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On the copula for multivariate extreme value distributions
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Abstract. We show that all multivariate extreme value distributions, which
are the possible weak limits of the K largest order statistics of i.i.d. samples,
have the same copula, the so called K-extremal copula. This copula and its
density are described through exact expressions. We also study measures of
dependence, we obtain a weak convergence result and we propose a simula-
tion algorithm for the K -extremal copula.

1 Introduction

In the study of extremes of i.i.d. sequences, a question of interest is whether or
not the dependence relation among the marginals of the limit distribution of the
K largest order statistics relies on the parent distribution function of the sequence.
One way to evaluate nonlinear dependence between random variables is through
the copula associated to them, this is already discussed in several books as the ones
by Joe (1997), Nelsen (2006) and Drouet-Mari and Kotz (2001). In the present
paper, we show that every multivariate extreme value distribution, which are the
possible weak limits of the K largest order statistics of i.i.d. samples, have the
same copula called the K -extremal copula. From the extremal types theorem, see
below, extremal distributions are obtained from linear transformations of one of
three basic distributions. We prove that the copula for the three basic types is the
K -extremal copula, thus all K-dimensional multivariate extremal distribution have
the same nonlinear dependence among its marginals. This is not remarkable since
the copula for any group of order statistics of an i.i.d. sample of size n with con-
tinuous parent distribution do not depend on this distribution, see Lemma 6 in
Averous, Genest and Kochar (2005). However, a proper characterization of the K -
extremal copula is relevant as well as their consequences. Our result generalizes
the case K = 2 which was considered in Mendes and Sanfins (2007).

The K-extremal copula is a K-dimensional continuous distribution function
which, together with its density, will be described through exact expressions. We
show that the copula of the K largest order statistics of i.i.d. sequences with con-
tinuous parent distribution converges in distribution to the K-extremal copula.
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We also study the behavior of Spearman’s rho and Kendall’s tau for the bivari-
ate marginals of the K -extremal copula. As a last result, we propose a simulation
algorithm to sample from the K -extremal copula.

As pointed out above, this paper deals with a multivariate copula. Most of the
literature on copulas focusses on the bivariate case. In contrast, there are only few
descriptions and construction schemes of higher dimensional copulas. For more on
recent results and innovations concerning multivariate copulas, we suggest to the
reader the papers Aas et al. (2009), Liebscher (2008) and Morillas (2005), together
with the references therein.

In Section 2, we will present and discuss the results in this paper postponing all
the proofs to Section 3.

2 Statements

Fix an integer K > 2. Forevery n > K, let My ,, ..., Mk , be the K largest order
statistics of an i.i.d. sample of size n with parent distribution not depending on #.
The extremal types theorem, see Sections 2.2 and 2.3 in Leadbetter, Lindgreen and
Rootzen (1983) and Section 4.2 in Embrechts, Kluppelberg and Mikosch (1997),
states that if for some sequences of real numbers (a,,);2; and (b,);2 ; the random
variables a, M , 4 b, converge in distribution then the random vectors

(aan,n +bn»---’anMK,n +by) (2.1)

also converge in distribution. The limit belongs to a family of distributions
parametrized by —oo < < 00, 0 > 0 and —oo < £ < oco. For a choice (u, 0, &)
of the parameters, the marginals of a limit distribution have distribution function
and density functions given respectively, by

A
exp(— A(z)}z (Z), HE

M) > —1for& #0or

G (2) zeRforé =0, 22)
mie) = 0, ifz<M—%f0r§>O, '

1, ifz>u—%for§<0.

and

A QA"
eXP{—A(Z)}W,
gn(2) = ifs(z_“>>—1fors¢00r (2.3)
o
ze€Rfor& =0,
0, otherwise,
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where

_ —1/&
[1+s("’ “)] . ifE£0,
AG) = At g (2) = o

exp<—z_“), ife=0

o

for m > 1. A distribution function as above is called a Generalized Extreme Value
(GEV) distribution which are classified in types I, II and III according, respec-
tively, to £ =0, £ > 0 and £ < 0. Note that the function A is strictly decreasing
positive function and satisfies

Z_lgr_nooA(z) =400 and Zlglgo A(z) =0, if £ =0,

Iim A()=+0oc and Ilim A(z) =0, if &€ >0, 2.4
oy (2) Jm (2) 3 (2.4)
lim A(z) =+o00 and Iim A(z)=0, if &€ <0.
> - M (pn—0o/§)

