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Our goal is to resolve a problem proposed by Fernholz and Karatzas
[On optimal arbitrage (2008) Columbia Univ.]: to characterize the minimum
amount of initial capital with which an investor can beat the market portfo-
lio with a certain probability, as a function of the market configuration and
time to maturity. We show that this value function is the smallest nonnegative
viscosity supersolution of a nonlinear PDE. As in Fernholz and Karatzas [On
optimal arbitrage (2008) Columbia Univ.], we do not assume the existence of
an equivalent local martingale measure, but merely the existence of a local
martingale deflator.

1. Introduction. In this paper we consider the quantile hedging problem
when the underlying market does not have an equivalent martingale measure. In-
stead, we assume that there exists a local martingale deflator (a strict local martin-
gale which, when multiplied by the asset prices, yields a positive local martingale).
We characterize the value function as the smallest nonnegative viscosity super-
solution of a fully nonlinear partial differential equation. This resolves the open
problem proposed in the final section of [13]; also see pages 61 and 62 of [38].

Our framework falls under the umbrella of the stochastic portfolio theory
of Fernholz and Karatzas (see, e.g., [17-19]) and the benchmark approach of
Platen [35]. In this framework, the linear partial differential equation that the su-
perhedging price satisfies does not have a unique solution; see, for example, [14,
15, 18] and [39]. Similar phenomena occur when the asset prices have bubbles: an
equivalent local martingale measure exists, but the asset prices under this measure
are strict local martingales; see, for example, [6, 8, 10, 24, 26] and [27]. A related
series of papers [1, 4, 11, 25, 32, 33] and [40], addressed the issue of bubbles in the
context of stochastic volatility models. In particular, Bayraktar, Kardaras and Xing
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[4] gave necessary and sufficient conditions for linear partial differential equations
appearing in the context of stochastic volatility models to have a unique solution.

In contrast, we show that the quantile hedging problem, which is equivalent to
an optimal control problem, is the smallest nonnegative viscosity supersolution to
a fully nonlinear PDE. As in the linear case, these PDEs may not have a unique
solution, and, therefore, an alternative characterization for the value function needs
to be provided. Recently, the authors of [5, 16] and [29] also considered stochastic
control problems in this framework. The first reference solves the classical util-
ity maximization problem; the second one solves the optimal stopping problem;
whereas the third one determines the optimal arbitrage under model uncertainty,
which is equivalent to solving a zero-sum stochastic game.

The structure of the paper is simple: in Section 2, we formulate the problem.
In this section we also discuss the implications of assuming the existence of a lo-
cal martingale deflator. In Section 3, we generalize the results of [20] on quantile
hedging, in particular the Neyman—Pearson lemma. We also prove other proper-
ties of the value function such as convexity. Section 4 is where we give the PDE
characterization of the value function.

2. The model. We consider a financial market with a bond which is always
equal to 1, and d stocks X = (X7, ..., X4) which satisfy

d
dX;(t) = Xi(t)<bi(X(l))dl + ZSik(X(l))de(l)),

k=1
2.1)
i=1,...,d, X0)=x=(xq1,...,xq),
where W(-) := (W1(-), ..., Wy4(-)) is a d-dimensional Brownian motion.

Following the set up in [14], Section 8, we make the following assumption.

ASSUMPTION 2.1. Let b;: (0, 00)¢ — R and s;t : (0, 00)¢ — R be continu-
ous functions. Set b(-) = (b1(-), ..., ba(-))" and s(-) = (s5i;(-))1<i, j<a, Which we
assume to be invertible for all x € (0, c0)?. We also assume that (2.1) has a weak
solution that is unique in distribution for every initial value. Let (2, F, P) denote
the probability space specified by a weak solution. Another assumption we will
impose is that

d T
(2.2) Zfo (b (X ()| + aii (X (1)) + 0X(X (1)) dt <oo,  P-as,
i=1

where 6() :=s71()b(), aij () := X{_; sik (s ().

We will denote by F = {F;},>¢ the right-continuous version of the natural filtra-
tion generated by X (-), and by G the P-augmentation of the filtration F. Thanks to
Assumption 2.1, the Brownian motion W (-) of (2.1) is adapted to G (see, e.g., [14],
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Section 2), every local martingale of F has the martingale representation prop-
erty; that is, it can be represented as a stochastic integral, with respect to W (-), of
some G-progressively measurable integrand (see, e.g., the discussion on page 1185
in [14]), the solution of (2.1) takes values in the positive orthant and the exponen-
tial local martingale

t , 1 rt 5
Z(t):= exp{—/o 0(X(s)) dW(s)—E/O 16(X (s))] ds},
(2.3)

0<t <o,

the so-called deflator is well defined. We do not exclude the possibility that Z(-)
is a strict local martingale.

Let H be the set of G-progressively measurable processes 7 : [0, T) x Q — R?,
which satisfies

T
fo (17 (@) (X ()| + 7 (@) (X (1) (1)) dt < o0, P-as.,

in which u = (w1, ..., nq) and o = (0ij)1<i, j<a With p; (x) = b; (x)x;, ok (x) =
sik(x)x; and a(x) = o (x)o (x)'.

At time ¢, an investor invests ; () proportion of his wealth in the ith stock.
The proportion 1 — Zle m;(t) gets invested in the bond. For each 7 € ‘H and
initial wealth y > 0 the associated wealth process will be denoted by Y77 (-). This
process solves

dXi(1)

YV (0) =
X0 O)y=y

dy»T () =Y ”(t)Zm ) ———
It can be easily seen that Z(-)Y”""(-) is a positive local martingale for any
meH. Let g: (0, 00)4 — (0, 00) be a measurable function satisfying

(2.4) E[Z(T)g(X(T))] < o0
and define
V(T,x,1):=inf{y >0:37(:) e Hs.t. YV (T) > g(X(T))}.

Thanks to Assumption 2.1, we have that V(T, x, 1) =E[Z(T)g(X(T))]; see, for
example, [18], Section 10. Note that if g has linear growth, then (2.4) is satisfied
since the process ZX is a positive supermartingale.

2.1. A digression: What does the existence of a local martingale deflator en-
tail? Although we do not assume the existence of equivalent local martingale
measures, we assume the existence of a local martingale deflator. This is equiva-
lent to the No Unbounded Profit with Bounded Risk (NUPBR) condition; see [29],
Theorem 4.12. NUPBR is defined as follows: a sequence (;7") of admissible port-
folios is said to generate a UPBR if lim,,_, o sup,, IP)[YL”n(T) > m] > 0. If no
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such sequence exists, then we say that NUPBR holds; see [29], Proposition 4.2. In
fact, the so-called No Free Lunch with Vanishing Risk (NFLVR) is equivalent to
NUPBR plus the classical no-arbitrage assumption. Thus, in our setting (since we
assumed the existence of local martingale deflators) although arbitrages exist they
remain on the level of “cheap thrills,” which was coined by [34]. (Note that the re-
sults of Karatzas and Kardaras [29] also imply that one does not need NFLVR for
the portfolio optimization problem of an individual to be well defined. One merely
needs the NUPBR condition to hold.) The failure of no-arbitrage means that the
money market is not an optimal investment and is dominated by other investments.
It follows that a short position in the money market and long position in the dom-
inating assets leads one to arbitrage. However, one cannot scale the arbitrage and
make an arbitrary profit because of the admissibility constraint, which requires the
wealth to be positive. This is what is contained in NUPBR, which holds in our
setting. Also, see [31], where these issues are further discussed.

