
tional 1. We use decomposition (5.1) of Iy. I; is a convex functional of (o, Q)
as it is the supremum of J }1 which are convex functionals of (o, Q) [we used that
o(p) = p(1 — p) is concave]. I is not convex, but we use a trick introduced in
[17] and decompose I» as

- T
I(p, K)= sup Jé(p,K>+f dt (C(p:) + A(pr)).
GeCl.0 0

The large deviation functional can be decomposed into two terms,

3 T
(5.13) Io(p, Q. K) =1Io(p, Q. K) +f0 dt (C(ps) + Apr)).

LEMMA 5.7. The functional Iy is convex and lower semi-continuous for the
weak topology.

PROOF. Since A and C are concave, fé(p, K) is a convex functional of
(p, K). Taking the supremum over G the function remains convex. Thus we de-
duce that io is a convex functional of (p, Q, K).

We check now the lower semi-continuity of the functional I~2(,o, K) =

supgecto JE(p, K)

- T d
B2, K) = <KTGT>—f <K%Gs>ds
(5.14) ) 0
- /0 ds (C(ps)e% + A(py)e=).

The functional J 111 (2.8) can be treated in the same way so that the lemma will be
completed.

As I(p, K) is given as a supremum, it is enough to check that for any G, the
functional Jé is lower semi-continuous. Let (0", K ™) be a sequence converging
weakly to (p, K). As A, C are concave, one has

/ dS (") Gx + A(ps(n))e—Gx>

< / ds (C(ps)e® + A(ps)e™%)
0

(" — ) (C'(0s)e% + A'(py)e™5)).
Thus

T
liminf - /O ds(C(p™M)e% + A(p™)e=C)

T
- fo ds (C(ps)e%s + A(py)e%).
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As the other part of the functional j(z; is linear, we conclude that it is lower semi-
continuous. [

We turn now to the approximation procedure. Let P = (¢, U, M) be the solution
of the hydrodynamic equation (2.6),

do(t, x) = 3 Ap(t,x) + Clp(t, x)) — A(p(t, x)),
U (t,x) =—1Vo(t, x),
WM (t,x) = C(p(t, x)) — Alp(t, x)),

with boundary conditions
0o0(0, x) =y (x), U(,x)=0, M(@©O,x)=0,
@(t,_l):ﬁ_, (ﬂ(t, 1):,5_;’_.

By construction [ (P) =0. We set Ps = (1 — 8)P + 8P which has a density
bounded away from 0 and 1. As Io(P) < oo, the convexity implies that Io(Ps) <
(1 —=38)Ip(P) + 61p(P) so that

limsup Io(Ps) < Io(P).
§—0

As Ps weakly converges to P, the lower semi-continuity of I implies

Io(P) < liminf Io(Ps).
§—0

Thus I~0(P3) converges to fo(P). Finally A, and p — fOT dt (C(ps) + A(p;)) are
continuous for || - ||so. This completes the lemma. [J

5.2.2. Time regularization. We will prove:

LEMMA 5.8. For any path P = (p, Q, K) such that 1(P) < oo, there is a
sequence smooth in time P, = (pe, Q¢, K¢) converging weakly to (p, Q, K) such
that I (P¢) converges to 1 (P).

In the following, only the regularity of K is needed in order to construct a drift G
adapted to the nonconservative current (5.16). However, the regularizing sequence
has to satisfy the conservation law (2.10) so that p, Q, K will be approximated
simultaneously.

PROOF OF LEMMA 5.8. The proof is based on a time convolution and follows
similar steps as in Lemma 5.6. We just recall the salient features of the proof (see
[18] for further details).
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Let Y be a C* approximation of unity such that ¥ = 0 outside [0, €] and
foe ¥e = 1. To take the convolution product of (p, Q, K) with ¥, we have to ex-
tend the path (p, Q, K) beyond the time 7'. Let r be the solution of the hydrody-
namic equation (2.6),

dsrs = 3 Arg + C(ry) — A(ry)  withro = pr.

