The Annals of Probability

2011, Vol. 39, No. 4, 1544-1590

DOI: 10.1214/10-AOP587

© Institute of Mathematical Statistics, 2011
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We consider the random reversible Markov kernel K obtained by as-
signing i.i.d. nonnegative weights to the edges of the complete graph over n
vertices and normalizing by the corresponding row sum. The weights are as-
sumed to be in the domain of attraction of an «-stable law, o € (0, 2). When
1 < a <2, we show that for a suitable regularly varying sequence «;, of in-
dex 1 — 1/c, the limiting spectral distribution py of k;, K coincides with the
one of the random symmetric matrix of the un-normalized weights (Lévy
matrix with i.i.d. entries). In contrast, when 0 < @ < 1, we show that the em-
pirical spectral distribution of K converges without rescaling to a nontrivial
law [Ty supported on [—1, 1], whose moments are the return probabilities of
the random walk on the Poisson weighted infinite tree (PWIT) introduced by
Aldous. The limiting spectral distributions are given by the expected value
of the random spectral measure at the root of suitable self-adjoint operators
defined on the PWIT. This characterization is used together with recursive
relations on the tree to derive some properties of 11y and [iy,. We also study
the limiting behavior of the invariant probability measure of K.

1. Introduction. Let G, = (V,,, E,)) denote the complete graph with vertex
set V, ={1,...,n}, and edge set E,, = {{i, j}, 1 <i, j <n}, including loops {i, i},
1 <i < n. Assign a nonnegative random weight (or conductance) U; ; = U;; to
each edge {i, j} € E,, and assume that the symmetric weights U= {U; ;; {i, j} €
E,} are i.i.d. with common law £ independent of n. This defines a random net-
work, or weighted graph, denoted (G,, U). Next, consider the random walk on
(G, U) defined by the transition probabilities

Ui i
(1.1) K,',j :=% with p; Z=ZU,'7]‘.
! =1
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The Markov kernel K is reversible with respect to the measure p =} ;cy, p;; in
that

piKij=p;jKj,i

for all i, j € V,,. Note that we have not assumed that £ has no atom at 0. If p; =0
for some i, then for that index i we set K; ; =§; j, 1 < j <n. However, as soon as
L is not concentrated at O then almost surely, for all n sufficiently large, p; > O for
all 1 <i <n, K is irreducible and aperiodic and p is its unique invariant measure,
up to normalization (see, e.g., [11]).

For any square n x n matrix M with eigenvalues A{ (M), ..., A, (M), the Empir-
ical Spectral Distribution (ESD) is the discrete probability measure with at most n
atoms defined by

1 n
UM = . E 8nj(M)-
j=1

All matrices M to be considered in this work have real spectrum, and the eigen-
values will be labeled in such a way that A,(M) <--- <A1 (M).

Note that K defines a square n x n random Markov matrix whose entries are
not independent due the normalizing sums p;. By reversibility, K is self-adjoint in
L2(,0) and its spectrum o (K) is real. Moreover, 0 (K) C [—1,+1],and 1 € 0 (K).
Since K is Markov, its ESD pg carries further probabilistic content. Namely, for
any £ € N, if p¢(i) denotes the probability that the random walk on (G,,, U) started
at i returns to i after £ steps, then the £th moment of p g satisfies

+1 1 1
(12) /_ o = ek = ZV pe(@).

Convergence of the ESD. The asymptotic behavior of ug as n — oo depends
strongly on the tail of £ at infinity. When £ has finite mean [;° x£(dx) = m we
set m = 1. This is no loss of generality since K is invariant under the dilation
t — tU; j. If £ has a finite second moment we write 02 = fooo(x — 1)2L(dx) for
the variance.

The following result, from [11], states that if 0 < 02 < 00, then the bulk of the
spectrum of ,/nK behaves, when n — oo, as if we had truly i.i.d. entries (Wigner
matrix). Without loss of generality, we assume that the weights U come from the
truncation of a unique infinite table (U; ;); j>1 of i.i.d. random variables of law L.
This gives a meaning to the almost sure (a.s.) convergence of i ;¢ . The symbol

% denotes weak convergence of measures with respect to continuous bounded
functions. Note that 1| (v/nK) = /n — o0.

THEOREM 1.1 (Wigner-like behavior). If £ has variance 0 < 02 < 00, then
a.s.

n—oo

1 n
(1.3) K nk = " Zfsﬁxk(l() - Wae,
k=1
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where W is the Wigner semi-circle law on [—20, +20]. Moreover, if L has finite
fourth moment, then Ly(y/nK) and ’,(\/nK) converge a.s. to the edge of the
limiting support [—20, +20].

This Wigner-like scenario can be dramatically altered if we allow £ to have a
heavy tail at infinity. For any « € (0, 0c0), we say that £ belongs to the class H,, if
L is supported in [0, co) and has a regularly varying tail of index «, that is, for all
t>0,

(1.4) G(t) := L((t,00)) = L(t)t™*,
where L is a function with slow variation at oo; that is, for any x > 0,
L(xt)
im =1.
t—00 L([)

Set a, =inf{a > 0:nG(a) < 1}. Then nG(a,) =nL(ay)a,* — 1 as n — oo, and
(1.5) nG(ayt) — 1t ¢ asn — oo forallz > 0.
It is well known that a,, has regular variation at co with index 1/«, that is,

a, =n'%e(n)

for some function ¢ with slow variation at oo (see, e.g., Resnick [24], Sec-
tion 2.2.1). As an example, if V is uniformly distributed on the interval [0, 1],
then for every a € (0, 00), the law of V~1/¢ supported in [1, o), belongs to Hy.
In this case, L(t) = 1 for 7 > 1, and a, = n'/.

To understand the limiting behavior of the spectrum of K in the heavy-tailed
case it is important to consider first the symmetric i.i.d. matrix corresponding to
the un-normalized weights U; ;. More generally, we introduce the random n x n
symmetric matrix X defined by

(1.6) X =(Xij)<ij<n
where (X; j)1<i<j<n are ii.d. such that U; ; := |X; ;| has law in Hy with o €
(0,2), and
P(X;;>t
(1.7) 0= lim — X =D 6y,

1—00 P(|X; j| > 1)

It is well known that, for @ € (0,2), a random variable Y is in the domain of
attraction of an «-stable law iff the law of |Y| is in H, and the limit (1.7) exists
(cf. [17], Theorem IX.8.1a). It will be useful to view the entries X; ; in (1.6) as the
marks across edge {i, j} € E, of arandom network (G, X), just as the marks U; ;
defined the network (G,,, U) introduced above.

Remarkable works have been devoted recently to the asymptotic behavior of the
ESD of matrices X defined by (1.6), sometimes called Lévy matrices. The analysis
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of the Limiting Spectral Distribution (LSD) for o € (0, 2) is considerably harder
than the finite second moment case (Wigner matrices), and the LSD is nonexplicit.
Theorem 1.2 below has been investigated by the physicists Bouchaud and Cizeau
[15] and rigorously proved by Ben Arous and Guionnet [7], and Belinschi, Dembo
and Guionnet [5] (see also Zakharevich [28] for related results).

THEOREM 1.2 [Symmetric i.i.d. matrix, o € (0,2)]. For every o € (0, 2),
there exists a symmetric probability distribution py on R depending only on «
such that [with the notation of (1. 5) and (1.6)] a.s.

Katx = Z nilan ' X) ,Hoo} Mo

In Section 3.2, we give a new independent proof of Theorem 1.2. The key idea
of our proof is to exhibit a limiting self-adjoint operator T for the sequence of
matrices a,; X, defined on a suitable Hilbert space, and then use known spec-
tral convergence theorems of operators. The limiting operator will be defined as
the “adjacency matrix” of an infinite rooted tree with random edge weights, the
so-called Poisson weighted infinite tree (PWIT) introduced by Aldous [1] (see
also [3]). In other words, the PWIT will be shown to be the local weak limit of
the random network (G, X) when the edge marks X; ; are rescaled by a,. In this
setting the LSD p, arises as the expected value of the (random) spectral measure
of the operator T at the root of the tree. The PWIT and the limiting operator T
are defined in Section 2. Our method of proof can be seen as a variant of the re-
solvent method, based on local convergence of operators. It is also well suited to
investigate properties of the LSD p,, (cf. Theorem 1.6 below).

Let us now come back to our random reversible Markov kernel K defined by
(1.1) from weights with law £ € H,. We obtain different limiting behavior in the
two regimes « € (0, 1) and « € (1, 2). The case o > 2 corresponds to a Wigner-
type behavior (special case of Theorem 1.1). We set

-1

Kn =na, .

THEOREM 1.3 [Reversible Markov matrix, o € (1,2)]. Let wy be the prob-
ability distribution which appears as the LSD in the symmetric i.i.d. case (Theo-
rem 1.2). If L € Hy with o € (1, 2) then a.s.

M, K - Zakk(Kn )—> M-
k 1

THEOREM 1.4 [Reversible Markov matrix, o € (0, 1)]. For every o € (0, 1),
there exists a symmetric probability distribution [i, supported on [—1, 1] depend-
ing only on o such that a.s.

1K Z%(K) > Jla
k 1
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The proofs of Theorems 1.3 and 1.4 are given in Sections 3.3 and 3.1, respec-
tively. As in the proof of Theorem 1.2, the main idea is to exploit convergence of
our matrices to suitable operators defined on the PWIT. To understand the scaling
in Theorem 1.3, we recall that if & > 1, then by the strong law of large numbers,
we have n~!p; — 1 a.s. for every row sum p;, and this is shown to remove, in the
limit n — oo, all dependencies in the matrix na, 1K, so that we obtain the same
behavior of the i.i.d. matrix of Theorem 1.2. On the other hand, when « € (0, 1),
both the sum p; and the maximum of its elements are on scale a,. The proof of
Theorem 1.4 shows that the matrix K converges (without rescaling) to a random
stochastic self-adjoint operator K defined on the PWIT. The operator K can be
described as the transition matrix of the simple random walk on the PWIT and is
naturally linked to Poisson—Dirichlet random variables. This is based on the obser-
vation that the order statistics of any given row of the matrix K converges weakly
to the Poisson—-Dirichlet law PD(«, 0) (see Lemma 2.4 below for the details). In
fact, the operator K provides an interesting generalization of the Poisson—Dirichlet
law.

Since g is supported in [—1, 1], (1.2) and Theorem 1.4 imply that for all £ > 1,
a.s.

(1.8) %;pe(i)=foéM1<(dX)njo>o/Rxeﬁa(dx)=in-

The LSD [iy, will be obtained as the expectation of the (random) spectral measure
of K at the root of the PWIT. It will follow that y, (the £th moment of [i,) is the
expected value of the (random) probability that the random walk returns to the root
in £-steps. In particular, the symmetry of [i, follows from the bipartite nature of
the PWIT.

It was proved by Ben Arous and Guionnet [7], Remark 1.5, that @ € (0,2) > g
is continuous with respect to weak convergence of probability measures, and by
Belinschi, Dembo and Guionnet [5], Remark 1.2 and Lemma 5.2, that 1, tends to
the Wigner semi-circle law as o« ' 2. We believe that Theorem 1.3 should remain
valid for ¢ =2 with LSD given by the Wigner semi-circle law. Further properties
of the measures 1, and i, are discussed below.

The case o =1 is qualitatively similar to the case « € (1, 2) with the difference
that the sequence «, in Theorem 1.3 has to be replaced by «, = na, 'w, where

(1.9) Wy =/0anx[,(dx).

Indeed, here the mean of U; ; may be infinite and the closest one gets to a law of
large numbers is the statement that p; /nw, — 1 in probability (see Section 3.4).
The sequence w,, (and therefore k) is known to be slowly varying at oo for o« =1
(see, e.g., Feller [17], VIIL.8). The following mild condition will be assumed: There
exists 0 < & < 1/2 such that

> 0.

(1.10) liminf 2L

n—>o00 ),
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For example, if Ui,_j1 is uniform on [0, 1], then k,, = w,, =logn and lim,_, 0o W2/
w; = &. In the next theorem | stands for the LSD p,, from Theorem 1.2, ata = 1.

THEOREM 1.5 (Reversible Markov matrix, « = 1). Suppose that L € H, with
a =1 and assume (1.10). If p, k is the ESD of k, K, with k, = nan_lwn, then, as

w
n— 00, a.s. —> .
’ MKnKn—M)OIu/l

Properties of the LSD. In Section 4 we prove some properties of the LSDs
and [i,.