3. On quantile hedging. In this section, we develop new probabilistic tools to
extend results of Follmer and Leukert [20] on quantile hedging to settings where
equivalent martingale measures need not exist. This is not only mathematically
intriguing, but also economically important because it admits arbitrage in the mar-
ket, which opens the door to the notion of optimal arbitrage, recently introduced
in Fernholz and Karatzas [14]. The tools in this section facilitate the discussion of
quantile hedging under the context of optimal arbitrage, leading us to generalize
the results of [14] on this sort of probability-one outperformance.

We will try to determine

(3.1)  V(T,x,p)=inf{y > 0|37 € H s.t. P{Y>""(T) > g(X(T))} > p}

for p € [0, 1]. Note that the set on which we take infimum in (3.1) is nonempty.
Indeed, under condition (2.4), there exists & € H such that Y™ (T) = g(X(T))
a.s., where y :=E[Z(T)g(X (T))]; see, for example, [18], Section 10. It follows
that for any p € [0, 1],

P{Y>»™(T) = g(X(T)} = 1= p.
Also observe that
V(T,x, p)
g(x)
= inf{r > 0|37 € H s.t. P{Y"$W"(T) > ¢(X(T))} = p}.

V(T,x,p) =

When g(x) = Zidzl X;, observe that \7(T, x, 1) is equal to equation (6.1) of [14],
the smallest relative amount to beat the market capitalization Zf: 1 Xi(T).

REMARK 3.1. Clearly,
32 0=V, x,00)<V(T,x,p) /V(T,x,1)<g(x) as p — 1.



OUTPERFORMING THE MARKET PORTFOLIO WITH A GIVEN PROBABILITY 1469

By analogy with [20], we shall present a probabilistic characterization of
V (T, x, p). First, we will generalize the Neyman—Pearson lemma (see, e.g., [21],
Theorem A.28) in the next result.

LEMMA 3.1. Suppose that Assumption 2.1 holds, and g satisfies (2.4). Let
A € Fr satisfy

(3.3) P(A) > p.
Then
(3.4) V(T,x, p) <E[Z(T)g(X(T))14].

Furthermore, if A € Fr satisfies (3.3) with equality and
(3.5) esssup{Z(T)g(X(T))} < eSiinf{Z(T)g(X(T))},
A c

then A satisfies (3.4) with equality.

PROOF. Under Assumption 2.1, since g(X(7))14 € Fr satisfies condi-
tion (2.4), it is replicable with initial capital y := E[Z(T)g(X(T))14]; see, for
example, Section 10.1 of [18]. That is, there exists 7 € H such that Y7 (T) =
g(X(T))14 a.s. Now if P(A) > p, we have P{YY"(T) > g(X(T))} = P{14 >
1} > p. Then it follows from (3.1) that V(T, x, p) <y =E[Z(T)g(X(T))14].

Now, take an arbitrary pair (yg, mo) of initial capital and admissible portfolio
that replicates g(X (7)) with probability greater than or equal to p; that is,

P{B}>p  where B = {Y""(T) > g(X(T))).
Let A € Fr satisfy p =P(A) <P(B) and (3.5). To prove equality in (3.4), it is
enough to show that
yo = E[Z(T)g(X(T))14l,
which can be shown as follows:
yo = E[Z(T)Y " (T)] = E[Z(T)Y""(T)15] + E[Z(T)Y**™(T)1 5]
> E[Z(T)g(X(T)1p] =E[Z(T)g(X(T))1anp] + E[Z(T)g(X(T))1 acnp]
> E[Z(T)g(X(T)1anp] + P(A°N B) essinf{Z(T)g(X(T))}

> E[Z(T)g(X(T)1ang] +P(AN BY) ess 2up{Z(T)g(X(T))}
m (e

> E[Z(T)g(X(T)1anp] + E[Z(T)g(X(T)) 1 anpe]
=E[Z(T)g(X(T))14],
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where in the fourth inequality we use the following two observations: First, P(A° N
B)=P(AUB) —P(A)>P(AUB) —P(B) =P(B°N A). Second,

essInf{Z(T)g(X (1))} = ess inf{ Z(T)g (X (1))}
> esssup{Z(T)g(X(T))}
A

> esssup{Z(T)g(X(T))},
ANBe

in which the second inequality follows from (3.5). U

Let F(-) be the cumulative distribution function of Z(7)g(X(T)), and, for any
a e Ry, define

Ag i ={w:Z(T)g(X(T)) <a}, d0Aq :={w: Z(T)g(X(T)) = a},

and let A, denote A, UdA,; that is,
(3.6) Ay ={w:Z(T)g(X(T)) <a}.
Taking A = A, in Lemma 3.1, we see that (3.5) is satisfied. It follows that
(3.7 V(T,x, F(a)) =E[Z(T)g(X(T))14 1.

On the other hand, taking A = A,, we see that (3.5) is again satisfied. We therefore
obtain

(3.8) V(T,x, Fla—)) =E[Z(T)g(X(T))14,].
The last two equalities imply the following relationship:

V(T.x,F(a)) = V(T.x, Fa—)) + aP(d A}
(3.9)
= V(T, x, F(a—)) + a(F(a) — F(a—)).

Next, we will determine V (T, x, p) for p € (F(a—), F(a)) when F(a—) < F(a).

PROPOSITION 3.1.  Suppose Assumption 2.1 holds. Fix an (x, p) € (0, 00)¢ x
[0, 1].

(1) There exists A € Fr satisfying (3.3) with equality and (3.5). As a result,
(3.4) holds with equality.
(i) If F~'(p) :={s e Ry:F(s) = p} = @, then letting a = inf{s € R, :
F(s) > p} we have
V(T,x,p)=V(T,x,F(a=))+a(p— F(a—))

(3.10)
=V(T,x, F(a)) —a(F(a) — p).
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PROOF. (i) If there exists a € R such that either F(a) = p or F(a—) = p,
then we can take A = A, or A = A, thanks to (3.7) and (3.8). In the rest of the
proof we will assume that F~!(p) = @. _

Let W be a Brownian motion with respect to IF, and define By = {w: % <
b}. Let us define f(-) by f(b) = P{dA, N Bp}. The function f satisfies
limp— —0o f(b) =0 and limp_ o f(b) = P(0A,). Moreover, the function f(-)
is continuous and nondecreasing. Right continuity can be shown as follows: for
>0,

0< f(b+¢)— f(b) =P(3A, N Byye) —P(0A, N By) <P(Byie N BY).

The right continuity follows from observing that the last expression goes to zero
as ¢ — 0. One can show left continuity of f(-) in a similar fashion.

Since 0 < p—P(A,) <P(0A,), thanks to the above properties of f, there exists
b* € R satisfying f(b™) = p — P(A,).

Define A := A, U(0A, N Bp+). Observe that P(A) =P(A,;) +P(OA,NBpx) = p
and that A satisfies (3.5).

(ii) This follows immediately from (1):

V(T,x, p)=EIZ(T)g(X(T))1al
=E[Z(T)g(X(T))1a,]1+E[Z(T)g(X(T))1ya,nBy]
=V(T,x, F(a—))+alP(0A; N Bp+)
=V(t,x,F(a—))+a(p— F(a—)). O

REMARK 3.2. Note that when Z is a martingale, using the Neyman—Pearson
lemma, it was shown in [20] that

@G.1D)  V(T.x,p)= ¢i€n{4 E[Z(T)g(X(T)¢] =E[Z(T)g(X(T))¢"],

where
3.12) M ={p:Q2 — [0, 1]|Fr measurable, E[¢] > p}.

