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GENEALOGICAL PARTICLE ANALYSIS OF RARE EVENTS
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Université de Nice and Université Paris 7

In this paper an original interacting particle system approach is devel-
oped for studying Markov chains in rare event regimes. The proposed parti-
cle system is theoretically studied through a genealogical tree interpretation
of Feynman—Kac path measures. The algorithmic implementation of the par-
ticle system is presented. An estimator for the probability of occurrence of
a rare event is proposed and its variance is computed, which allows to com-
pare and to optimize different versions of the algorithm. Applications and
numerical implementations are discussed. First, we apply the particle sys-
tem technique to a toy model (a Gaussian random walk), which permits to
illustrate the theoretical predictions. Second, we address a physically rele-
vant problem consisting in the estimation of the outage probability due to
polarization-mode dispersion in optical fibers.

1. Introduction. The simulation of rare events has become an extensively
studied subject in queueing and reliability models [16], in particular in telecom-
munication systems. The rare events of interest are long waiting times or buffer
overflows in queueing systems, and system failure events in reliability models.
The issue is usually the estimation of the probability of occurrence of the rare
event, and we shall focus mainly on that point. But our method will be shown to
be also efficient for the analysis of the cascade of events leading to the rare event,
in order to exhibit the typical physical path that the system uses to achieve the rare
event.

Standard Monte Carlo (MC) simulations are usually prohibited in these situa-
tions because very few (or even zero) simulations will achieve the rare event. The
general approach to speeding up such simulations is to accelerate the occurrence of
the rare events by using importance sampling (IS) [16, 24]. More refined sampling
importance resampling (SIR) and closely related sequential Monte Carlo methods
(SMC) can also be found in [4, 10]. In all of these well-known methods the sys-
tem is simulated using a new set of input probability distributions, and unbiased
estimates are recovered by multiplying the simulation output by a likelihood ratio.
In SIR and SMC these ratio weights are also interpreted as birth rates. The tricky
part of these Monte Carlo strategies is to properly choose the twisted distribution.
The user is expected to guess a more or less correct twisted distribution; otherwise

Received May 2004; revised April 2005.

AMS 2000 subject classifications. 65C35, 65C20, 60F10, 68U20, 62P35.

Key words and phrases. Rare events, Monte Carlo Markov chains, importance sampling, interact-
ing particle systems, genetic algorithms.

2496


http://www.imstat.org/aap/
http://dx.doi.org/10.1214/105051605000000566
http://www.imstat.org
http://www.ams.org/msc/

GENEALOGICAL PARTICLE ANALYSIS OF RARE EVENTS 2497

these algorithms may completely fail. Our aim is to propose a more elaborate and
adaptative scheme that does not require any operation of the user.

Recently intensive calculations with huge numerical codes have been carried
out to estimate the probabilities of rare events. We shall present a typical case
where the probability of failure of an optical transmission system is estimated.
The outputs of these complicated systems result from the interplay of many dif-
ferent random inputs and the users have no idea of the twisted distributions that
should be used to favor the rare event. This is in fact one of the main practical
issues to identify the typical conjunction of events leading to an accident. Further-
more these systems are so complicated that it is very difficult for the user, if not
impossible, to modify the codes in order to twist the input probability distributions.
We have developed a method that does not require twisting the input probability
distribution. The method consists in simulating an interacting particle system (IPS)
with selection and mutation steps. The mutation steps only use the unbiased input
probability distributions of the original system.

The interacting particle methodology presented in this paper is also closely re-
lated to a class of Monte Carlo acceptance/rejection simulation techniques used in
physics and biology. These methods were first designed in the 1950s to estimate
particle energy transmission [15], self-avoiding random walks and macromolecule
evolutions [23]. The application model areas of these particle methods now have a
range going from advanced signal processing, including speech recognition, track-
ing and filtering, to financial mathematics and telecommunication [10].

The idea is the following one. Consider an E-valued Markov chain (X ,)o<p<n
with nonhomogeneous transition kernels K. The problem consists in estimating
the probability of occurrence P4 of a rare event of the form {V (X,,) € A} where \%
is some function from E to R. The IPS consists of a set of N particles (X )1<l <N
evolving from time p = 0 to p = n. The initial generation at p = 0 is a set of
independent copies of Xg. The updating from the generation p to the generation
p + 1 is divided into two stages:

(1) The selection stage consists in choosing randomly and independently N parti-
cles amongst (X g))lsiSN according to a weighted Boltzmann—Gibbs particle
measure, with a weight function that depends on V. Thus, particles with low
scores are killed, while particles with high scores are multiplied. Note that the
total number of particles is kept constant.

(2) The mutation step consists in mutating independently the particles according
to the kernel K. Note that the true transition kernel is applied, in contrast
with IS.

The description is rough in that the IPS actually acts on the path level. The
mathematical tricky part consists in proposing an estimator of the probability Py
and analyzing its variance. The variance analysis will provide useful information
for a proper choice of the weight function of the selection stage.
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The analysis of the IPS is carried out in the asymptotic framework N >> 1 where
N is the number of particles, while the number n of mutation—selection steps is
kept constant. Note that the underlying process can be a Markov chain (X p)O<p<ii
with a very large number of evolutionary steps 7. As the variance analysis shows,
it can then be more efficient to perform selection steps on a subgrid of the natural
time scale of the process X. In other words, it is convenient to introduce the chain
(Xp)o<p<n = (f(k,,)ofpfn where k =n/n and n is in the range 10-100. The un-
derlying process can be a time-continuous Markov process (X Hiefo,r] as well. In
such a situation it is convenient to consider the chain (X )o<p<n = (f( pT/n)0<p<n-

Beside the modeling of a new particle methodology, our main contribution is
to provide a detailed asymptotic study of particle approximation models. Follow-
ing the analysis of local sampling errors introduced in Chapter 9 in the research
monograph [4], we first obtain an asymptotic expansion of the bias introduced by
the interaction mechanism. We also design an original fluctuation analysis of poly-
nomial functions of particle random fields, to derive new central limit theorems for
weighted genealogical tree-based occupation measures. The magnitude of the as-
ymptotic variances and comparisons with traditional Monte Carlo strategies are
discussed in the context of Gaussian models.

Briefly, the paper is organized as follows. Section 2 contains all the theoretical
results formulated in an abstract framework. We give a summary of the method
and present a user-friendly implementation in Section 3. We consider a toy model
(a Gaussian random walk) in Section 4 to illustrate the theoretical predictions on
an example where all relevant quantities can be explicitly computed. Finally, in
Section 5, we apply the method to a physical situation emerging in telecommuni-
cation.

2. Simulations of rare events by interacting particle systems.

2.1. Introduction. In this section we design an original IPS approach for ana-
lyzing Markov chains evolving in a rare event regime.

In Section 2.2 we use a natural large deviation perspective to exhibit natural
changes of reference measures under which the underlying process is more likely
to enter in a given rare level set. This technique is more or less well known. It
often offers a powerful and elegant strategy for analyzing rare deviation probabili-
ties. Loosely speaking, the twisted distributions associated to the deviated process
represent the evolution of the original process in the rare event regime. In MC
Markov chain literature, this changes-of-measure strategy is also called the impor-
tance sampling (IS) technique.

In Section 2.3 we present a Feynman—Kac formulation of twisted reference path
distributions. We examine a pair of Gaussian models for which these changes of
measures have a nice explicit formulation. In this context, we initiate a comparison
of the fluctuation-error variances of the “pure” MC and the IS techniques. In gen-
eral, the twisted distribution suggested by the physical model is rather complex,
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and its numerical analysis often requires extensive calculations. The practitioners
often need to resort to another “suboptimal” reference strategy, based on a more
refined analysis of the physical problem at hand. The main object of this section
is to complement this IS methodology, by presenting a genetic type particle inter-
pretation of a general and abstract class of twisted path models. Instead of hand
crafting or simplified simulation models, this new particle methodology provides
a powerful and very flexible way to produce samples according to any complex
twisted measures dictated by the physical properties of the model at hand. But,
from the strict practical point of view, if there exists already a good specialized IS
method for a specific rare event problem, then our IPS methodology may not be
the best tool for that application.

In Section 2.4 we introduce the reader to a new developing genealogical tree
interpretation of Feynman—Kac path measures. For a more thorough study on this
theme we refer to the monograph [4] and references therein. We connect this IPS
methodology with rare event analysis. Intuitively speaking, the ancestral lines as-
sociated to these genetic evolution models represent the physical ways that the
process uses to reach the desired rare level set.

In the final Section 2.5 we analyze the fluctuations of rare event particle sim-
ulation models. We discuss the performance of these interpretations on a class
of warm-up Gaussian models. We compare the asymptotic error-variances of ge-
nealogical particle models and the more traditional noninteracting IS schemes. For
Gaussian models, we show that the exponential fluctuation orders between these
two particle simulation strategies are equivalent.

2.2. A large deviation perspective. Let X, be a Markov chain taking values
at each time n in some measurable state space (E,, §,) that may depend on the
time parameter n. Suppose that we want to estimate the probability P, (a) that X,
enters, at a given fixed date n, into the a-level set Vn_1 ([a, o0)) of a given energy-
like function V,, on E,,, for some a € R:

@.1) Pu(a) =P(Va(Xy) = a).

