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The density function of the limiting spectral distribution of general sam-
ple covariance matrices is usually unknown. We propose to use kernel estima-
tors which are proved to be consistent. A simulation study is also conducted
to show the performance of the estimators.

1. Introduction. Suppose that X;; are independent and identically distributed
(i.i.d.) real random variables. Let X;, = (X;j) pxn and T, be a p x p nonrandom
Hermitian nonnegative definite matrix. Consider the random matrices

1
A, =-T2x,XI'tl/2,
n

When EX{; =0 and EX%l =1, A, can be viewed as a sample covariance matrix
drawn from the population with covariance matrix T,,. Moreover, if T,, is another
sample covariance matrix, independent of X,,, then A, is a Wishart matrix.

Sample covariance matrices are of paramount importance in multivariate analy-
sis. For example, in principal component analysis, we need to estimate eigenvalues
of sample covariance matrices in order to obtain an interpretable low-dimensional
data representation. The matrices consisting of contemporary data are usually
large, with the number of variables proportional to the sample size. In this set-
ting, fruitful results have accumulated since the celebrated Marcenko and Pastur
law [8] was discovered; see the latest monograph of Bai and Silverstein [4] for
more details.

The basic limit theorem regarding A, concerns its empirical spectral distrib-
ution FA». Here, for any matrix A with real eigenvalues, the empirical spectral

Received January 2010; revised May 2010.
1Supported in part by Hong Kong RGC Grants HKUST6011/07P and HKUST6015/08P.
2Supported in part by Grant M58110052 at the Nanyang Technological University.
3Supported in part by Hong Kong RGC CERG 602608.
4Supported in part by Grant R-155-000-083-112 at the National University of Singapore.
AMS 2000 subject classifications. Primary 15A52, 60F15, 62E20; secondary 60F17.
Key words and phrases. Sample covariance matrices, Stieltjes transform, nonparametric estimate.

3724


http://www.imstat.org/aos/
http://dx.doi.org/10.1214/10-AOS833
http://www.imstat.org
http://www.ams.org/msc/

NONPARAMETRIC ESTIMATE OF DENSITY FUNCTIONS 3725

distribution FA is given by

1 14
FAG) ==Y 104 <x),
P
where Ar, k =1,..., p, denote the eigenvalues of A.

Suppose the ratio of the dimension to the sample size ¢, = p/n tends to ¢
as n — oo. When T, becomes the identity matrix, FA» tends to the so-called
Marcenko and Pastur law with the density function

fr) = { Qrex) Wb =x)x —a), a<x<b,

0, otherwise.

It has point mass 1 — ¢~! at the origin if ¢ > 1, where a = (1 — \/c)> and b =
(14 /c)? (see Bai and Silverstein [4]).
In the literature, it is also common to study

1 T
B, = -X!T,X,
n

since the eigenvalues of A,, and B,, differ by |n — p| zero eigenvalues. Thus,

P

(1.1) FB"(x)z(l—;>I(xe[0,oo))+p

S (x).
n
When FT» converges weakly to a nonrandom distribution H, Marcenko and Pastur
[8], Yin [16] and Silverstein [13] proved that, with probability one, F B, (x) con-
verges in distribution to a nonrandom distribution function F. ;(x) whose Stielt-
jes transform m(z) =mp,_, (2) is, for each z € CT = {z € C:3z > 0}, the unique
solution to the equation

B tdH@)\ !
(1.2) m——<z—c 1+tm> .

Here, the Stieltjes transform m r(z) for any probability distribution function F (x)
is defined by

1
(1.3) mp(z) = / ——dF(x), zeCt.
X —2z
Therefore, from (1.1), we have
(1.4) F.oyx)=(0—-0)1(x€[0,00)) + cFe p(x),

where F, y(x) is the limit of F An (x). As a consequence of this fact, we have

1—c
(1.5) m(z):—7+cm(z).
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Moreover, m(z) has an inverse,

o tdH (1)
(16) Z(ﬂ)——£+cn 1—|—lm.

Relying on this inverse, Silverstein and Choi [14] carried out a remarkable analysis
of the analytic behavior of F . p(x).

When T, becomes the identity matrix, there is an explicit solution to (1.2). In
this case, from (1.1), we see that the density function of F g (x) is

S ) =0 =)< Do+ cfelx),

where & is the point mass at 0. Unfortunately, there is no explicit solution to (1.2)
for general T,,. Although we can use F An(x) to estimate F. p(x), we cannot make
any statistical inference on F, g (x) because there is, as far as we know, no central
limit theorem concerning (FA»(x) — F. g (x)). Actually, it is argued in Bai and
Silverstein [4] that the process n(FA" (x) — F¢ g(x)), x € (—00, 00), does not
converge to a nontrivial process in any metric space. This makes us want to pursue
other ways of understanding the limiting spectral distribution F, g (x).

This paper is part of a program to estimate the density function f. g (x) of the
limiting spectral distribution F, g (x) of sample covariance matrices A, by kernel
estimators. In this paper, we will prove the consistency of those estimators as a
first step.