THEOREM 1.6 (Properties of wy). Let py be the symmetric LSD in Theo-
rems 1.2 and 1.3.

(1) We is absolutely continuous on R.
(i1) The density of nq at 0 is equal to

1 2\ (T(1 —a/2)\ '/
(142 (fara)
b4 a/\I'(l+a/2)

(iil) py is heavy tailed, and as t goes to +00,

[a((t, +00)) ~ 317

Statements (i) and (ii) answer some questions raised in [5, 7]. Statement (iii)
is already contained in [5], Theorem 1.7, but we provide a new proof based on a
Tauberian theorem for the Cauchy-Stieltjes transform that may be of independent
interest.

THEOREM 1.7 (Properties of jiy). Let iy be the symmetric LSD in Theo-
rem 1.4, with moments yg as in (1.8). Then the following statements hold true.

(1) For o € (0, 1), there exists 6 > 0 such that
Yon > 8n"¢ foralln > 1.

Moreover, we have liminfy 1 y> > 0.
(ii) For the topology of the weak convergence, the map o v [y is continuous in
O, 1).
(ii1) For the topology of the weak convergence,
1

1 1
lim i, = -6_ -4 -41.
al\oﬂa I 1+20+41

It is delicate to provide liable numerical simulations of the ESDs. Nevertheless,
Figure 1 provides histograms for various values of « and a large value of n, illus-
trating Theorems 1.3—1.7.
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F1G. 1. Histograms of scaled ESDs illustrating the convergence stated by Theorems 1.3 and 1.4,
for the following values of «:0.25, 0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00. Here n = 5000 and L
is the law of V=Y where V is a uniform random variable on (0, 1). The first three plots are the
histogram of the spectrum of a single realization of K. The fourth plot corresponds to « = 1 and is
a histogram of the spectrum of a single realization of log(n) K . The four last plots are the histogram
of the spectrum of a single realization of k, K . In order to avoid scaling problems, an asymptotically
negligible portion of the spectrum edge was discarded: only X |jog(n)|> - - » A n—log(n)| Were used.

Invariant measure and edge behavior. Finally, we turn to the analysis of the
invariant probability distribution p for the random walk on (G, U). This is obtained
by normalizing the vector of row sums p

p=p1+ -+ ) o1, o).

Following [11], Lemma 2.2, if o > 2, then n max<j<, | i — n|—>0asn— oo
a.s. This uniform strong law of large numbers does not hold in the heavy-tailed
case « € (0, 2): the large n behavior of p is then dictated by the largest weights in
the system.

Below we use the notation g = (9], ..., p,) for the ranked values of gy, ..., Ou,

~ ~ . . d
so that p; > py > --- and their sum is 1. The symbol — denotes convergence
in distribution. We refer to Section 2.4 for more details on weak convergence in
the space of ranked sequences and for the definition of the Poisson—Dirichlet law
PD(e, 0).

THEOREM 1.8 (Invariant probability measure). Suppose that L € Hy,.
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() Ifa €(0,1), then
~ d
(1.11) P == 1(Vi,Vi, V2, Va, ..,
n—o0

where V| > Vy > - - stands for a Poisson—Dirichlet PD(«, 0) random vector.
(i) Ifa e (1,2), then

~ d
(1.12) Kn(u )28 =2 3 (V1 X1, X2, %2, 1),

where x1 > xp > - - - denote the ranked points of the Poisson point process on
(0, 00) with intensity measure ax~"'dx. Moreover, the same convergence
holds for a = 1 provided the sequence k, is replaced by na, Yw,, with w, as
in (1.9).

Theorem 1.8 is proved in Section 5. These results will be derived from the statis-
tics of the ranked values of the weights U; j,i < j, on the scale a,(,41)/2 (diagonal
weights U;; are easily seen to give negligible contributions). The duplication in
the sequences in (1.12) and (1.11) then comes from the fact that each of the largest
weights belongs to two distinct rows and determines alone the limiting value of
the associated row sum.

Theorem 1.8 is another indication that the random walk with transition matrix
K shares the features of a trap model. Loosely speaking, instead of being trapped
at a vertex, as in the usual mean field trap models (see [6, 14, 16, 18]) here the
walker is trapped at an edge.

Large edge weights are responsible for the large eigenvalues of K. This phe-
nomenon is well understood in the case of symmetric random matrices with i.i.d.
entries, where it is known that, for @ € (0, 4), the edge of the spectrum gives rise
to a Poisson statistics (see [4, 26]). The behavior of the extremal eigenvalues of
K when L has finite fourth moment has been studied in [11]. In particular, it is
shown there that the spectral gap 1 — A» is 1 — O (n~!/?). In the present case of
heavy-tailed weights, in contrast, by localization on the largest edge weight it is
possible to prove that, a.s. and up to corrections with slow variation at oo,

Oy, € (0,1),
(1.13) =2y = { O(Z—a—a)/a), Ze [1,2).

Similarly, for « € (2,4) one has that A, is bounded below by n~@=2/e yp-
derstanding the statistics of the extremal eigenvalues remains an interesting open
problem.

2. Convergence to the Poisson weighted infinite tree. The aim of this sec-
tion is to prove that the matrices X and K appearing in Theorems 1.2, 1.3 and 1.4,
when properly rescaled, converge “locally” to a limiting operator defined on the
Poisson weighted infinite tree (PWIT). The concept of local convergence of oper-
ators is defined below. We first recall the standard construction of the PWIT.
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2.1. The PWIT. Given a Radon measure v on R, PWIT(v) is the random
rooted tree defined as follows. The vertex set of the tree is identified with N/ :=
Uken N¥ by indexing the root as N° = @, the offsprings of the root as N and, more
generally, the offsprings of some v € Nf as (v1), (v2), ... € N¥*! [for short nota-
tion, we write (v1) in place of (v, 1)]. In this way the set of v € N" identifies the
nth generation.

We now assign marks to the edges of the tree according to a collection {Ev}yens
of independent realizations of the Poisson point process with intensity measure v
on R. Namely, starting from the root &, let Eg = {y1, y2, ...} be ordered in such
a way that |y1| < |y2| <---, and assign the mark y; to the offspring of the root
labeled i. Now, recursively, at each vertex v of generation k, assign the mark yy;
to the offspring labeled vi, where By = {yvy1, Yv2, ...} satisfy |yyi| < |yy2| <---.

2.2. Local operator convergence. We give a general formulation and later spe-
cialize to our setting. Let V be a countable set, and let L2(V) denote the Hilbert
space defined by the scalar product

(D.9) =Y bubu,  bu=(0u.9).

ueV

where ¢, ¥ € C" and 8, denote the unit vector with support u. Let D denote the
dense subset of L?(V) of vectors with finite support.

DEFINITION 2.1 (Local convergence). Suppose S, is a sequence of bounded
operators on L2(V), and S is a closed linear operator on L2(V) with dense domain
D(S) D D. Suppose further that D is a core for S (i.e., the closure of S restricted
to D equals S). For any u, v € V we say that (S,, u) converges locally to (S, v)
and write

(Snv l/t) - (Sv U)v

if there exists a sequence of bijections o, : V — V such that o, (v) = u and, for all
¢ €D,

an_ISno*n¢> — S¢,

in L2(V), as n — 0.

In other words, this is the standard strong convergence of operators up to a re-
indexing of V which preserves a distinguished element. With a slight abuse of
notation we have used the same symbol o, for the linear isometry o, : L2(V) —
L2(V) induced in the obvious way, that is, such that 0,8, = 85, (») forall v e V.
The point for introducing Definition 2.1 lies in the following theorem on strong
resolvent convergence. Recall that if S is a self-adjoint operator its spectrum is
real, and for all z € C; := {z € C:3Jz > 0}, the operator S — z/ is invertible with
bounded inverse. The operator-valued function z — (S — z/ )~ ! is the resolvent
of S.
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THEOREM 2.2 (From local convergence to resolvents). If'S,, and S are self-
adjoint operators that satisfy the conditions of Definition 2.1 and (S, u) — (S, v)
for some u,v € V, then, forall 7 € C4,

2.1 (8, (Sp —z2D)718,) = (80, (S —21)7'8y).

PROOF. It is a special case of [23], Theorem VIII.25(a). Indeed, if we de-
fine S =0, -1§ nOn then S w® — S¢ for all ¢ in a common core of the self-
adjoint operators S..S. This implies the strong resolvent convergence, that is,
S, —z)~'y — (S — zI)~'y for any z € C,, ¥ € L2(V). The conclusion fol-
lows by taking the scalar product

(80, (Sn — 2D)7180) = (84, (S — 21)7184). O

We shall apply the above theorem in cases where the operators S, and S are
random operators on L?(V), which satisfy with probability one the conditions of
Definition 2.1. In this case we say that (S,, u) — (S, v) in distribution if there
exists a random bijection o, as in Definition 2.1 such that o, 1S,,0,¢ converges in
distribution to S¢, for all ¢ € D [where a random vector ¥, € LZ(V) converges in
distribution to ¢ if

Jim Ef () =Ef ()

for all bounded continuous functions f : L?(V) — R]. Under these assumptions
then (2.1) becomes convergence in distribution of (bounded) complex random vari-
ables. In our setting the Hilbert space will be L?(V), with V = N/, the vertex set
of the PWIT, the operator S,, will be a rescaled version of the matrix X defined by
(1.6) or the matrix K defined by (1.1). The operator S will be the corresponding
limiting operator defined below.

2.3. Limiting operators. Let 0 be as in Theorem 1.2, and let £4 be the positive
Borel measure on the real line defined by dfg(x) = 01 (x~0)dx + (1 —0)1{x <o) dx.
Consider a realization of PWIT(¢y). As before the mark from vertex v € NF to
vk € N¥*1 is denoted by yyx. We note that almost surely

(2.2) D Iywl T < o0,
k

since a.s. limy |yy|/k =1 and ), k~2/* converges for o € (0, 2). Recall that for
V =N/, D is the dense set of L>(V) of vectors with finite support. We may a.s.
define a linear operator T: D — L2(V) by letting, for v, w € N/,

T(V7 W) = (8V9 T8W>
(2.3) _ . ) .
sign(yw) | yw|™ fe, if w = vk for some integer k,

= sign(yv)lyvrl/“, if v =wk for some integer k,
0, otherwise.
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Note that if every edge e in the tree with mark y, is given the “weight”
sign(ye)|ye| '/ then we may look at the operator T as the “adjacency matrix”
of the weighted tree. Clearly, T is symmetric, and therefore it has a closed ex-
tension with domain D(T) C L2(N/) such that D ¢ D(T) (see, e.g., [23], Chap-
ter VIII, Section 2). We will prove in Proposition A.2 below that T is essentially
self-adjoint, that is, the closure of T is self-adjoint. With a slight abuse of notation,
we identify T with its closed extension. As stated below, T is the weak local limit
of the sequence of n x n i.i.d. matrices a,; X, where X is defined by (1.6). To this
end we view the matrix X as an operator in L3(V) by setting (§;, X§;) = X, ;,
where 7, j € N denote the labels of the offsprings of the root (the first genera-
tion), with the convention that X; ; = 0 when either i > n or j > n, and by setting
(6u, X&y) = 0 when either u or v does not belong to the first generation.

Similarly, taking now € = 1, in the case of Markov matrices K defined by (1.1),
fora €[1,2), T is the local limit operator of «,, K . To work directly with symmetric
operators we introduce the symmetric matrix

Ul,]
JPip;
which is easily seen to have the same spectrum of K (see, e.g., [11], Lemma 2.1).
Again the matrix S can be embedded in the infinite tree as described above for X.
In the case @ € (0, 1) the Markov matrix K has a different limiting object that is
defined as follows. Consider a realization of PWIT(£1), where £ is the Lebesgue
measure on [0, 00). We define an operator corresponding to the random walk on

this tree with conductance equal to the mark to the power —1/«. More precisely,
forve N/, let

2.4) S,"j =

_ —1
pW) =y 3y
keN

with the convention that ygl/“ = 0. Since a.s. limg |yyx|/k = 1, p(v) is almost
surely finite for o € (0, 1). We define the linear operator K on D, by letting, for
v,weN/,

—1/a
w , if w = vk for some integer k,
p(v)
2.5 K(v,w) = {8y, Kdy) = y—l/a
A if v = wk for some integer k,
p(v)
0, otherwise.