Wesetfors > T,
1 s
Ps =Fs—T, Qs:QT__/ duvplu
2Jr

Ky = Kr +/T du [C(pw) — Alpu)].

Now we define

Pe(t, x) = p* Ye(t, x),
(5.15) Qe(t,x) = Q *Ye(t,x) — O xYe (0, x),
Kc(t,x) =K xy¥(t,x) — K x(0, x).

The path (pe, Qc, K¢) satisfies the relation (2.10) and has initial currents equal
to 0. We use decomposition (5.1) and approximate independently the functionals
11 and I, by using convexity properties deduced from Assumption (L1). [

5.2.3. Nonregular drifts. Thanks to Lemmas 5.6 and 5.8, it is enough to con-
sider a trajectory (p, Q, K) smooth in time with a density uniformly bounded away
from 0 and 1. We are going to associate to (o, Q, K) the drifts H, G as for the
trajectories in S introduced in Definition 5.3. Note that the drifts H, G can be
nonsmooth in space.

As 05 K exists, the drift G is defined (as for the regular trajectories) as the solu-
tion of

(5.16) Vxe[=1,11  8,K(s,x)=C(p(s,x))e’ — A(p(s, x))e ¢,

Note that K, G solve equation (5.8) and as in the regular case (5.9),

T
L(p.K) = f (C(ps)(1 — €55 + Gyeb)
(5.17) 0
+ (A(ps)(1 — e G5 — Gye™ %)) ds.

The functional I; is the same as the functional of the SSEP (without Glauber
rates). Thus the drift of the conservative dynamics can be approximated thanks to
the Riesz representation theorem as in [3, 18]. For (o, Q) such that I1(p, Q) < oo,
there is H in L2([0, T, H;(]—1, 1])) such that

1
(5.18) 11 (p, Q)=fOT/_1 M(Vﬂ(s,x))zdxds.
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Moreover (5.7) holds. Note that the time regularity is not needed to derive (5.18).

Finally, we check that p is a weak solution of (A.1) with the drifts G, H. As the
large deviation functional is finite, p belongs to 4 so that Q(p) is finite and (A.2)
is satisfied. Combining the conservation law (2.10) with (5.7) and (5.8) shows that
(A.3) holds.

5.2.4. Approximation paths in S. We approximate now H, G by smooth drifts
H,, G, and prove that the associated sequence of paths (p™, Q™ K™) in S
converges to (p, 0, K).

Let H, be a sequence of C* functions converging to H in L2([0, 71, H; (-1,
1[)). Since C and A satisfy Assumption (L1), and p is uniformly bounded away
from 0 and 1 (Lemma 5.6), C and A are either uniformly bounded away from 0, or
uniformly equal to 0. We will consider only the case A > 0, C > 0 as the other case
follows in the same way. From (5.17), we get that |Gle!®l e L1([0, T] x [—1, 1]),
so that there is G,, such that

T 1
/ f |G el — GeT¢| —— 0 and
0 -1 n— oo

T pl
/ / |eiG" — eiG| —> 0.
0 —1 n—oo

Let (p™, Q™ K™) be the sequence of paths in S associated to the regular
drifts H,, G,. In particular p™ is the weak solution of

00" = 380" = V(o (p™)VH,) +C(p™)e — A(p™)e 5,
PP, ) =ps,  p™(0,)=p(0,),
and Q™ and K™ are defined as

(5.19)