Also by the extremal types theorem, the joint density function gx of a limiting
extreme value distribution for normalized sums of the K largest order statistics of
an i.i.d. sequence, as in (2.1), is given by

K
(—DFexp{—AG)} [[ A'@)),

gk (z1,...,2K) = _ j=1 (2.5)
lf(Zl,...,ZK)Eﬂg,
0, otherwise,
where
RK, if € =0,
o .
{(Z],...,ZK)ERKZm>--->Z1<>,u——}, if € >0,
Qs = £
U .
{(Zl,...,ZK)ERK:,u—g>zl>--->zK}, if£ <0.

A continuous distribution function with density as in (2.5) for parameters —oo <
n<oo,0 >0and —oco < & < o0 is called a Multivariate Generalized Extreme
Value (MGEYV) distribution function.

Remark 2.1. A broader class of stationary sequences of random variables have a
MGEV distribution as the assymptotic distribution of the largest maxima. These
sequences should satisfy some weak dependence condition. The results can be
found for instance in Embrechts, Kluppelberg and Mikosch (1997).

Our first result gives an explicitly expression for the distribution function asso-
ciated to the density gg.



Copula for multivariate extreme value distributions 291

Proposition 2.1. The distribution function G g of a limiting extreme value distri-
bution for a normalized vector of the K largest order statistics of i.i.d. continuous
random variables has the following representation

Gk (z1,-..,2x) = Hk(z1, min(z1, z2), min(z1, 22, 23), - .., Min(z1, .. ., 2K ))
forevery (z1,...,2K) € RX where
Hg(z1,...,zx) = exp{—AGzx)} Kk (A(z1), ..., A(zk))
for min(z1,...,zg) > 1 — %, if € >0, or for min(zy,...,25) < 4 — %, if € <
0, or (z1,...,zx) € RX, if £ =0, otherwise Hk (21, ...,2x) = 0. The function

Jx :Rf — Ry is a polynomial in K variables which is defined by induction by
putting J1 =1 and
i m—1 xj
Jm(xl"- xm)—z Jm—j(xj+lv"'vxm) formZL

We can now compute the density of the copula associated to the density gx of
a MGEYV distribution function, which we call the K -extremal copula and turns out
to not depend on the parameters &, i and 0.

Proposition 2.2. The density of the copula of a MGEV distribution function is
given by

K=l dlogy; d
kUi, ... ug) = (1‘[ ;’i@( ]>> VK (g 2.6)
j=1 i
K—1 i—1\ 1
i (log ¥rj(u;))’
— Ny e I
= <,E[1( DT )5, )
2.7
" ((—k)glﬁK(uK))Kl)_] @0
(K —1)!
for (uy,...,ug) € (0, DX such that uy > Yo(up) > --- > Y (ug), where ¥y, :

(0, 1) — (0, 1) is the increasing function that satisfies the following implicit equa-
tion
"y (og ¥ )
u=Ym) Y (- 1)117, (2.8)

j=0
otherwise cx (uy,...,ug) =0
Remark 2.2. The function ,, which appears in the expression for the density

of the K-extremal copula can be obtained from a MGEYV distribution function as
Ym(u) = exp{—A(G;l(u)} forevery u € (0,1) and m > 1.
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Also with the expression of the MGEV distribution function, it is straightfor-
ward to write the expression for the K-extremal copula which we present in the
next result.

Proposition 2.3. The copula of a MGEV distribution is given by

Cx(uy,...,ux)=Hx@Wy,ri(ui,u2), ro(uy, uz,u3),...,rx—1(U1,...,ug))

for every (uy, ... ,ug) € [0, 11X, where

’

m—1 a j
Pt (s tt) =, () = (ur) Y (—D’M

j=0

if Yy(uy) = min(Y1 (u1), ..., ¥Um(Uum)) and for every (uy, ..., ug) such that uy =
Yi(uy) = vo(uz) > -+ > Yk (ug)

Hg@Wy,...,ug)
=Yg (ug)Jg(=loguy, —logyo(uz), ..., —logyk (ug))
K-1. (1 )
=ug —YgWug) Yy M
j=1 J:
x Jx—j(=log¥jp1(ujt1), ..., —log¥k(uk))

with Jp, defined in the statement of Proposition 2.1.