Note that K is not symmetric, but it becomes symmetric in the weighted Hilbert
space L2(V, p) defined by the scalar product

(D, ¥)p = Z p(ll)éuwu-

ueV
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Moreover, on LZ(V, p), K is a bounded self-adjoint operator since Schwarz’s in-
equality implies

(K. Ko)? Zp(u)

ZK(u v)qsv

<Y o) Y K, )¢yl

=Y pMIt? = (6.4)2

so that the operator norm of K is less than or equal to 1. To work with self-adjoint
operators in the unweighted Hilbert space L>(V) we shall actually consider the
operator S defined by

o (V) T(v, w)
2.6 S(v, = | ——K -,
(&6) W= Y = e

This defines a bounded self-adjoint operator in L2(V). Indeed, the map 8y —
v/ p(v)dy induces a linear isometry D : L%V, p) — L%(V) such that

2.7) (#,Sy)= (D', KD 'y),,

for all ¢, v € L?(V). In this way, when « € (0, 1), S will be the limiting operator
associated with the matrix S defined in (2.4). Note that no rescaling is needed here.
The main result of this section is the following.

THEOREM 2.3 (Limiting operators). As n goes to infinity, in distribution:

(i) ifa € (0,2) and 6 € [0, 1], then (a;' X, 1) — (T, @);
(1) ifax € (1,2) and 8 =1, then (k,S, 1) — (T, 9);
(i) if o € (0, 1), then (S, 1) — (S, @).

From the remark after Theorem 2.2 we see that Theorem 2.3 implies conver-
gence in distribution of the resolvent at the root. As we shall see in Section 3, this
in turn gives convergence of the expected values of the Cauchy—Stieltjes transform
of the ESD of our matrices. The rest of this section is devoted to the proof of
Theorem 2.3.

2.4. Weak convergence of a single row. In this paragraph, we recall some facts
about the order statistics of the first row of the matrix X and K, that is,

(X1,15-.--X1n) and (Ura,...,Uin)/p1,

where U; j = |X, ;| has law H. Let us denote by Vi > Vo > --- >V, the order
statistics of the variables Uy ;, 1 < j <n. Recall that p; = Z?:l V. Let us define
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Agn= Z?:kﬂ V; for k <n and Ain = Z?:kﬂ ij. Call A the set of sequences
{vj} €0, oo)N with vy > v > -+ > 0 such that lim; . v; =0, and let 4; C A
be the subset of sequences satisfying >~ ; v; = 1. We shall view

V 1% Vv V
Y,,:(—l,...,—n> and Z,,:(—l,...,—n)
a an L1 P£1

as elements of .4 and A, respectively, simply by adding zeros to the right of
Vu/a, and V,,/p1. Equipped with the standard product metric, .4 and .4; are com-
plete separable metric spaces (A1 is compact), and convergence in distribution
for A, A;-valued random variables is equivalent to finite-dimensional convergence
(cf., e.g., Bertoin [9]).

Let Ey, E5, ... denote i.i.d. exponential variables with mean 1 and write y; =
Z’}=1 E ;. We define the random variable in A

Y = (yl_l/a, yz_l/a, L.

The law of Y is the law of the ordered points of a Poisson process on (0, o) with
intensity measure ox —@=lgx. For o € (0, 1) we define the variable in .4;

—1/a y—l/a

41 2 )

z=( ).
—1 ’ —1 ’
AR VIR T

For a € (0, 1) the sum »_, yn_l/“ is a.s. finite. The law of Z in A; is called the
Poisson—Dirichlet law PD(«, 0) (see Pitman and Yor [22], Proposition 10). The
next result is rather standard but we give a simple proof for convenience.

LEMMA 2.4 (Poisson—-Dirichlet laws and Poisson point processes).

(1) For all o > 0, Y, converges in distribution to Y. Moreover, for a € (0, 2),
(a;! Vi) j>1 is a.s. uniformly square integrable, that is, a.s. limy sup,,_ a;?x
A}, =0.

() Ifa € (0,1), Z, converges in distribution to Z. Moreover, (an_l Vi)j=1isa.s.
uniformly integrable, that is, a.s. limy sup,,_; a; ' Ag., = 0.
(ii1) If I C N is a finite set and vl > VI > ... denote the order statistics o
1 2
{Ui,j}jeqt,...apa1 then (i) and (i) hold with Y! = (V! /a,, V] Jay, ...) and
Zy=Wl/p1, Vi /p1,..).

As an example, from (i), we retrieve the well-known fact that for any « > 0, the
random variable a,; U'max(U 1.1, -- -, Urn) converges weakly as n — oo to the law

of yfl/ *_ This law, known as a Fréchet law, has density ax @ 1e=% on (0, 00).

PROOF OF LEMMA 2.4. As in LePage, Woodroofe and Zinn [20] we take
advantage of the following well-known representation for the order statistics of
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i.i.d. random variables. Let G be the function in (1.4) and write
G~ '(w) =inf{y > 0:G(y) <u),
u € (0, 1). We have that (V1, ..., V,) equals in distribution the vector

(2.8) (G 1/ Vut1)s - s G / Yat 1)),

where y; has been defined above. To prove (i) we start from the distributional
identity

y 4 (G—lm/ynmw’ G—‘m/ml))
an dn

which follows from (2.8). It suffices to prove that for every k, almost surely the first

k terms above converge to the first k terms in Y. Thanks to (1.5), almost surely, for

every j,

I -1
2.9) a; G i vnen) > v e
and the convergence in distribution of Y, to Y follows. Moreover, from (1.5), for
any é > 0 we can find n¢ such that

a;'Vi=a, "GNy /yus1) < (nyi /(1 +8)Yut1)

for n > ng, j € N. Since n/y,+1 — 1, a.s. we see that the expression above is a.s.

bounded by 2(1 + §) !/« y]._l/ “, for n sufficiently large, and the second part of (i)

follows from a.s. summability of yfz/ .

Similarly, if @ € (0, 1), Ak, has the same law of

—1/a

Y G Wi/ vns),

j=k+1

/

and the second part of (ii) follows from a.s. summability of yj_l *. To prove the

convergence of Z, we use the distributional identity
. 1( G 1/ VnsD) G (Ya/Vnt1) )
" r}:] G_l(yj/)/n—i-l)’ ’ r}:] G_l(yj/)/n—i-l)
As a consequence of (2.9), we then have almost surely

n o
- - -1
a " G i) > Y v
Jj=1 j=1

and (ii) follows. Finally, (iii) is an easy consequence of the exchangeability of the
variable (U ;)

k
PV # Vi) <P@Ejel:Up ;> Vi) <|I|P(Uy1> V)= - 0

The intensity measure ax~ 21 dx on (0, 00) is not locally finite at 0. It will be
more convenient to work with Radon (i.e., locally finite) intensity measures.
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LEMMA 2.5 (Poisson point processes with Radon intensity measures). Let
&1',&), ... be sequences of i.i.d. random variables on R := R U {£00} such that

n w
(2.10) nPE € = v,

where v is a Radon measure on R. Then, for any finite set I C N the random
measure

converges weakly as n — oo to PPP(v), the Poisson point process on R with in-
tensity law v, for the usual vague topology on Radon measures.

We refer to [24], Theorem 5.3, page 138, for a proof of Lemma 2.5. Note that for
E(") =ay,/U,; it is a consequence of Lemma 2.4(iii). In the case S( n =ay/X1,j,

where X; j is as in (1.6) and (1.7), the above lemma yields convergence to
PPP(v,,9), where

(2.11) Va.o(dx) = [01=0) + (1 — )L x <0y Je|x|* dx.

2.5. Local weak convergence to PWIT. In the previous paragraph we have
considered the convergence of the first row of the matrix a, ! X. Here we gen-
eralize this by characterizing the limiting local structure of the complete graph
with marks a,/X; ;. Our argument is based on a technical generalization of an
argument borrowed from Aldous [1]. This will lead us to Theorems 2.3 and 2.8
below.

Let G, be the complete network on {1, ..., n} whose mark on edge (i, j) equals
3 Lo for some collection (& /)1<,< j<n Of 1.1, d random variables with values in R,
with ’;‘ o= § " .. We consider the rooted network (G, 1) obtained by distinguish-
ing the Vertex labeled 1.

We follow Aldous [1], Section 3. For every fixed realization of the marks (él.”j),

and for any B, H € N, such that (BH+1 — 1)/(B — 1) < n, we define a finite rooted
subnetwork (G, 1)8# of (G,, 1), whose vertex set coincides with a B-ary tree
of depth H with root at 1.

To this end we partially index the vertices of (G,,, 1) as elements in

JBH_U{I } N/,

the indexing being given by an injective map o, from Jp g to V,, :={1,...,n}.
The map o, can be extended to a bijection from a subset of N/ to V,,. We set
Iz = {1} and the index of the root 1 is an_l(l) = . The vertex v € V, \ Iy is
given the index (k) = an_l(v), 1<k<B,if S(”Lv) has the kth smallest absolute
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value among {51”, i # 1}, the marks of edges emanating from the root 1. We
break ties by using the lexicographic order. This defines the first generation. Now
let I; be the union of Iy and the B vertices that have been selected. If H > 2, we
repeat the indexing procedure for the vertex indexed by (1) (the first child) on the
set V,, \ 1. We obtain a new set {11, ..., 1B} of vertices sorted by their weights
as before [for short notation, we concatenate the vector (1, 1) into 11]. Then we
define I, as the union of /I and this new collection. We repeat the procedure for
(2) on V, \ I and obtain a new set {21, ...,2B}, and so on. When we have con-
structed {B1, ..., BB}, we have finished the second generation (depth 2) and we
have indexed (B3 — 1)/(B — 1) vertices. The indexing procedure is then repeated
until depth H so that (BHEAL 1) /(B — 1) vertices are sorted. Call this set of
vertices VnB’H = opJp, 1. The subnetwork of G, generated by VnB H s denoted
(G, DB-H (it can be identified with the original network G, where any edge e
touching the complement of V2 is given a mark x, = o). In (G,,, )5 the
set {ul, ..., uB} is called the set of children or offsprings of the vertex u. Note that
while the vertex set has been given a tree structure, (G,, 1)5-# is still a complete
network. The next proposition shows that it nevertheless converges to a tree (i.e.,
all circuits vanish, or equivalently, the extra marks diverge to co) if the 51.’7’ j satisfy
a suitable scaling assumption.

Let (7,2) denote the infinite random rooted network with distribution
PWIT(v). We call (7, @)BH the finite random network obtained by the sort-
ing procedure described in the previous paragraph. Namely, (7, @) consists of
the sub-tree with vertices of the form u € Jp g, with the marks inherited from the
infinite tree. If an edge is not present in (7, 2)B-H e assign to it the mark +-oco0.

We say that the sequence of random finite networks (G,, 1)5# converges in
distribution (as n — o0) to the random finite network (7, @)2# if the joint dis-
tributions of the marks converge weakly. To make this precise we have to add the
points {00} as possible values for each mark, and continuous functions on the
space of marks have to be understood as functions such that the limit as any one
of the marks diverges to +oo exists and coincides with the limit as the same mark
diverges to —oo. The next proposition generalizes [1], Section 3.

PROPOSITION 2.6 (Local weak convergence to a tree). Let (& j)1§,~§ j<n be

a collection of i.i.d. random variables with values in R := R U {£o00} and set

]'.’l. =& Let v be a Radon measure on R with no mass at 0 and assume that

n w
(2.12) nlPé, €-) =V asn — oo.

Let G, be the complete network on {1, ..., n} whose mark on edge (i, j) equals 5{}.
Then, for all integers B, H, as n goes to infinity, in distribution,

(Gn, DB — (T, 2)8H
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Moreover, if 11, T are independent with common law PWIT(v), then, in distribu-
tion,

((Gn, DB (G, 28y — (11, 281 (T, 2)81).

The second statement is the convergence of the joint law of the finite networks,
where (G,,, 2)8# is obtained with the same procedure as for (G, 1BH, by start-
ing from the vertex 2 instead of 1. In particular, the second statement implies the
first.