The randomized test function ¢* is not necessarily an indicator function. Using
Lemma 3.1 and the fine structure of the filtration Fr, we provide in Proposition 3.1
another optimizer of (3.11) which is an indicator function.

PROPOSITION 3.2. Suppose Assumption 2.1 holds. Then, the map p +—>
V(T,x, p) is convex and continuous on the closed interval [0,1]. Hence,
V(T,x,p) <pV(T,x,1) < pgx) forall p €l0,1].

PROOF. By Proposition 3.1, for any p € [0, 1] there exists A € F7 such that

V(T,x, p) =E[Z(T)g(X(T))14] = E[Z(T)g(X(T))] < oo.
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Then thanks to a theorem by Ostroski (see [9], page 12), to show the convexity it
suffices to demonstrate the midpoint convexity
V(T,x,p)+ VT, x,p2)
2

(3.13)

forall0 < p; < pr <1.

> V(T,x, P1 ;Pz)

Denote p £ @. It fgllows from Proposition 3.1 that there exist A; C AcC Ap
with P(A1) = p1 < P(A) = p < P(Ay) = p» satisfying (3.5),
V(T, x, pi) =E[Z(T)g(X(T))141, i=12,
and
V(T,x, p) =E[Z(T)g(X(T)1z].
By (3.5),
essinf{Z(T)g(X(T))1 4,nzc} = essinf{Z(T)g(X(T))1 5.}
> esssup{Z(T)g(X(T))13}
> esssup{Z(T)g(X(T))1 znac)
which implies that
E[Z(T)g(X(T)1 4,051 = EIZ(T)g(X(T)1 5 4c]-
As aresult,
E[Z(T)g(X(T))14,]1 = E[Z(T)g(X(T))14]
> E[Z(T)g(X(T)1 ] —E[Z(T)g(X(T))14,],

which is equivalent to (3.13).

Now thanks to convexity, we immediately have that p — V (T, x, p) is contin-
uous on [0, 1). It remains to show that it is continuous from the left at p = 1; but
this is indeed true because

Jim V(T,x, F(@) = lim E[Z(T)g(X(T)liz(r)gx (1) =a}]
=E[Z(T)g(X(T)]=V(T,x,1),

where the second equality is due to the dominated convergence theorem. [l

EXAMPLE 3.1. Consider a market with a single stock, whose dynamics follow
a three-dimensional Bessel process, that is,

1
dX(t):mdterW(t), Xo=x>0,
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and let g(x) = x. In this case Z(t) = x/ X (¢), which is the classical example for a
strict local martingale; see [28]. On the other hand, Z(#) X (¢) = x is a martingale.
Thanks to Proposition 3.1 there exists a set A € Fr with P(A) = p such that

V(T,x, p) =E[Z(T)X(T)14] = px.
In [20], the following result was proved when Z is a martingale. Here, we gen-
eralize this result to the case where Z is only a local martingale.

PROPOSITION 3.3. Under Assumption 2.1
(3.14) V(T,x, p)= inf E[Z(T)g(X(T))¢],
peM
where M is defined in (3.12).
PROOF. Thanks to Proposition 3.1 there exists a set A € Fr satisfying P(A) =
p and (3.5) such that V(T, x, p) =E[Z(T)g(X(T))14]. Since 14 € M, clearly
V(T,x,p)= inf E[Z(T)g(X(T))¢l.
peM

For the other direction, it is enough to show that for any ¢ € M, we have
E[Z(T)g(X(T))1al <E[Z(T)g(X(T))¢].

Indeed, since the left-hand side is actually V (T, x, p), we can get the desired result
by taking infimum on both sides over ¢ € M.
Letting M = esssup4{Z(T)g(X(T))}, we observe that

E[Z(T)g(X(T)¢] —E[Z(T)g(X(T))14]
=E[Z(T)g(X(T)lal +E[Z(T)g(X(T)¢plac] — E[Z(T)g(X(T))14l
=E[Z(T)g(X(T))plac] —E[Z(T)g(X(T))1a(l —¢)]
= essinf{Z(T) g (X (T)}Elplac] — ME[14(1 = ¢)]

> ME[plac] = ME[14(1 — ¢)] [by (3.5)]
= ME[p] — ME[14] > 0. O

3.1. A digression: Representation of V as a stochastic control problem. For
p €10, 1], we introduce an additional controlled state variable

(3.15) PP(s)=p+ /Osoe(r)/dW(r), sel0,T],

where a(-) is a G-progressively measurable R¢-valued process satisfying the inte-

grability condition fOT la(s)|?ds < oo a.s. such that P takes values in [0, 1]. We
will denote the class of such processes by .A. Note that .4 is nonempty, as the con-
stant control «(-) = (0, ..., 0) € R4 obviously lies in A. The next result obtains an
alternative representation for V in terms of Py.
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PROPOSITION 3.4. Under Assumption 2.1,
(3.16) V(T,x,p) = ingE[Z(T)g(X(T))PO{’(T)] < 00.
oe

PROOF. The finiteness follows from (2.4). Define
M= {¢: Q2 — [0, 1]|Fr measurable, E[¢] = p}.

Thanks to Proposition 3.1, there exists a set A € Fr satisfying P(A) = p and (3.5)
such that

V(T,x, p) =E[Z(T)g(X(T))1a] = in/f’z E[Z(T)g(X(T))¢].
pe

Since the opposite inequality follows immediately from Proposition 3.3, we con-
clude that

V(T,x, p)= inf E[Z(T)g(X(T))¢l.
peM

Therefore, it is enough to show that M satisfies M = {PY(T)|a € A}. The in-
clusion M > {PL(T)|« € A} is clear. To show the other inclusion we will use the
Martingale representation theorem: for any ¢ € M there exists a G-progressively
measurable R?-valued process ¥ (-) satisfying fOT |¥ (s)|*>ds < oo a.s. such that

t
E[wlﬁ]=p+/0 Y(s) dW(s),  1el0,T].

Note that since ¢ takes values in [0, 1], so does E[¢|F;] for all ¢ € [0, T']. Then we
see that E[@|F;] satisfies (3.15) witha () =¥ () e A. O

4. The PDE characterization.

4.1. Notation. We denote by X"*(-) the solution of (2.1) starting from x at
time ¢ and by Z"*-%() the solution of
4.1 dZ(s)=—Z(s)0(X" (s)) dW(s), Z(t) =z.

Define the process Q"*9(-) by

1
(42) Qt’x’q(') = m, q € (0, OO)
Then we see from (4.1) that Q(-) satisfies
(4.3) 106) _ 0(X"* () 1>ds + 0(X"¥(5)) dW (s), Q") =q.

Q(s)

We then introduce the value function

Ut.x,p):= inf E[Z"*1(T)g(X"*(T))¢l,
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where M is defined in (3.12). Note that the original value function V can be writ-
ten in terms of U as V(T,x, p) =U (0, x, p).

We also consider the Legendre transform of U with respect to the p variable.
To make the discussion clear, however, let us first extend the domain of the map
p+ Ul(t, x, p) from [0, 1] to the entire real line R by setting

“4.4) U(t,x,p)=0 for p <0,

4.5) U(t,x,p) =00 for p > 1.