2. Methodology and main results. Suppose that the observations X1, ..., X,
are i.i.d. random variables with an unknown density function f(x) and F,(x) is
the empirical distribution function determined by the sample. A popular nonpara-
metric estimate of f(x) is then

@1 fn<x)=nihil<<x _,ZXJ')%/K(XY)an(y),

j=1

where the function K (y) is a Borel function and & = & (n) is the bandwidth which
tends to 0 as n — oo. Obviously, f,,(x) is again a probability density function
and, moreover, it inherits some smooth properties of K (x), provided the kernel is
taken as a probability density function. Under some regularity conditions on the
kernel, it is well known that fn (x) = f(x) in some sense (with probability one, or
in probability). There is a huge body of literature regarding this kind of estimate.
For example, one may refer to Rosenblatt [10], Parzen [9], Hall [7] or the book by
Silverman [12].
Informed by (2.1), we propose the following estimator f,(x) of f. g(x):

QD) fuo)= #éK(’C )= %/K(%)dﬁ”“(y),
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where u;, i =1, ..., p, are eigenvalues of A,,. It turns out that f;,(x) is a consistent
estimator of f, g (x) under some regularity conditions.
Suppose that the kernel function K (x) satisfies

(2.3) sup  |K(x)| < oo, Iim |[xK(x)|=0
—00<X <00 |x]—=>o0

and

2.4) /K(x)dx:l, /|K/(x)|dx<oo.

THEOREM 1. Suppose that K (x) satisfies (2.3) and (2.4). Let h = h(n) be a
sequence of positive constants satisfying

(2.5) lim nh*/? = oo, lim h =0.

n—oo n—o0
Moreover, suppose that all X;; are i.id. with EXy3 =0, Var(Xy1) =1 and
EXlll6 < 00. Also, assume that ¢, — c € (0,1). Let T,, be a p x p nonrandom
symmetric positive definite matrix with spectral norm bounded above by a positive
constant such that H, = F™n converges weakly to a nonrandom distribution H. In
addition, suppose that F. y(x) has a compact support [a, b] with a > 0. Then,

Sn(x) — fe.m(x) in probability uniformly in x € [a, b].

REMARK 1. We conjecture that the condition EX 11]6 can be reduced to
EX}, < oo.

When T, is the identity matrix, we have a slightly better result.
THEOREM 2. Suppose that K (x) satisfies (2.3) and (2.4). Let h = h(n) be a

sequence of positive constants satisfying
(2.6) lim nh® = oo, lim h=0.

n—oo n— oo
Moreover, suppose that all X;; are i.id. with EX13 =0, Var(Xy;) =1 and

EX%% < 00. Also, assume that ¢, — c € (0, 1). Denote the support of the MP
law by la, b]. Let T,, =1. Then,

sup | fn(x) — fe(x)| —> O in probability.

x€la,b]
Theorem 1 also gives the estimate of F,. p(x), as below.

COROLLARY 1. Under the assumptions of Theorem 1, correspondingly,
2.7) Fy(x) = Fe g(x) in probability,

where

2.8) = xoo fult) .
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Corollary 1 and the Helly—Bray lemma ensure that we have the following.

COROLLARY 2. Under the assumptions of Theorem 1, if g(x) is a continuous
bounded function, then

(2.9) /g(x)an(x)—> /g(x)chvH(x) in probability.

In order to prove consistency of the nonparametric estimates, we need to de-
velop a convergence rate for FA». When T, = I, Bai [1] developed a Berry—
Esseen-type inequality and investigated the convergence rate of EFAr. Later,
Gotze and Tikhomirov [6] improved the Berry—Esseen-type inequality and ob-
tained a better convergence rate. For general T,,, we establish the following con-
vergence rate.

THEOREM 3. Under the assumptions of Theorem 1,

1
(2.10) sup |EFA"(x) — F,, p (x)] = 0(2—/5>
X n
and
1
(2.11) Esup|FA(x)—F, g (x)|=0(—=).
s n>tn n2/5

REMARK 2. Under the fourth moment condition, that is, EX ‘1‘1 < 00, WE Ccon-
jecture that the above rate O (n=2/3) could be improved to O(n_la/log n.

3. Applications. Let us demonstrate some applications of Theorems 1, 2 and
their corollaries. Since F. g (x) does not have an explicit expression (except for
some special cases), we may now use F, (x) to estimate it, by Corollary 1. More
importantly, F},(x) has some smoothness properties, which FA» does not have.

We first consider an example in wireless communication. Consider a synchro-
nous CDMA system with n users and processing gain p. The discrete-time model
for the received signal Y is given by

n
(3.1) Y=) xih+W,
k=1

where x; € R and hy € R? are, respectively, the transmitted symbol and the signa-
ture spreading sequence of user k, and W is the Gaussian noise with zero mean and
covariance matrix o>I. Assume that the transmitted symbols of different users are
independent, with Ex; = 0 and E|x¢|?> = px. This model is slightly more general
than that in [15], where all of the users’ powers py are assumed to be the same.
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Following [15], consider the demodulation of user 1 and use the signal-to-
interference ratio (SIR) as the performance measure of linear receivers. The SIR
of user 1 is defined by (see [15])

(c'hy)?p

B1 = .
C{CIU + Zkzz(cl hy)? pi

The minimum mean square error (MMSE) receiver minimizes the mean square
error as well as maximizes the SIR for all users (see [15]). The SIR of user 1 is
given by

AIME = pih{ HiDH] +0°D ™ 'hy,
where

Dl =dlag(P2’,Pn)» Hl =(h2»---7hn)-

Assume that the h) are i.i.d. random vectors, each consisting of i.i.d. random
variables with appropriate moments. Moreover, suppose that p/n — ¢ > 0 and
FP1(x) - H(x). Then, by Lemma 2.7 in [2] and the Helly—Bray lemma, it is not
difficult to check that

1
BIMSE— 1 [ dFen() 0.

To judge the performance of different receivers, we may then compare the value
of [ ﬁ dF, pg(x) with the limiting SIR of the other linear receiver. However,
the awkward fact is that we usually do not have an explicit expression for F, g(x).
Thus, we may use the kernel estimate f — d Fy(x) to estimate f —5 dFe p(x),
by Corollary 2.