This type of convergence is often referred to as local weak convergence, a notion
introduced by Benjamini and Schramm [8] and Aldous and Steele [3] (see also Al-
dous and Lyons [2]). Let us give some examples of application of this proposition.
Consider the case where E’j = 1 with probability A/n and S” = oo otherwise.
The network G, is an Erd6s—Rényi random graph with parameter A/n. From the
proposition, we retrieve the well-known fact that it locally converges to the tree
of a Yule process of intensity A. If 5”- =nY; j, where Y; ; is any nonnegative
continuous random variable with densny 1 at 04, then the network converges to
PWIT(£1), where ¢ is the Lebesgue measure on [0, c0). The relevant application
for our purpose is given by the choice ";‘fj = (an/Xi,j), and v = vy 9, Where X; ;
are such that | X; ;| € H, and (1.7) is satisfied, and vy ¢ is defined by (2.11). Note
that the proposition applies to all & > 0 in this setting.

PROOF OF PROPOSITION 2.6. We order the elements of Jp g in the lexi-
cographic order, that is, 9 <1 <2 <---<B<11<12<--- < B---B. For
v € Jp H, let Oy denote the set of offsprings of v in (G, 184, By construction,
we have Iy = {1} and Iy = 0, (Uw<y Ow). At every step of the indexing proce-
dure, we sort the marks of the neighboring edges that have not been explored at an
earlier step {1,...,n}\ I, {1,...,n}\ I, .... Therefore, for all u,

n d n
(2.13) (&g i)ign, = €T D) 1<i<n— |1

Thus, from Lemma 2.5 and the independence of the variables £", we infer that the
marks from a parent to its offsprings in (G,, 1)%# converge weakly to those in
(T,2) B.H e now check that all other marks diverge to infinity. For v, w € Jp g,
we define

Xy = &g (v).0m(w)-

Also, let { yﬁvw, v, w € Jp g} denote independent variables distributed as |} ,|. Let

EB-H denote the set of edges {u, v} € Jp .y x Jp g that do not belong to the finite
tree (i.e., thereisno k € {1, ..., B} such that u = vk or v = uk). Lemma 2.7 below
implies that the vector { |x$"W |, {v,w} e EB-H} stochastically dominates the vector
Y= A{ygw v, W} € EB-H} that is, there exists a coupling of the two vectors
such that almost surely |x3’w| > yﬁ’w, for all {v,w} € EB-H  Since JB u is finite
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(independent of n), )" contains a finite number of variables and (2.12) implies that
the probability of the event {miny, 5.1 |xy | < 1} goes to 0 as n — oo, for any
t > 0. Therefore it is now standard to obtain that if x, denote the mark of edge e in
TBH  the finite collection of marks (x)ecy x5z converges in distribution to

(Xe)eep yxJg y as n— 0o. In other words, (G, 1)8.H converges in distribution

to (7, 2)BH.

It remains to prove the second statement. It is an extension of the above ar-
gument. We consider the two subnetworks (G, DB-H and (G,,2)8H obtained
from (G, 1) and (G4, 2). This gives rise to two increasing sequences of sets of
vertices Iy 1 and Iy > with v € Jp y and two injective maps o, 1, o, 2 from Jp g
to {1,...,n}. We need to show that, in distribution,

214 Gy, DPH (G, 2P ) — (T1, )%, (T, 2)P ).
Let Vrfl?H =o0,,,;(JB, 1) be the vertex set of (G, i)B-H i =1,2. There are
BH—H -1
C:=———
B -1

vertices in V,f i’H , hence the exchangeability of the variables implies that
C
PRe Vi) <=
’ n

Let 6,, =G, \ VfiH, the subnetwork of G, spanned by the vertex set V \ VfiH.
Assuming that 2(Bf+! —1)/(B — 1) <n and 2 ¢ V,fiH, we may then define
(é,,, )BH If2 e VrfiH, (én, 2)B-H is defined arbitrarily. The above analysis
shows that, in distribution,
(G, PG, %) — (71, 2P, (T, 2P,
Therefore in order to prove (2.14) it is sufficient to prove that with probability
tending to 1,
B.H B.H
V.1 NV, =2.

Indeed, on the event {V,fiH N V,féH =2}, (G,,2)8H and ((~}n, 2)B-H are equal.
For v € Jp p, let Oy 5 denote the set of offsprings of v in (G,, 2)%-#. We have
IV,2 = {2} U U OW,Z
W<V

and

PV v £ @)

BB
<PQe Vi + Y POwnvE 2ovinn,=0).

\ &%)
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For any u,v € Jp m, if VnBiH N Iy2 = &, then 0, 2(v) is neither the ancestor
of 0,,,1(u), nor an offspring of o, 1(u). From Lemma 2.7 below we deduce that
)| given an? iH N Iy» = & dominates stochastically |Sf’2|, and is in-

:n,z(v),kae{l ,,,,, (VUL ) with law [§],]. It

185, 1 w.000v
dependent of the i.i.d. vector (|§

follows that

B
P(oy1(w) € OyolV, i NIya=2) < ————.
( n,l( ) V,2| n,1 v.2 )_ n—C_|IV,2|

Therefore,
POy NV £ oV iy =02)

= Z P(Un,l (w) € 0v’2|VnBjiH N IV,2 = @)
ue/p g
CB
< .
“n-2C

Finally,

C C°B
PVEHAVEH 2oy <=4 = —
(”’1 "2 7 )_n+n—2C
which converges to 0 as n — co. [

We have used the following stochastic domination lemma. For any B, H and
n let X8 denote the (random) set of edges {i, j} of the complete graph on
{1,...,n}, such that {an_l(i),an_l(j)} is not an edge of the finite tree on Jp p.
By construction, any loop {i,i} belongs to £8:# . Also, for u # @ on the finite
tree, let g(u) denote the parent of u.

LEMMA 2.7 (Stochastic domination). Foranyn € N, and B, H € N such that

BH+1_1
B—1 "

El

the random variables
&1 1. jyeEPM)

stochastically dominate i.i.d. random variables with the same law as law & ,|.
Moreover, for every & #u € Jp n, the random variables

&5, @.ilsi €11, ..., n} \ on(gm))},

stochastically dominate i.i.d. random variables with the same law as law &' ,|.
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PROOF. The censoring process which deletes the edges that belong to the tree
on Jp, p has the property that at each step the B lowest absolute values are deleted
from some fresh (previously unexplored) subset of edge marks. Using this and the
fact that the edge marks &' j are i.i.d. we see that both claims in the lemma are
implied by the following simple statement.

Let Yy, ..., Y, denote i.i.d. positive random variables. Suppose m =nj +---+
ng, for some positive integers ¢, ny,...,ng, and partition the m variables in £
blocks 7, ..., I of ny, ..., n, variables each. Fix some nonnegative integers k ;

such that k; < n; and call q{ R q,{j, the (random) indexes of the k; lowest values

of the variables in the block I/ (so that qul is the lowest of the Y7, ..., Y,,, Yq21 is

the second lowest of the Y1, ..., Y,, and so on). Consider the random index sets
of the k; minimal Yalues in the jth bl:)ck, JJ = Ul.le{qij}, and set J = U§:1 JJ.
If kj; =0 we set J/ = &. Finally, let Y denote the vector {Y;,i =1,...,m;i ¢ J}.
Then we claim that Y stochastically dominates m — Zi-: 1 kj 1.i.d. copies of Y;.
Indeed, the coupling can be constructed as follows. We first extract a realization
Y1, ..., ¥m of the whole vector. Given this we isolate the index sets J LI &
within each block. We then consider two vectors Z, V obtained as follows. The
— (1 1 2 2 ¢ : . .
vector Z1 = (24, ..., Zpy—ky X1 o+ Ty ""an—kg) is obtained by extracting
the n1 — ky values z%, cee, z}“ —ky uniformly at random (without replacement) from

2
ny—kp

same way from the values y,, 41, ..., Yn,+n, (in the block %), and so on. On the
other hand, the vector V = (vl1 s v,lll_k1 , - vf;z_kl) is obtained
as follows. For the first block we take vl.l, i=1,...,n1 —kj equal to zil whenever
an index i € I'! \ J' was picked for the vector z%, e z}”_kl, and we assign the
remaining values (if any) through an independent uniform permutation of those
variables y;,i € 1 ! \J I which were not picked for the vector z}, e, Zrln—kl' We
repeat this procedure for all other blocks to assign all values of V. By construction,
V > Z coordinate-wise. The conclusion follows from the observation that Z is

distributed like a vector of m — Zf-:l k; 1.i.d. copies of Y1, while V is distributed

the values yi, ..., y,, (in the block 1Y), the ny — ko variables z%, ey Z in the

2 2
Ul ees Upygys -

like our vector Y. [J
2.6. Proof of Theorem 2.3.

PROOF OF THEOREM 2.3(1). Let v =149 be as in (2.11), and let (7, ©)
be a realization of the PWIT(v). The mark on edge (v, vk) in 7, is denoted
by x(y,vk) or simply xvx. By definition, we have x(y,w) = oo if v and w are at
graph-distance different from 1. In particular, if we set yy = sign(xy)|xy|*, then
the point sets Ey = {yvk}x>1 are independent Poisson point processes of intensity
lyg =01 (x>0 dx + (1 —0)1{y <0y dx. We may thus build a realization of the opera-
tor T on 7y [cf. (2.3)]. Let G, be the complete network on {1, ..., n} whose mark
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on edge (i, j) is Sl."’j :=ayu/ X, j. Next, we apply Proposition 2.6. For all B, H,
(G, l)B H converges weakly to (7, 2)B-H  Let af H pe the map o, associated
with the network (G, 1)8-# (see the construction given before Proposition 2.6).
From the Skorokhod representation theorem we may assume that (G, 1)?# con-
verges a.s. to (7, @) 5 forall B, H. Thus we may find sequences B,,, H, tending
to infinity, such that (B,I,H[”Jrl —1)/(B;, — 1) < n and such that for any pairu, v € N/
we have 5{1(7”(“)’5"(‘,)) — X(u,v) .5. a8 n — 00, where G, := anB”’H”. The map &,
can be extended to a bijection N/ — N/ It follows that a.s.
1 1

=— — = (8, Téy).
§Gw.avm) Yy

(2.15) (8w, &, (a1 X)58y)

Fixve N/, andset ¢} := &, ! (a; ! X)&,8y. To prove Theorem 2.3(i) it is sufficient
to show that ) — T4y in L*(N/) almost surely as n — oo, that is,

(2.16) D ((Bus ¥y) — (80, TSy))* — 0.

Since from (2.15) we know that (8y, ¥,y) — (8u, Téy) for every u, the claim fol-
lows if we have (almost surely) uniform (in n) square-integrability of ((8u, ¥} ))u.
This in turn follows from Lemmas 2.7 and 2.4(i). The proof of Theorem 2.3(i) is
complete. [

PROOF OF THEOREM 2.3(ii). We need the following two facts:

2.17) lim ®L =1 in probability,

n—o00 p

and there exists § > 0 such that

(2.18) liminf min 2 >8  as.
n—o0 1<i<n n
Clearly, (2.17) is a law of large numbers and holds actually a.s. (recall that for
a > 1 we assume the mean of U; ; to be 1). Let us establish the a.s. uniform bound
(2.18). For every € > 0, there exists R > 0 such that E(U,',jﬂ{ui’j<R}) >1—e. If
we define pl.R = Z’}Zl Ui j1u; j<R)> then
R

.. . Pi . . P
liminf min — > liminf min —-.
n—00 1<i<n n n—o0 1<i<n n

Therefore (2.18) is implied by the uniform law of large numbers in [11], Lem-
ma 2.2, applied to the bounded variables U; ;1(y; j<R}-

Next, we claim that for all u € N/, in probability
(2.19) Jim 22® _

n—oo p
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To prove this we first observe that by Lemma 2.7 and (2.17) we have in probability

Jim sup (P53, ) — Uz, (u),5, (g (w))) <1.

n—o00 n

On the other hand Uz, u),5,(g(u)) 18 stochastically dominated by the maximum of
n ii.d. variables with law U; ;. The latter converges in distribution on the scale
ap [cf. Lemma 2.4(i)], and we know that a,/n — 0. It follows that in probability
limsup,,_, o, 5, )/n < 1. Next, we can estimate

s> Y. Us,w.i-

Now, observe that if u € N/ belongs to generation &, then the set I contains
at most O(B,i’) elements, while n is at least of order B,fl ", where B,, H, are
the sequences used in the proof of Theorem 2.3(i). In particular, it follows that
|Iu| = o(n) and therefore (2.13) and (2.17) imply that liminf,, _ o 05, u)/n > 1 in
probability. This proves (2.19).