By a simple generalization of Lemma 6 in Averous, Genest and Kochar (2005),
we have that the multivariate copula of the K largest order statistics of an i.i.d.
sample of size n do not depend on the continuous parent distribution of the sample.
This copula will be denoted by C ("), where n denotes the size of the sample. The
next proposition is a convergence result for copulas that has the consequence that
for continuous distributions the nonlinear dependence structure of the K-largest
order statistics of large i.i.d. samples is approximately captured by the K -extremal
copula.

Proposition 2.4. The copula C 5?) converges in distribution to Cx as n — 00.

From the K-extremal copula, we can obtain the copula between the m largest
and the / largest limiting order statistics for every choice of m and /, or between any
two marginals of a MGEV distribution. Then we can use these bivariate copulas
to obtain measures of dependence as the Spearman’s rho and Kendall’s tau. For a
copula C, the Spearman’s rho is defined by

1 pl 1 pl
12/ / C(u,v)dudv—3=12/ / uvdC(u,v) —3
0 JO 0 JO



Copula for multivariate extreme value distributions 293

and Kendall’s tau by

4/01/01C(u,v)dC(u,v)—l.

We are going to study here the behavior of Spearman’s rho and Kendall’s tau for the
mth and the /th marginals of the K-extremal, for 1 <m </ < K and K > 2. We
denote these measures respectively by p,, ; and 7, ;. We point out that p; » =2/3
and 712 = 1/2 have been obtained in Mendes and Sanfins (2007). For more on
measures of dependence of order statistics see Averous, Genest and Kochar (2005)
and Chen (2007).

As a first result, we show that p1 g and 71 g converge to zero as K — 00. Using
the convergence result in Proposition 2.4, this characterizes the behavior of these
measures for the first and the Kth largest order statistics of large samples with
continuous parent distribution.

Proposition 2.5. Both sequences (p1,x) and (11, k) converges to zero as K — oo.

Remark 2.3. In the proof of Proposition 2.5, we obtain an explicit expression for
P1,K which is

1 I
le_lz(( K- 12 N 1)1( +J)2l+,+1> X

=0 j=K-1

From this formula, we can verify that p; » =2/3 and show that p; 3 =19/36. For
the sake of completeness, we have included the straightforward computation of
p1.2 and p1 3 in Section 3, just after the proof of Proposition 2.5. For 71 g, we
were not able to obtain an explicit expression.

Still concerning measures of dependence, it is reasonable to expect that both
om, and T, ; decrease as [ increases and increase as m increases. In Tables 1

Table 1 Estimates for Spearman’s rho, py, |, obtained from the bivariate marginals of the 10-
extremal copula using a sample of size 10,000

Pl I=1 (=2 1=3 =4 1=5 [I=6 1[=7 [=8 [=9 [=10
m=1 1000 0664 0525 0446 0395 0358 0330 0308 0289 0274
m=2 1000 0.794 0675 0597 0541 0498 0464 0436 0412
m=3 1.000  0.850 0751 0.680 0.626 0582 0547 0.517
m=4 1.000 0.882 0798 0734 0.682 0.641  0.605
m=5 1000 0903 0829 0771 0723  0.683
m=6 1.000 0917 0852 0798 0.754
m=1 1.000 0927 0.869 0.820
m=38 1000 0935  0.882
m=9 1.000  0.942
m=10 1.000
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Table 2 Estimates for Kendall’s tau, t,, |, obtained from the bivariate marginals of the 10-extremal
copula using a sample of size 10,000

=1 [=2 [=3 [1I=4 1[=5 1I=6 1[1=7 1[1=8 1=9 1[=10

§H

1.000 0.500 0375 0313 0274 0.247 0226 0210 0.196 0.185
1.000 0.625 0.500 0430 0383 0349 0322 0.301 0.283

1.000 0.688 0.570 0.500 0.451 0414 0385 0.362

1.000 0.726 0.617 0549 0500 0462 0432

1.000  0.754 0.651 0.585 0.537 0.500

1.000 0.774 0.678 0.614  0.567

1.000  0.790 0.699  0.637

1.000  0.804 0.716

1.000  0.814

0 1.000

I §3IITITITIITIE
Il
— 000 J U AW =

and 2, just below, we present a numerical evidence of this fact listing all the values
of p;,,; and 1, ; estimated from a sample of the 10-Extremal copula. The procedure
to sample from the copula is discussed later in this section.