To avoid some unnecessary technical difficulties, we further assume that
P,(a) > 0, and the pair (X,, V,,) satisfies Cramér’s condition IE(eAV"(X")) < o0
for all A € R. This condition ensures the exponential decay of the probabilities
P(V,(X,) =a) |0, as a 1 oo. To see this claim, we simply use the exponential
version of Chebyshev’s inequality to check that, for any A > 0 we have

]P)(Vn (Xn) > a) < e_)h(a_)r]A"(}”)) with A, (A) d;f' log E(e)‘V"(Xﬂ))_

As an aside, it is also routine to prove that the maximum of (Aa — A, (1)) with
respect to the parameter A > 0 is attained at the value A, (a) determined by the
equation a = E(V,(X,,)e*V»(Xn))) /E(e*V»(Xn))) The resulting inequality

P(V,(Xn) >a) < e~ M@ with A} (a) =sup(ra — A, (1))
>0
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is known as large deviation inequality. When the Laplace transforms A, are ex-
plicitly known, this variational analysis often provides sharp tail estimates. We
illustrate this observation on an elementary Gaussian model. This warm-up exam-
ple will be used in several places in the further development of this article. In the
subsequent analysis, it is briefly used primarily to carry out some variance calcula-
tions for natural IS strategies. As we already mentioned in the Introduction, and in
this Gaussian context, we shall derive in Section 2.7 sharp estimates of mean error
variances associated to a pair of IPS approximation models.
Suppose that X, is given by the recursive equation

(2.2) Xp=Xp 1+ W,
where X =0 and (W) ,en+ represents a sequence of independent and identically
distributed (i.i.d.) Gaussian random variables, with (IE(Wy), IE(le)) =(,1).If
we take V,(x) = x, then we find that A, (1) = A%n/2, A,(a) =a/n and A%(a) =
a? /(2n), from which we recover the well-known sharp exponential tails P(X,, >
a) < e~a’/@n),

In more general situations, the analytical expression of A% (a) is out of reach,

and we need to resort to judicious numerical strategies. The first rather crude MC
method is to consider the estimate

1 N
N
P (@ =5 > 1y, xp)za
i=1

based on N independent copies (X fl)lfif ~ of X,,. If is not difficult to check that
the resulting error-variance is given by

o2(a) = NE[(P" (a) — P,(a))*] = Pu(a)(1 — Pu(a)).

In practice, P () is a very poor estimate mainly because the whole sample set is
very unlikely to reach the rare level.

A more judicious choice of MC exploration model is dictated by the large
deviation analysis presented above. To be more precise, let us suppose that
a > 2"'A, (1), with A > 0. To simplify the presentation, we also assume that the
initial value Xy = xg is fixed, and we set Vp(xg) = 0. Let Pﬁ be the new reference

measure on the path space Fj, de=f'(Eo X -+ x Ey) defined by the formula

1
n _ AV (Xn)
(2.3) dP = E(eWn(Xn))e dP,,

where P, is the distribution of the original and canonical path (X,)o<p<n. By
construction, we have that

P(Va(Xn) = a) = EP'[1y, (x,)2a dPu/dP}]

= B Ly, 20 €O B O]

< e M MBI (v, (X,) = a),
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where Eﬁ,k) represents the expectation operator with respect to the distribution Pﬁl)‘).

By definition, the measure IP’S,A) tends to favor random evolutions with high poten-

tial values V;,(X}). As a consequence, the random paths under ]P’,(lM are much more
likely to enter into the rare level set. For instance, in the Gaussian example de-
scribed earlier, we have that

n
(2.4) dPP) /dP, = [ Xr=Xp-0=7212,
p=1

In other words, under IP’,({\) the chain takes the form X, = X, _1 +A+ W, and we
have Pg,k)(Xn >a)=P,(X, >a—An) (=1/2 as soon as a = An).
These observations suggest to replace P (a) by the weighted MC model

N o ap,

1 . .
PnN’A(a):—Z — (X();’l Xf‘l’l)lv i
’ ’ n(Xn )=

N = dP® a

associated to N independent copies (X ,)1"" )1<i<n of the chain under IP’E,X). Observe
that the corresponding error-variance is given by

2
oM (@) = NE[(PN*(a) — Pu(a))’]
(2.5) =E[ly,x,)2q ¢ " EVE[VED] - P2(a)
< e Ma " MOD p(g) — P2(a),
For judicious choices of A, one expects the exponential large deviation term
to be proportional to the desired tail probabilities P,(a). In this case, we have
(7,9) (@)?<K Pn2 (a) for some constant K. Returning to the Gaussian situation, and
using Mill’s inequalities
1
<P(N(O,1) > 1)v2me /2 < -
t+1/t t

which are valid for any ¢ > 0, and any reduced Gaussian random variable A (0, 1)
(see, e.g., (6) on page 237 in [25]), we find that

oM (a)? < e /Y P, (a) — P2(a) < P2(a)[v/27 (a//n + v/n/a) — 1]

for the value A = X,,(a) = a/n which optimizes the large deviation inequality (2.6).
For typical Gaussian type level indexes a = ag+/n, with large values of ag, we find
that A, (a) = ag/+/n and

oM (a)? < P2(a)[vV27m (ag + 1/ag) — 1].

As an aside, although we shall be using most of the time upper bound estimates,
Mill’s inequalities ensure that most of the Gaussian exponential deviations are
sharp.
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The formulation (2.5) also suggests a dual interpretation of the variance. First,
we note that

dP, /dP) = E[e*n X E[e~* VX)) g /P,
and therefore

oM (a)? =P (V,(X,) = a)E[e*Vr X E[e Y2 Xn)] — P2(q).

In contrast to }P’,(f), the measure }P’,(fk) now tends to favor low energy states X,.

As a consequence, we expect IP’S,_A)( V. (X,,) = a) to be much smaller than P,(a).
For instance, in the Gaussian case we have

P{(X,y = a) = Pa(Xy > a+ hn) < e @Hm/Cn,
Since we have E[¢*Xn] = E[e *Xn] = e)‘z”/z, we can write
(2.6) oM (@)t < o=@ Imela=im?/@n) _ p2 gy

which confirms that the optimal choice (giving rise to the minimal variance) for
the parameter A is A = a/n.

2.3. Twisted Feynman—Kac path measures. The choice of the “twisted” mea-
sures IP’,(f) introduced in (2.3) is only of pure mathematical interest. Indeed, the
IS estimates described below will still require both the sampling of random paths
according to P and the computation of the normalizing constants. As we men-
tioned in the Introduction, the key difficulty in applying IS strategies is to choose
the so-called “twisted” reference measures. In the further development of Sec-
tion 2.4, we shall present a natural genealogical tree-based simulation technique
of twisted Feynman—Kac path distribution of the following form:

1 n
(2.7) dQn = - []Gp(Xo.....X,) {dP,.

In the above display, Z, > 0 stands for a normalizing constant, and (G )1<p<n
represents a given sequence of potential functions on the path spaces (Fp)1<p<n-
Note that the twisted measures defined in (2.3) correspond to the (nonunique)
choice of functions

(2.8) Gp(Xo,....,Xp) = A Vp(Xp)=Vp_1(Xp-1))

As an aside, we mention that the optimal choice of twisted measure with respect to
the IS criterion is the one associated to the potential functions G, = lvn—l ([a.00))"
and G, =1, for p < n. In this case, we have Z, = P(V,(X,) > a) and Q, is
the distribution of the random paths ending in the desired rare level. This optimal
choice is clearly infeasible, but we note that the resulting variance is null.
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The rare event probability admits the following elementary Feynman—Kac for-
mulation.

P(V,(Xy) > a) = [ @Xo,.... Xw) ] Gp(xo,...,xp)] = Z,Q,(g\")

p=1

with the weighted function defined by

n
gr(za)(x()a cee xn) = IVn(x,,)za 1_[ G;I(-x()a LR} -xp)
p=1

for any path sequence such that ]_[’;,: 1 Gp(xo, ..., xp) > 0. Otherwise, g( 9 s as-

sumed to be null.

The discussion given above already shows the improvements one might expect
in changing the reference exploration measure. The central idea behind this IS
methodology is to choose a twisted probability that mimics the physical behavior
of the process in the rare event regime. The potential functions G, represent the
changes of probability mass, and in some sense the physical variations in the evo-
lution of the process to the rare level set. For instance, for time-homogeneous
models V, =V, 0 < p < n, the potential functions defined in (2.8) will tend to
favor local transitions that increase a given V -energy function. The large deviation
analysis developed in Section 2.2 combined with the Feynman—Kac formula-
tion (2.3) gives some indications on the way to choose the twisted potential func-
tions (G p)1<p<n. Intuitively, the attractive forces induced by a particular choice
of potentials are compensated by increasing normalizing constants. More formally,
the error-variance of the Q,-importance sampling scheme is given by the formula

2.9) ol(a)? =Q, (Vu(Xy) = a)Z,Z;, — Py(a)?,

where Q, is the path Feynman—Kac measure given by
dQ, = = :]"[ G,'(Xo,....Xp) { dP,.
n —

Arguing as before, and since Q,, tends to favor random paths with low G, energy,
we expect Q" (V,,(X,) > a) to be much smaller than the rare event probability
P(V,(X,) = a). On the other hand, by Jensen’s inequality we expect the product of
normalizing constants Z,Z," (> 1) to be very large. These expectations fail in the

“optimal” situation examined above (G, =1 Vil (la.00))’ and G, =1, for p < n).
In this case, we simply note that Q, = Q, = Law(Xo, ..., X,|V,(X,) > a), and
Q,, (Vu(X,) =a)=1,and Z, = Z,] = P,(a). To avoid some unnecessary techni-
cal discussions, we always implicitly assume that the rare event probabilities P, (a)
are strictly positive, so that the normalizing constants Z, = Z,” = P,(a) > 0 are
always well defined.
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We end this section with a brief discussion on the competition between making
a rare event more attractive and controlling the normalizing constants. We return
to the Gaussian example examined in (2.2), and instead of (2.4), we consider the
twisted measure

1 n
(2.10) dQ, =dP{) = W{ [ } dP,.
Zn p=1

In this case, it is not difficult to check that for any A € R we have Zﬁf\) =
2 n 2
e /P Lp=1P" In addition, under P the chain X, has the form

(2.11) Xp=Xp1+A(n—p+1)+W,, 1<p<n.