A second application: we may use f,(x) to infer, in some way, some statistical
properties of the population covariance matrix T,,. Specifically speaking, by (1.3),
we may evaluate the Stieltjes transform of the kernel estimator f;(x),

(3.2) mﬁl(z):/ifn(x)dx, zeCt.

We may then obtain m fn (z), by (1.5). On the other hand, we conclude from (1.6)
that

(3.3) m(z)(c — 1 —zm(z)) :/ dH (1)

t+1/m(z)

Note that m(z) has a positive imaginary part. Therefore, with notation z; =

—1/m(z) and s(z1) = M, we can rewrite (3.3) as

(3.4) s(z1) = f Ct“il(ztl) z1€C™.

c
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Consequently, in view of the inversion formula
1 b
3.5 F{la,b]} = — limf Smp(u+iv)du,
7 v—>0Jg4

we may recover H (t) from s(z1) as given in (3.4). However, s(z1) can be estimated
by the resulting kernel estimate

mg (2)(c—1—zmg (2)) .
C

(3.6)

Once H (¢) is estimated, we may further estimate the functions of the population
covariance matrix T}, such as % tr T,%. Indeed, by the Helly—Bray lemma, we have

1
~ tr T2 =/t2dHn(t) N /tde(t).
n

Thus, we may construct an estimator for % tr T% based on the resulting kernel esti-
mate (3.6). We conjecture that the estimators of H (¢) and the corresponding func-
tions like %tr T2, obtained by the above method, are also consistent. A rigorous
argument is currently being pursued.

4. Simulation study. In this section, we perform a simulation study to inves-
tigate the behavior of the kernel density estimators of the Marcenko and Pastur
law. We consider two different populations, exponential and binomial distribu-
tions. From each population, we generate two samples with sizes 50 x 200 and
800 x 3200, respectively. We can therefore form two random matrices, (X;;)s0,200
and (X;;)800,3200- The kernel is selected as

K(x) = Q)" 2e 12,

which is the standard normal density function. The bandwidth is chosen as & =
0.52~1/3 (n =200, 3200).
For (X;;)50,200, the kernel density estimator is

1 50

_ K ((x — pi)/2007%7 ,
50 x 200_2/5 l:ZI ((.x /’LZ)/ )

where wu;,i = 1,...,50, are eigenvalues of 200! (X,-j)50,200(X,»j)5T0 200~ This
curve is drawn by dot-dash lines in the first two pictures.
For (X;;)800,3200, the kernel density estimator is

1 800

e 3 K (- ) /3200725),
800 x 3200—2/5 P

where w;, i =1,...,800, are eigenvalues of 32001 (Xij)800,3200(X,-j)g0073200.
This curve is drawn by dashed lines in the first two pictures.
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FI1G. 1. Spectral density curves for sample covariance matrices nil(Xij)pxn(Xij)gxn, Xij ~

exponential distribution.

The density function of the Marcenko and Pastur law is drawn by solid lines in
the first two pictures. Here, in Figure 1, the distribution is

4.1) F(x)=e @*tD, x>—1.
In Figure 2, the distribution is
(4.2) P(X=-1)=1/2, PX=1)=1/2.

From the two figures, we see that the estimated curves fit the Marcenko and Pastur
law very well. As n becomes large, the estimated curves become closer to the
Marcenko and Pastur law.

Finally, we consider the estimated density curves based on the following three
matrices:

_1qle2 T 00 T2
A200 = 755 T200X50x200X50 200 T200+

_ 1 ml2 T 1/2
A3200 = 3200 T500X800x3200X3800x3200 T3200°

_ 1 mpl/2 T 1/2
Aga00 = mT6400X1600x6400X1600x6400T6400»
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15

—— MP Law
-- 50"200
——— 8003200

1.0

f(x)
0.5

0.5 1.0 1.5 2.0

X

FI1G. 2. Spectral density curves for sample covariance matrices n! (Xij)pxn(Xij);xm Xij ~
binomial distribution.

where X4, p = 50,800, 1600, are p x 4p matrices whose elements are i.i.d.
random variables with distribution (4.1), and T,, = #pr4pY1Tox4p- Here, Y x4p
is a p x 4p matrix consisting of i.i.d. random variables whose distributions are
given by (4.2). T, and X, x4, are independent. The kernel function is the same as
before. The bandwidths corresponding to the three matrices are 0.5 x (4p)~!/3.In
Figure 3, we present three estimated curves. The dot-dash line is based on Ajgo,
the dashed line on A3pq and the solid line on Agagp. Although, in this case, we do
not know its exact formula, we can predict the limiting spectral density function
from Figure 3.