We here present a formal proof that p,, ; increases as m increases.

Proposition 2.6. Forevery 0 <m <1, py.1 < pm+1.1-

We now describe a simulation algorithm to generate samples from the K-
extremal copula. The method is based on a technique of conditional sampling
to sample from multivariate copulas, see, for instance, Cherubini, Luciano and
Vecchiato’s book Cherubini, Luciano and Vecchiato (2004). We can resume the
procedure with the following steps:

1) Put Cp,(uy,up,...,uym) =Cuy,uz,...,upm,1,...., ) form=2,...,K;
(i) Sample u| from the uniform distribution in (0, 1);
(iii)) Sample u,, from the conditional distribution Cy,(-|uy,...,u,u—1) for m =
2,...,K;

We now are going to focus on how to sample u; from the conditional distri-
bution Ci(-|u1, ..., ur—1). To sample u,, from Cy,(-|uy, ..., un—1), we sample g
from U (0, 1) and we put u,, = C,;l(qlul, ..., Um—1). Therefore, we should know
explicitly Cp, (-|u1, ..., um—1). We compute it in the following lemma.

Lemma 2.7. The conditional distribution function of U,|(U1,Us,...,Uy—1)
when (Uy, ..., Uk) has distribution function given by the K -extremal copula is
given by

Yim (Um)

_ 2.10
Ym—1(Um—1) ( )

Co(umlug, ... um—1) =
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If we now put ¢ = Cp, (U |11, ..., Um—1), we have that:

um = Co (qlutt, - ttm—1) = Y0 (4 - Vi1 (1))

From definition (2.8), we get

m—1 (1 (G Y . j
= V(g Vs ) 3 (1) 1Ym0 Y U D)

j=0 J!

Therefore, we solve numerically v,,—1(u;;,—1) and then ¥, (q - Ym—1(Um—1)) to
obtain u,,.

In Figure 1, we plot the bivariate marginals taken from a sample of size 200 of
the 4-extremal copula.
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Figure 1 The six bivariate samples taken from a unique sample of size 200 of the 4-extremal copula
whose marginals are denoted by Uy, ..., Uy.
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3 Proofs

Proof of Proposition 2.1. We show that G k 1s a K -dimensional distribution func-
tion with density given by gx . By the definition of gg, the multiple integral

] K
f f gk (1, ..., yk)dy1--- dyk
—o0 —00

is equal to
2] min(z1,22) min(zy,..., ZK) -
/ / / gk (Y1, ---,yk)dyy - dyk.
—00 J—00 —00

Therefore, GK(zl,...,zK) = GK(Z],min(Zl,Zz),...,min(le...,ZK)). From
now on, we suppose that z; > z > - -+ > zg. Then, from (2.5), Gk (z1, ..., 2K) 1S
equal to

K K IK—1 22 21 K ,
EOF [ [ [ expt=aGio) [T A G dya -,
Ag Jyk 3 Iy j=1

where Ag = — %, if £ > 0, and Az = —o0 otherwise. Considering the following
change of variables in the last integral, x; = A(y;), for I < j < K, we get the
following integral

+00 prxg X3 X2
Ix(wy, ..., wg) ::(—I)K/ / / / e “Kdxy - dxg,
wg WK —1 wz Jwi

where w; = A(z;). To complete the proof, we show by induction that
Ix(wi,...,wg) =€ " Jg(wi,..., wk).

For K =1, a simple verification shows that the result holds. Now suppose that it
holds for 1 < K < L — 1. For K = L, we perform the first iterated integral in the

expression for Ix (wy, ..., wg) to obtain that it is equal to
K +00 prxg X3
(—-1) / / / xpe *Kdxy - dxg —wilg _1(wa, ..., wk).
wg  Jwg-| wy

Then perform the first iterated integral in the first term of the previous expression

to obtain
+00  prxg X4 x
(_1)K/ / / oK dxy - dxg
wg  Jwg_g wy 2
w

2
— 71K—2(w3, oo wg) —wilg g (wy, ..., wg).