Thanks to (2.19), from the Slutsky lemma and the Skorokhod representation
theorem, we may also assume that for each v € N/, pz (v)/n converges as. to 1.
We need to show that for each v € N/, (2.16) holds with the new vector (/MEES

5,:1 (knS)Gudy,

Uz, (w).5,(v)
A/ /05,, ) loan (w)

Thanks to (2.18), ((6w, ¥, ))w is uniformly square-integrable [cf. the proof of
(2.16)], and all we have to check is that ((8w, ¥,)) — (Sw, T8y))? — 0 for fixed
w. Here T is the operator appearing in the proof of Theorem 2.3(i) above, now
with the choice 8§ = 1. We have

(8w, ¥Y) — (8w, T8y))*

_ 2
<2(ay, Uz, w5, (1 = 1/ /D5, Py )
+2(ay Uz, 300 — (8w T8)) .

(0w, V) = Kn

The second term above converges to zero as in the proof of point (i). For the first
term we use pz, (v)/n — 1 and pz, (w)/n — 1. This proves point (ii). [

PROOF OF THEOREM 2.3(iii). The setting is as in the proof of point (ii) above,
but now « € (0, 1). We build the operator S on the tree 7, as in (2.6). We need to
prove that for any v e N/, a.s.

(2.20) Y (8w YY) — (8w, S84))* — 0,
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with ¥¥ := 5,7 155,8y, that is,
Us,(w).5,(v)
P, () Payw)
Let us first show that for any v, w € N/ we have a.s.
Us,wsnm (9w, Toy)
VP Pa,w N PWpW)

Multiplying and dividing by a, and using (2.15) with 8 = 1, we see that (2.21)
holds if

(Sw, Yy) =

2.21) = (8w, S&y).

(2.22) a, ' pz,v) — p(V),

almost surely, for every v € N/ In turn, (2.22) can be proved as follows. Let k € N,
and consider the tree with vertex set Ji x, obtained as in Proposition 2.6 with B =
H =k. Since Ji j is a finite set, for any v, (2.15) implies that a.s.

ay' Y Us,wmanw = Y Xya-

ueJi i ueJi i

By Lemmas 2.7 and 2.4(ii), Yy, , @ U3, (v).5, ) a.s. converges uniformly (in 1)
to 0 as k goes to infinity. This proves (2.21) and (2.22).

Once we have (2.21), to conclude the proof it is sufficient to show that a.s.

(2.23) lim sup Y (8w, Y2 ))? =0.
k—o00 n ey

However, using (2.22) and the simple bound ((8w, ¥,/ N2 < w, we have that

P&n (v)

(2.23) again follows from an application of Lemmas 2.7 and 2.4(ii). This completes
the proof of Theorem 2.3(iii). [

2.7. Two-points local operator convergence. In the proof of the main theo-
rems, we will need a stronger version of Theorem 2.3. Define the 2n x 2n matrices

X®X and SPS,

where “@” denotes the usual direct sum decomposition, X & X (¢1, ¢2) = (X ¢y,
X ¢»), for n-dimensional vectors ¢1, ¢». As for the limiting operators, we realize
them on the Hilbert space L2(V)® L*(V) with V = N/. We consider two indepen-
dent realizations ’Z;l, 7&2 of the PWIT(£y), and call Ty, S{, T, Sy the associated
operators as in Section 2.3. We may then define

Ti®T, and S;1S;.

By Proposition 2.6, ((G,, )eH (G, 2)8H) converges weakly to ((7&1, o) B-H
(’]&2, @)B-H) As before we can view the matrices X @ X and S @ S as bounded
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self-adjoint operators on L2(V) @ L?(V). Therefore, arguing as in the proof of
Theorem 2.3, it follows that, in distribution, for all (¢1, ¢) € D x D,

0. 'a X @ X0, ($1. ¢2) — T1 & Tadr. ).

where, o, = crnl @ anz, and, as above, for i € {1, 2}, a}; is a bijection on N/, ex-
tension of the injective indexing map from N I to {1, ..., n}, such that a,i(@) =1.
Analogous convergence results hold for the matrix S @ S. We can thus extend
the statement of Theorem 2.3 to the following local convergence of operators in
L?*(V) @ L?(V). To avoid lengthy repetitions we omit the details of the proof.

THEOREM 2.8. As n goes to infinity, in distribution:

(i) ifa €(0,2), then (a;' X ®a; ' X, (1,2)) — (T1 & T2, (2, 9));
(1) ifax e (1,2) and 6 =1, then (k,S @ «, S, (1,2)) — (T & T2, (&, D));
(iii) if e €(0,1), then (S® S, (1,2)) — (S1 & S», (T, @)).

3. Convergence of the empirical spectral distributions.

3.1. Markov matrix, a € (0,1): Proof of Theorem 1.4. Recall that S is a
bounded self-adjoint operator on L?(V), whose spectrum is contained in [—1, 1]
[cf. (2.7)]. The resolvents of S and S are the functions on C = {z € C: 3z > 0}:

R™W ()= —zH)~" and R(z)=@S -z~ "
For ¢ e N, set
3.1 pe = (85, 8% ).

Note that py = ﬁ(é@, K€8g> p is the probability that the random walk on the
PWIT associated with the stochastic operator K comes back to the root (where it
started) after ¢ steps. In particular, p; = O for £ odd. We set pg = 1. Let g denote
the spectral measure of S associated with §g (see e.g., [23], Chapter VII). Equiv-
alently, g is the spectral measure of K associated with the L2(V, ©) normalized
vector Sg = 38g /v (D) [cf. (2.7)]. In particular, pg is a probability measure sup-
ported on [—1, 1] and such that p, = f_ll xﬁu@(dx), for every £. Since all odd
moments vanish pg is symmetric. Moreover, for any z € C,. we have

1 d
0z, R(2)éz) = /_1 sz(_ j),

that is, {6z, R(2)dz) is the Cauchy-Stieltjes transform of pg. Recall that the
Cauchy-Stieltjes transform of a probability measure o on R is the analytic func-

tion on C,. given by
u(dx)
my(2) z/ .
R X—2Z
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The function m, characterizes the measure w, [m,(z)| < (3z)~!, and weak con-
vergence of u, to u is equivalent to the convergence m, (z) — m,(z) for all
z € C4. By construction

1 1 dx
n -1 X —2Z

where g is the ESD of K, which coincides with the ESD of S. Using exchange-
ability and linearity, we get

ER{")(z) = Emyy (2) = mEp, (2).

Since R™(2)1,1 < (32)~! is bounded, we may apply Theorems 2.2 and 2.3, and
obtain, forall z € C,

(32) nll)ngo mE/LK (Z) - mIE/l,g (Z)
We define

o =Eug.
Next, we shall prove that, for all z € C,
(3.3) Tim_ By (2) — migu ()] =0.
We have

Elm g (2) = mEu, () = Elmy g (2) —Emyg ()] + Imeug (2) — meu ()]

On the right-hand side, the second term converges to 0 by (3.2). The first term is
equal to

1 n n
E‘n S [R) () — ER} )(z)]’

k=1
By exchangeability, we note that

2
E[(l Y[R @) — ER(n)(z)]> ]
=

nn—1)

= E( (n) ERY?) + 2

E[(R)"} —ER{"})(Ry —ERY})]

< o S EI(RY) SR (R - BRLY]
R¥4)
Theorems 2.2 and 2.8 imply that (Ry,1(z), R22(z)) are asymptotically indepen-
dent. Since these variables are bounded, they are also asymptotically uncorrelated,
and (3.3) follows.

Finally, observe that the sequence of measures wg is a.s. tight. Therefore the
convergence (3.3) is sufficient to establish a.s. convergence of g to fi,. This
completes the proof of Theorem 1.4.
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3.2. Li.d. matrix, a € (0, 2): Proof of Theorem 1.2. Set A, = an_lX. For z €
C., we define the Cauchy-Stieltjes transform,

ma, @)= [ LA” L Z R ()

where
R™ ()= (A, —zD)7",

is the resolvent of A,. By exchangeability, Em 4, (z) = IERE"l) (z). From Proposi-
tion A.2 we know that T is self-adjoint. Therefore from Theorems 2.2 and 2.3 we
infer

3.4 Ema, (z) = Eh(z), h(z) == 8z, (T —zI)"15,).

As in the proof of Theorem 1.4 we may write Eh(z) = Em,,, =mg,,, that is the
Cauchy-Stieltjes transform of the expected value of the random spectral measure
e associated to T at the root vector §4. From (3.4) we obtain the weak conver-
gence of Epg, to (g :=Epug. To obtain a.s. weak convergence of 4, to g, from
Lemma B.1 it suffices to prove the L' convergence of Cauchy—Stieltjes transforms
as in (3.3). This in turn is obtained by repeating word by word the argument in the
proof of Theorem 1.4.

Thus, we have obtained a4, — o almost surely. Since the operator T only
depends on the two parameters « and 6, where the latter is defined by (1.7), the
LSD u, might still depend on the parameter 8. However, the fact that y,, is inde-
pendent of 6 follows from Lemma 4.2 below, which implies in particular that the
values m,, (it) =E[h(it)], t > 0, are uniquely determined by o, and therefore by
analyticity, all values m (), z € C are uniquely determined by c. This ends the
proof of Theorem 1.2.

We remark that in the proof of Theorem 1.2 one can avoid establishing (3.3) plus
almost sure tightness [Lemma B.1(i)] as we do above. Namely, the convergence of
expected values Eua; 1y = I is sufficient. This follows from an a priori concen-
tration estimate (see [12]). However, we did that piece of extra work here since we
need it anyway in the case of Markov matrices, where the mentioned concentration
estimate is not available.

3.3. Markov matrix, « € (1,2): Proof of Theorem 1.3. The proof given above
for the matrix A, =a,; X applies without modifications to the new matrix A, :=

knS, where S; j = In particular, we use Theorems 2.3(ii), 2.8(ii) and Lem-

i
VPipj
ma B.1(ii) to obtain the a.s. weak convergence of w4, to g = Epg, where g is
the random spectral measure of T at the root. This ends the proof of Theorem 1.3.
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3.4. Markov matrix, o« = 1: Proof of Theorem 1.5. Suppose now that o = 1
and set w, = f(f "xL(dx) and k, = na, Lw,. A close inspection of the proof of
Theorem 2.3(ii) and Theorem 1.3 reveals that all arguments used for « € (1,2)
can be applied to the case @ = 1 without modifications except for the two estimates
(2.17) and (2.18), which have to be replaced by (3.5) and (3.6) below, respectively.
For (3.6) we shall use the hypothesis (1.10) on w,,. Let us start by proving that, in
probability

(3.5) lim 2!

n—oo nwy

=1.

We recall that, for fixed i, a,; 1 (pi —nwy) converges in distribution to a 1-stable law
(see, e.g., [20], Theorem 1). Therefore it suffices to show that x, = a,; 1 nw, — 0Q.

To see this we may argue as follows. Observe that, for any ¢ > 0

n n
=B a Viljoy, o ZEY a, Vil oy,
i=1 i=1
where Vi > V, > ... are the ranked values of Uy ;, j =1,...,n. From Lem-
ma 2.4(i) the right-hand side above, for any ¢ > 0, converges to E> ", x; Lz <y, <1},
where the x; are distributed according to the PPP with intensity x 2 dx on (0, c0).
While this sum is finite for every ¢ > 0 it is easily seen to diverge (logarithmically)
for ¢ — 0. This achieves the proof of (3.5).
Next, we claim that if w,, satisfies (1.10), then there exists § > 0 such that, a.s.

3.6) liminf min
n—o0 1<i<n nwy

>34.

To establish (3.6), let us define b, = a|n<) so that E(Uy,; 1y, ; <p,}) = wipe| and

n
p1 = Sp =) Uil <b,)-
i=1

From the union bound,

IP( min pi <8) 5n]P’< Pl <8>.
I<i<n nwy, nwy

From the Borel-Cantelli lemma, it is thus sufficient to prove that for some § > 0

(3.7) > nP(S, < dnwy) < oo.

n>1

By assumption, there exists § > 0 such that for all n large enough, w || > 26w,.
We define

n
Vi=UiiLw, ;=) = wiwe) and Sy =) Vi

i=l



HEAVY-TAILED WEIGHTS ON THE COMPLETE GRAPH 1571

Note that EV; = ES,, = 0. We get for all n large enough
(3.8)  P(Sy < Snwy) =P(Sy < Snwy —nwiue)) <P(S, < —dnwy).