When A > 0, the rare level set is now very attractive, but the normalizing constants
can become very large Z,(f) = Zf,_k) (= e*Z”S/ 12). Also notice that in this situation
the first term in the right-hand side of (2.9) is given by

P (V,(X,) > a) 2 20

< V@@ PP T P

< =@ g1/ @MY @=2 )y P22 pP= (X p)?/n],

Although we are using inequalities, we recall that these exponential estimates are
sharp. Now, if we take A = 2a/[n(n + 1)], then we find that

(2.12) P’(l—)»)(vn (X,) > a)zyv)zﬁl—)») < e—(az/n)(2/3)(1+1/(n+1))‘

This shows that even if we adjust correctly the parameter A, this IS estimate is
less efficient than the one associated to the twisted distribution (2.4). The reader
has probably noticed that the change of measure defined in (2.10) is more adapted
to estimate the probability of the rare level sets {V, (¥,,) > a}, with the historical
chain Y,, = (Xo, ..., X,) and the energy function V, (Y;) = Z’;Zl Xp.

2.4. A genealogical tree-based interpretation model. The probabilistic inter-
pretation of the twisted Feynman—Kac measures (2.7) presented in this section
can be interpreted as a mean field path-particle approximation of the distribution
flow (Qp),>1. We also mention that the genetic type selection/mutation evolu-
tion of the former algorithm can also be seen as an acceptance/rejection particle
simulation technique. In this connection, and as we already mentioned in the Intro-
duction, we again emphasize that this IPS methodology is not useful if we already
know a specialized and exact simulation technique of the desired twisted measure.
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2.4.1. Rare event Feynman—Kac type distributions. To simplify the presenta-
tion, it is convenient to formulate these models in terms of the historical process

Y (X, ..., X)) € Fy L (Eg x -+ x Ep).

We let M, (y,—1,dy,) be the Markov transitions associated to the chain Y,,. To
simplify the presentation, we assume that the initial value Yy = Xo = xo is fixed,
and we also denote by K, (x,_1,dx,) the Markov transitions of X,,. We finally
let 85 (E) be the space of all bounded measurable functions on some measurable
space (E, &), and we equip B (E) with the uniform norm.

We associate to the pair potentials/transitions (G,, M) the Feynman—Kac mea-
sure defined for any test function f;,, € 85 (F},) by the formula

Ya(fa) =E[fn<Yn> [1 Gk(m}.

1<k<n

We also introduce the corresponding normalized measure

nn(fn) = Vn(fn)/yn(l)

To simplify the presentation and avoid unnecessary technical discussions, we
suppose that the potential functions are chosen such that

sup  Gp(yn)/ Gn(yy) < 0.
On.YEF]
This regularity condition ensures that the normalizing constants y,(1) and the
measure ), are bounded and positive. This technical assumption clearly fails for
unbounded or for indicator type potential functions. The Feynman—Kac and the
particle approximation models developed in this section can be extended to more
general situations using traditional cut-off techniques, by considering Kato-class
type of potential functions (see, e.g., [19, 22, 26]), or by using different Feynman—
Kac representations of the twisted measures (see, e.g., Section 2.5 in [4]).

In this section we provide a Feynman—Kac formulation of rare event probabili-
ties. The fluctuation analysis of their genealogical tree interpretations will also be
described in terms of the distribution flow (y,", n,,), defined as (y,, n,) by replac-
ing the potential functions G, by their inverse

G, =1/G,.

The twisted measures @, presented in (2.7) and the desired rare event probabil-
ities have the following Feynman—Kac representation:

Qu(fa) = 0 (f2Gn)/1n(Gy) and  P(V,(X,) > a) = yu (T (1)).

In the above displayed formulae, Tn(a) (1) is the weighted indicator function defined
for any path y, = (xo, ..., x,) € F, by

T YD) ) = TP M) (x0, .. x0) =Ly, za || G (0. xp).

1<p<n
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More generally, we have for any ¢, € 8B, (F},)
El@n (X0, -+, Xn); V(X)) = al = yu (T, (9n)
with the function 7’ (¢,) given by
2.13) T (@) (X0, - %0) = @n (X0, .- X)Wy, eza [ | G @os--nnxp).
I<p<n

To connect the rare event probabilities with the normalized twisted measures we
use the fact that

Vat1(D) = ¥ (Gp) = a(G )y (D) = [ | 0p(Gp).
p=1

This readily implies that for any f;, € 8B, (F;)
(2.14) () =m(f) [T np(Gp).
1<p<n
This yields the formulae
P(Va(Xn) > a) = (T9M) [] 1p(Gp).

1<p<n

2.15)  E(gn(Xo. ... Xn); Va(Xn) = a) = a(T(0n)) [ 1p(Gp).

1<p<n

E(0n (X0, - -, X)) | V(X)) = a) = 02 (T (@) /1 (T (1)).

To take the final step, we use the Markov property to check that the twisted
measures (1,),>1 satisfy the nonlinear recursive equation

def.
M = Pn(Mn-1) = L 771171(dYnfl)anl(ynfl)Mn(ynfla )/ Mn-1(Gr-1)
n—1

starting from 11 = M1 (xp, -).

2.4.2. Interacting path-particle interpretation. The mean field particle model
associated with a collection of transformations &, is a Markov chain &, =
(E,’;)lgf ~ taking values at each time n > 1 in the product spaces F,{V . Loosely
speaking, the algorithm will be conducted so that each path-particle

&0 = 50 El s s Enn) € Fu= (Eo X -+~ X Ey)

is almost sampled according to the twisted measure 7;,.
The initial configuration &; = (§{)1<;<n consists of N independent and identi-
cally distributed random variables with common distribution

n(d(yo, y1)) = M1 (xo, d(yo, y1)) = 8x,(dyo) K1(yo,dy1).
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In other words, S’ def (";‘0 1,51 1 = (xo, Sl 1) € F1 = (Ep x Ej) can be inter-
preted as N independent copies xg ~~ 51 | of the initial elementary transition

Xo = x9 ~» X1. The elementary transitions &,_1 ~~ &, from FnN_ | into F,fv are de-
fined by

N
(2.16) P& €d(yp. ... Y En—1) = [ | Pu(m(En_1)) (@),
j=1

def.
where m(£,-1) = 3 X/, 6,

hood of the point (yn, B Ut ) €F, N . By the definition of ®,, we find that (2.16)
is the overlapping of simple selectlon/mutatlon genetic transitions

,and d (y,{, B U4 N is an infinitesimal neighbor-

N selectlon 2 N mutation N
sn—lan SnleF SEFn-

The selection stage consists of choosing randomly and independently N path-
particles

En1= G0 n—1>51n—1+- -+ En1.n—1) € Fu1

according to the Boltzmann—Gibbs particle measure

i Gn—l(&({,n_lv""gi 1,n— l)

N / T AN
Jj=1 Zj/zlcn—l(g({,n—l"' 55 1,n— 1) (EO St

During the mutation stage, each selected path-particle 5;2—1 is extended by an ele-
mentary K,-transition. In other words, we set

E = (s B 1) B
= (ot Bt B ) € Fa = Fact x En,

where S;;’n is a random variable with distribution K, (é,’;_l 4—1» ). The mutations
are performed independently.

2.4.3. Particle approximation measures. It is of course out of the scope of this
article to present a full asymptotic analysis of these genealogical particle models.
We rather refer the interested reader to the recent monograph [4], and the refer-
ences therein. For instance, it is well known that the occupation measures of the
ancestral lines converge to the desired twisted measures. That is, we have with
various precision estimates the weak convergence result

N def. 1 N—o00
2.17) 7 25@0” E ki) e

.....

In addition, several propagation-of-chaos estimates ensure that the ancestral lines
(& &1 > -+ -»&p.n) are asymptotically independent and identically distributed
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with common distribution 7,. The asymptotic analysis of regular models with un-
bounded potential functions can be treated using traditional cut-off techniques.

Mimicking (2.14), the unbias particle approximation measures " of the un-
normalized model y,, are defined as

v (f =0y () T 1) (Gp).
1<p<n

By (2.15), we eventually get the particle approximation of the rare event probabil-
ities P,(a). More precisely, if we let

(2.18) PY (@) =y, (TP M) =a) (T2M) T 156Gy,

1<p<n
then we find that P,fv (a) is an unbiased estimator of P, (a) such that
(2.19) PYa)" =2 Py@)  as.

In addition, by (2.15), the conditional distribution of the process in the rare event
regime can be estimated using the weighted particle measure

PN, ¢n) N (1@ (o) /0N (T (1))

N—o0

2% Pu(a, o) L Bl (Xo, . ... Xu) | Va(X) > al.

(2.20)

When no particles have succeeded in reaching the desired level Vn_l([a, 00))

at time n, we have n,iV(Tn(a)(l)) = 0, and therefore n,ﬁV(Tn(a)(cpn)) = 0 for any
on € Bp(Fy). In this case, we take the convention P,fv (a, ¢,) = 0. Also notice that
n,Il\’(Tn(a)(l)) > 0 if and only if we have P,fv (a) > 0. When P, (a) > 0, we have the
exponential decay of the probabilities IP’(PnN (a) =0) — 0 as N tends to infinity.

The above asymptotic, and reassuring, estimates are almost sure convergence
results. Their complete proofs, together with the analysis of extinction probabil-
ities, rely on a precise propagation-of-chaos type analysis. They can be found in
Section 7.4, pages 239-241, and Theorem 7.4.1, page 232 in [4]. In Section 2.5
we provide a natural and simple proof of the consistency of the particle measures
(v,N, nN) using an original fluctuation analysis.

In our context, these almost sure convergence results show that the genealog-
ical tree-based approximation schemes of rare event probabilities are consistent.
Unfortunately, the rather crude estimates say little, as much as more naive numer-
ical methods do converge as well. Therefore, we need to work harder to analyze
the precise asymptotic bias and the fluctuations of the occupation measures of the
complete and weighted genealogical tree. These questions, as well as comparisons
of the asymptotic variances, are addressed in the next three sections.