(5.20) i

0", x) = f’ <—1Vp(")(s, x) 40 (p™ (s, x))VH, (s, x)) ds,
(5.21) o\ 2

t
K™, x) = / (C (0™ (5, x))eCn) — A(p™ (s, x))e~Cn0)) gs.
0

From energy estimates [using similar bounds as in the Appendix (A.8)], we get
T 1 5
(5.22) / dt/ dx (Vp™)” <,
0 -1

where C is a constant independent of n. As p and V" are bounded sequences
in 1%, they are tight in the weak topology. We want to check the uniqueness of
the limiting points. Let R be a limit point of p™. We will prove that R is a weak
solution of (A.1). From Section 5.2.3, we know that p is also a weak solution of
(A.1) so that the uniqueness of the weak solutions (see the Appendix) will imply
that p = R.
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We want to take the limit in the weak formulation of (5.20). By construction,
for any smooth function ¢ on [—1, 1], we have

t 1
/ ds/ dx p™ (s, x)Ve(x)
0 —1

t 1
—[5so(l) — pop(—1)] — /0 ds [ AV (5, g ).

By weak convergence of the subsequence, one has

t 1
/ ds / dx R(s,x)Vp(x)
0 -1

t 1
=[pre(1) — p—e(—1)] _/O ds/_ldeR(s,x)(p(x).

Furthermore (5.22) implies that the limit VR is also in L%, It remains to take the
limit in 7 in the equation

1 1 1 rt rl t pl
/1p(”)(t)<0=/ly<p—§/f Vp(”)V<p+// Voo (p™)VH,
t rl
+// C(p™)eSrg — // p™)e=Gng,
0 J-1

The difficulty is to treat the nonlinear terms. We proceed term by term and start
with the nonlinearity C in (5.23) (the term in A can be controlled in the same way).
By (5.19), exp(G,) converges to exp(G) in L! thus it is enough to check that

t rl t prl
(5.24) 1imff C(p(”))eG(psz C(R)e%¢.
n—>0Jo J-1 0 J-1
We write
f / p™) = C(R))peC

_/ / p™) = C(p™ % 15))peC

+/ / o™ x t5) — C(R *L(s))goeG

B G
+ /O [_ (C(Rx13) = C(R))ge”,

(5.23)

(5.25)

where (5 approximates a Dirac function. We stress that the convolution by ¢ is
a technical step used only to derive the convergence in (5.25). The fact that the
boundary conditions of p™ x (5 are not exactly equal to 5+ has no impact on the
convergence.
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As & goes to 0, R x (5 converges to R. The convergence in the weak topology
implies that p™ x 15 converges a.s. to R * (5 when n goes to infinity. Suppose that

[ [ (€™~ o wuet| <o

then choosing § small and then » large, the convergence in (5.24) follows.
To derive (5.26), we first note that for x € |[—1+ 35,1 — §[

P % 15(x) — p (x)

1
- f_ st =[p” ) = p ")

5.26 li
(5.26) S1m sup

1
(5.27) - /_ dyis(x =) f " du 3,0 ()

1 5 1
< /_1 dit (3,p™ (u)) /_1 dy t5(x — )VIx — 9]

1
< 2\/3/ / du (0,0 W)’

Using the uniform bound (5.22), there is a constant C independent of 7 such that

t 1
(5.28) / f (0™ %15 — p™)? < Cs.
0 J-—1

It remains to check (5.26). Let m be the uniform measure on [0, ] x [—1, 1]
given by % ds dx. Given ¥ (s, x) a nonnegative function on [0, ] x [—1, 1] such
that m(yr) = 1, then the entropy inequality implies that for any function ¢

(5.29)  m(p(s, x)¥ (s, x)) = m(Y (s, x)log(y (s, x))) + logm(exp(p(s, x))).

Since A and C are positive, then m(e!°!|G|) is bounded, and (5.29) implies

Gl
m<|C(p(n) * t5) — C(,O(”))||(ﬂ| m(e|G|)>

el el
= m(m(e|G|) log m(e|G|)>
1
+sptogm(exp( 1€ (0" 115~ (o™il ).

where e5 vanishes (in a suitable way to be determined later) as § goes to 0. Recall
that

Vx € [0, M] exp(x) <1+4x+ exp(M)x2 and log(x) <x —1.
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As |C(p"™ % 15) — C(p™)|]¢| < 2|IClooll@ ||, the previous inequalities imply
1
logm(exp<—|C(p(") x15) — C(p (”))||(p|>)
&S
1 C
< exp(” ”OOH(p”oo>m(|C(p(n)*L5) ( (n))||(p|

= % €5
+(1C(p™ % 15) = C(p™)le)?).