Then the Legendre transform of U with respect to p is well defined:
w(t, x,q) :=sup{pg —U(t, x, p)}

peR
(4.6)
0, ifg <O0;
= sup {pg —U(t, x, p)}, ifg > 0.
pel0,1]

From Proposition 3.2, we already know that p — U (¢, x, p) is convex and continu-
ous on [0, 1]. Since U (¢, x, 0) = 0, we see from (4.4) and (4.5) that p — U (¢, x, p)
is continuous on (—oo, 1] and lower semicontinuous on R. Moreover, considering
that p — U(t, x, p) is increasing on [0, 1], we conclude that p > U(¢, x, p) is
also convex on R. Now thanks to [42], Section 6.18, the convexity and the lower
semicontinuity of p +— U(¢, x, p) on R imply that the double transform of U is
indeed equal to U itself. That is, for any (¢, x, p) € [0, T] x (0, 00)? x R,
U(t, x, p) =sup{pqg —w(t,x,q)} =sup{pg —w(t, x,q)},

geR q=>0

where the second equality is a consequence of (4.6).
In this section, we also consider the function

Bt x,q) :=E[Z"!(T)(Q"")(T) — g(X"*(T))"]
4.7)
=E[(g — 2" (T)g(x" (1)) "]
for any (¢, x,q) €10, T] x (0, 00)4 x (0, 00). We will show that w = @ and derive
various properties of w.

REMARK 4.1. From the definition of @ in (4.7), @ is the upper hedging price
for the contingent claim (Q"*4(T) — g(X"*(T)))*, and potentially solves the
linear PDE

(4.8) 3 + § Tr(oo’ DY) + 51012 D + q Tr(00 Dyg ) = 0.

This is not, however, a traditional Black—Scholes-type equation because it is de-
generate on the entire space (x, g) € (0, 00)? x (0, 00). Consider the following
function v which takes values in the space of (d + 1) x d matrices:

_[5G)axd
v() = I:Q(')/lxdi| '
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Degeneracy can be seen by observing that v(x)v(x)’ is only positive semi-definite
for all x € (0, 00)?. Or, one may observe degeneracy by noting that there are d + 1
risky assets, X1, ..., Xg and Q, with only d independent sources of uncertainty,
Wi, ..., W4. As a result, the existence of classical solutions to (4.8) cannot be
guaranteed by standard results for parabolic equations. Indeed, under the setting
of Example 3.1, we have

w(t,x,q) =E[(g — 21T X" () = (¢ -0,

which is not smooth.

4.2. Elliptic regularization. In this subsection, we will approximate W by a
sequence of smooth functions w,, constructed by elliptic regularization. We will
then derive some properties of W, and investigate the relation between @ and W,.
Finally, we will show that @ = w, which validates the construction of w,.

To perform elliptic regularization under our setting, we need to first introduce a
product probability space. Recall that we have been working on a probability space
(2, F,P), given by a weak solution to the SDE (2.1). Now consider the sample
space QB := ([0, T]; R) and the canonical process B(-). Let F5 be the filtration
generated by B and P? be the Wiener measure on (Q5, F5). We then introduce
the product probability space (2, F,P), with Q := Q x Q8, F:=F x F? and
P:=P x PB. For any @ € Q, we write @ = (w, ®®), where w € Q and w? € Q5.
Also, we denote by [ the expectation taken under (Q, F, P).

For any ¢ > 0, introduce the process Qé’x’q(-) which satisfies the following
dynamics:

dQ:(s)
Q:(s)
0" =q € (0, 00).

= 10X (5))|>ds + 0(X"*(5)) dW(s) + e dB(s),
(4.9)

Then under the probability space (, T, I@), we have d + 1 risky assets, the d stocks
X1,..., X4 and Q.. Define

s11 -+ S1a |0 by
5:: . . . , 7 — .
Sq1 - Sdd |0 by
0 b4 | & 1612
and
aylr -+ daid |
_, : : 56
a.=s§s =
aqi -+ aqd |

— 05 — |12 +e2
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Since we assume that the matrix s has full rank (Assumption 2.1), s has full rank
by definition. It follows that a is positive definite. Now we can define the corre-
sponding market price of risk under (€2, F, PP) as @ := 5~ 'b, and the corresponding
deflator Z(-) under (£, F, IP’) as the solution of

(4.10) dZ(s) = —Z(s)0(X"*(s)) dW (s), ZM () =z,
where W := (W, ..., Wy, B) is a (d + 1)-dimensional Brownian motion. Observe
that
0_ B S_l ‘ Oaxi b _ 0
= gt LT o)
€ €

This implies that (4.10) coincides with (4.1). Thus, we conclude that Z()=Z().
Finally, let us introduce the function

Be(t, x, q) :=R[Z"51(T)(QL(T) — g(X"*(T)) "]
for any (¢, x,q) € [0,T] x (0, 00)4 x (0, 00). By (4.9) and (4.3), we see that the
processes Q. (-) and Q(-) have the following relation:

0;"1(s) = Q"1 (s)exp{—36%(s — 1) +&(B(s) — BO)},
(4.11)
selt,T].

It then follows from (4.11), the fact that Z () = Z(-) and the definition of w, that
We(t, x, q) = E[(q exp{—%e*(T — 1) + ¢(B(T) — B(1))}

4.12) .
— 2N g (X (T)) ]

ASSUMPTION 4.1.  The functions 6; and s;; are locally Lipschitz, for all 7, j €

{1,....d}.

LEMMA 4.1. Under Assumption 4.1, we have that W, € C»>?((0, T) x (0,
00)? x (0, 00)) and satisfies the PDE

(4.13) 8, + 3 Tr(oo' Diie) + 3(101° + £)g> Dy i, + q Tr(00 Dy i) =0,
(t,x,q)€ (0, T) x (0, 00)4 x (0, 00), with the boundary condition
(4.14) (T, x,q) = (g — g(x))".

PROOF. Since a is positive definite and continuous, it must satisfy the follow-
ing ellipticity condition: for every compact set K C (0, 00)?, there exists a positive
constant Cg such that

d+1d+1

(4.15) Yo Y aij(0EE; = CklEP

i=1 j=I
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for all £ € R4+ and x € K; see, for example, [23], Lemma 3. Under Assump-
tion 4.1 and (4.15), the smoothness of w, and the PDE (4.13) follow immediately
from [39], Theorem 4.2. Finally, note that W, satisfies the boundary condition by
definition. [

PROPOSITION 4.1. For any (t,x) € [0,T] x (0, oo)d, the map q +— We(t,
x, q) is strictly convex on (0, 00). More precisely, the map q +— D,W(t, x, q) is
strictly increasing on (0, 0o) with

lim D, w,(¢t,x,q) =0 d lim D,w.(t,x,q)=1.
qlw qWe(t,x,q) and — im qWe(t,x,q)

PROOF. We will first compute D, W, (t, x, g), and then show that it is strictly
increasing in g fromOto 1. Let L (¢, T) := exp(—%sz(T —t)+e(B(T)— B(t)))
and A, := {@: Z"Y(T)g(X"*(T)) < aLy(t,T)} for a > 0. Fix an arbitrary
g > 0. For any § > 0, define

E®:={0:qLe(t,T) < ZVN(T)g(X"(T)) < (q +8)Le(t, T)).

Note that by construction, gq and E® are disjoint, and Zq+5 = Xq U ES. Tt follows
that

L _ 9
g[wé‘(t’-xaq +8) - ws(t»x»Q)]

—_—

= {E[((q + &) Let, T) = 28N (Dg (X" (T))13,,,]

—E[(qLe(t. T) — 2" N (Dg (X" (T))1 7, ]}

(%)

1 _

= S{Bl((q +9)Let, T) = 21X (T))17,]
lE(S]
17,1}

n 1- t,x,1 t,x
=E[L:(t, T)17, 1+ EE[((CI +8)Le(t,T) — Z"" (T)g(X"™ (T)) 1 s].