In order to show that the above conclusion is reliable, we choose ten points
throughout the range and calculate the mean square errors (MSEs) for the kernel
density estimator at the selected ten points, based on 500 matrices,

500

MSE(x) = 500" (£ () = fe(x))?,

i=l
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— 1600*3200
-~ 50*100
\ ——— 800*1600
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FI1G. 3. Spectral density curves for sample covariance matrices n! T,11/2(Xij)p xn (Xij)IzjnTiﬂ,

X;j ~ exponential distribution, Ty, = nl (Yij)an(Yij);xn’ Y;j ~ binomial distribution.

where fn(i) (x) is the kernel density estimator at x based on the ith matrix. If the
limiting distribution is unknown as in the case Ajgg, we use the averaged spectral
density

500
fe(x)=500"">" £ (x).
i=1
So, in this case,
500 _
MSE(x) = 500" S (49 (x) — fe()).
i=1
The numerical results for the three different matrices considered in this section are
presented in Tables 1, 2 and 3. The notation “e—;” in these tables means multipli-
cation by 107/. The MSEs are uniformly small. As n becomes large, the MSEs
become smaller. This supports the conclusion that our proposed kernel spectral
density curve is consistent.
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TABLE 1
MSE of spectral density curves for sample covariance matrices
n! (Xij)pxn(Xij)IT;xn, X;j ~ exponential distribution

x= 0.30 0.511 0.722 0.933 1.144

50 x 200 9.89e—2 32le—2  3.18e—2  3.25¢e—2  3.56e—2
800 x 3200  3.84e—03  7.44e—5 7.28e—5 7.67e—5  7.34e—5

x= 1.356 1.567 1.778 1.989 2.20

50 x 200 3.79e—-2 3.18e—2  3.73e—2  2.76e—2  3.63e—2
800 x 3200  7.67e—5 723e—=5 6.88e—5  6.60e—5  6.74e—5

TABLE 2
MSE of spectral density curves for sample covariance matrices
nfl(Xij)an(X,’j);Xn, X;j ~ binomial distribution

x= 0.30 0.511 0.722 0.933 1.144

50 x 200 3.23e—1 3.14e—2  238e—2 2.76e—2  2.86e—2
800 x 3200 5.13e—03  8.0le—=5 6.05e—5 7.30e—5 6.53e—5

x= 1.356 1.567 1.778 1.989 2.20

50 x 200 2.70e—2 244e—2  242e—2  240e—2  1.69e—2
800 x 3200 6.28e—5 7.65e—5 6.14e—5 6.68e—5 1.13e—4

TABLE 3

MSE of spectral density curves for sample covariance matrices
n~! T,I/Z(Xij)pxn (Xij)gan},/z, Xjj ~ exponential distribution
Tn=n"1(Y;)) pxn(Yi N Ens Yij ~ binomial distribution

n_l(Xij)an(Xij)[T,X", Xjj ~ binomial distribution

x= 0.30 0.511 0.722 0.933 1.144

50 x 100 1.20e—2 8.7le—3 858e—3 7.90e—3 8.77e-3
800 x 1600 6.25e—05 4.00e—5 3.51e—=5 3.19e—5 2.71e-5
1600 x 3200 2.98e—5 1.83e—5 1.44e—5 1.39%e—5 1.53e—5

x= 1.356 1.567 1.778 1.989 2.20

50 x 200 791e-3 8.07e—3 834e—3 7.54e-3 7.17e-3
800 x 3200 3.04e—-5 3.10e-=5 298e—5 2.8%e-5 2.66e—5
1600 x 3200 1.19e—5 1.19e—5 1.36e—5 1.29e—5 1.32e-5
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We also conducted simulations using a wide range of bandwidths from small
h=n"12tolarge h =n~'/19, The kernel spectral density curves seem to change
rather slowly. This indicates that the kernel spectral density estimator is robust
with respect to the bandwidth selection.

5. Proofs of Theorems 1 and 2. Throughout this section and the next, to
simplify notation, M, My, ..., M1, stand for constants which may take different
values from one appearance to the next.

5.1. Proof of Theorem 1. 'We begin by developing the following two lemmas,
necessary for the argument of Theorem 1.

LEMMA 1. Under the assumptions of Theorem 1, let F., p,(t) be the dis-
tribution function obtained from F. g (t) by replacing ¢ and H by c, and H,
respectively. Furthermore, f., m,(x) denotes the density of F., m,(x). Then,

Suprn,Hn(x) E M'

n,x

PROOF. From (3.10) in [2], we have

(5.1) (m,) = —— + ¢ [ L4
. zm,)=——+c _—,

" m, J 1+mm,
where m, =m,(z) =m Fep 1y (z). Based on this expression, conclusions similar
to those in Theorem 1.1 of [14] still hold if we replace F. p(x) by F, m,(x)
and then argue similarly with the help of [14]. For example, the equality (1.6) in
Theorem 1.1 of [14] states that

1 tdH(1)

(5.2) x=— c| ——.
m(x) 1 +tm(x)

Similarly, for every x # 0 for which f., g (x) > 0, wf., nu, (x) is the imaginary
part of the unique m,, (x) satisfying

1 tdH, (1)

(5.3) xX=— e | ————.
m, (x) 1+ 1m, (x)

Now, consider the imaginary part of m,, (x). From (5.3), we obtain

(5.4) . t2dH,(t) _ 1
‘ "4 tm, 0O my, (0) 2
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It follows from (5.3), (5.4) and Holder’s inequality that

oo =11 o [ dHa(0)
X [1+tm,(x)]

_len—1 Lo ( t2dH, (1) / dHn(t)>1/2
T X x \J [ +1m,(x)? 12

_ 1/2
_len =1 Jen (/ dHn(t)> ’

X x|m, (x)| 12

lm, (x)| <

where [ % is well defined because we require the support of F. g (x) to be

[a, b] with a > 0. This inequality is equivalent to

12
|mn<x>|2§M|mn<x)|+fc—c_”(/ dH”(”) .

—1
X 12
It follows that

(5.5) sup [m,, (x)| < M.
n,x
This leads to sup,, . fe, . m,(x) <M. U

LEMMA 2. Under the assumptions of Lemma 1, when x,, — x, we have

(5.6) fc,,,Hn (xn) — fc,H(xn) — 0.