We choose g5 such that

NG <||C||oo||§0”oo)_
—exp| ———— ) =0.

lim g5 =0, lim
§—0 Es

5—0 &5

Combining the previous inequality and (5.28), we conclude that (5.26) holds.
We turn now to the nonlinearity o . Using the decomposition

/ / p™) — 6 (R)] Vs VH;
_/ / (") (p(”)*t,g)]V(psVHs
+/ f p™ % 15) — o (R % 15)| Vo V Hy

+/0 /_Jo(R*w)—o(R)]wsvm,

the last two terms vanish in the limit as in (5.25). The first term can be controlled,
thanks to the uniform bound (5.28) and a Cauchy—Schwarz estimate as VoV H
belongs to I2. This concludes the convergence of (5.23).

Following the same proof, (5.21) implies that (Q"™, K ™) converges weakly to

(0, K).

5.2.5. I-convergence. We finally complete the proof of Lemma 5.5. Let
(p™, Q™ K ™) be the regularizing sequence defined in (5.20). We start by prov-
ing
(5.30) limsup Ip(p™, 0™, K™) < Iy(p, 0, K).

n—o0

From expression (5.18) of /1 and the weak convergence of p™ to p, we get

Li(p, Q)= fOT /_11 WVH(S, x)*dxds

T 1
- lim/ /_IMVH(S,x)deds

§—~0Jo
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= lim lim — / VH (s, x)20 ([p" % 15](x)) dx ds

§—Qn—00 2

> lim limsup = //(VH(s,x))z[o(pS(”))*tg(x)]dxds,
0 —1

=0 n—oo

where we used the concavity of o in the last inequality. Notice that
T pl
/ / (VH (s, x)*[0(p™) % 15(x)] dx ds
0 J-1
T 1
:/ / (VH(s, )20 (o™ (x)) dx ds
0 J-1

—|—/T /1 [(VHy)? % 15(x) — (VH(s, x))*]o (0 (x)) dx ds
0o J-1 ’ ’ ’ s '

As o is bounded, and (VH )2 is integrable, the last term vanishes uniformly in n
when § goes to 0, so that

I1(p, Q) > limsup = //VH(S x)2 ")(x))dxds.

n—oo

As VH®™ converges to VH in L%, and ¢ is bounded, we conclude that
(5.31) L (p, Q) = limsup 11 (o™, Q™).
n—oo

Similarly for I, the concavity and boundedness of C and A imply that

Lp,K)> limsup/ f p™)(1 —eC +Ge%) + A(p™)(1 —eC —Ge™ ).

n—oo

Then we use the convergence properties on G (5.19) and the fact that C and A
are bounded to conclude that

(5.32) L(p, K) > limsup I (0™, K™).
n— oo

Estimates (5.31) and (5.32) imply (5.30).
The converse inequality

(5.33) liminfIo(p™, 0™, K™) = Io(p, Q. K)

can be deduced from the weak convergence of (0™, Q™ K ™) to (p, Q, K) and
from the decomposition (5.13): the limit follows for the term io from its lower
semi-continuity, and the convergence of the second term fOT dt {C (,ot(")) + A( p,(")))
can be obtained as in (5.24).
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6. The density large deviations. In this section, we recover the density large
deviation principle (first derived in [17]) by optimizing the functional / over the
currents. We assume that the rates A, C satisfy Assumptions (L1), (L2). The con-
traction principle [10] implies that the density large deviation functional is given
by

6.1 F(p)= inf I(p, O, K),
(6.1) (0) ot (0, 9, K)
where the infimum is taken over the currents (Q, K). Using the approximation

procedure of Section 5.2, we will check that it is enough to consider regular density
profiles and the modified functional

(6.2) Flp) = o b 1(p, 0. K),

, K)smooth

where the infimum is taken now over the smooth currents (Q, K).