+E[((g +8)Le(t, T) — Z"" N (T)g(X"*(T))
—E[(qLe(r, T) — Z"51(T)g(X"(T))

)
)

By the definition of E?,

0<~E[((g +8)Le(t, T) — Z"*N(T)g(X"*(T)))1 ps]

1
-4
1=
< EE[SLE(LT)IE«S]
=E

[Le(t, T)1gs]— 0 asé | 0,
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where we use the dominated convergence theorem. We therefore conclude that
" L ~ =
qué‘(tv xv Q) = %lfgg[wé‘(t’ xv q +8) - w&‘(t7 x’ CI)] = ]E’[Ls(tv T)lgq]

Thanks to the dominated convergence theorem again, we have

%I’E[L,g(zj)lgq]:o and qli)rgOI_E[La(t,T)lgq]:I_E[Lg(t,T)]:1.

It remains to prove that D, (t,x,q) = I_E[Lg(t, 1 gq] is strictly increasing
in g. Note that it is enough to show that the event E? has positive probability
for all § > 0. Under the integrability condition (2.2), the deflator Z(-) is strictly
positive with probability 1; see, for example, [2], Section 6. It follows from our
assumptions on g [see (2.4) and the line before it] that

0 < Z'" N T)g(X"*(T)) < oo, P-a.s.
This implies that
(4.16) —o0 < log Z N (T)g(X"(T)) < o0, P-a.s.

Now, from (4.16) and the definitions E® and L, we see that P(E?) equals to the
probability of the event
ZN(T)g (X" (T))

q—+9

_ & 1
{w:—(T—t)—i——log
2 €

z' N (g (X"(T)) }

< B(T)— B(#t) < S(T — 1) + ~log
2 € q

Thanks to Fubini’s theorem, this probability is strictly positive. [
We investigate the relation between w and w, in the following result.

LEMMA 4.2. The functions W and W, satisfy the following relations:

() Forany (t,x,q) € [0, T] x (0, 00)? x (0, 00),
m =lim @ )
w(t,x,q) Slil&wg(t,x,q)

(ii) For any compact subset E C (0, 00), W, converges to W uniformly on
[0, T] x (O, oo)d x E. Moreover, for any (t,x,q) € [0, T] x (0, oo)d x (0, 00),

4.17) w(t,x,q)= lim We(t', x',q)).
(&,t',x",q")—>(0,t,x,9)
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PROOF. (i) By (4.11), we observe that

E[ sup z"1(T)QL"9(T))]
e€(0,1]

= I_E[ sup g exp{—lsz(T —1)+e(B(T) — B(t))”
£€(0,1] 2

< qI_E[ sup exp{e(B(T) — B(f))}]

e€(0,1]
(4.18) <qE[ sup exple(BT) = BO)}iacr)-s0r=0]
ee(0,1]
+ qI_E[ sup exple(B(T) — B(t))}l{B(T)—B(z)<0}]
e€(0,1]

< qElexp{B(T) = BO)}] +¢
1
:q<exp{§(T — t)} + 1) < 00.
Then it follows from the dominated convergence theorem that

o = 1,
lglirolwg(t,x,q) _lsliIOIE[<q exp{—is (T —t)+¢(B(T) — B(t))}

+
-2 g )) |

E[(g — 2“1 (T)g(X"*(T)))"]
E[(g — 2“1 (T)g(X"*(T)))"]

= ﬂj(l’,x, Q),

where the third equality is due to the fact that Z>%!1(T)g(X"*(T)) depends only
onw € .

(ii) From (4.7), (4.12) and the observation that |(a —b)™ — (c = b)T| < |a — |
for any a, b, c e R,

|IT)8(I7X751) - w(tvxaq)l

gE exp{—%sz(T — 1) +¢&(B(T) — B(t))} - 1‘

IA

2
(4.19) §q]E|:exp{%(T—t)—|—8|B(T)—B(t)|} - 1]

g[(1+ @(ev/T —1) — O(—e/T — 1))t T~ — 1]
<q[(1+®(eVT) = S(=evT))e T ~ 1],
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where ®(-) is the cumulative distribution function of the standard normal distri-
bution. Note that the second line of (4.19) follows from the inequality |e¥ — 1| <
el —1 for v € R; this inequality holds because if v < 0, [e?! — 1| =1 —e¥ = (¢ 7V —
Det <eV—l1=ell—landifv>0,|e?! — 1| =¢’ — 1 = ¢!l — 1. We can then
conclude from (4.19) that @, converges to w uniformly on [0, T'] x (O, 00)? x E,
for any compact subset E of (0, c0). Now, by Lemma 4.1 @, is continuous on
(0, T) x (0,00) x (0, 00). Then as a result of uniform convergence, @ must be
continuous on the same domain. Noting that

[We(t', x', q") — W(t, x,q)| < |We (', x', q") — W', x', q)|

+ W', x', q") — W(t, x, q)l,

we see that (4.17) follows from the continuity of @ and the uniform convergence
of W, to W on [0, T] x (0, 00)¢ x E for any compact subset E of (0, 00). 0O

Thanks to the stability of viscosity solutions, we have the following result im-
mediately.

PROPOSITION 4.2. Under Assumption 4.1, we have that W is a continuous
viscosity solution to
(4200 8+ 5 Tr(oo DI + 510°¢> Dol + q Tr(00 Dy ) =0
for(t,x,q) € (0, T) x (0, 00)4 x (0, 00), with the boundary condition
.21) BT, x.q)=(q —g)".

PROOF. By Lemmas 4.1 and 4.2(ii), the viscosity solution property follows

as a direct application of [41], Proposition 2.3, and the boundary condition holds
trivially from the definition of w. [J

Now we want to relate to @ to w. Given (¢, x) € [0, T] x (0, 00)4, recall the
notation in Section 3: for any a > 0, A, := {w: ZH* 1 (T)g(X"*(T)) < a}; also,
F(-) again denotes the cumulative distribution function of Z:*1(T)g(X"*(T)).
We first present another representation for w as follows.

LEMMA 4.3. Forany (t,x,q) €[0,T] x (0, oo)d x (0, 00), we have
max B[(q — 2N (T)g(X"*(T)14,] =B (1, x. 9).
a> a
PROOF. Let us first take a < g. Since A, C Aq and g — Z”X’I(T) X
g(X"*(T)) = 00n Ay,

El(q — 2" (MgX"*(T))15,] <E[(q — 2" 1 (g (X" *(T))1 ]

=w(t, x,q).



1482 E. BAYRAKTAR, Y.-J. HUANG AND Q. SONG

Now consider a > g. Set F :={w:q < 7551 (TYg(X!*(T)) < a}. Observing
that A, and F are disjoint, and A, = A, U F, we have

El(g — 2" N (Mg(X"*(T))14,]
=E[(g — 2" (MeX" (M) 15 ]+ E[(g — 2" (T)g(X"*(T))1F]
<E[(g — 2" (T)g(X"* (1)1, ] = W1, x. ),

where the inequality is due to the fact that ¢ — Z"* 1 (T)g(X"*(T)) <Oon F. O
Next, we will argue that w and w are equal.

PROPOSITION 4.3. w(t,x,q) = w(t,x,q), for all (t,x,q) € [0,T] x (0,
00)4 x (0, 00).