PROOF. Obviously, f. u(xy) — fe,n(x) — 0 because f. p(x) is continuous
on the interval [a, b]. Moreover, in view of (5.5), we may choose a subsequence ng
so that m,, L (xp; ) converges. We denote its limit by a(x). Suppose that J(a(x)) > 0.
Then, as in Lemma 3.3 in [14], we may argue that the limit of m, (x,) exists as
n — o0o. Next, we verify that a(x) = m(x). By (5.3), we then have

1 tdH(t)

x=———+c | ——
a(x) 1+ta(x)

because, via (5.4) and Holder’s inequality,

‘/ thn(t) _ IdHn(t)

1+tmn(x) 1+td(X)
. 1 tden(t) 172
< |mn(x)—a(x)|<cn|mn(x)|2 |1+ta(x)|2>

and
tdH, (1) N tdH(t)
1 +ta(x) 1+ta(x)’
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Since the solution satisfying the equation (5.2) is unique, a(x) = m(x). Therefore,
m,, (x) = m(x), which then implies that

(.7) JeuH, (¥n) = fe,n(x) = 0.

Now, suppose that I(a(x)) = 0. This implies that JI(m,,(x,)) — 0 and then that
fe,.H,(xn) = 0 because if there is another subsequence on which JI(m,, (x,)) con-
verges to a positive number, then m,, (x,) must converge to the complex number
with the positive imaginary part, by the previous argument. Next, by (1.2) and
(5.1), I(m, (xp +iv)) — I(m(x, +iv)) — O for any v > 0. We may then choose
v, — 0 so that I(m,, (x, + ivy)) — S(m(x, 4+ iv,)) — 0 as n — oo. Moreover,
S(m(xn + ive)) — I(m(x)) and I(m, (x, + ivy)) — I(m,(x)) — 0 by Theo-
rem 1.1 of [14] and a theorem for m,, (z) similar to Theorem 1.1 of [14]. Therefore,
in view of the continuity of m, (x) for x # 0, S(m(x)) = 0 and then (5.6) holds for
the case J(a(x))=0. O

We now proceed to prove Theorem 1. First, we claim that
X —1

1
S = K( -

in probability. Indeed, from integration by parts and Theorem 3, we obtain

(a5 o

1 (X —t Avin
hZ,/K (T)(F (1) Fcn,Hn(t))dt‘

—0

(5.8) sup
X

)chn,Hn ()

E sup
X

—Esup

= Esup| f K'(u)(FA (x —uh) — F, g,(x —uh))du
1
< S Esup| FA () = Fopn, (0] [ 1K)l du
X
= s — 0.

The next aim is to show that

(i [ (

uniformly in x € [a, b]. This is equivalent to, for any sequence {x,,n > 1} in [a, D]
converging to x,

(5.9) fK(M)(fcn,Hn (xp —uh) — fe,q(xy —uh))du — 0.

From Theorem 1.1 of [14], f. m(x) is uniformly bounded on the interval [a, b].
Therefore, (5.9) follows from the dominated convergence theorem, Lemma 1 and
Lemma 2.

)dFL g(t)—0
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X—da t
K<—>dt’
x—b h
[ Gentc=n-1, ())IK(I)dt‘
. ¢, H(X ¢, H\X n n
< sup /
xela,b]/t|>6

+ sup /
x€la,b]/t|<8

<2 sup feu(x) /h|K(y)|dy

x€la,b] [t]>6

Finally,

‘%/K<x;t>dFC’H(’) - fC,H(X)%

1
(feu(x —1)— fc,H(X))EK(%)‘dt

1 t
(fort (e —1) — fc,H<x>)EK(E) ‘ di

+sup swpfen =0~ fen ) [ (5 )|ar

x€la,b] |t|<8

which goes to zero by fixing § and letting n — oo first, and then letting § — 0. On
the other hand, obviously,

1 xX—a t (x—a)/h +o00
— K(—)dt:/ K(t)dt—)/ K@)dr=1.
h Jx—b h (x=b)/h —00

Thus, the proof is complete.

5.2. Proof of Theorem 2. Denote by F,, (t) the distribution function obtained
from F.(t) = fioo fe(x)dx with ¢ replaced by ¢,. Let S,, = %XnXZ . From inte-
gration by parts, we obtain

‘%/K(x;t)dan(z)—%/K(x;t>chn(t)‘

i/K/(x _ t)(FS"(t) — Fcn(t))dt‘

~ | n2 h

B E / K'(u)(F5" (x — uh) — Fe,(x — uh)) du

sup |5 () = F,, () / K ()] du

E‘lr—t

M
<—7
~ J/nh

where the last step uses Theorem 1.2 in [6]. We next prove that

%/K< )dFC”(” h/(

sup )dF (t)‘—>0
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It suffices to prove that
(5.10) sup| fe, (x) — fe(x)| = 0,
X

where f., (x) stands for the density of F,, (x).
Note that when ¢ < 1,

V& —alen))(blen) —x)  V/(x —al0)(b(c) —x)

2w Cpx 2mwcex

fc,, (x) — fe(x) =

where

ae)=(1-v2),  be)=(1+0).

and a(cy) and b(c,) are obtained from a(c) and b(c) by replacing ¢ with ¢,, re-
spectively. It is then a simple matter to verify that (5.10) holds for x € [a(c), b(c)].
Finally, as in Theorem 1, one may prove that

1 x—t
E/K( - )dFC(t)—fC(x) 0.