Step 1. In this first step, the explicit solution of the variational problem (6.2)
is computed for smooth density profiles. The functional (6.2) can be rewritten as
[see (5.9)]

n 1 rT
= inf {= $)|V H|?
o) ((‘;‘,‘m{zfo“’(p)' ) ds

T
6.3) + /O (C(py)(1 — %5 + Gyel)) ds

T
+ [ Ao -0~ GO as,
where G, H are smooth functions such that the conservation relation (2.10) holds

(6.4) dsps = 3Aps — dx (0 (ps) VHy) + (C(py)e — A(ps)e™ ).

We first check that the infimum is reached for functions H with boundary con-
ditions H(s, —1) = H(s, 1) = 0 for any time s. Let f be a smooth function in
[0, T']. Perturbing H into H(s,x) + f(s) f(f m du, we see that the conser-
vation law (6.4) is preserved (it simply amounts to adding a constant conservative
current) and

[ T<a(ps)

T
- /0 (0 (0s) |V H %) ds

2
af(s) > s
o(p(s, x))

VHs +

. T _(f6)?
2| (H(s.) = H(s, ~1 o (p(s.x))
n /0 (H(s, 1) (s, ))f(s)+/0 <g(p(S,X))>ds

As H minimizes the integral, this implies that H vanishes at the boundaries.
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Suppose that an extremum is reached at (H, G), and consider a perturbation
with the new drifts H 4+ 4 and G + g. Then constraint (6.4) implies that &, g satisfy
the relation

(6.5) 3y (0 (05) Vhy) + g5(C(ps)e% + A(pg)e %) =0.

A perturbation of (6.3) around the extremum H, G leads to

T T
©6) 0= [ (0(pIVHIR)ds+ [ [8.G,(C(p)e% + Ao )] ds.

Since H vanishes at the boundaries, relation (6.5) combined with (6.6) leads to

T
0= [ {glG = HI(C(p)e® + Alp)e™ )] ds.
This holds for any g so that the extremum is such that G = H with H determined
by
6.7) 0p =300 = V(o (p)VH) + C(p)e — A(p)e™™.

Thus if H satisfies (A6.7A) and G = H, then an extremum is reached for the corre-
sponding currents (@, K). Since the functional I (p, Q, K) is convex w.r.t. (Q, K)
[thanks to the representation (2.8), (2.9)], the extremum (Q, K ) has to be a global
minimum, thus

~ 1 T 2 r H. H
f(p)zE/ (0 (ps) |V Hy | >ds+/ (Clps)(1 — el + Hyel)) ds
0 0

/T — _H? —_ _Hs
+ | (A(ps)(1—e Hge ™)) ds.
0

Step 2. To approximate F (6.1) in terms of F (6.2), we first check that the
minimum is reached in (6.1). Consider a sequence (Q", K") which realizes the
infimum. By the tightness argument (Section 4.2) the sequence belongs to a com-
pact set and therefore has a weak limit (Q*, K*). From the lower semi-continuity
of the functional (Q, K) — I(p, Q, K), this weak limit is a minimizer

(6.8) Fp)=1(p, 0", K").

Let (p¢, QF, K7) be a smooth sequence [as in (5.20)] converging to (o, Q*, K*)
such that

I(ps, Q5. K2) — I(p, Q*, K™).
As F(pe) < 1(ps, Q% K1), one has

limsup  (pe) < lim 1 (pe. OF. K7) = F(p).

e—>0

Using (6.7), there are smooth (Qs, K ¢) such that
ﬁ(pe) =1 (¢, Qe, Ies)
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The sequence (o, Qg, K <) has a bounded large devia}ion cost, and thus it belongs
to a compact set. There is a subsequence such that (Q, K,) converges weakly to
(0, K). One gets

nmigfﬁ(ps) >1(p, 0. K) > F(p).
£—

This limit follows from the decomposition (5.13). The term I converges by
lower semi-continuity, and the convergence of the second term fOT dt (C(pe(t)) +
A(ps(t))) can be obtained as in (5.24) (p. is just a subsequence extracted from

(n)
).
Combining both estimates, we deduce that F can be approximated by F.