PROOF. Given p € [0, 1], there exists a > 0 such that F(a—) < p < F(a). We
can take two nonnegative numbers A1 and A, with A1 4+ A = 1 such that
(4.22) p=MF(@a)+rF(a-).

Observe that p — F(a—) = A1 (F(a) — F(a—)). Plugging this into the first line of
(3.10), we get

(4.23) U(t,x,p)=U(t,x, F(a=))+ ra(F(a) — F(a—)).
Also note from (3.10) that
a(F(a) — F(a—))=U(t,x, F(a)) = U(t, x, F(a—)).
Plugging this back into (4.23), we obtain
(4.24) Ult,x,p)=MU(,x, F(a)) + U, x, F(a—)).
It then follows from (4.22) and (4.24) that
pq—=U(t, x, p)
(4.25) =M[F(a)g —U(t,x, F(a)]+ r[F(a—)qg — U(t,x, F(a—))]
<max{F(a)g —U(t,x, F(a)), Fla—)g — U(t,x, F(a—))}.

Choose a sequence aj, € [a/2, a) such that a, — a from the left as n — oo. Thanks
to Proposition 3.2, p — U (¢, x, p) is continuous on [0, 1]. We can therefore select
a subsequence of a, (without relabelling) such that, for any n € N,

1 1
Fa—)—F(a,) <— and U(t,x, F(a,)—U(,x, F(a—)) < —.
n n
It follows that, for any n € N,

I+gq
Fla—)g —U(t,x, F(a—)) < F(apn)qg = U(t, x, F(an)) + —
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which yields
F(a—)q —U(t,x, F(a—))

1
(4.26) < limsup{F(an)q —U(t,x, F(ay)) + 1ta }
n—o00 n

<sup F(an)qg — U(z, x, F(an)).
neN

Combining (4.25) and (4.26), we obtain

pq—U(t,x,p) < sup F()g—-U(t,x,F()) <supF(S)g —Ul(t,x, F(3)).
sela/2,a] 820

This implies

U)(t,x, Q) = Ssup {pq - U(I,X, p)} = Sup{F(a)q - U(tvxv F(a))}
pel0,1] a>0

Since F(a) € [0, 1] for all a > 0, the opposite inequality is trivial. We therefore
conclude

427 w(t,x,q)= Sl[t)p”{pq U@, x,p)}= sur(;{F(a)q —U(t, x, F(a))}.
PeElo, a=

Now, thanks to (3.7), we have
F(a)g —U(t,x, F(a)) = F(a)q — IE‘3[2““1(T)g(Xt”‘(T))l/ggl
=E[(q — 2" (T)g(X"*(T)))14 ]-
It follows from (4.27), (4.28) and Lemma 4.3 that

w(t,x,q) =maxE[(q — 2" (DX (D)1, ] =, x,9).

(4.28)

REMARK 4.2. Since w = w, we immediately have the following result from
Proposition 4.2: w is a continuous viscosity solution to (4.20) on (0, T) x (0,
00)? x (0, 00) with the boundary condition (4.21).

4.3. Viscosity supersolution property of U. Let us extend the domain of the
map g — W (t, x, g) from (0, co) to the entire real line R by setting w, (¢, x, 0) =
0 and w. (¢, x,q) = oo for g < 0. In this subsection, we consider the Legendre
transform of W, with respect to the g variable

Ue(t, x, p) :=sup{pq — We(t, x,q)} =sup{pqg — W(t,x,q)}.
geR >0

We will first show that U, is a classical solution to a nonlinear PDE. Then we will
relate U, to U and derive the viscosity supersolution property of U'.
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PROPOSITION 4.4. Under Assumption 4.1, we have that U, € ch22((0,T) x
(0, 00)? x (0, 1)) and satisfy the equation

1
0=0,U; + 3 Trloo’' Dy, U,]

1
(4.29) + inf <(Dpr8)/oa + ~lal*DppUs — O/aDpUs)
acRd 2
. I 5
+ blergd(§|b| DU, — 8DpU51,b>,
wherel:=(1,...,1) € R4, with the boundary condition
(4.30) Ue(T, x, p) = pg(x).

Moreover, U(t, x, p) is strictly convex in the p variable for p € (0, 1), with

4.31) E%DpUg(t,x,p):0 and E?}DpUg(t,x,p)zoo.

PROOF.  Since from Proposition 4.1 the function g > D, W, (¢, x, g) is strictly
increasing on (0, co) with

lll%qug(t,x,q)=O and qli)rgquwg(t,x,q)=1,

its inverse function p — H (¢, x, p) is well defined on (0, 1). Moreover, consider-
ing that @, (z, x, ¢) is smooth on (0, T) x (0, 00)? x (0, 00), Us(t, x, p) is smooth
on (0, T) x (0, 00)¢ x (0, 1) and can be expressed as

Us(taxv p) = Sup{pq - ?T)s(t» X, CI)}
q=0
(4.32)

=pH(t,x, p) —We(t,x, H(t, x, p));
see, for example, [37]. By direct calculations, we have
DpUe(t, x, p) = H(, x, p),
1
DgqWe(t, x, H(t, x,p)
DU (t,x, p) = —Dxws(t,x, H(t, x, p)),
(4.33) Dy Ue(t,x, p) = =Dy We (1, x, H(t, x, p))

DppUc(t,x,p) =DyH(t,x, p)=

1
— (D, U ) (D, Uy,
+ DppUg(f,X,p)( px e)( px e)

Dy Ue(t, x, p) = _quws(t,X, H(t, x, p))DppUc(t, x, p),
;U (t, x, p) = —0,w.(t, x, H(t, x, p)).
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In particular, we see that U.(¢, x, p) is strictly convex in p for p € (0,1) and
satisfies (4.31). Now by setting g := H (¢, x, p), we deduce from (4.13) that

1
0=—0,w, — 3 Tr[oo’' Dy, ;]

1 2 2y 2 ~ ~
- §(|0| +¢&%)q quws _qTr[Ungqws]

1
=0 U; + 3 Trloo' Dy Ue] — Trloo'(DpxUe)(DpyUe)']

21’1’5
1 (D,U:)?*  D,U:
S (TR AIPS e i P=° Tr6OD, U
2(||+8)D,,,,U€+D,,,,Ug 106Dy U]

1
=0,U; + 3 Trloo' Dy, U,]
(4.34) |
+ ((DXPUS)/(m* + §|a*|zD,,,,U€ - e/a*DpUg)
1
+ <§|b*|2Dp,,Ug —~ erUgl/b*)
1 /
=0,U; + 3 Trloo" D, U;]
1
+ irgd<(Dpr£)/aa + ElalszpUg — Q/aDpUs)
ae
1
+ inf <§|b|21)ppUg — 8DpU81’b>,

beRd

where the minimizers a* and b* are defined by

D,U(t, x, p)
a*(t,x, p) = Le(x) — ' (x)D, Uc(t, x, p),
Dp,Uc(t, x, p) Dp,U(t, x, p) px=e
D,U.(t, x,
b*(t, x, p) = EM

DppUé‘(t’xvp) ‘

Finally, observe that for any p € (0, 1), the maximum of pg — (¢ — g(x))™ is
attained at g = g(x). Therefore, by (4.14)

Ue(T.x, p) = suplpg = We (T x. p)) = su%{pq — (g —g)"}
q= q=>

= pg(x). 0

Now we intend to use the stability of viscosity solutions to derive the superso-
lution property of U. We first have the following observation.
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LEMMA 4.4. Forany (t,x, p) €[0,T] x (0, 00)? x R, we have