Thus, the proof is complete.

sup
X

5.3. Proof of Corollary 1. The result follows from Theorem 1 in [11].
6. Proof of Theorem 3.

6.1. Summary of argument. The strategy is to use Corollary 2.2 and Le-
mma 7.1 in [6]. To this end, a key step is to establish an upper bound for |b;],
defined below. Note that in a suitable interval for z with a well-chosen imagi-
nary part v, the absolute value of the expectation of the Stieltjes transform of Fj,,,
|Em, (z)], is bounded. Moreover, for such v, when n — o0, the difference between
b1 and its alternative expression involving Em; (z), p, [given in (6.13)], converges
to zero with some convergence rate. Therefore, we may argue that |51 | is bounded.
Once this is done, we further develop a convergence rate of m, (z) — Em,(z) us-
ing a martingale decomposition, and a convergence rate of the difference between
Em, (z) and its corresponding limit using a recurrence approach.

We begin by giving some notation. Define A(z) = A, —zI,A;(z) = A(z) —s jsJT
and s; = T,I,/zxj, with x; being the jth column of X,,. Let E; = E(:[sy,...,S;)
and let Eg denote the expectation. Moreover, introduce

1 A 1
= — T ﬂ = N
1+sTAT (@), Tl e T,AT ()

Bj

1
C14+n'EeT,AT )

_ .
nj=s;A; @s; = —wA @OTe, by



3740 JING, PAN, SHAO AND ZHOU

(@) = [ ) 00 = / S A

— x—z
dR dF,
my = [ TBO 0 = [ et
and

_ 1 _
g =sl AT (2)s1 — SEwA; '(@)T,.

Here, F, g (x) is obtained from F. 4 (x) by replacing ¢ and H by ¢, and H,,
respectively.

Let A, =sup, |EFA" (x) = Fe, H,(x)| and vo = max{y A,, Mln_z/S} with 0 <
y < 1 to be chosen later and M an appropriate constant. As in Lemma 3.1 and
Lemma 3.2 in [14], we obtain, for u € [a, b] and vg < v < 1,

(6.1) md@ <M, |md@)| <M,

where the bound for |m2(z)| is obtained with the help of (1.5). Using integration
by parts, we have, for v > v,

+oo ]
|Emy(2) —m3(2)| = '/ ——d(EF* (x) - Fc,,,H,,(X))‘
-0 X —Z

' TA,
dx| < <
=—, =

‘ f+°° EFA(x) — F, m,(x)
—o0 (x —2)2

x|

This implies that
(6.2) |Emy(2)| < M, |Em, (2)| = M,

where the bound for | Em,,(z)| is obtained from an equality similar to (1.5), noting
that 91z > a. It is readily observed that | B i and |B;| are both bounded by |z|/v
(see (3.4) in [2]) and that Lemma 2.10 in [2] yields

6.3) 1BjsT A (@)sjl < v,
which gives
(6.4) |tr(A —zD) 7' —tr(Ay — 2D < vl

This, together with (6.2), gives, for v > vy,

(6.5) ‘%EtrAl_l(z) <M.

In the subsequent subsections, we will assume that z = u + iv with v > vy and
u € la,b].
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6.2. Bounds forn " ?E|trA~'(z) — Etr A='(2)|? and E|B1|>.
LEMMA 3. If |b1| < M, then, for v > Min=%/3,
(6.6) :—2E|trA—1(z)—EtrA—1(z)|25 n%
PROOF.

1
—trA ') - EwrA" (2
n

:_Z (EjrA™ (2) —E;-1r A7 (2))
j=l1

——ZE (rA™'@) — A7 @) — Ejo1 tr(r A7 (2) — AT (2)
j=1

1
S~ BBt AT @)
ni J
j:
1 & 1
= X:I(Ej - Ej—l)|:b1 (sz-Ajz(z)sj - ;trAjz(z)Tn>
j:

+ bl,BjszAJTZ(z)sjéj},
where the last step uses the fact that

(6.7) Bj = b1 — biBj&;.
Lemma 2.7 in [2] then gives

2
’ Z(E —Ej_ 1)<s A; (z)sJ——trA (z)T)
j=1
2 I o 2
Z ( A (z)sj—;trAj (z)Tn>
%22 —trAl (2)T,AT2@)T,
max( n) — — - M
< EwAT @A) < =
because, via (6.5),
1 11 M
6.8) “EwAT @A) = -3 ( EtwA; (Z)>§_
n v v
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Using (6.3) and Lemma 2.7 in [2], we similarly have

1 _ 2
E‘; Y (Ej—Ej-1)BisT AT (2)s
j=1

M _ _

= W —+ WE“I'A I(Z) — EtrA 1(Z)|2.
Summarizing the above, we have proven that

M1 -1 —1/.32 M

(1 — —)—E|trA () —EtrA™ (" < 5=,

nv? ) n? n2v

which implies Lemma 3 by choosing an appropriate M; such that % < % U
LEMMA 4. If|bi| < M, then, for v > Min=2/3,

1 M
(6.9) —ElrA™ () - ErA™ (o) <

n

n*y6’

PROOF. Lemma 4 is obtained by repeating the argument of Lemma 3 and
applying

[ e )
E(, rAT@OTATGT,

Ad (T Ad (T
< 7“13;(6") ElwAT () — Ewv AT () + 7“1@;(6”) IEw AT (2))?
n<v n<v

LEMMA 5. If |b1| < M, then there is some constant My such that for v >
le’l_z/s,

E|Bi1? < M.