We can already mention that the consistency results discussed above will be
pivotal in the more refined analysis of particle random fields. They will be used in
the further development of Section 2.5, in conjunction with a semigroup technique,
to derive central limit theorems for particle random fields.
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2.5. Fluctuations analysis. The fluctuations of genetic type particle models
have been initiated in [5]. Under appropriate regularity conditions on the mutation
transitions, this study provides a central limit theorem for the path-particle model
(55, cees S,i) 1<i<n- Several extensions, including Donsker’s type theorems, Berry—
Esseen inequalities and applications to nonlinear filtering problems can be found
in [6-9]. In this section we design a simplified analysis essentially based on the
fluctuations of random fields associated to the local sampling errors. In this sub-
section we provide a brief discussion on the fluctuations analysis of the weighted
particle measures introduced in Section 2.4. We underline several interpretations of
the central limit variances in terms of twisted Feynman—Kac measures. In the final
part of this section we illustrate these general and theoretical fluctuations analyses
in the warm-up Gaussian situation discussed in (2.2), (2.4) and (2.10). In this con-
text, we derive an explicit description of the error-variances, and we compare the
performance of the IPS methodology with the noninteracting IS technique.

The fluctuations of the mean field particle models described in Section 2.4 are
essentially based on the asymptotic analysis of the local sampling errors associated
with the particle approximation sampling steps. These local errors are defined in
terms of the random fields 'W,iv , given for any f;, € 8B, (F,) by the formula

WY (f) = VN [nY — @,(n_D1Cf).

The next central limit theorem is pivotal ([4], Theorem 9.3.1, page 295). For any
fixed time horizon n > 1, the sequence (’W[],V )1<p<n converges in law, as N tends
to infinity, to a sequence of n independent, Gaussian and centered random fields
(Wp)i1<p<n: with, for any f),, g, € Bp(Fp),and 1 < p <n,

E[Wp(fp)wp(gp)] = np([fp - Up(fp)][gp - np(gp)])-

Let Qp.n, 1 < p <n, be the Feynman-Kac semigroup associated to the distribu-
tion flow (yp)1<p<n. For p =n it is defined by Oy, , = Id, and for p < n it has
the following functional representation:

Qp,n(fn)(yp):E[fn(Yn) 1_[ Gr(YplY, :yp:|

p<k<n
for any test function f, € 8B (Fy), and any path sequence y, = (xo, ..., Xp) € F).
The semigroup Q, , satisfies
(2.21) Vi<p=<n Vn:Vpr,rp

To check this assertion, we note that

Vu(fn) = E[fnm) [1 Gk<Yk>}

1<k<n

EH I GW@}xE(fn(Yn) I1 Gk(Yk)|(Yo,...,Yp))}

I<k<p p<k<n
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for any f;, € 8B,(E,). Using the Markov property we conclude that

yn(fn)=EH I1 Gk(m}xE(fn(Yn) I1 Gk(mw,,)]

I<k<p p=<k<n

ZEH I Gk<Yk>}Qp,n(fn><Yp)]=prp,n<fn>

I<k<p

which establishes (2.21). To explain what we have in mind when making these
definitions, we now consider the elementary telescopic decomposition

n
VnN —Vn= Z[VII;VQpn - V;jyv_l Qp—l,n]-
p=1
For p = 1, we recall that n{)\/ = dy, and y1 = n1 = M;(xo, -), from which we find
that név Qo.n = ¥101.n = ¥Yn- Using the fact that
YN Qp1p =7 1(Gp) x Pp1(h_)) and ¥ (G =y} (1)

the above decomposition implies that

222) WV E VN — vl (f) = 3 v OWY (Qpn fi)-

p=1

LEMMA 2.1. ynN is an unbiased estimate of vy, in the sense that for any p > 1
and f, € Bp(Fy), with || full <1, we have

E@, (f) =ya(fa) and sup VNEIly,Y (f2) = v (f)IP1VP < cp(m)
for some constant c,(n) < 00 whose value does not depend on the function f,.

PROOF. We first notice that (ynN (1)),>1 is a predictable sequence, in the sense
that

E(Y (Dlgo, ... &nm1) = (Hn,,«;pnso,..., ) Hn,,(G,,)—yn (1.

On the other hand, by definition of the particle scheme, for any 1 < p <n, we also
have that

E(W, (Qpnfu)léos - 5p—1)
=V NE([n) = ®,()_DNQpnfi)l€o. - ... &p—1) =0.

Combining these two observations, we find that

E(yy ()W) (Qpnfa)lo, ... Ep—1) =0.
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This yields that ynN is unbiased. In the same way, using the fact that the potential
functions are bounded, we have for any p > 1 and f;, € B, (F},), with | f,, ]| <1,

E[yY — vl (1?17 < S ar@E[|(nY — @, m_))(Qpn fi)]]7
k=1

for some constant a; (k) < oo which only depends on the time parameter. We recall
that n,]lv is the empirical measure associated with a collection of N conditionally
independent particles with common law & p(ng_l). The end of the proof is now a
consequence of Burkholder’s inequality. [J

Lemma 2.1 shows that the random sequence (yIZ,V (1))1<p<n converges in prob-
ability, as N tends to infinity, to the deterministic sequence (y,(1))1<p<n. An ap-

plication of Slutsky’s lemma now implies that the random fields ‘W, N converge
in law, as N tends to infinity, to the Gaussian random fields ‘W, defined for any
f n € Bp(Fn) by

(2.23) W) () =D vp(DWp(Qpn fu)-

p=1

In much the same way, the sequence of random fields

WIN (f) S VNIY = 021

e ol 1
= wr —— < \Un — 1lnJn
TR (ynu)(f ”(f)))

converges in law, as N tends to infinity, to the Gaussian random fields ‘W, defined
for any f, € Bp(F,) by

(2.24)

Wi =W (s (= )

Yu(1)

N Q.
_ I; w,,<np ROLA m(5))

The key decomposition (2.24) also appears to be useful to obtain I ,-mean er-
ror bounds. More precisely, recalling that y,(1)/ ynN (1) is a uniformly bounded
sequence w.r.t. the population parameter N > 1, and using Lemma 2.1, we prove
the following result.

(2.25)

LEMMA 2.2. Forany p > 1 and f, € Bp(Fy), with || fu|| < 1, we have

sup VNE[Y (fu) = ma (f)IP1VP < cp(n)

for some constant c,(n) < 00 whose value does not depend on the function f,.
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A consequence of the above fluctuations is a central limit theorem for the esti-
mators P,fv (a) and P,fv (a, ¢) introduced in (2.18) and (2.20).

THEOREM 2.3. The estimator PnN (a) given by (2.18) is unbiased, and it sat-
isfies the central limit theorem

(2.26) VNIPN @) — Py(a)] =5° W (0, 0 (@)?)

with the asymptotic variance

n

(2.27) o) (@)=Y [yp(Dy, DN, (Pp.n(@?) — Pa(a)’]
p=1

and the collection of functions P), ,(a) defined by
(2.28) xp € Ep> Ppa(a)(xy) =E[1y,(x,)>alXp =xp] €0, 11.

In addition, for any ¢,, € Bp(Fy), the estimator PnN (a, ¢n) given by (2.20) satisfies
the central limit theorem

N
(2.29) VNIPY (@, ¢n) = Pu(a, )] = N (0, 0(a, ¢u)°)
with the asymptotic variance

(2.30) on(@, on)* = Pu(@) > Y yp(Dy, (D, (Pp.ala. ¢n)?)
p=1

and the collection of functions Py ,(a, ¢,) € Bp(F)) defined by
Ppn(a, on)(x0, ..., xp) =E[(0n(Xo, ..., Xn) — Pula, ©2))1v,(x,)2dl

(X(),...,Xp)I(X(),...,xp)].

(2.31)

PROOF. We first notice that
(2.32) VN [PN(a) — Py(a)] = WM (T (1))

with the weighted function 7’ (1) introduced in (2.13). If we take f, = T, (1)
in (2.22) and (2.23), then we find that W, N (Tn(“) (1)) converges in law, as N tends
to infinity, to a centered Gaussian random variable w) (Tn(a) (1)) with the variance

o) (@) L E(W (1@ (1))

n

= > (W20, ([Qpn (T D) = 0p Qpn(T(D)]).

p=1



GENEALOGICAL PARTICLE ANALYSIS OF RARE EVENTS 2513

To have a more explicit description of o,/ (a) we notice that

0 pn(T YD) (x0, ..., xp)

= ! [] Gkxo... .,xk)_l}]P’(Vn(Xn) >alX, = x,).
1<k<p

By definition of 7, we also find that

1p(Qpa (T (D)) =P(Va(Xy) > a)/y,p(1).

From these observations, we conclude that

0',1/ (Cl)2 = Z {yp(l)E|: 1_[ G];(X(), ey Xk)E(l\/”(Xn)zu|Xp)2:|
p=1 I<k<p
(2.33)

— P,,(a)z}.