~ llmlnf US(EE’ﬁ):U(t9x9p)
(e,t,X,p)—(0,¢,x,p)

PROOF. As a consequence of Lemma 4.2(ii), w(¢,x,q) is continuous at
(e,t,x,q) €[0,00) x [0, T] x (0, 00)4 x (0, 00). This implies that U, (¢, x, p) =
supqzo{pq — We(t,x,q)} is lower semicontinuous at (e,f,x, p) € [0,00) X
[0, T'] x (0, 00)? x R. It follows that

_liminf U (7, X, p) = sup{pqg — W(t, x,q)} = sup{pqg — w(z, x, )}
(SJﬂxsp)_)(O)tvxsp) qZO qzo

=U(t,x, p),

where the second equality follows from Proposition 4.3. [

Before we state the supersolution property for U, let us first introduce some
notation. For any (x, 8, ¥, 1) € (0, oo)d x R x R x RY, define

aec

1
Gx,B,v,A):= infd ()Ja(x)a + §|a|2)/ — ,BH(xYa).
R
We also consider the lower semicontinuous envelope of G

G.(x,B,7,A):= _ liminf G, B, 7. ).
& B.7.0)—(x,8,7.1)

Observe that, by definition,

G(x,B,v, M), ify >0;

PROPOSITION 4.5. Under Assumption 4.1, U is a lower semicontinuous vis-
cosity supersolution to the equation

(4.36) 0>9,U + %Tr[oa/DxxU] + G« (x,D,U, Dp,U, Dy, U)
for (t,x,p) € (0,T) x (0, 00)4 x (0, 1), with the boundary condition
(4.37) U(T,x, p)=pg(x).
PROOF. Note that the lower semicontinuity of U is a consequence of Lem-

ma 4.4, and the boundary condition (4.37) comes from the fact that w = @ and the
definition of @ as the following calculation demonstrates:

U(T,x, p) =sup{pqg —w(T,x, p)} =sup{pg — w(T,x, p)}
q>0 q=>0

= supo{pq —(g—g) "} = pgx).
q=
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Let us now turn to the PDE characterization inside the domain of U. Set x :=
(t, x, p). Let ¢ be a smooth function such that U — ¢ attains a local minimum at
Xo = (to, X0, po) € (0, T) x (0, 00)4 x (0, 1) and U (Xp) = ¢ (X0). Note from (4.35)
that as D,,¢(xo) < 0, we must have G4 (xo, D@, Dpp@, Dype) = —00. Thus, the
viscosity supersolution property (4.36) is trivially satisfied. We therefore assume
in the following that D, ¢ (xo) > 0.

Let Fy(x,0,Us(x), DpUc(X), DppUc(X), DyxpUg(X), DyxUe(x)) denote the
right-hand side of (4.29). Observe from the calculation in (4.34) that as y > 0,

Fe(x,a,B8, 9, A, A) =a + %Tr[a(x)a(x)'A] — % Trlo (x)o (x)'AA']

/32

——4wunﬁ+§y+éTmﬂmeunl
2y Y

This shows that F; is continuous at every (e, X, «, 8, ¥, A, A) as long as y > 0. It
follows that for any z = (x, o, B8, ¥, A, A) with y > 0, we have

Fu(z):= liminf F.(Z) = Fy(z)
(.2)—(0,2)

(4.38) =a+;dedm%]
+iﬂ<ﬂﬁma+lmﬁy—euﬁw)
acR4 2

Since we have U (x) = liminf, ), (0.7) Us (X') from Lemma 4.4, we may use the
same argument in [41], Proposition 2.3, and obtain that

Fy (X0, 8:9(X0), Dpg(X0), Dpp@(X0), Dxp@(X0), Dxxp(X0)) < 0.

Considering that D ,,¢(xo) > 0, we see from (4.38) and (4.35) that this is the
desired supersolution property. [J

A few remarks are in order:

REMARK 4.3. Results similar to Proposition 4.5 were proved by [7], with
stronger assumptions [such as the existence of an equivalent martingale measure
and the existence of a unique strong solution to (2.1)], using the stochastic target
formulation. Here, we first observe that the Legendre transform of U is equal to
w and that w can be approximated by w,., which is a classical solution to a linear
PDE and is strictly convex in g; then, we apply the Legendre duality argument, as
carried out in [30], to show that U,, the Legendre transform of ., is a classical
solution to a nonlinear PDE. Finally, the stability of viscosity solutions leads to the
viscosity supersolution property of U.
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REMARK 4.4. Instead of relying on the Legendre duality we could directly
apply the dynamic programming principle of [22] for weak solutions to the for-
mulation in Section 3.1. The problem with this approach is that it requires some
growth conditions on the coefficients of (2.1), which would rule out the possibility
of arbitrage, the thing we are interested in and want to keep in the scope of our
discussion.

REMARK 4.5. Under our assumptions, the solution of (4.36) may not be
unique as pointed out below:

(i) Let us consider the PDE satisfied by the superhedging price U (¢, x, 1),
(4.39) 0=, +5Tr(co’D?v)  on(0,T) x (0, 00)¢,
(4.40) v(T—,x)=g(x)  on(0,00)".

Unless additional boundary conditions are specified, this PDE may have multi-
ple solutions. The role of additional boundary conditions in identifying (¢, x) —
U(t, x, 1) as the unique solution of the above Cauchy problem is discussed in Sec-
tion 4 of [4]. Also see [36] for a similar discussion on boundary conditions for
degenerate parabolic problems on bounded domains.

Even when additional boundary conditions are specified, the growth of o might
lead to the loss of uniqueness; see, for example, [6] and Theorem 4.8 of [4] which
give necessary and sufficient conditions on the uniqueness of Cauchy problems in
one and two-dimensional settings in terms of the growth rate of its coefficients. We
also note that [14] develops necessary and sufficient conditions for uniqueness, in
terms of the attainability of the boundary of the positive orthant by an auxiliary
diffusion (or, more generally, an auxiliary It6) process.

(i) Let AU(¢, x, 1) be the difference of two solutions of (4.39)—(4.40). Then
both U(t, x, p) and U(z, x, p) + AU (¢, x, 1) are solutions of (4.36) (along with
its boundary conditions). As a result, whenever (4.39) and (4.40) have multiple
solutions, so does the PDE (4.36) for the value function U.

4.4. Characterizing the value function U. We intend to characterize U, as
the smallest solution among a particular class of functions, as specified below
in Proposition 4.6. Then, considering that liminf 7 ¥ 5)—0,7,x, p) Ue (t,%X,p) =
U(t, x, p) from Lemma 4.4, this gives a characterization for U. In determining
U numerically, one could use U, as a proxy for U for small enough ¢. Addition-
ally, we will characterize U as the smallest nonnegative supersolution of (4.36) in
Proposition 4.7.

PROPOSITION 4.6. Suppose that Assumption 4.1 holds. Let u:[0,T] x
(0, 00)¢ x [0, 1]+ [0, 00) be of class C1>%((0, T) x (0, 00)¢ x (0, 1)) such that
u(t,x,0) =0, and u(t, x, p) is strictly convex in p for p € (0, 1) with

4.41) limD,u(t,x,p)=0 and limDyu(t,x, p) = oo.
ri0 ptl
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If u satisfies the partial differential inequality

1 , 1,
0> o;u+ ETr[aa’Dxxu] +alen1[£d ((Dxpu)’aa + Elal Dppu — G’aDpu)
4.42
e inf (L1612 1b
+ inf §| |"Dppu — eDpu ,

beR
where 1:=(1,...,1) € RY, with the boundary condition
(4.43) u(T, x, p) = pg(x),
then u > Us,.