PROOF. By (6.7), we have
Bj =Db1 — bi&; + bijE;
and
4 4 —4 -1 —1 4
El§ @' <=MEm@I"+Mn"E|ttA; ()T, — Etr A} ()T
M M

~n2v?2  nho

because repeating the argument of Lemma 3 and Lemma 4 yields

1 1 4
6.11 E|l=trDA"'(z) — E-trDAT! <«
©1h p DA @ = EUuDA @] = e e
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for a fixed matrix D. It follows that
by |*
E|Bi1> < |b1]> + b1 [*E &> + T<E|ﬁ1|2E|a|“)l/2,
which gives
M M
EBiP <M+ —+—(E|p1)".
nv nv

Solving this inequality gives Lemma 5. [J

6.3. A bound for b1 (z). By (6.7) and

1 n
(6.12) L= cn = zeamn(@) ==~ 3 B;
j=1
(see the equality above (2.2) in [13]), we get
(6.13) by =1—cy —zcn Emy(2) + pu,
where
pn =b1E(B1&1).

LEMMA 6. If |b1| < M, then there is some constant M3 such that for v >
M3n_2/5,

M
lonl < —.
nv

PROOF. Lemma 5 and (6.10) ensure that

2 2 mip M
|E[B1(2)&1 ()]l = b1 () E[B1(2)E{ 1l = M(E|B1()I"E[5:1]7) '~ < el
Thus, Lemma 6 is proved. [J
LEMMA 7. If3(z+ pn) = 0, then there exists a positive constant ¢ depending
ony,a,b such that
b1l <M.
PROOF. Consider the case J(Emy(z)) > v > 0 first. It follows from (6.13)
and the assumption that
S(en + 2+ zenEmy(z) — 1)
> —3(b1)
=101 *P3(1+nEr A7 (2)).
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Note that
S(en + 2+ zcnEmp(z) — 1)
(6.14) = v+ vey / X dFp()
Ix — z|?

= v+ cu[VR(Em,(2)) +uI(Emy,(z))] > 0.
Thus, we have
U+ cp[VR(Emy (2)) + uI(Emy(2))]

b1 < "
cnS(Emy(2))
(6.15) L +Cn|m(Emn~(Z))| + cau]S(Em,(2))
cnS(Emy(2))
<1l/cn +M+b.
Next, consider the case I(Em,(z)) < v. Note that for u € [a, b],
v
6.16 S(E - ‘
(6.16) S Em, @] = 37—

This, together with (6.15), gives

2 _ (M 4+ v)[1 + o (R(Em, (2))] + u)]v o L anlEm, ()| +ul
- cnMv - cnM - 0

b1
LEMMA 8. There is some constant My such that, for any v > Myn=2/5,
S(z+ pn) > 0.

PrOOF. First, we claim that

(6.17) S(z + pn) #0.
If not, I(z + p,) = 0 implies that
(6.18) lon| = 13 (on)| = v.

On the other hand, if J(z + p,) = 0, then we then conclude from Lemma 7 and
Lemma 6 that

lon| < —.
nv

Thus, recalling that v > Myn~2/3, we may choose an appropriate constant My so
that

v
|pn|§§,

which contradicts (6.18). Therefore, (6.17) holds.
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Next, note that
S+ 'EwAT @) =v, S+ 'EwATN(2) >,
Therefore, when taking v =1,

< Z
R A

It follows from Lemma 7 and Lemma 6 that

|pl’l| S T
n
which implies that for n large and v =1,
(6.19) S(z 4 pn) > 0.
This, together with (6.17) and continuity of the function, ensures that (6.19) holds

for 1 > v > M3n~2/3. Thus, the proof of Lemma 8 is complete. [J

6.4. Convergence of expected value. Based on Lemma 7 and Lemma 8, |b1| <
M and therefore all results in Section 6.2 remain true for v > Mn~2/5 with some
appropriate positive constant M.

Set F~1(z) = (Em, T, +I)~! and then write (see (5.2) in [2])

dH, (1)

6.20 —
( ) Cn 1+tEmn

+zepn E(my (2)) = Dy,
where
T A—1 —1 1 —1 -1
D, = Ep: [sl AT @F @8 — - EGF @) T,A (z))].
It follows that (see (3.20) in [2])

Em, (z) —m(2)
(6.21)

2
o 0 t“dHy,(t)
_mn(z)Emnwn/(l — CnEmnmn/ a +tEmn)(1 +[m2) ’

where w, = —D,/Em,,.
Applying (6.7), we obtain

1 1
D, = blE[— wF 1 ()T,AT (2) — = trF_l(z)TnA_l(Z)]
n n

T A1 -1 1 -1 -1
—E[blﬁlsl(slAl @F @81~ - EGF @) T,A (z)))]
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We now investigate D,,. We conclude from (6.3) and Hélder’s inequality that

L SN -1
ntrF ()T,A] (2) ntrF (@)T, A7 (2)

(6.22) U
M o1\
=< nv—3/2<2 trF~ (F (Z)) .

Let ¢ =sT AT (@F ()81 — L(wF~'(2)T,A] ' (2)). By (6.8) and Hélder’s in-
equality, we have

M 1 3 L 1/2
Bt =R Emal = s (e @F )

and by Lemma 5, Lemma 4, (6.10), (6.23) and Holder’s inequality, we have
E|bipi&fci
<M(E|BiP) PEmIPEIG Y
+M(E|BiH)'/?
1 -1 1 -1 ! 214 —1 1z
X <E|: ;trA1 T, — E;trA1 (@T,| E(51171A] (Z))])
M

< —7
= 32

where we also use (6.11) and the fact that, via Lemma 2.11 in [2],
_ M
(6.23) IF @) =< —.