By construction, wy, is slowly varying and a,, = L(n)n where L(n) is slowly vary-
ing. Hence |V;| < max(wyus|, by) = L(n)n® where L(n) is another slowly varying
sequence. By the Hoeffding inequality, we get from (3.8)

8?n?w?

t ) = exp(- L' )

]P)(gn < —6nwn) < CXP<—W

where L(n) is a slowly varying sequence. Since ¢ < 1/2 we obtain (3.7) and thus
(3.6).

4. Properties of the limiting spectral distributions. Recall that yu, is char-
acterized by the Cauchy—Stieltjes transform m,, (z) = Eh(z), z € C4, where h(z)
is the random variable /(z) = (8g, (T — zI)~'85) [cf. (3.4)]. The main novelty in
our analysis of the LSD p, with respect to previous works [5, 7] is that we can
work here with the distribution of 4 (z) rather than only with its expectation.

4.1. Recursive distributional equation. The symbol 2 stands for equality in
distribution. The following result is at the heart of our analysis of the LSD .

THEOREM 4.1 (Recursive distributional equation). For all z € C, the ran-
dom variable

h(z) = (85, (T — zI) " '85)

satisfies to h(—z) = —h(z) and

—1
@.1) h(z) < —(z +3 gkhk(z)) ,

keN

where (hy)ren(z) are i.i.d. with the same law of h(z), and {&}ren is an indepen-
dent Poisson point process with intensity %x*“/%l dx on (0, 00).

PROOF. Since the PWIT is bipartite, the property #(—Z) = —h(z) is a conse-
quence of Lemma A.1. We are left with the RDE (4.1). This can be interpreted as
an operator version of the Schur complement formula (see, e.g., Proposition 2.1
in Klein [19] for a similar argument). Denote, as usual, by k € N the descendants
of the root @, and let 7® denote the subtree rooted at k (the set of vertices of
T® s then kN/). We have the direct sum decomposition N/ = {@} U Uk kN,
We define T® as the projection of T on KN/ Its skeleton is thus 7*). Finally,
define the operator U on D by its matrix elements

up = (8, Udk) = (6k, Udy) = (8o, Tdy)
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for all k € N (offsprings of @) and (§y, Udy) = 0 otherwise. In this way we have

T=U+T with T=PT?.
keN
As T, each T® can be extended to a self-adjoint operator, which we denote
again by T® . Therefore T is self-adjoint. We shall write R(z) = (T — z/ )~ and
E(z) = (’T‘ — zI)~! for the associated resolvents, z € C,.. These operators satisfy
the resolvent identity

(4.2) RE)(T—T)R(z) = R(z) — R(z).

Set Ry,v(2) := (8u, R(2)8y) and Ryy(2) := (8u, R(2)3y). Observe that Ry o(2) =
—z~! and that the direct sum decomposition N/ = {@} U [J, kN/ implies
Ry 1(z) =0 for k # [. Similarly we have that Ry ;(z) = 0 = Ry »(z) for every
k € N. From (4.2) we then obtain, for k € N,

Rix(@uxRz,5(2) = —Ri,5(2).
It follows that

(82, R(T —T)R(2)8z) = Y Roy o(D)ur Re o (2)
keN

= — Z ﬁ@’@(Z)ﬁk,k(Z)uiR@7@(Z)'
keN

From (4.2) we then conclude that

E@,@(Z)
1 — Roy,0(2) Yen Rk ()}

Ry »(2) =

Or, using E@’@(Z) =—z71

-1
Ry o(2) = —(z + Z Rk,k(Z)u]%) .
keN
Then (4.1) follows from the regursive construction of the PWIT: 7®) are i.i.d. with
distribution 7 and therefore Ry x(z) are i.i.d. with the same law of Ry »(z), for
everyze C4. O

Concerning the uniqueness of the solution to the RDE (4.1) we can establish the
following useful result. For z = it, with ¢t > 0, the identity, h(—Zz) = —h(z) reads
Nh(it) = 0. Thus, the equation satisfied by g(it) = Jh(it) > 01is

-1
4.3) gin & (t +y skgk(m) .

keN
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LEMMA 4.2 (Uniqueness of solution for the RDE).  For each t > 0, there ex-
ists a unique probability measure L'" on R, solution of (4.3).

PROOF. Set 8 =oa/2. If (Yy) is an i.i.d. sequence of nonnegative random vari-
ables, independent of {&;}xeN, such that IE[YI/j ] < oo then it is well known that

Y av LS e @y
k k

(see, e.g., [27], Lemma 6.5.1, or (4.5) below). This implies the unicity for (4.3)
provided that the equation satisfied by E[g (i1)P] has a unique solution. Recall the
formulas of Laplace transforms, for y >0, n > 0 and 0 < n < 1, respectively,

[e.e]
y = F(n)_I/ " le™Vdx  and
0
(4.4) .
yI=T(— n)—ln/ 71N — e dx.
0

From the Lévy—Khinchine formula we deduce that, with s > 0,
o0
Eexp(—s ngYk> = exp(E/ (e — px—F! dx)
0
k

(4.5)
=exp(—T'(1 — B)sPE[Y])).

From (4.3), E[g(it)?] is the solution of the equation in y:
Lo g Ar(1
y= —/ xPlem X e TA=P)y gy,
') Jo

The last equation has a unique solution for any ¢ > 0. Indeed, the function from
R+ to R+

U [ g1 —x —xfral
Yy / xPlemtx e TU=Fy gy
'8 Jo

tends to 0 as y — 00, and it is decreasing since
( ):_7F(1 —P ooxzﬂfle*’xefxﬂr(lfﬁ)ydx.
rg Jo
Thus ¢ has a unique fixed point. [J

Before going into the proof of Theorem 1.6, we introduce some notation. Let
B =«a/2 as above, and let /C;, denote the set of probability measures on (0, co)
with finite # moment. We define the map W on probability measures on R U {oo},
where W (Q) is the law of

(4.6) z= (Zsm)_l,

keN
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with (Yx, k € N) i.i.d. with law Q independent of E = {&;}ren a Poisson point
process on R of intensity fx—#~1 dx.

LEMMA 4.3. W satisfies the following:

(1) W is a map from Ky to Ky. Let (Py)peN and P in Ky, if lim,— o fx’g dP, =
[ xP dP then W(P,) converges weakly to W (P) and lim,,_, «, [ xP d¥(P,) =
[xPav(P).

(i) The unique fixed point of V in Ky is the law of 1/S where S is the
one-sided B-stable law with Laplace transform Eexp(—tS) = exp(—tf x
JTA+B)/TUA=B)), 1 = 0.

(i) ES~# =B+ HI'(1 - B)~'/2.

PROOF. As in the proof of Lemma 4.2, we get
-8
Ez = JE(Z £ Yk>
k
= E—l /Ooxﬂflefx L&Y g
I'(B) Jo
_ /Ooxﬁ—le—xﬁr(l—ﬂ)m{’ dx
') Jo

_ 1 /Ooe_sm—ﬁ)JEYf ds
B (B) Jo
=(T(B+ 1) —pEY,) ™,

[in the last line we have used the identity zI'(z) = I'(z 4+ 1)]. Therefore, ¥ is a
map from /C, to ICy. Also as a consequence of (4.5)

Eexp(—tZ~ 1) =exp(—tPT(1 — ﬂ)EY{S).

Statement (i) follows from the continuity of the map x + 1/x in (0,00). If Z is a
fixed point of W then from the computation above EZP = r@e+nra- ,3))_1/2.
Finally, from (4.5) we obtain for all ¢ > 0,

_ [T+ 8)
_ Iy — 4B _ BY — BT F
Eexp(—tZ~") =exp(—t"T(1 - B)EZ )_exp< t T ,3)).

4.2. Proof of Theorem 1.6(i). From Theorem 4.1, for z € C,
my, (z) =Eh(z),

where h solves RDE (4.1). Set f(z) = Mh(z) and g(z) =3Jh(z). Forz=u+iv €
Cy, f and g satisfy the RDE

Flo) L u+ >k &k fx(2)

U E S+ 0+ Yy Erar(2))2
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and
v+ >y 68k (2)
U+ D5 6 (@) + (v + g drgr(2)?

By construction, 0 < g(z) < 1/v, thus the law of g(z) is in . If the stochastic
domination of P by Q is denoted by P <;; O, we have

g(x) <

1

@“.7) 8@ = v+ L (z)>_l = (L) -
k k

[In fact, we also have |h(z)| <s; (X x &gk (z))~!.] Using the computation in Lem-
ma 4.3, we obtain Eg(z)? < (I'(B + DI'(1 — B)Eg(z)#)~!. Thus

1
VTB+Dra-p)
Again, the formula y~7 = T'(5)~! fooox”_le_xy dx, for y >0, n >0, gives

- 1 -1 —xfra- B
4.9 E - =1, T1-PEg)’ 4,
4.9) [(Ek Skgk(Z)> } F(n)./o X" e x

We now study the weak limit of g(u + iv) when v | 0, u € R. Equation (4.8)
implies tightness, so let g(u 4 i0) be a weak limit. If this limit is nonzero then
Egﬂ (u +i0) > 0, and equations (4.7)—(4.9) imply for all > 0 and u € R,

(4.8) Eg(z)? <

limsup Eg"(u + iv) < oo.
u+iv:vl0

Since Eh(z) is the Cauchy—Stieltjes transform of i, taking n = 1, we deduce that
Wy 18 absolutely continuous (see, e.g., [25], Theorem 11.6).

4.3. Proof of Theorem 1.6(i1). In view of [25], Theorem 11.6, it is sufficient
to show that

o 1) (LA + )\
(4.10) ltlngg(”) = l"(l + E) (m) .

As above, (4.8) implies the tightness of (g(it), ¢ > 0). So let g(i0) be a weak limit.
It is in IC, and, by continuity, g(i0) is solution of the RDE

2(i0) £ (; skgkam)_l.

By Lemma 4.3, g(i0) 4 1/S, and (4.9) gives

Eg(i0) = fme—xﬂmdx _ 1F<1> (M
0 B \B/\I'(1=p)

Using the identity zI"(z) = I'(z 4+ 1), we get (4.10).

)1/(2/5)
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4.4. Proof of Theorem 1.6(iii). We start with a Tauberian-type theorem for the
Cauchy—Stieltjes transform of symmetric probability measures. As usual, let m
denote the Cauchy-Stieltjes transform of a symmetric probability measure  on R.
Then, for all t > 0, m, (it) € iR and

o0

~ . t o0 t
min= [ e =2 [ s

LEMMA 4.4 (Tauberian-like lemma). If L is slowly varying and 0 < a < 2,
the following are equivalent: as t goes to +00

4.11) n((t, 00)) ~ L(t)t™*,
(4.12) Sy (it) — 17! ~ —A(a)L(t)r !

. 1-«a
with A(e) =2¢ [ f+7 dx.

SKETCH OF PROOF OF LEMMA 4.4. The proof is an adaptation of the proof
of the Karamata’s Tauberian theorem in [10], pages 37 and 38. Let M denote the
set of symmetric measures on R such that fooo min(1, x2)u(dx) < +00. On M,
define the transform

S 0 Dx?

it ——u(dx).
2 /0 P p(dx)
Note that S () =1 —t3Im (it) =1 +itm,(it). Recall that the Cauchy—Stieltjes
transform characterizes the measure. Thus if for all # > 0, (Su,(?)),eN converges
to S, then (uy,),en converges to w over all bounded continuous function with 0
outside the support. Now, assume that (4.12) holds, namely

(4.13) Su(t) ~ A(a)L(t)t™ 7.
Since limy 00 L(tx)/L(t) = 1, we deduce that for all # > 0, as x — o0

Sp(xt)

Lox—a — A(a)t™“.

The left-hand side is the S transform of the measure i, (dy) = w(x dy)/(L(x)x~%)
while the right-hand side is the S transform of j1oo(dy) = a|y|~%~ " dy, thus

u((x,00) B
W =ux((1,00)) — peo(l,00)=1.