This variance can be rewritten in terms of the distribution flow (77,,)1<p<n, since
we have

¥y (fp) =EH [1 G_(Xo,---,Xk)] x fp(Xp):| =1, (fp) xv, 1)

1<k<p

for any f, € 8,(E)), and any 1 < p < n. Substituting into (2.33) yields (2.27).
Our next objective is to analyze the fluctuations of the particle conditional dis-
tributions of the process in the rare event regime defined in (2.20):

(a) (a)
T, (1 T,
\/ﬁ[PnN(av wl’l)_PI’l(av wl’l)]:wan’}v( n

VT (1) T4 (1)

Using the same arguments as above, one proves that the sequence of random vari-

(¢n — Pu(a, (/’n)))-

(a)
ables %@((11)) converges in probability, as N — oo, to 1. Therefore, letting
(a)
T,
fo= #(‘pn — Py(a, (Pn))
M Tn (1)
in (2.24) and (2.25), and applying again Slutsky’s lemma, we have the weak con-
vergence

VNIPY (@, ¢n) = Pu(@, o)1 pn (4)=0
(2.34)

N—oo 1,p Tn(a)
— W, @ (9011 — Py(a, Qpn)) .
MnTn (1)
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The limit is a centered Gaussian random variable with the variance

5 def T\ 2
on(a, ¢,) :'E[WI’Z(T(% — Pn(a,(pn))> }
Ty (1)

Taking into account the definition of ‘W, and the identities 7,T,“ (1) = P,(a)/
Ya(1) and 0, T (9 — Pu(@, ¢n)) =0, we obtain

235)  on(a, ) = Pu@ 2 yp(Wyp([(Qpn (T (00 — Puta, o))
p=1

To derive (2.30) from (2.35), we notice that
Qpn (T (0 — Pula, ¢n)))(x0, ..., xp)

:E[( I1 G(Xo,...,Xk))lvn(Xn)za< I1 G_(Xo,...,Xk)>

p<k<n 1<k<n

X (¢n (X0, ..., Xn) — Pa(a, on))|(Xo, ..., X)) = (xo,...,xp):|

= ( I1 G_(xo,...,xk))

1<k<p

X E[((pn(X07 LR} Xl’l) - P}’l(a’ (pi’l))
x1y, xy=al (X0, ... Xp) = (x0, ..., xp)]

= ( 1_[ G(xo,...,xk)) x Py u(a, on)(xo, ..., xp)

I<k<p

from which we find that

Yo ([Qpn (T (o0 — Pata. o))])

:EK I1 G_(Xo,...,Xk)) X Pp,n(a,w,,)(Xo,...,X,,)z}

1<k<p
=y, (Ppala.on)?) =y, (1) x 0, (Ppala. on)?). m

Arguing as in the end of Section 2.2, we note that the measures 7, tend to
favor random paths with low (G)1<k<, potential values. Recalling that these po-
tentials are chosen so as to represent the process evolution in the rare level set,
we expect the quantities n;(Pp,n(a)z) to be much smaller than P,(a). In the re-
verse angle, by Jensen’s inequality we expect the normalizing constants products
yp(l)yp_ (1) to be rather large. We shall make precise these intuitive comments in
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the next section, with explicit calculations for the pair Gaussian models introduced
in (2.4) and (2.10). We end the section by noting that

on(@, a)* < Pu(@) 2 Y vp(y, (O, (Pp.a(a)’)
p=1

for any test function ¢, with SUP(y, ,y1)eF2 lon(Yn) — n(y)] < 1.

2.6. On the weak negligible bias of genealogical models. 1In this subsection
we complete the fluctuation analysis developed in Section 2.5 with the study of
the bias of the genealogical tree occupation measures n,/lv , and the corresponding
weighted measures PnN (a, ¢,) defined by (2.20). The forthcoming analysis also
provides sharp estimates, and a precise asymptotic description of the law of a given
particle ancestral line. In this sense, this study also completes the propagation-of-
chaos analysis developed in [4]. The next technical lemma is pivotal in our way to
analyze the bias of the path-particle models.

LEMMA 2.4. For any n,d > 1, any collection of functions (fri)lijid €
£b(Fn)d_ and any sequence (V')i<i<a € {V, n}d, the random products

]_[?:1 W;l’N ( f,i) converge in law, as N tends to infinity, to the Gaussian prod-
ucts ]_[f:1 wy ( £, In addition, we have

d d
JE%OE[H W ’N(f,i)] = E[ [Tw (f,i)]
i=1 i=1
PROOF. We first recall from Lemmas 2.1 and 2.2 that, for v € {y, n} and for
any f, € 8,(F,) and p > 1, we have the L ,-mean error estimates

sup E[| WY (£,)1P1VP < 00
N>1

with the random fields (W) ’N, w,! ’N) defined in (2.22) and (2.24). By the Borel-
Cantelli lemma this property ensures that
N—o00
(

nN(fn), U,iv(fn)) — (Vn(fn)a nn(fn)) a.s.

By the definitions of the random fields (W)™, WY) and (W™, W), given
in (2.22), (2.23), and in (2.24), (2.25), we have that

n n
WeN () =D Wl () and WY = ch  Wolfo )
p=1 p=1
with
N
c,y, =y V() e =y, (),

N =) ) v/ () pty cpn=vp(D),
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and the pair of functions (f g,n, f g,n) defined by

1
f,};n: Qpn(fn)s f,?n:Qpn<m(fn_77n(fn)))

With this notation, we find that

d ) ) n d
(b= 2 [ } [n }
i=1 Plopa=1Li=1

d ; ) n d ;

i=1 Plsees Pa=1
Recalling that the sequence of random fields (W,},V )1<p<n converges in law, as N
tends to infinity, to a sequence of n independent, Gaussian and centered random
fields (Wp)1<p<n, one concludes that ]_[?:1 ’W,‘;l’N ( f,{) converges in law, as N
tends to infinity, to ]_[f:l wy ( f,f). This ends the proof of the first assertion.

Using Holder’s inequality, we can also prove that any polynomial function of
terms

WN(fD,  vely.n), fa € Br(Fy)

forms a uniformly integrable collection of random variables, indexed by the size
and precision parameter N > 1. This property, combined with the continuous map-
ping theorem, and the Skorohod embedding theorem, completes the proof of the
lemma. [J

We first present an elementary consequence of Lemma 2.4. We first rewrite
(2.24) as follows

WiV () = W (s (= )

¥a (1)

* <yynnN(<11)) B 1) X W"%N<yntl>(f" B ””(f”))>

=WV (f) — 1L ) WYN(Fy WY (8,)

VNI @ "
with the pair of functions ( fus &) defined by

e (fi— () and gy = —
_yn(l) n nﬂ n gn_y

This yields that

Yu(1)
YN (D)

NEWY () — ma(f)] = —E[ W,Z’N(ﬂ)W,r’N@n)]
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Since the sequence of random variables (y;,(1)/ ynN (1))n>1 1s uniformly bounded,
and it converges in law to 1, as N tends to infinity, by Lemma 2.4 we conclude that

lim NEMN (f) = na(f)] = =EIWY (F) WY (30)]
(2.36) .
= - Z np(ap,n(l)ap,n (fn - nn(fn)))

p=1
where the renormalized semigroup Q p.n 18 defined by

Qp,n(fn) :Vp(l)
NpQpn(l)  yu(l)

We are now in position to state and prove the main result of this subsection.

ap,n(fn) = Qpn(fn)

THEOREM 2.5. Foranyn > 1 and ¢, € Bp(Fy,), we have

NE[(PY (@, ¢n) — Pu(a, )1 py (4)=0]

N— — 2 _ _
=" =Pu@) 2 Y vp(Dy, (D1, [Ppa(@) Ppa(a, o))
p=1
with the collection of functions Py ,(a), Pp(a,e,) € Bp(Fp) defined, respec-
tively, in (2.28) and (2.31).

PROOF. The proof is essentially based on a judicious way to rewrite (2.34). If
we define

7,
(¢n — Pu(a, ¢n)) and gr(la) —

(a) _ ,
1 T\ (1) 1 T\ (1)

n

then, on the event {PnN (a) > 0}, we have
NP (a.¢n) — Pula. ¢n)]

= N[ (@) = ma(£)] - —

= awn,N(p@yqpn.N(,(a)
g )

By Lemma 2.4 and (2.36) we conclude that

NE[(P,Y (@, ¢n) = Pu(a@, ) 1pN (@y=0]

B w ) )] - B wy ”(a))wny (o)

Yu (1) Yu(1)
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On the other hand, using (2.25) we find that
E[W!(f,”) W (8,”)]

=f(ypu)/yn(1>)2E[wp(Qp,n(f,f“))> Wp(Qpa(es® —1))]

p=1

=f(yp<1)/yn(1>>2np(gp,n( NQpn(g@ —1)).

p=1
Similarly, by (2.23) we have

(@)
<[ ) ™ G )

:fy,,u)QE[ (Qpn (:)) (Qf’"ynl(l))]

p=1

It is now convenient to notice that

(@)
| <Q""yn<1>> <Q"”yn]<1>>]

= V(D 2E[Wp(Qpn(£)Wp(Qpn(1)]

=1 (D72 X 0p(Qpun (/1) Qpun (D).
This implies that

E[Wy<ynz)))wny<ynl(1>ﬂ é(yp(l)/yn(n) 1p(Qpa(DQpa(£))

from which we conclude that

NE(LPY (a, ¢n) = Pu(@, @)1 py (4)=0)

(2.37)
= Z(Vp(l)/yn(l)) 1p(Qpn(£)0pn(gl™)).

p=1

By the definition of the function 7, (¢,) we have 1, T, (1) = P, (a)/yn(1) and
for any y, = (xo, ..., xp) € Fp

Qp,n(Tn(a)((pn))(XO ----- xp)

=[ [ Gro.-... xk):|

1<k<p

x E[¢n(Xo, ..., X)ly,(x,p=al(Xo, ..., Xp) = (x0,..., xp)].
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By the definition of the pair of functions ( £\, g'*)), these observations yield

a ya(D [ _
Qp,n(fn( ))(x07 ...,)Cp) = Pn(a) _ISEPG]{ (-xOv ~--7-xk)_
X Ppu(a, gn)(x0, ..., Xxp),
(D) [ _ ]
0pn(8\) (x0, ..., xp) = yntl) ]_[ Gy (x0, ..., xk) [Ppn(a@)(xo, ..., xp).
Pu(a) Ll<k<p _

To take the final step, we notice that
2
Qpn(fa”) 0. ... xp) X Qpon(8y”) Ko, ..., xp) X (Pu(@)/yu(D)

= |: 1_[ Gk_(an .. -sxk)2:|Pp,n(a7 ®n) (X0, . . -sxp)Pp,n(a)(an .. -sxp)-
1<k<p

This implies that
Vp(Qp,n( n(a))Qp,n(g;(ga))) X (Pn(a)/)/n(l))z

:E(|: [1 G;(Xo,...,Xk)}

I<k<p

x Ppu(a, on)(Xo, ..., Xp)Ppn(a)(Xo, ..., Xp))

= Vp_(Pp,n(aa (Pn)Pp,n(a)) = Vp_(l) S n;(Pp,n(a’ (Pn)Pp,n(a))-

Using the identity y, = y, (1)1, and substituting the last equation into (2.37) com-
pletes the proof. [J

2.7. Variance comparisons for Gaussian particle models. Let (Xp)1<p<n be
the Gaussian sequence defined in (2.2). We consider the elementary energy-like
function V, (x) = x, and the Feynman—Kac twisted models associated to the po-
tential functions

(2.38) Gp(x0,...,xp) =exp[A(xp —xp_1)] for some A > 0.