APPENDIX: UNIQUENESS OF THE WEAK SOLUTIONS
Let H be in L2([0, T1, H,(]—1, 1)) and |G|exp(|G]) in L' ([0, T x 1—1, 1]).

Given an initial data y, a weak solution of

AD) { dp =1 Ap — 0,(c(p)dx H) + C(p)e® — A(p)eC,
plt, £ =px,  pO,x)=y ),

1s defined as:

e The density p is in ILQ([O, T],]I-]Il(]—l, 1[)), that is, there is a function in
L2([0, T] x ]—1, 1[) which will be denoted by Vp such for every ¢ € [0, T]
and every function ¢ € Cl([—l, 1],

t 1
/0 ds / ¥ p(s. )V — (Frp(D) = pop(= D)t
(A.2) B

t 1
:/ ds/ dxVp(s, x)p(x),
0 -1

where p1 are fixed boundary conditions.
e Forevery ¢ € [0, T] and every function ¢ € C 1 ([—1, 1]) vanishing at the bound-
aries,

1 1
[ axptnpw - [ dxy@ew
—1 -1
t 1
=—/0 ds/ 1de,o(s,x)Vgo(x)
(A.3) t _1
-I-/ ds/ dxo(p(s,x))VH(s,x)Vp(x)
0 —1

t 1
G(s,x) _ -G (s,x)
+ /0 s [ dx (Clps. e A(p(s. x))e” 56D p(x).
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The hydrodynamic limit (2.6) corresponds to H = G = 0.

In this Appendix, we derive the uniqueness of the weak solutions. The main
technical difficulty comes from the fact that G and 0, H are unbounded; see [14]
for bounded drifts. Note that at this stage Assumption (L.1) is irrelevant. We will
rely on Assumption (L2) on A, C which can be interpreted as follows. Equation
(A.1) in a strong form reads

dp(t,x) =Ap(t,x) = dx (0 (p(t, x)VH(,x)) = VG, (02, X)),

where the reaction term is determined by the space—time dependent potential
VG (t,x) With Vé (p) =—e8C(p) + e 8A(p). Assumption (L.2) ensures that the po-
tential VG x) 1s convex uniformly in G (¢, x). Thus the reaction and the diffusion
terms are both contractions, and the solution will be unique. We adapt to our frame-
work the argument of [15, 20].

We consider two initial data pé, pg and the corresponding weak solutions
pl, p%. We are going to prove that the L'-norm ||,0tl - ,ot2||1 decreases in time.
For a given 6 > 0, we introduce the regularized absolute value

2
v )
(A4) Us(v) = %l{mga} + (IUI - §>1{|v|>8}-
Define
(A5)  Vs=1{(s,x) €[0, T] x [—1,1], such that |p' (s, x) — p*(s, x)| < 8}.

Step 1. We are going to check that for times ¢ < ¢/,

1 1
[ axUs(e' o0 = 020 0) = [ dx Uslp! ) = p20.0)

1t !
Y /1deX1{(“>EVa}V(P1—02)(s,X)

(A.6) x {V(p' = p?)(s,x) + & (s, x)VH(s, x)}
1t !
+§/t /_1 deXUé(Pl(S,x)—pz(s,x))

X {C‘(s, x)eP6) A(s,x)e_G(s’x)},
where we set
At,x)=A(p'(t,x)) — A(p*(t,x)),  C(t,x)=C(p'(t,x)) — C(p*(t, x)),
o(t,x)=0(p'(t,x)) — o (p*(t,x)).