Following recursively this procedure, we get

m—1 wj m—1 J

— K J
Ig(wi,...,wg) =€ "k — E 71K—,j(wj+1,---,w1<)-

=0 0 =
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By the definition of Jx and the induction hypotheses, we complete the proof. [

Proof of Proposition 2.2. Let us fix a limiting extreme value distribution function
G k. We have that

gx (G ), .. GK ()

cx(uy,...,ug)=
[T, 8/(G7 ' (w)))
Therefore, we just apply formulas (2.3) and (2.5) to obtain that cx (uq,...,ug) is
equal to
Kl AGT @)=\ AG g )K"
CAG s j U ( k (UK ) .
(Elexp{ (G =) ) (K =D

From this formula, if we put v, (1) = exp{—A(G,;1 (u)} we get (2.7) in the state-
ment. Now (2.8) is a direct consequence of the explicit formulas for the distribution
function G, given in (2.2).

It remains to verify (2.6). If we derive both sides of (2.8), we get that

m—2 i
1= <Z( )] 208 Ym)” (log Ym)’ Z( (log Tﬁm)J)dwm

(! i () du
_ (pyn-1{og V)" d Y,
N m—=1! du’

which implies that

dym m_1<<logwm)m1>—1
du =D (m —1)! @D
and
dlog Yy, m—1 (log Y)™ !
du (‘/”" (m —1)! ) G2
From (3.1), (3.2) and (2.7), we arrive at (2.6). ]

Proof of Proposition 2.3. Let us fix a limiting extreme value distribution function
Gk . Then the K -extremal copula is given by

Cx,...,ug)=Gg(Gy'(u1),....Gg (ux))
for every (u1,...,ug) € [0, 11X which by Proposition 2.1 is equal to
Hi (G (1), min(G ' 1), G5 (w)), ..., min(Gy ' (), ..., G (uk))).

By the definition of Hg, monotonicity and the expression for v, in Remark 2.2,
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see also the proof of Proposition 2.2, the previous expression is equal to
min u))J (—lo ui, —log min u;)),...,—log min u )
lfIEK(IM( NIk gui gzsz(‘/}l( 1) gIEIEK(l/II( D)
Using the definition of r,, in the statement, write the above expression as

Vg gy, ... um))Jg (=loguy, —logya(ra(uy, uz)), ...,
_long(rK(ulv "'7”"’!)))9

which completes the proof. U

Proof of Proposition 2.4. Let My ,, ..., Mg , be the K-largest order statistics of
a sample of size n with a given continuous parent distribution function ¥ which
belongs to the domain of attraction of a GEV distribution. This means that there
exists (an);[;’ol and (b,,):("l> sequences of real numbers such that the random vector

(aan,n + by, ---yanMK,n +by)

converges in distribution to some G x which is a MGEYV distribution function. By
invariance concerning composition with affine transformations the copula associ-
ated to (M1,,..., Mg ) and (ayM1 4+ by, ..., anMg , + by) is C‘g’) indepen-
dently of F.

Let F; , be the distribution function of a, M , + b,. Therefore, if we define the
function V,,(x1, ..., xx) = (F1.n(x1), ..., Fxk n(xK)), (x1,...,xg) € R" then

Vn(aan,n +bn7---,anMK,n + by) (3-3)

has the distribution function equal to the copula C‘g).

The K-extremal copula is the distribution function of V(Yq,..., Yg), where
Vxi,...,xk) = (G1(x1), ..., Gk (xk)), (x1,...,xk) € R". By Theorem 5.1 in
Billingsley (1968), (3.3) converges in distribution to the K-extremal copula if
V, converges uniformly to V on compact intervals, but this is a consequence of
Polyas’s theorem which implies that F; , converges uniformly to G ; since the last
is absolutely continuous. O

Proof of Proposition 2.5. We shall prove through estimates on exact expressions
that o1, ¢ — 0. The analogous result can be applied to 71 g since p1,x > 71, > 0.
This last assertion can be verified through Theorem 5.1 of Fredricks and Nelsen
(2007). Indeed, according to their terminology, for two order statistics, the largest
is always left-tail decreasing and smallest is right-tail increasing.