Arguing as in (2.4), we prove that the Feynman—Kac distribution 7, is the path
distribution of the chain defined by the recursion

X;:X;_1+Wp and X, =X, |, — A+ W, 1<k<p,
where Xo = 0, and where (Wy)1<x<, represents a sequence of independent and

identically distributed Gaussian random variables, with (E(Wp), IE(WIZ)) =(0,1).
We also observe that in this case we have

(2.39) yp(Dy, (1) = B[ = (7D,
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The next lemma is instrumental for estimating the quantities n;(Pp,n(a)z) intro-
duced in (2.27).

LEMMA 2.6. Let (W1, W) be a pair of independent Gaussian random vari-
ables, with (IE(W;), E(Wiz)) = (0, oiz), with o; > 0 and i = 1, 2. Then, for any
a > 0, we have the exponential estimate

2
C(a,o01,02) <E[P(W; + W, > a|W1)2]exp<%) =1
20{ + 05

where

ona 2012—1—022)_2( 201a 2012+022)_1

C(a,oq,00) =(Q2m 3/2<
( 1,02) = (27) 2012+022 ora 2(712+<722 201a

PROOF. Using exponential version of Chebyshev’s inequality we first check
that, for any A > 0, we have

P(W; + Wy > a|W)) < W1=0 A 2) = P Wi—a)+1%05 /2

Integrating the random variable W; and choosing A = a/ (2012 + 022), we establish
the upper bound

For any ¢ € (0, 1), we have
E[P(W) + W2 > a|W1)*] = P(W, > £a)*P(W; > (1 — )a).

Applying Mill’s inequality yields

(27T)3/2
E[P ?
[P(W1 + W >a|W) ] > (ea/o2 + 02/(a))2((1 — &)a/or + 01 /(1 — €)a))

o~ (€ /o3 +(1-€)*/(207))

X

Choosing ¢ = 022 / (2(712 + 022) establishes the lower bound. [

From previous considerations, we notice that
0y (Ppn(@)?) = E[P(Wy + Wa > (a+ A(p — D) W1)°],

where (W1, W) are a pair of independent and centered Gaussian random variables,
with (IE(WIZ), E(sz)) = (p,n — p). Lemma 2.6 now implies that

(2.40) 0y (Ppn(@?) <exp[—(a+i(p — D)*/(n + p)].
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Substituting the estimates (2.39) and (2.40) into (2.27), we find that

n
2(p—1)— —1))2
Orjz/(a)z < Z[el (p—D—(@@+r(p—D)~/(n+p) _ pn(a)z]
p=1
=y [~ /ne(PH D/t prD)a—hnp)/(p+DF+22p/(p+D) _ p (4)?].

0<p<n

For A = a/n, this yields that

O_’l/(a)ZS Z [efaz/neaz/nz(l71/(n+p+1))_Pn(a)Z]
0<p<n
(2.41)
< n(e—(az/n)(l—l/n) — Py@)?).

We find that this estimate has the same exponential decay as the one obtained
in (2.6) for the corresponding noninteracting IS model. The only difference be-
tween these two asymptotic variances comes from the multiplication parameter 7.
This additional term can be interpreted as the number of interactions used in the
construction of the genealogical tree simulation model. We can compare the effi-
ciencies of the IPS strategy and the usual MC strategy which are two methods that
do not require to twist the input probability distribution, in contrast to IS. The IPS
provides a variance reduction by a factor of the order of n P,(a). In practice the
number n of selection steps is of the order of ten or a few tens, while the goal is
the estimation of a probability P,(a) of the order of 107°-10"!12. The gain is thus
very significant, as we shall see in the numerical applications.

Now, we consider the Feynman—Kac twisted models associated to the potential
functions

(2.42) Gp(xo,...,xp) =exp(Axp) for some A > 0.
Arguing as in (2.11), we prove that ), is the distribution of the Markov chain

X;:X;71+Wp and X, =X, —A(p—k) + W, 1<k<p,

where Xo = 0, and where (Wy)i<x<, represents a sequence of independent and
identically distributed Gaussian random variables, with (E(Wy), E(Wf)) =(0,1).
We also notice that

(2.43) yp(Dy, (1) = E[e Ziskep Xi ]2 = ¢ Zistap &,
In this situation, we observe that

2
n;(Pp,n(a)z):E[P(Wl+W230+)‘- Z k|W1) i|

I<k<p
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where (W1, W) are a pair of independent and centered Gaussian random variables,
with (E(le), E(WZZ)) = (p,n — p). As before, Lemma 2.6 now implies that

_ 1 p(p—1\?
2
(244) 7’]p (Pp,n(a) ) < exp[—m(a + )\.#) ]
Using the estimates (2.43) and (2.44), and recalling that } ;- k2 =nn +
1)(2n 4+ 1) /6, we conclude that
n
o) (@)? < Z[e<1/6>x2(p—1)p(zp—1)—(a+xp<p—1>/2)2/<n+p> — Py(@)?]
p=1
n
— Z[e—<a2/n)ep/(n(n+p>)[a—xn<p—1>/2]2+<1/12>x2<p—1>p(p+1> — Py(a)?].
p=1
If we take A = 2a/[n(n — 1)], then we get
n
o) (@)? < Z[e_az/neaz/mz(n_1>2>[np/(n+p)<n_p)z+(p_1)p<p+1)/3] — Py(@)?]
p=1
n
— Z[e_az/ne(az/mnz/(n_1)2[9<p/n)_p/<3n3)] — Py(a)?]

p=1

2
with the increasing function9:e € [0, 1] — 0(e) = ¢ ((11;.98)) + § € [0, 1/3]. From
these observations, we deduce the estimate

(2.45) o7 (a)? < n[e—<a2/n>(2/3)(1—1/(n—1>> — P.(a)?].

Note that the inequalities are sharp in the exponential sense by the lower bound
obtained in Lemma 2.6. Accordingly we get that the asymptotic variance is not
of the order of P,(a)?, but rather P,(a)*/3. As in the first Gaussian example, we
observe that this estimate has the same exponential decays as the one obtained
in (2.12) for the corresponding IS algorithm. But, once again, the advantage of the
IPS method compared to IS is that it does not require to twist the original transition
probabilities, which makes the IPS strategy much easier to implement.

Conclusion. The comparison of the variances (2.41) and (2.45) shows that the
variance of the estimator PnN (a) is much smaller when the potential (2.38) is used
rather than the potential (2.42). We thus get the important qualitative conclusion
that it is not efficient to select the “best” particles (i.e., those with the highest
energy values), but it is much more efficient to select amongst the particles with
the best energy increments. This conclusion is also an a posteriori justification of
the necessity to carry out a path-space analysis, and not only a state-space analysis.
The latter one is simpler but it cannot consider potentials of the form (2.38) that
turn out to be more efficient.
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3. Estimation of the tail of a probability density function. We collect and
sum up the general results presented in Section 2 and we apply them to pro-
pose an estimator for the tail of the probability density function (p.d.f.) of a real-
valued function of a Markov chain. We consider an (E, §)-valued Markov chain
(X p)o<p<n With nonhomogeneous transition kernels K ,. In a first time, we show
how the results obtained in the previous section allow us to estimate the probability
of a rare event of the form {V (X,) € A}:

(3.1 Py =P(V(Xn) € A) = E[1a(V (X))],

where V is some function from E to R. We shall construct an estimator based on
an IPS. As pointed out in the previous section, the quality of the estimator depends
on the choice on the weight function. The weight function should fulfill two con-
ditions. First, it should favor the occurrence of the rare event without involving too
large normalizing constants. Second, it should give rise to an algorithm that can be
easily implemented. Indeed the implementation of the IPS with an arbitrary weight
function requires recording the complete set of path-particles. If N particles are
generated and time runs from O to n, this set has size (n 4+ 1) x N x dim(E) which
may exceed the memory capacity of the computer. The weight function should be
chosen so that only a smaller set needs to be recorded to compute the estimator
of the probability of occurrence of the rare event. We shall examine two weight
functions and the two corresponding algorithms that fulfill both conditions.

ALGORITHM 1. Let us fix some 8 > 0. The first algorithm is built with the
weight function
(3.2) Gh(x) =exp[BV (x))].

The practical implementation of the IPS reads as follows.

Initialization. 'We start with a set of N 1i.i.d. initial conditions X (()l), 1<i<N,
chosen according to the initial distribution of X¢. This set is complemented with

a set of weights féi) =1,1<i < N. This forms a set of N particles: (Xéi), ?éi)),
1 <i < N, where a particle is a pair (X, Y) € E x R*. o

Now, assume that we have a set of N particles at time p denoted by ()A( ;,l), I?I(,l)),
1<i<N.