These, together with (6.7), give

|Eb1B1£1¢1| < |EbIE1C1| + | ED? B1ERC|
(6.24)
M

< M (L r 1 or v
= m + nv—3/2 ; r (2) (2) .
Similarly, by (6.11), we may get

M
nv3/?2’

1 1
(6.25) ‘Ebl BiE| (; tF ()T,A7 (2) — E- trF_l(z)TnAl_l(z))‘ <
In view of (6.22), we have

E

1 1
bipies (B2 uF QAT @ - B e @A )|

M /1 . i 1/2
§—<—trF (F (z)) .
nv \n
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Summarizing the above gives

M Mo\ 2
(6.26) |Dn|sm+m(;trl«* (OF (z>) .

Now, considering the imaginary part of (6.20), we may conclude that

3G Ema )| | |Dyl
S(Em,) S(Em,)’

t
6.27 ———dH, (1) <
627) C”/|1+tEm,,|2 ) <

Formulas (6.16), (6.2) and an equality similar to (1.5) ensure that
S@en Emn ()| _ uS(Emy,) + v[R(Em,)| M

©2%) J(Em,)  ~ J(Em,)

and that
| Dy M Mol 2
SEm) = no2 nv5/2<;trF ()F (z)) .

It follows that
t
—— —dH, (¢
cn/HHEmn'z (1)

(6.29) Y v ol y L 12
§M+m)—5/2+m(;trF (2)F (Z)) ,

which implies that

1 _ dH, (1 1 tdH,(t
|—trF—1(z>F—1<z)‘= A -0
n |1 +tEmn| Amin(Th) |1 +tEmn|
s+ M M (L r1or v
= + m + m ; r (Z) (Z) .
This inequality yields
1
(6.30) —trF‘l(z)F‘l(Z)‘ <M.
n

This, together with (6.26), ensures that

6.31 D<M
(631) Dal =

Next, we prove that

(6.32) inf | Em, ()] > M > 0.
Y4

To this end, by (6.13) and an equality similar to (1.5), we have
(6.33) by =—zEm,(2) + pn.

3747
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In view of Lemma 6 and (6.33), to prove (6.32), it is thus sufficient to show that

1
(6.34) —EtrAT ()T, <M
n

Suppose that (6.34) is not true. There then exist subsequences ny and zx — z9 # 0
such that |%E trAl_l(z)TnI — 00 on the subsequences n; and zj, which, together
with (6.33) and Lemma 6, implies that Em,(z) — O on such subsequences. This,
together with (6.30), ensures that on such subsequences

dH, (1)
1+tEm,
which, via an equality similar to (1.5), further implies that on such subsequences,
(6.35) Cn % + zc, E(my(2)) — 1.
But, on the other hand, by (6.31) and (6.20),
dH, (1)
14+1Em,
which contradicts (6.35). Therefore, (6.34) and, consequently, (6.32) hold.
It follows from (6.32) and (6.31) that for v > Mgn—2/3,

’

+ zcp E(my(2)) = 0,

(6.36) lwn| < 032 <v

where we may choose an appropriate Mg. Moreover, since (1.6) holds when m is

replaced by mg, considering the imaginary parts of both sides of the equality, we
obtain

J(m t*dH, (1)
V= e O)/|1+z m0p’
which implies that

t“dH,(t)
en3 )/|1+tm0|2_
It follows that

t2dH, () N 2dH, (1) \\ />
<<C”°(m0)/|1+tm°|2) <”+C”“(m)/|1+zm0|2>) =t

Applying this and (6.36), as in (3.21) in [2], we may conclude that

2
t“dH,(t
(6.37) ‘1 — cpEm,m° / n(t)
(I +1Em,)(1+tmy
This, together with (6.21) and (6.31), yields

> Mv.

(6.38) |Em,,(z) —m})(2)] < P
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6.5. Convergence rate of EF* and FA». As in Theorem 1.1 in [14], S, H,
is continuous. Therefore,

1
_ sup / |Fe, H,(x +y)— F¢, m,(x)|dy < Mv,
UTT xela+1/2e,b—1/2¢] 7 |y|<2vM
where ¢ > vM7;. Lemma 2.1 in [5] or Lemma 2.1 and Corollary 2.2 in [6] are then
applicable in our case.
First, consider EFA". For v > vo, by Corollary 2.2 in [6], (6.38), we obtain,
after integration in u and v,
Mo
3/2°

M
(6.39) Ay < — 4 Movg +
n nv,

where we set V, given in Corollary 2.2 in [6], equal to one and also use the fact
that |Em,(z)) — m2(z)| = O(n~!) with 7 = u + iV (see Section 4 in [3]). If
vo = Min—2/%, then (6.39) gives |A,| < M/n2/5. If vg = y A, then we choose
y = (2My)~! (here one should note that Mg depends on y, but Mg does not
depend on y). Again, (6.39) gives

(6.40) |Ap| < M/n*P.

This completes the proof of (2.10).
Now, consider the convergence rate of FA». It follows from Cauchy’s inequality
that

M
n ' trA7%(z2) — EwrA72(z)| < — sup n ' rA7 (z)) — Ew A (z))],
U z1€Cy

where C, = {z1: |1z — z1] = vo/3}. This, together with Lemma 3, ensures that

—1 -2 -2 M
(6.41) En " |tA™" () —EtrA™"(9)| < —75
nvd/
Equation (2.11) then follows from (6.41), Lemma 3, the argument leading to (6.40)
and Lemma 7.1 in [6].
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