PROOF. Let us extend the domain of the map p — u(¢, x, p) from [0, 1] to the
entire real line R by setting u(t, x, p) =0 for p <0 and u(¢, x, p) = oo for p > 1.
Then we can define the Legendre transform of u with respect to the p variable

w(t,x,q) = sup{pq —u(t,x, p)}
(4.44) pet

= sup {pq—u(t,x,p)}>0  forqg >0,
pel0,1]
where the positivity comes from the condition u(z, x, 0) = 0. First, observe that
since u is nonnegative, we must have

(4.45) w'(t,x,q) < sup pqg=gq for any g > 0.
pel0,1]

Next, we derive the boundary condition of w" from (4.43) as

w"(T,x,q) = sup {pq —u(T,x,p)}= sup {pg— pg(x)}
pel0,1] pel0,1]
(4.46)

=(g—-g)".

Now, since u(t, x, p) is strictly convex in p for p € (0, 1) and satisfies (4.41), we
can express w" as

w'(t,x,q)=J(t,x,q)qg —u(t,x, J(t,x,q)) for g € (0, 00),

where g — J (-, q) is the inverse function of p — Dj,u(-, p). We can therefore
compute the derivatives of w“(¢, x, ¢) in terms of those of u(z, x, J (¢, x, q)), as
carried out in (4.33). We can then perform the same calculation in (4.34) (but going
backward), and deduce from (4.42) that for any (¢,x,q) € (0,T) x (0, 00)4 x
(0, 00),

0 < dw" + § Trloo’ Doxw 1+ (1017 + e*)g* Dgqw”
(4.47)
+ g Tr[o6 Dygw"].
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Define the process Y (s) := Z"*1(s) Q5% (s) for s € [r, T]. Observing that
Y(s) =qgexp{—ie*(s — 1) +(B(s) — B(1))},
we conclude that Y (-) is a martingale with IE[Y(S)] = ¢q and Var(Y(s)) =
qz(eSQ(s_t) — 1) for all s € [t, T], and satisfies the following SDE:
dY(s) =¢eY(s)dB(s) forse[t,T] and Y(t)=gq.

Thanks to the Burkholder—Davis—Gundy inequality, there exists a constant C > 0
such that

_ _ T
E[tgzafxT|Y(s)|2] < CEU szyz(s)ds]

(4.48) .
= CeZ/ 72670 = 1) + g% ds < o.
t

For each n € N, define the stopping time
7, :=1inf{s > 1:|X"*(s)| > n or |QL"9(s)| > n}.
By applying the product rule to the process Z*!()w" (-, X'*(-), ng’x’q(-)) and
using (4.47), we get
w"(t,x,q)
(4.49) <E[Z"NT A t)w" (T Ay, X5 (T A Ty), Q45T A 1))
forn e N.

Now, observe from (4.45) that Z"*!(s)w(s, X"*(s), Qv %(s)) < Y (s) for any
s € [t, T]. Then from (4.48), we may apply the dominated convergence theorem to
(4.49) and obtain

w'(t, x,q) <E[Z"5N(T)w" (T, X"X(T), Q4*4(T))]

= E[Z"51(T)(Q™(T) — g (X" (T)) ] = e, x, ),
where the first equality is due to (4.46). It follows that

u(t,x, p) =sup{pg — w"(t,x,q)} > sup{pqg — W (t, x, q)}
q>0 q>0

=U.(t, x, p). O

PROPOSITION 4.7.  Suppose Assumption 4.1 holds. Let u : [0, T] x (0, 00)? x
[0, 1]+~ [0, 00) be such that u(t,x,0) =0, u(t, x, p) is convex in p, and the Leg-
endre transform of u with respect to the p variable, as defined in the proof of
Proposition 4.6, is continuous on [0, T] x (0, oo)d x (0, 00). If u is a lower semi-
continuous viscosity supersolution to (4.36) on (0, T) x (0, 00)4 x (0, 1) with the
boundary condition (4.37), then u > U.
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PROOF. Let us denote by w" the Legendre transform of u with respect to p.
By the same argument in the proof of Proposition 4.6, we can show that (4.44),
(4.45) and (4.46) are true. Moreover, as demonstrated in [7], Section 4, by using
the supersolution property of u we may show that w" is an upper semicontinuous
viscosity subsolution on (0, 7) x (0, 00)4 x (0, 00) to the equation

(4.50) " + 3 Tr(co’ Diw") + 310°¢> Djw" + q Tr(c0 Dyqu*) =0.

Let p(f,x,q) be a nonnegative C* function supported in {(¢,x,q):t €
[0, 1], [(x, g¢)| < 1} with unit mass. Without loss of generality, set w"(¢,x,q) =0
for (t, x, q) € R¥*2N ([0, T] x (0, 00)? x (0, 00))°. Then for any (¢, x, ¢) € R¥*2,
define

1 t x ¢
u 06 u $ . A
wa(t,x,Q) =pOoxw Wherep (f,x,CI) T 8d+2p(82, 87 8)-
By definition, wy§ is C*°. Moreover, it can be shown that wj is a subsolution to
(4.50) on (0, T) x (0, 00)¢ x (0, 00); see, for example, (3.23) and (3.24) in [12],
Section 3.3.2, and [3], Lemma 2.7. Set x = (¢, x, q). By (4.45), we see from the
definition of wjy that

@sh wi@®= [ Pow'E-ndy=q+s [ omdy=g+s.

Also, the continuity of w" implies that w§ — w" for every (t,x,q) € [0, T] x
(0, 00)? x (0, 00). Considering that wj is a classical subsolution to (4.50), we
have

ws (1, x,9)

<E[Z"NT A t)w(T ATy, X5 (T A1), Q"5 U(T A 1y))]
(4.52)
forn e N,

where 7, := inf{s > ¢:|X"*(s)| > n or |Q"*4(s)| > n}. For each fixed n € N,
thanks to (4.51), we may apply the dominated convergence theorem as we take the
limit 6 — 0 in (4.52). We thus get

w(t,x,q)
<E[Z"NT A t)w" (T Ay, X" (T A1), Q5T A )]

Now by applying the reverse of Fatou’s lemma (see, e.g., [43], page 53) to (4.53),
we have

w'(t,x,q) < B[ 21 () limsupw" (T A 7y, X' (T AT,), QT AT))]

n—oo

(4.53)

<E[Z"" N (T)w" (T, X" (T), Q"4(T))]
<E[Z"N(T)(Q""9(T) — g(X"*(T)))"]

= w(t,X,Q),
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where the second inequality follows from the upper semicontinuity of w", and the
third inequality is due to (4.46). Finally, we conclude that

u(t,x, p) =sup{pqg —w"(t,x,q)} = sup{pq — w(t, x,q)} = U(t, x, p),
q>0 q>0
where the first equality is guaranteed by the convexity and the lower semicontinu-
ityofu. O

One should note that U, and U satisfy the assumptions stated in Propositions
4.6 and 4.7, respectively. Therefore, one can indeed see these results as PDE char-
acterizations of the functions U, and U.

In this paper, under the context where equivalent martingale measures need not
exist, we discuss the quantile hedging problem and focus on the PDE characteri-
zation for the minimum amount of initial capital required for quantile hedging. An
interesting problem following this is the construction of the corresponding quantile
hedging portfolio. We leave this problem open for future research.
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