Selection. We first compute the normalizing constant
| N
~N (1
(3.3) AN = N;exp[ﬂV(Xg))].
1=
We choose independently N particles according to the empirical distribution

. 1 N . .
N _ VS .
G4 ul@X.av)= Ny x ?Zl:exp[ﬂV(Xp’ )18 300 0, (@X. dY).
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The new particles are denoted by (X, (’) ,S")), 1<i<N.

Mutation. For every 1 <i < N, the particle (X, X Y l(,i)) is transformed into

(X gil’ y® 1) by the mutation procedure
+1
(3.5) p{QRAN X0

where the mutations are performed independently, and

(3.6) v =Y exp[—pV(XD)].

The memory required by the algorithm is N dim(E) + N + n, where N dim(E)
is the memory required by the record of the set of particles, N is the memory
required by the record of the set of weights and n is the memory required by
the record of the normalizing constants f]g , 0 < p <n— 1. The estimator of the
probability P4 is then

n—1
3.7) Py = [ ZlA X)) Y,E’)i| < [T
k=0

This estimator is unbiased in the sense that E[ P IQV ] = Py4. The central limit theorem
for the estimator states that

(3.8) VNP - P = N0, 04)

where the variance is

p—1

Q4= Z E[Exp LAV (X)) 1‘[ Gy (X)} [1‘[ Gk(X)i|

(3.9) = =
—E[4(Xn)]*.

ALGORITHM 2. Letus fix some « > 0. The second algorithm is built with the
weight function

(3.10) GH(x) = expla(V(xp) — V(xp-1))].

Initialization. We start with a set of N 1.i.d. initial conditions )A((()i), 1<i<N,
chosen according to the initial distribution of X¢. This set is complemented with

a set of parents Wéi) =x0, | <i < N, where xp is an arbitrary point of £ with
V(x0) = Vp. This forms a set of N particles: (W(i), )2'6”), 1 <i <N, where a
particle is a pair (W,X)€EXE.

Now, assume that we have a set of N particles at time p denoted by (W(i), X g) ),
1<i<N.
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Selection. 'We first compute the normalizing constant

(3.11) Zexp V(XD)—v(w))].

We choose independently N partlcles according to the empirical distribution

U dw,dx) = ANZexp V(XD)—v(wi)]
(3.12) i

X8 dW,dX).

a0 £9)

The new particles are denoted by (W(i), )V(g)), 1<i<N.

Mutation. For every 1 <i < N, the particle (W(i) , X g) ) is transformed into

@
(WP+1 ’

performed independently, and W[()l-l)—l =X g).

p+

x® +1) by the mutation procedure X, X ! — X, x () 1 Where the mutations are

The memory required by the algorithm is 2N dim(E) + n. The estimator of the
probability P4 is then

(3.13) P,QV=[ ZIA XP))exp(—e(V (W) — ] [1_[ ]

This estimator is unbiased and satisfies the central limit theorem (3.8).

Let us now focus our attention to the estimation of the p.d.f. tail of V (X,,).
The rare event is then of the form {V(X,) € [a,a + §a)} with a large a and an
evanescent §a. We assume that the p.d.f. of V(X,,) is continuous so that the p.d.f.
can be seen as

1
pla)= lim 50 P3a(@): Psa(@) =P(V(Xy) €la,a + 8a)).

We propose to use the estimator
1
(3.14) paa(a)_ X P[a a+da)
with a small §a. The central limit theorem for the p.d.f. estimator takes the form

(3.15) VN (Y (@) — psa@) "=5° N (0, pR(a, 8a)),

where the variance p%(a, da) has a limit p3 2(a) as 8a goes to 0 which admits a
simple representation formula:

1 _l
(3.16)  pi(a)= oJim _E|:1[a a+sa)(V(Xn)) ]_[ Gy (X)} [H Gk(X):|-
k=0

8 k=0
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Note that all other terms in the sum (3.9) are of order 8a> and are therefore negligi-
ble. This is true as soon as the distribution of V (X,,) given X, for p < n admits a
bounded density with respect to the Lebesgue measure. Accordingly, the variance
p% (a) can be estimated by limgg—0(8a)~! Q{Z,a«kﬁa)’ where Qg is given by

n—1 2
3.17) [ ZIA V(X)) Y(’)] []‘[ }

for Algorithm 1, and by

n—1 2
(3.18) QX=|: ZIA V(X)) exp(—2a(V (W) — ] |:1_[ :|

for Algorithm 2. The estimators of the variances are important because confidence
intervals can then be obtained.

The variance analysis carried out in Section 2.7 predicts that the second algo-
rithm [with the potential (3.2)] should give better results than the Algorithm 1
[with the potential (3.10)]. We are going to illustrate this important statement in
the following sections devoted to numerical simulations.

From a practical point of view, it can be interesting to carry out several IPS
simulations with different values for the parameters 8 (Algorithm 1) and o (Algo-
rithm 2), and also one MC simulation. It is then possible to reconstruct the p.d.f.
of V(X,) by the following procedure. Each IPS or MC simulation gives an esti-
mation for the p.d.f. p (whose theoretical value does not depend on the method)
and also an estimation for the ratio p/p (whose theoretical value depends on the
method). We first consider the different estimates of a — p>/p(a) and detect, for
each given value of a, which IPS gives the minimal value of p,/p(a). For this
value of a, we then use the estimation of p(a) obtained with this IPS. This method
will be used in Section 5.

4. A toy model. In this section we apply the IPS method to compute the
probabilities of rare events for a very simple system for which we know ex-
plicit formulas. The system under consideration is the Gaussian random walk
Xpr1=Xp + Wpi1, Xo =0, where the (W,,) p=1,..., are i.i.d. Gaussian random
variables with zero mean and variance 1. Let n be some positive integer. The goal
is to compute the p.d.f. of X,,, and in particular the tail corresponding to large
positive values.

We choose the weight function

4.1) Gg(x)zexp[a(x,, —Xxp—1)].

The theoretical p.d.f. is a Gaussian p.d.f. with variance n:

1 a?
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The theoretical variance of the p.d.f. estimator can be computed from (3.16):

-1 N (a—an— 1))2>.

n 2n

@3)  pia) = p*(a) x ¥ 2rn exp(oﬂ”

When o = 0, we have p% (a) = p(a), which is the result of standard MC. For
a # 0, the ratio pr(a)/p(a) is minimal when a = a(n — 1) and then py(a) =
p(a)f/ 2mn exp(oz2 (n — 1)/(2n)). This means that the IPS with some given « is
especially relevant for estimating the p.d.f. tail around @ = a(n — 1).

Let us assume that n >> 1. Typically we look for the p.d.f. tail for a = ag+/n with
ap > 1 because +/n is the typical value of X,. The optimal choice is @ = ag//n
and then the relative error is pa(a)/p(a) =~ J27n.

In Figure 1 we compare the results from MC simulations, IPS simulations and
theoretical formulas with the weight function (4.1). We use a set of 2 x 10* par-
ticles to estimate the p.d.f. tail of X, with n = 15. The agreement shows that we
can be confident with the results given by the IPS for predicting rare events with
probabilities 10712,

We now choose the weight function

4.4) G’f7 (x) =exp(Bxp).

We get the same results, but the explicit expression for the theoretical variance of
the p.d.f. estimator is

12 2n

When g = 0, we have p%(a) = p(a), which is the result of standard MC. For
B # 0, the ratio p>(a)/p(a) is minimal when a = Bn(n — 1)/2 and then p>(a) =

2_ — _ 2
(4.5) pg(a):pz(a)xmexp@zn(n D, a=pnin-1/2) >

10 \ o  MC empir.
6|\ - -~ MC theo.
107+ + IPS empir.
— IPS theo.
107
% 10
=3 s
a x
5
-10
10
10°
o MC
*» |IPS a=1
107° 10,
-30 -20 -10 0 10 20 30 -30 -20 -10 0 10 20 30
X X
(@) (b)

FI1G. 1. (a) Pd.f. estimations obtained by the usual MC technique (squares) and by the IPS with the
weight function (4.1) with @ = 1 (stars). The solid line stands for the theoretical Gaussian distribu-
tion. (b) Empirical and theoretical ratios py/p.
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\ o MC empir.
6| \ - -- MC theo.
107 « IPS empir. ||
IPS theo.

p,(X)/p(X)

= MC
« IPS B=0.15

-30 -20 -10 0 10 20 30

(b)

FIG. 2. (a) Pdf. estimations obtained by the usual MC technique (squares) and by the IPS with
the weight function (4.4) with B = 0.15 (stars). The solid line stands for the theoretical Gaussian
distribution. (b) Empirical and theoretical ratios py/p.

p(a)«4/2nn e><p(,32rz(rz2 — 1)/24). This means that the IPS with some given 8 is
especially relevant for estimating the p.d.f. tail around a = Bn(n — 1) /2.

Let us assume that n >> 1. Typically we look for the p.d.f. tail for a = ag/n
with ag > 1. The optimal choice is 8 = 2a¢/n>/? and then the relative error is
pa(a)/pa) =~ 2rn)!/*exp(al/6) = (2nn)~1/12p(a)~!/3. The relative error is
larger than the one we get with the weight function (4.1). In Figure 2 we com-
pare the results from MC simulations, IPS simulations and the theoretical formulas
with the weight function (4.4). This shows that the weight function (4.4) is less ef-
ficient than (4.1). Thus the numerical simulations confirm the variance comparison
carried out in Section 2.7.