We get precisely (4.11). The reciprocal implication can be proved similarly
(see [10], pages 37 and 38) [it is straightforward for L(¢) = c, the case that we
will actually use]. [
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We now come back to the RDE (4.3) and define Q(¢) = E[g(it)ﬁ]. From (4.3),
we have a.s. rg(it) < 1. Note also, from a.s. ) ; & gi(it) < 1! >k &, that a.s.
lim;_, {5 g (it) = 1. The dominated convergence theorem leads to

(4.14) lim Q@) = 1.
t—00
Moreover, as already pointed in Lemma 4.2,

Y gainLomFY &.
k k

We deduce, with C (1) = (1 Q(¢)'/#)~1/2, that
I3
124+ 1QMVB Y &
1C(t)
(tC(1))*+ X &
= C(t)Imey)(iC(1)1),

Y=¢ Y &
k

and ¢ is independent of {&}x, P(e = 1) =P(e = —1) = 1/2. We have
1
P(Y >1) =P tz).
¥ =n=3 (Xk:Sk >

By (4.5),as s | 0, Eexp(—s Y., &) = exp(—sPT'(1—B)) ~ 1 —sPT'(1 — B). Using
[10], Corollary 8.7.1, we obtain P(D_"; & > ¢t) ~ =P and

Smy,, (it) =Eg(it) =E

(4.15) —C(E

where L£(Y) is the law of

t—Ol
PY >1t) ~ —.
Y >1) 5
By Lemma 4.4, Sm c(y)(it) — 1~ —#A(a). Thus by (4.14) and (4.15),

—a—1
Sy, (it) —t 1~ — S A@.

Theorem 1.6(iii) now follows from Lemma 4.4.

REMARK 4.5. In the proof of Lemma 4.2, we have seen that the distribution
of g(it) = Ih(it) was function of Q(¢) = ]E[gﬁ (it)] which satisfies the equation

o) = %ﬁ)/Oooxﬂ‘le—”e—xﬁm—ﬂm(” dx = fg(t, Q(1)).
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We could push further our investigation at + = 0 and compute the derivative
of 0 at t=0: 0'(0) = —fp+1(0, Q(0)) — T'(1 — B) f25(0, 0(0))Q'(0), with
Q(0) = (I'(B + HI'(1 — B))~1/2. There should be no obstacle for computing by
recursion the successive derivatives of Q(¢) at t = 0. We would then obtain a series
expansion of the partition function .y ((—00, t)) in a neighborhood of 0.

4.5. Proof of Theorem 1.7: iy, a € (0,1). Asin (3.1), let p¢ denote the return
probability after £ steps starting from the root &, for the random walk on the PWIT
with transition kernel K given by (2.5). In particular, y; = Epy is the £th moment
of the LSD [ig.

PROOF OF THEOREM 1.7(i). For the first part, we shall show that there exists
8 > 0 such that for any ¢ € (0, 1/2] and any n

(4.16) Yon > 8% (1 — &),

Theorem 1.7 (i) follows by choosing ¢ = 1/2n. To prove (4.16) we use the simple
bound py, > (K(@, DK(1, ©))", which states that to come back to the root in
2n steps the walk can move to the child with the highest weight, with probability
K(2, 1), go back to the root, with probability K(1, &), and repeat this n times.
Taking expectation, it follows that

4.17) yan = E[(K(2, DK(1, 9))"].
Therefore (4.16) holds if the event
A ={K(@,1) > (1 —¢) and K(1, @) > (1 — &)}

has probability at least 5, for some § > 0 and for any ¢ € (0, 1/2].

Let (x;); denote the realization of the PPP at the root &, that is, x; > xp > - --
are the points of a PPP on (0, o) with intensity measure ox ! dx. We set ¢ :=
Y72, x; and let ¢’ denote an independent copy of ¢. We can use the representation
K(@, 1) =x1/¢ and K(1, @) = x1/(x1 + ¢'). Therefore,

P(A;) =P(x1 = (1 — )¢, x1 > (1 — &) (x1 +¢"))

. . , EX1
—P(n =1 -e.0' < 7

>P(x; > (1—e)p,x; > ', ¢ <1).

Let§ :=P(p <1)= fol f(@)dt > 0, where f(t) denotes the density of ¢. The
function f(¢) can be obtained from its Laplace transform, which is given by the
known identity E[e "] = e TU=eu® o (see [22], Proposition 10, or (4.5)
with B replaced by « and Y; = 1). Since ¢’ is independent of (x;) we obtain

P(Ae) > 81P(x; > (1 —e)p, x1 > &7 )).
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To estimate the last quantity we observe that if X is a size-biased pick from (x;),
then x; > X. We recall that X is a random variable such that, given the sequence
(x;) the probability that X equals x; is x; /¢. It is not hard to check (see, e.g., [21],
Lemma 2.2) that the random variable X has a probability density on (0, co) given
by

(4.18) —o- 1[ f(t)—dt
where f(¢) is the density of the variable ¢. Therefore,
Px1 > (1 —e)p,x1>¢")
>PRE>(1—e)¢p,X>e")

_oz/ dtf(t)/ dxxo! T]l{x>(1 g)(x+t)}rﬂ.{x>8fl}

ZO!/ dtf(t)/ dxx =M1 = &)1z,
0 0 B
=381(1 —¢g)e”.

In conclusion, P(A,) > 5%(1 —&)g% > %5%8“, and the claim (4.16) follows.

It remains to show that liminf, ~1 y» > 0.If (x;), X, and ¢ are as above and if ¢’
is independent of the sequence (x;) and identical in law to the random variable ¢,
then

_ Xi X _ X N R Y Y i A () 2
VZ_E[I. Exi+¢’]_E[f+¢’]_/o o (0 x+tdt) dx.

¢] — e—F(l—ot)ua

Now, from the Laplace transform E[e™

o0 f(t) dt = /ooe—r(l—a)u”—ux du.
0 X+t 0

we have the identity

This gives

o0 o0 o o
y2=aF(2—ot)/ f e Ta= @™+ ) 4 )24y d
al(2—a)

Finally, the desired result follows from the bounds (for absolute constants cy,
c>0)

00 OO P 1 1
/ / et ) ds dt 26_2/ / (t+5) 7 dsdt
0 0 0 JO

1

>
T 1l—«a
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and

o0 2
Il —a)= % dr < “dt+ e ldt < ) 0
0

— o

PROOF OF THEOREM 1.7(ii). It is convenient to make here the dependence
over « explicit in all the notation. In particular, for every o € (0, 1), we denote by
S, the operator S given by (2.6). These operators are defined on a common prob-
ability space, and are self-adjoint in LZ(V). Moreover, it follows from Section 3.1
that /iy, = Epg o, where pq & is the spectral measure of S, at the vector 5. By
the dominated convergence theorem, in order to prove that o — [i, is continu-
ous in (0, 1), it is sufficient to show that a.s. & — 4, is continuous. From [23],
Theorem VIII.25(a), it is in turn sufficient to prove that for all ve V, o > Sydy
is a continuous map from (0, 1) to L?(V). From (2.6), for all u € V, the map
o — Sy (u, v) is continuous. It thus remains to check the uniform square integra-
bility of (S (v, w))ucy. We start with the upper bound

—1l/a -1/« —1/a
(So(v,vh)? =2k vk o Twk
Pa (V) pa(VK) — po (V)
1/a

Then, notice that for all @ € (0,1 — ¢), one has y,, '~ < max(l, y‘;(l/(l_g)) and

0o (V) > min(1, yv_ll/ (1_8)). We may conclude by recalling that a.s. limg yy;/k =1
and yy1 > 0. O

PROOF OF THEOREM 1.7(iii). As in the proof of Theorem 1.7(ii), we make
here the dependence over « explicit in all the notation. It follows from Section 3.1

/ ¥ iy (dx) = E / 2 i 5 (dx) = Epa.ae.

where the expectation is over the randomness of the PWIT. We introduce forve V,
—1/a —1/a

Va(V) = ( vl v2 T’ )
Zkzl yvk Zk>1 Yvk

By construction Vy(v) is a PD(¢, 0) random variable. Thus, by [22], Corollary 18,
as o | 0, V4 (v) converge weakly to the deterministic vector (1,0, ...). We may
thus write

-1
1 e

yl—l/a l/oz(1 +<9a)

where as a goes to 0, &, goes in probability to 0. We define U = 1yy,,>y,}, so that
U is a symmetric Bernoulli, that is, P(U = 0) =P(U = 1) = 1/2. We have proved
that in probability

imK,(@,1)=1 and limK,(1,2)=
ali%“( ) an 051?8“( )

K,(1,9)=
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In particular,
. 20 _
hm/x Mo z(dx)=U.
a0
Since [iq, oz 1S symmetric,

U U
li =—4_ 1-U)6 —41.
ali%/ta,@ > 1+ ( )0+2 1

Taking expectation, we obtain the claimed statement on fi,. [

5. Invariant measure: Proof of Theorem 1.8. We start with a lemma. Let
(X1,...,Xn), X1 =--- = X,, denote the ranked values of py, ..., p, and recall
the notion of convergence in the space A, cf. Section 2.4. We use the notation
b, :=ay,, where m, =n(n +1)/2.

LEMMA 5.1. For any a € (0,2), the sequence bn_] (X1, X2, ...) converges in
distribution to (x1, x1, X2, X2, ...), where x| > xp > --- denote the ranked points
of the Poisson point process on (0, 00) with intensity ax %' dx.

PROOF. There are m, = n(n + 1)/2 edges, including self-loops. Let us de-
note by U, the weight of edge e € {1,...,m,}. The row sums are given by
Pi = Y e:esi Ue. We write O, for the set of off-diagonal edges e, that is, edges
of the form e = {i, j} with i # j. Let U, > U,, > - - - denote the ranked values of
the i.i.d. random vector (U,).c0, - Since there are m,, — n edges in O, an applica-
tion of Lemma 2.4(i) yields convergence in distribution

_ d
(5.1 bnI(Uel,Uez,...)n:;o(xl,xz,...).

Each e; = {u;, v;} € O, identifies two row sums p,; and p,,. Set A; = max{p,, —
Ue,, pv; — Ue,;}. Then, for every k € N and ¢ > 0,

(5.2) lim P(max A > ebn) —0.

n—o0 ISESk

To prove this we use an estimate due to Soshnikov [26]. Let B,, denote the event
that there exists no i € {1, ..., n} such that

{pi > b8 and p; — max U; j > b2/4+°‘/8}.
J

Then, from [26] and [4], Lemma 3, one has

(5.3) lim P(B,) — 1.
n— oo
. 3/4+a/8 .
Clearly, on the event B, if maxj<¢<x Ay > €b,, then U, < b, which has

vanishing probability in the limit by (5.1). This proves (5.2).
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For simplicity, we introduce the notation Ry = max{py,, oy}, R =
min{p,,, py, }. Therefore (5.2) and (5.1) prove that

_ d
(54) bn ](Rlv R27 R3’ R4v . ) — (x13x17x27 X2, .. )
n—oo
It remains to show that for every fixed k
(5.5) ngngop( U (R # X,-}) =0.
1<i<2k

By construction, we have X; > R; fori = 1, 2. On the event B,, described above, to
have X| > R or X» > R, implies that there exists an edge e # e such that U, >
Ue — bf’,/ /8, However, this event has vanishing probability by (5.1) and the fact
that bz_l max; U; ; — 0 in probability for all sufficiently small § > O (indeed by
Lemma 2.4, a,; I'max; U; ; converges weakly to the Fréchet distribution, see first
comment after Lemma 2.4). Thanks to (5.3) this shows that P(X| > R or X, >
R>) — 0. Recursively, the probability of X7; 41 > Roj 1 or X217 > R»;j42 on the
event B, N{X; =R;,Vj=1,...,2i} vanishes as n — 00. Indeed, at each step we
have removed a row and a column corresponding to the largest off-diagonal weight
and we may repeat the same reasoning as above. This proves (5.5) as required. [

PROOF OF THEOREM 1.8(ii). Let us define m,, = n(n + 1)/2. Observe that

n n
(5.6) Z,o,- =28, + D, where S, := Z U, and D, := Z Ui,.

i=1 e€Oy, i=1
Here, as in the previous proof O, denotes the set of off-diagonal edges. For o €
(1,2), we have by the weak law of large numbers S,/m, — 1 and D,,/n — 1 in
probability. Therefore
1 n
5.7 lim — i =2 in probability.