Applying directly the definition, we can write (o1, x +3)/12 as

1 1 1 1
/ / / / uiugcg Wy, ...,ug)duy---dug (3.4)
0 Jye! (k) vy L (W3 w3) S (u)
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which we are going to show that converges to 1/4 as K — oo resulting in
p1.x — 0. By (2.6), the previous iterated integral can be rewritten as

1 1 1 1
N i o 11K
0 Jygl (ki) vy (3 3)) Sy (o)

K—1 _
X<H dlogy; J>>dw (x)duy - dux

j=1 duj

By induction in 1 <m < K — 1, we show that

1 1 mn.q ng
Jio i Lo TG -
Ym (U1 Ut1)) w5 (3 (u3)) 1//2(142) j=1

is equal to

—! (log me(umH))f} 35)

m
m
(=1 [wmmumm -2 i
j=0
Indeed, v is the identity function in (0, 1) and therefore
/1 dlog
uj
Y (u2) du)
Now suppose that (3.5) holds for some 1 </ < K — 2 then

(1) duy = (—=D[Y2(uz) — 1].

-1 /
S (log ¢l+1.(“l+1))1 ] dlog V41 (i)

(-1 [ml(um) — d
U1

j=0 J!

is equal to

l 1 j
(-l (wz+1<uz+1>—2(Og‘”l“.(”l“)))

Jj=1 J!

and, since Y;4+1(1) = 1, integrating on the variable u;;; over the interval
(W3} (W42 (u152)), 1), we obtain that (3.5) holds for m =1+ 1.
Therefore, the integral in (3.4) is equal to

K-2 i
fo 1 '”K K- I[W() Z—“"g‘”ﬁ(”‘)y}du.

j=0

Put v = Yk (), u € (0, 1) and uses the power series expansion

&, log(v)/

= !
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to write the previous integral as

1 © ] J
(_I)K—I/O w{;l(v)< Z og;'v) )dv.

j=K—1

Another change of variables and (2.8) allows us to write the integral in (3.4) as

K—-1 oo (—l)j

+o0 .
(_1)K-1 Z Z j'l' /0 yl+]e_2ydy

1=0 j=K—1

which, since

/+ yl—l—J —Zyd (Z+J)’
0 21+1+1 ’

can be rewritten as
I+ 1
K—1
Y S - 1>f( )2,+,~+1-
I=0 j=K—1
We finish the proof showing that
I+j\ 1 1
K—1 J =
Jim {( 1) Z Z (— 1)( )21+,} >
=0 j=K—1

From this point, we suppose that K is odd, for K even the proof is similar with
few sign changes. The left-hand side term in the previous convergence statement
is equal to

X (l+) i I+2j+1\ 1
ol ol G PR S S (i EES

1=0 j=K—1 1=0 j=(K—1)/2

Now apply the identities

(l+02j>:1 ond <l+21j+1)=<ll+_21j)+<1+12j) forl> 1,
to write the second term in (3.6) as
i (2j+1> Z i (l+j> 1
j=K—1 K 2274 =0 j=K-1 217

Therefore, (3.6) is equal to

i <2j+1) 1
— 2j+1
= \K—1)22+

J=
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X [(j—-1\1 > (2j+1 2j+2 1
Z / PYIRE Z / (1_ -J )2'2'
K—1/)2 il K-1 2Q2j — K +3)/ 2%+

j=2K K-1

which is

Let Y be a random variable with negative binomial distribution with parameters K
and 1/2. Then the second term in the sum above is equal to

E[(l — ﬁ)I{Y even, Y > 2K}},

which is bounded above by

E[(1 - +>1{2K <Y>2K+ K3/4}} +P(Y > 2K + K3/%)
2Y —K+1) -0 = =

24+ K4 Y —E[Y] K4
=(1- )2 (s =)
24 2K-1/442K-1 2K V2

that goes to zero as K — oo by the central limit theorem.
Therefore, the limit of (3.6) as K — o0 is the same as the limit of

> (i)

Jj=2K

which is the probability that a negative binomial distribution with parameters K
and 1/2 takes a value greater or equal to 2K. This probability converges to 1/2
again by the central limit theorem. g

Computation of p; > and p; 3. From Formula (2.9), we have that

1 400
l+] 1
j+1
912_1222( 1/ ( )21+j+1_3

=0 j=1
3+OO( 1)]—}—1 +o00 (—1)j+l]
_12<2Z; 2j+1 +X; 2J+2 =3
J= J=

and

2 4o
I+ 1
pra=123) > (- DJ( )21+1+1 -3

1=0 j=2
TEN (=1 TER (1) 1ER(—1)/ 2
—12<422 g tal g Tl g ) T
J= J= J=

Just to simplify the calculus of the above serles let Y be a geometric distribu-

tion with parameter 3/4, that is, P(Y =k) = 4k ,fork=1,2,3,.... We have the
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following equalities