To prove (A.6), we follow the regularization scheme introduced in [5]; see the
proof of their Theorem 4.6. For ¢ > 0, denote by RgD ‘[-1,11> > R* (resp., Ré\’)
the resolvent of the Dirichlet Laplacian A p (resp., Neumann Ay )

RP=@d—eAp)™", RN=(@d—eAn)"
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The mollified trajectory is defined by
p(t,x) = p(x) + R (o1 — p)(x),

where p stands for the linear profile between py and p_. Note that the resolvent
of the Dirichlet Laplacian preserves the boundary conditions of the mollified tra-
jectory.

As p is a weak solution of (A.3), one has

1
atpf(t,x>=af/_1dy RP () (02, y) — ()
1
- /_ Ay 3, RE (. {=0,(p(1.3) = 55)) + 0 (0t y)VH . )

1
+f_1dy R (x, y)(C (o, )Y — Ap(t, y))e™ ),

where we used the fact that R?(x, 1) = RgD(x, —1) =0 for any x.
From the relation Bny’(x, y) = —8XR£V (x, y), one has

1
dpt(t,x) = dx /_ldy RY (x, {ay(o(t, y) = 5()) — o (p(t, y)VH(, )
(A7)

1
+ /_] dy RSD()C, y)(C(,O(t’ y))eG(I,y) _ A(p(l, y))e—G(t,y))‘

Taking the time derivative, we obtain
1
o [ dxUs(p"* 0 = p>* ()
-1
1
= L dx U§(p"*(t, x) — p™* (£, %)), (0" (¢, x) — p>* (2, x))
As O RP(x,y) = —9yRY (x, y), and we get
1
x(p"F(t, x) = p¥F(t,x)) = — / (dy WRY . ) (p' (1. y) = p*(1.))

1
Z/_ldy RY (e ) (8501 (1. ) — 3y02(1. ).

where we used that p!, p? are in L' ([0, T'], H;(]—1, 1[)). Thus we can write
Oc[Us (0" (2, x) = p** (1, 1)) ] = Lrevg ) RY (3 (0" = p) (2, %)
with the notation

VE, = {x € [=1, 11, such that [p* (1, x) — p>¢ (1, x)| < 8).
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Using relation (A.7), one obtains

1
o [ dxUs(0" . ) = p*0.)

1 1 1 )
=[x [yt RY @’ — o))
x RY (x. »{oy(p'(t.y) — p*(t.y)) + 6 (1. ) VH (2, y))
1
+ [ drayUi(e™e = o2 00)RE . )

x (C(t, el — A, y)e_G(”Y)).

Taking the limit as € tends to 0, we recover (A.6).

Step 2. First note that from Assumption (L2), one has
Us((p' = p*) (1, 0)(C (1, )" — A1, y)e ") <0.
Thus the reaction term acts as a contraction. As o (p) = p(1 — p), then
V(s,x) e Vs lo (s, x)| <4.
Thus (A.6) implies

(Us(p) — p)) — (Us(p; — p}))

1 rt
(A8) <=5 | dsllicoew Vol = 02

t/
+ [ ds{lieny IV o} = oIV
and using the fact that
2V(p! — p? Lo 2 > >
p = p)s, )|IVH (s, x)| < (SIV(p P (s, x)|"+8|VH(s, x)|",

we obtain

(Us(ph — 02)) — (Us (o} — p?))
1 !
< _2—5/1 ds (1¢x,5)ev3) (V05 —p§)2>+5/t ds (|V Hy[*)
t/
§8f ds (IVH, ).
t

Recall that H belongs to L2([0, T1,H; (]—1, 1]); thus as & tends to 0, the LHS
converges to 0. Furthermore Us converges to the absolute value function. This
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implies that

1 1
Vi<t /1dx|,01(t/,x)—p2(t',x)|§/ldx|,ol(t,x)—,02(t,x)|,

from which the uniqueness of the weak solutions follows.

Acknowledgments. We are deeply indebted to L. Bertini, B. Derrida, D. Hil-
horst, C. Landim, J. Lebowitz for many enlightening discussions and useful sug-
gestions.
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