5. Polarization mode dispersion in optical fibers.

5.1. Introduction. The study of pulse propagation in a fiber with random bire-
fringence has become of great interest for telecommunication applications. Recent
experiments have shown that polarization mode dispersion (PMD) is one of the
main limitations on fiber transmission links because it can involve significant pulse
broadening [13]. PMD has its origin in the birefringence [27], that is, the fact that
the electric field is a vector field and the index of refraction of the medium depends
on the polarization state (i.e., the unit vector pointing in the direction of the electric
vector field). Random birefringence results from variations of the fiber parameters
such as the core radius or geometry. There exist various physical reasons for the
fluctuations of the fiber parameters. They may be induced by mechanical distor-
tions on fibers in practical use, such as pointlike pressures or twists [21]. They may
also result from variations of ambient temperature or other environmental parame-
ters [2].
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The difficulty is that PMD is a random phenomenon. Designers want to ensure
that some exceptional but very annoying event occurs only a very small fraction
of time. This critical event corresponds to a pulse spreading beyond a threshold
value. For example, a designer might require that such an event occurs less than
1 minute per year [3]. PMD in an optical fiber varies with time due to vibrations
and variations of environmental parameters. The usual assumption is that the fiber
passes ergodically through all possible realizations. Accordingly requiring that an
event occurs a fraction of time p is equivalent to requiring that the probability of
this event is p. The problem is then reduced to the estimation of the probability of
a rare event. Typically the probability is 1076 or less [3]. It is extremely difficult
to use either laboratory experiments or MC simulations to obtain a reliable esti-
mate of such a low probability because the number of configurations that must be
explored is very large. Recently IS has been applied to numerical simulations of
PMD [2]. This method gives good results; however, it requires very good physical
insight into the problem because it is necessary for the user to know how to pro-
duce artificially large pulse widths. We would like to revisit this work by applying
the IPS strategy. The main advantage is that we do not need to specify how to pro-
duce artificially large pulse widths, as the IPS will automatically select the good
“particles.”

5.2. Review of PMD models. The pulse spreading in a randomly birefringent
fiber is characterized by the so-called square differential group delay (DGD) 7 =
|#|2. The vector t is the so-called PMD vector, which is solution of

(5.1) £, = 0Q) x £+ Q(2),

where €2(z) is a three-dimensional zero-mean stationary random process model-
ing PMD.

5.2.1. The white noise model. Simplified analytical models have been studied.
In the standard model [12, 13, 20, 27] it is assumed that the process €2 is a white
noise with autocorrelation function E[$2; (z')2;(2)] = o26; j8(z' —z). In such a
case the differential equation (5.1) must be interpreted as a stochastic differential
equation:

(5.2) diy = cwiz 0 dW? — cwiy 0 dW; + o dW},
(5.3) diy = ocwi) 0 dW, —owf30dW, + 0 dW2,
(5.4) dfs = cwiy 0 dW} — cwfi o dW2 + o dW?,

where o stands for the Stratonovich integral and the W/’s are three independent
Brownian motions. It is then possible to establish [12] that the DGD r is a dif-
fusion process and in particular that 7(w, z) obeys a Maxwellian distribution if
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£(0) = (0,0, 0)”. More precisely the p.d.f. of T(w, z) is

Tl/z T
p(f) = m exp(_m>l[0,00)(f)

5.2.2. Realistic models. The white noise model gives an analytical formula
for the p.d.f. of the DGD, which in turns allows us to compute exactly the proba-
bility that the DGD exceeds a given threshold value. However, it has been pointed
out that the p.d.f. tail of the DGD does not fit with the Maxwellian distribution
in realistic configurations [1]. Various numerical and experimental PMD genera-
tion techniques involve the concatenation of birefringent elements with piecewise
constant vectors €2 [18]. Equation (5.1) can be solved over each segment, and con-
tinuity conditions on the segments junctions give a discrete model for the PMD
vector F. The total PMD vector after the (n + 1)st section can then be obtained
from the concatenation equation [14]

(5.5) Pyl = Rup1Fn +0 Qs
where o is the DGD per section, €2, = 2(6,) with

Q(6) = (cos(8), sin(6), 0)" .

R, is a matrix corresponding to a rotation through an angle ¢, about the axis €2,.
Explicitly R,, = R(6,, ¢,) with
cos2(0) + sin®(0) cos(¢)  sin(f) cos()(1 — cos(¢p))  sin(6) sin(¢)
RO, ¢) = (sin(@) cos(0)(1 —cos(¢p))  sin®(8) 4 cos?(0) cos(¢p)  — cos(0) sin(¢) )
—sin(0) sin(¢) cos(0) sin(¢) cos(¢)

From the probabilistic point of view, the angles ¢, are i.i.d. random variables uni-
formly distributed in (0, 2r). The angles 6, are i.i.d. random variables such that
cos(6,) are uniformly distributed in (—1, 1) [2]. Accordingly, (f,,),eN is a Markov
chain. Let us assume that the fiber is modeled as the concatenation of n segments
and that the outage event is of the form |r,| > a for some fixed threshold value a.
In the case where a is much larger than the expected value of the final DGD |t |,
the outage probability is very small, and this is the quantity that we want to esti-
mate.

5.3. Estimations of outage probabilities.

5.3.1. Importance sampling. In [2] IS is used to accurately calculate out-
age probabilities due to PMD. As discussed in the Introduction, the key diffi-
culty in applying IS is to properly choose the twisted distribution for the driving
process (0, ¢p)1<p<n. The papers [2, 11, 17] present different twisted distribu-
tions and the physical explanations why such distributions are likely to produce
large DGD’s. As a result the authors obtain with 10° simulations good approxi-
mations of the p.d.f. tail even for probabilities of the order of 10~!2. The main
reported physical result is that the probability tail is significantly smaller than the
Maxwellian tail predicted by the white noise model.
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5.3.2. Interacting particle systems. In this subsection we apply our IPS
method and compare the results with those obtained by MC and IS. To get a
reliable estimate of the outage probability of the event, it is necessary to gener-
ate realizations producing large DGD’s. The main advantage of the IPS approach
is that it proposes a “blink” method that does not require any physical insight.
Such a method could thus be generalized to more complicated situations. Here the
Markov process is the PMD vector ()N at the output of the nth fiber section.
The state space is R3, the initial PMD vector is ro = (0,0, O)T, the Markov transi-
tions are described by (5.5) and the energy-like function is V (f) = |F|. We estimate
the p.d.f. p(a) of |F,| by implementing the IPS with the two weight functions

(5.6) Gl (#) = exp(BIE, )
parameterized by g > 0, and
(5.7 G, (r) = expla(|Fp| — [Fp_1])]

parameterized by o > 0. We have implemented Algorithms 1 and 2 as described in
Section 3. Before presenting and discussing the results, we would like to underline
that we have chosen to perform a selection step at the output of each segment,
because the number of segments is not very large. If the number of segments were
very large, it should be better to perform a selection step every two or three or ng
segments.

In Figure 3(a) we plot the estimation of the DGD p.d.f. obtained by the IPS

method with the weight function GE defined by (5.6). The fiber consists in the

0
10 10°
s MC = MC
v IPS B=0.33 v IPS B=0.33
+ IPSB=1.0 + IPSB=1.0
_5 = b
<10 g 10 e
= G v
= a 6y 79
-10 :\: :DD
10 10° 90400
0 2 4 6 8 0 2 4 6 8
T T
(a) (b)

FI1G. 3. (a) Segments of the DGD p.d.f. obtained by the usual MC technique (squares) and by the
IPS with the weight function GE with B = 0.33 (triangles) and B = 1 (stars). The solid line stands
for the Maxwellian distribution obtained with the white noise model. The Maxwellian distribution
fails to describe accurately the p.d.f. tail. (b): Ratios py/ p. The quantity p; is the standard deviation
of the estimator of the DGD p.d.f. In the IPS cases, the standard deviations are estimated via the
formula (3.17).
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FIG. 4. (a) Segments of the DGD p.d.f. obtained by the usual MC technique (squares) and by the
IPS with the weight function G‘; with a = 2.0 (triangles) and o = 6.0 (stars). The solid line stands for
the Maxwellian distribution obtained with the white noise model. (b) Ratios p;/p. The quantity py
is the standard deviation of the estimator of the DGD p.d.f. In the IPS cases, the standard deviations
are estimated via (3.18).

concatenation of n = 15 segments. The DGD per section is o = 0.5. We use a
set of N =2 x 10* interacting particles. This result can be compared with the
one obtained in [2], which shows excellent agreement. The difference is that our
procedure is fully adaptative, it does not require any guess of the user, and it does
not require to twist the input probability density. The variance p% of the estimator
of the DGD p.d.f. is plotted in Figure 3(b). This figure is actually used to determine
the best estimator of the DGD p.d.f. by the procedure described at the end of
Section 3.

In Figure 4(a) we plot the estimation of the DGD p.d.f. obtained by the IPS
method with the weight function G defined by (5.7). It turns out that the esti-
mated variance of the estimator is smaller with the weight function G, than with

the weight function G'Z [cf. Figures 4(b) and 3(b)]. This observation confirms the
theoretical predictions obtained with the Gaussian random walk.

The IPS approach is also powerful to compute conditional probabilities or ex-
pectations given the occurrence of some rare event. For instance, we can be inter-
ested in the moments of the intermediate DGDs given that the final DGD lies in
the rare set (a,a + 8a):

D] 4i5a(psm) =ElEp?|[E0] € [a, a + 8a)].

This information gives us the typical behaviors of the PMD vectors along the fiber
that give rise to a large final DGD. We use the estimator (2.20) based on the IPS
with the weight function (5.7). As shown by Figure 5, the typical conditional tra-
jectory of the DGD is close to a linear increase with a constant rate given by the
ratio of the final DGD over the length of the fiber. The conditional variances are



GENEALOGICAL PARTICLE ANALYSIS OF RARE EVENTS 2533

8

DGD

10 15

F1G. 5. Conditional expectations D;,a+5a (p, n) of the intermediate DGD at p =4, 8, 12, given
that the final DGD lies in the interval (a,a + $a) with n = 15, 6a = 0.18, and (from top to bot-
tom) a ="7,a =6.1,a=5.2. The error bars are obtained from the estimations of the conditional
variances.

found to be small, which shows that fluctuations are relatively small around this
average behavior.
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