+Z°°(—1)f+1 +Z°°1 1+2°:°1 1+Z°:°1 1
Tl Lk 9 luqk T luk T g
o 2t Ak 244k T a4k 6
+Z°:°(—1)f+1j_+°°<2k+1 2k+2>

= 2j+2 = 22k+3  2k+4

_+Z°° k _1+2°:°k_E[X—1]_1
S g4k 6 18

k=0 k=0
and
WX (=72 =4 Qk+1)?
Z 2t (22k+3_ 22k+4 )
j=2 =1
_1%%2 1 X 2k +1)?
=52 0k T 16l ak
24k 164 4
_E[X?] E[@X+D? 820 1137 23
6 48 489 48 9  48x9’
Therefore,
_12<31+1> 3_2
PL2="\26" 13 ~3
and

_12(7<1 1)+7<1 1>+1 23) L 254 19
PL3=12\g\1"6)"T2\8 7 18) "248x 9 ~ T2 T 7T 36

Proof of Proposition 2.6. Fix K > m. Write (p,,; + 3)/12 as

1 rl 1 1
I Lt oo™ s o e
0 Syl ke Jurtwsws) Jya)
3.7)

XcK(ul,...,uK)dul ---duK.

By induction, we can show that for2 <m < K — 1

1 1
/71 / cxk Wy, ...,ug)duy--- duy_
wm_l(’ﬁm(um)) Yo (u2)

—10g Yim ()"~ dlog Y, K! dlogy, d
_ (=log Y (um))" " dlogy, (um)< I ogw,(uj)) VK ).

(m—1)! duy, immt du dug
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and since

(—1og Y (um))" " dlog i () =
(m — 1)! dum " Ymum)’

we have that the integral in (3.7) is equal to

1 1 1 Uy,
/ / ceeuUy / duy,
0 Jy! Wk k) Y W1 ) Vi (Uim)

K-l _
x ( [1 M(Mj)> Al (ug)dumyy--- dug.

immt du dug

Now, note that, since u,;, > 1,0,;1 (Yrm+1Um+1)),

um " (= log Y (um))? < WS (—1og Ym-+1 (m+1))
j=0

VYim (tm) B =0 J! J!
- i (—10g Yimt1(um+1))! __ Um+
B =0 J! Vim+1(Um+1)

Therefore,

1 iy
/ du,,
Y Wit ) Ym (Unm)
Um+1 _
< #::H)[l - Wml(lﬁmﬂ(umﬂ))]
m m
Um+1
T YUt Wmt1)

Um+1

But replacing the integral in - - - by the T G

we have pp41.7. O

Proof of Lemma 2.7. Let (Uy, Uy, ..., Ugk) be a random vector whose distribu-
tion function is Ck. The conditional distribution of U,, given Uy, U, ..., Uy —q
has distribution function

Con(umlur, ...;um—1) =PWUpy Sup|lUy=uy, ..., Upn—1 =um—1)

(amlcm(ul,...,um)>

ouy -+ dupy—1

/(am_lcm—l(uh ey um—1)>
ouy -+ 0y_1

(3.8)

foreverym =2,...,k.
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We first deal with the numerator in (3.8) which by the formula in Proposition 2.3
can be written as

[ i m>Z log(w](u,»f

X J—j(—log¥jt1(ujt1), ..., —log l/fm(um)):|

/8u1 cee OUpy—1.-

If we remove the terms that do not depend on all the variables uy, ..., u;,—1, we
obtain that the last partial derivative is equal to

0" = () TT7= (— 10g(@0(u1)))

QUL Myy—1 (3-9)
Using that
dlog Ym _ m_1< (logwm)m_l)l
an =(=D lﬁm—(m_l)! ;
we obtain that (3.9) is equal to
m—1 . 1 (1 =1\ —1
(=1 Y ) (— )" H(—l)”(%@;)%) . (3.10)

j=l1

Now we consider the denominator in (3.8) which is equal to the density function
of the (m — 1)-extremal copula. Hence, it is equal to

m—2 i—1 -1
- (log ¥j ()1~
(1‘[ =17 () (jf_’m )

j=1

(3.11)

5 (_ (log wm_l(um_l))m-z)—l
(m —2)!

Finally, replace the expressions in (3.10) and (3.11), respectively, in the numer-
ator and denominator in (3.8) to obtain that

)
Cop(Upm|tl, ... Up—y) = Vi1 (Um—1) -

Acknowledgment

Glauco Valle is supported by CNPq.



Copula for multivariate extreme value distributions 305
References

Aas, K., Czado, C., Frigessi, A. and Bakken, H. (2009). Pair copula constructions of multiple depen-
dence. Insurance: Mathematics and Economics 44, 182—-198. MR2517884

Averous, J., Genest, C. and Kochar, S. (2005). On dependence structure of order statistics. Journal
of Multivariate Analysis 94, 159-171. MR2161215

Billingsley, P. (1968). Convergence of Probability Measures. New York: Wiley. MR0233396

Chen, Y. (2007). A note on the relantionship between Spearman’s p and Kendall’s t for extreme
order statistics. Journal of Statistical Planning and Inference 137, 2165-2171. MR2325424

Cherubini, U., Luciano, E. and Vecchiato, W. (2004). Copula Methods in Finance. Wiley Finance
Series. Chichester: Wiley. MR2250804

Drouet-Mari, D. and Kotz, S. (2001). Correlation and Dependence. London: Imperial College Press.

Embrechts, P., Kluppelberg, C. and Mikosch, T. (1997). Modelling Extremal Events for Insurance
and Finance. Applications of Mathematics 33. Berlin: Springer. MR1458613

Fredricks, G. and Nelsen, R. (2007). On the relation between Spearman’s rho and Kendall’s tau for
pairs of continuous random variables. Journal of Statistical Planning and Inference 137, 2143—
2150. MR2325421

Joe, H. (1997). Multivariate Models and Dependence Concepts. London: Chapman & Hall.
MR1462613

Leadbetter, M. R., Lindgreen, G. and Rootzen, H. (1983). Extremes and Related Properties of Ran-
dom Sequences and Processes. New York: Springer. MR0691492

Liebscher, E. (2008). Construction of asymetric multivariate copulas. Journal of Multivariate Anal-
ysis 99, 2234-2250. MR2463386

Mendes, B. and Sanfins, M. (2007). The limiting copula of the two largest order statistics of iid
samples. Brazilian Jounal of Probability and Statistics 21, 85-101. MR2396715

Morillas, P. M. (2005). A method to obtain new copulas from a given one. Metrika 61, 169—184.
MR2159414

Nelsen, R. (2006). An Introduction to Copulas, 2nd ed. Springer Series in Statistics. Springer.
MR2197664

Instituto de Matematica e Estatistica Departamento de Métodos

Universidade Federal Fluminense Estatisticos do Instituto de Matemética
Rua Mario Santos Braga s/n Universidade Federal do Rio de Janeiro
70. andar Campus do Valonguinho—Centro Caixa Postal 68530

24020-140 Niter6i - RJ 21945-970, Rio de Janeiro

Brasil Brasil

E-mail: sanfins@dme.ufrj.br E-mail: glauco.valle@im.uftj.br


http://www.ams.org/mathscinet-getitem?mr=2517884
http://www.ams.org/mathscinet-getitem?mr=2161215
http://www.ams.org/mathscinet-getitem?mr=0233396
http://www.ams.org/mathscinet-getitem?mr=2325424
http://www.ams.org/mathscinet-getitem?mr=2250804
http://www.ams.org/mathscinet-getitem?mr=1458613
http://www.ams.org/mathscinet-getitem?mr=2325421
http://www.ams.org/mathscinet-getitem?mr=1462613
http://www.ams.org/mathscinet-getitem?mr=0691492
http://www.ams.org/mathscinet-getitem?mr=2463386
http://www.ams.org/mathscinet-getitem?mr=2396715
http://www.ams.org/mathscinet-getitem?mr=2159414
http://www.ams.org/mathscinet-getitem?mr=2197664
mailto:sanfins@dme.ufrj.br
mailto:glauco.valle@im.ufrj.br

	Introduction
	Statements
	Proofs
	Acknowledgment
	References
	Author's Addresses