Theorem 1.8(ii) thus follows directly from Lemma 5.1 and (5.7). The same reason-
ing applies in the case o = 1 replacing the law of large numbers by the statement
(3.5) which now gives (5.7) with m, replaced by m,w,,,. [

PROOF OF THEOREM 1.8(i). If U, > U, > --- are the ranked values of
the i.i.d. random vector (U,)cco, and S, is their sum as in (5.6), then by Lem-
ma 2.4(ii), replacing n with m,,, we have

Ue, U
(5.8) (i£>i>( a2 )
Sn o Su n—=>00\ Y 2 Xi D it Xi

where x; > xp > --- denote the ranked points of the Poisson point process on
(0, oo) with intensity ax—o L,
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Write X, Xo, ... for the ranked values of row sums as in Lemma 5.1, so that
0i = Xi/(2S, + D,), where D,, S, are as in (5.6). Let
Xoe—1 U, X U,
Y2€—1:7_ P Y2€=—_ .
2S,+ D, 28, 28, + D, 28,

Thanks to (5.8) it is sufficient to prove that P(max<; <ok |Yi| > ¢) = 0,as n — oo,
for any fixed € > 0 and k € N. This follows from the argument used in the proof of
(5.2)and (5.5). O

APPENDIX A: SELF-ADJOINT OPERATORS ON PWIT

The following classical lemma was used in Section 3. If S is a self-adjoint op-
erator on D(S) C L?(V) with V countable, the skeleton of S is the graph on V
obtained by putting an edge between two vertices (v, W) iff {3y, Séw) # 0.

LEMMA A.l (Resolvent of self-adjoint operators on bipartite graphs). Let S
be a self-adjoint operator on D(S) C L*(V) with V countable. If the skeleton is a
bipartite graph then for v e V, h(z) = (dv, (S — 21)~18y) satisfies for all z € C.,
h(=z) = —h(2).

PROOF. Assume first that S is bounded: for all w € V, ||Séw|| < C. For |z| >
C, the series expansion of the resolvent gives

(8y,S“8y)
e == 2 S
However, since the skeleton is a bipartite graph, all cycles have an even length,
and for £ odd (8y, S¢8y) = 0. We deduce that for |z| > C, h(—Z) = —h(z). We may
then extend to C. this last identity by analyticity.
If S is not bounded, then S is limit of a sequence of bounded operators, and we
conclude by invoking Theorem VIIL.25(a) in [23]. O

The arguments of Section 3 were crucially based on the following fact.
PROPOSITION A.2. The operator T defined by (2.3) is essentially self-adjoint.

To prove the proposition, we start with a deterministic lemma. Let V = N/
denote the vertex set of the PWIT, and let D be the space of finitely supported
vectors. We write u ~ v if u = vk or v = uk for some k € N (i.e., if u, v are
neighbors) and u # v otherwise. Let A: D — L?(V) denote the symmetric linear
operator defined by

(A.1) Oy, Adw) = Wy,y = Wy u,

and such that wy y = 0 whenever u # v.



1584 C. BORDENAVE, P. CAPUTO AND D. CHAFAI

LEMMA A.3 (Criterion of self-adjointness). Suppose that there exists a con-
stant k > 0 and a sequence of connected finite subsets (S,)n>1 in V, such that
Sn C Sn+1, U, S =V, and for every n and v € S,

2
Z |wu,v| <K.
u¢sS, :u~v

Then the operator A defined by (A.1) is essentially self-adjoint.

PROOF. It is sufficient to check that the only function ¢ € D(A*) C L2(V)
such that
A*p =+ig
is ¢ = 0 (see, e.g., [23], Theorem VIIL.3). A similar argument is used in [13],
Proposition 3. We deal with the case A*p =ig, that is, forallu e V,

ip() =Y wuye(V).
v~u
Here we use the notation ¢(u) = (6,, ¢). Taking conjugate, we also have for all
ueV

—ig() =) Wuy@(¥) = D wy a@(V).
v~u v~u
For any finite set S C V, we deduce

iY leMIP=Y"WMA*)W) =D 8(V) Y wyup(u)

vesS veS veS u~v

= o > wy @M+ > BV Y wyap()

ues v~u veS u~v:u¢S

Do Y wyudv)

ues v~u: veSs

==iY lpP+>Y 2V Y wyup)

ues vesS u~v:ug¢sS
=Y e Y wyud™).
ues v~u: ves
We obtain a Green formula,
2 leMIP=Y"2M Y. wyup@ =Y o Y. Wy.pW.
veS veS u~v:ug¢s veS u~v:u¢s
From Cauchy—Schwarz’s inequality,

YoM=Y leM > Jwyallp@)

veS veS u~v:ug¢s

s(Dw(v)F)]/Z(Z( > |wv,u||<o(u>|>2)

veS veS ‘u~v:ugS

1/2
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Now take S = S,,. From the assumption of the lemma, using again Cauchy—
Schwarz’s inequality,

2
(T b)) =0 X jep,

u~v:ué¢s, u~v:ué¢s,

Since S, is connected and the graph is a tree, if u ¢ S,, and u ~ v then for any
v/ € S, \ v, then u »# v'. It follows that

> o = vi( X |<p<v)|2)1/2(2 pwP)

veS, veS, uesy

1/2

Therefore,
Y lemP =k Yl
ves, vé¢S,

Since lim,, S, =V, as n grows, the right-hand side goes to 0, while the left-hand
side goes to ||go||%. We obtain ¢ =0. [

Next, we need a technical lemma.

LEMMA A4. Letk >0,0<a <2,andlet 0 <x; <xp < --- be a Poisson
process of intensity 1 on Ry. Define 1, =inf{r e N:Y 72, xk_z/a < «}. Then
Kz, is finite and goes to 0 as k goes to infinity.

PROOF. First of all, the fact that 7, is a.s. finite follows from the a.s. summa-
bility of > 72, x, 2/% We deduce also that a.s. there exists ¥ > 0 such that 7 =0.

From monotone convergence, it remains to check that Et, < co. Let n > 1 and
Sn =21 xk_z/a]l{xkzn}. From the Lévy—Khinchin formula, for 8 > 0,

X gp—2e
Eexp(6S,) = exp(/ (e”* — l)dx).
n
As n goes to infinity, if 6 = o(n?/%),

./Oo(egx_zm —1dx ~ _9 n=2/etl,
. 2a—1

Hence, taking 6 = 2/« — l)nz/ @=1 we deduce from the Chernov bound, that for
any integer n > no,

P(S, > k) < e “Eexp(6S,) < 3¢~
where ng > 1 and ¢ = (2/a — 1)k. Also recall (from the Chernov bound) that if N
is a Poisson random variable with mean n, then for all ¢ > 0,

t
P(N>1t) < exp(—t log —>
ne
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Now if the event {7, > ¢} holds, then either the number of points of the Poisson
process (xx)k>1 in [0, n] is larger than ¢ or S, > k. We get for any integer n > ny,

2a—1

P(‘L’ >1) < e—tln(z/(ne)) 43¢

We conclude by taking n = max(ng, t/(2¢)). U

PROOF OF PROPOSITION A.2. We apply Lemma A.3 with A given by T, the
operator defined by (2.3). For x > 0 and v € N/, we define the integer

o8}
G =infir=0: 7 [yl <«
k=t+1

The variables (7, (v))y are i.i.d., and by Lemma A.4, there exists « > 0 such that
Ez,(v) < 1. We fix such k. Next, we give a green color to all vertices v such that
7, (v) > 1 and ared color otherwise. We consider an exploration procedure starting
from the root which stops at red vertices and goes on at green vertices. More for-
mally, define the sub-forest 78 of the PWIT where we put an edge between green
vertices v and vk iff 1 <k < 1,.(v).

The sets S, appearing in Lemma A.3 are defined as follows. If the root & is
red, we set S1 = {}. If the root is green, we consider Tg , the maximal subtree
of 78 that contains the root. It is a Galton—Watson tree with offspring distribution
7, (v). Thanks to our choice of «, T3 is almost surely finite. Let V5 denote the set
of vertices of 75, and consider the set L%, of the leaves of T5. Note that L, is the
set of vertices v € Vg such that for all 1 <k < 7, (v), vk is red. Thus, when the
root is green, we set S| = Vg Uye L5 {vk:1 <k < t(v)}. By construction, the set
S satisfies the condition of Lemma A.3.

Next, define the outer boundary of the root as {&} as d{&} = {1, ..., 5 (D)},
andforv# @, v=(iy,...,Ii), set

vy ={G1, ..., ik—1, ik + DIU{G1, - v ik, 1)y oo, Gy e ey ik, Te (V) )

For a finite connected set S, its outer boundary is defined by

28 = (U 8{v}>\S.

veS
To define the set S», suppose that dS; = {uy,...,u,}. The above procedure
defining S; for the PWIT rooted at & can be now repeated for the subtrees
rooted at uy, ..., u, to obtain sets S;(u1), ..., S1(u,). We can then define S =

81 U Uj<i<n S1(u;). Iterating this procedure, we may thus almost surely define
an increasing connected sequence (S,) of vertices with the properties required in
Lemma A.3. O
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APPENDIX B: TIGHTNESS ESTIMATES
Let X and K be the matrices defined by (1.6) and (1.1), respectively. Recall that,

when o > 1 we set k,, = nwnan_l, where w, =1ife > 1 and w,, = a” xL(dx) if
a=1.
LEMMA B.1.

(1) Forevery a € (0,2), the sequence | arlx isa.s. tight.

(ii) For every a € [1,2), the sequence i, k is a.s. tight.

We first recall a classical lemma on truncated moments and a lemma on the
eigenvalues.

LEMMA B.2 (Truncated moments [17], Theorem VIIL.9.2). Forevery p > «,
E[IX1117Lqx, 1<0] ~ c(p)L()tP™%,
where c(p) :=a/(p — ). In particular, K[| X1 1P 1(x, ;1<a,}] ~ c(p)al /n.

LEMMA B.3 (Schatten bound [29], proof of Theorem 3.32). IfAisann xn
complex Hermitian matrix then for every 0 <r <2,

n n n r/2
(B.1) ka(A)rsZ(DAi,jF) :
k=1 i=1 \j=1

PROOF OF LEMMA B.1.
Proof of (). Letus fix r > 0. By definition of uxy we have

o r 1 - -1 r
|1k @0 =2 Y e 01

k=1
By using (B.1) we get for any 0 <r <2,

n r/2
/0 1" 11 (d) < Zy = ZY,,, where Y, ; = (Za;2|xi,j|2> .

i=1 j=1

We need to show that (Z,),>1 is a.s. bounded. Assume for the moment that

(B.2) supE(Y? ) < o0

n>1 ’
for some choice of r. Since Yy, 1, ..., Y, , are i.i.d. for every n > 1, we get from
(B.2) that

4
E((Z, —EZ,)* —n_4E<<Z Yoi — ) ) =0(n?).
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Therefore, by the monotone convergence theorem, we get E(3_, > | (Z, — EZ,)* <

oo, which gives ), ~1(Z, —EZ,)* < oo a.s. and thus Z, —EZ, — 0 a.s. Now the
sequence (IEZn)nzl_: (EY},.1)n>1 is bounded by (B.2), and it follows that (Z,,),>1
is a.s. bounded.

It remains to show that (B.2) holds, say if 0 < 4r < «. To this end, let us define

n
— -2 2
Sn.api= Zan 1 X1,/ ]l{a,?lel,jFG[a,b)} for every a < b.
j=1

Now Yt | = (85,0.00)%" = (S1.0,1 + Sn.1.00)*" and thus,

(B.3) E(Y, ) <27 " HE(S0.1) + E(S31,00))-

n,1,00

We have sup,, E(S,%,’O’l) < 00. Indeed, since 2r < 1, from the Jensen inequality,

E(S701) < (ESu0.1)>

and, by Lemma B.2, ES,, 0.1 ~n /(2 — @).
To deal with the second term of the right-hand side of (B.3), we define

M,, ;= max an_lle,le
1<j<n {

ap'1X1,41>1)
and
Ny=#1<j<nsta'|X;;|>1).
From the Holder inequality, if 1/p + 1/g = 1, we have
(B.4) E(S71 o) SEWNT M) < @NFPYYP @M,

Recall that P(| X1 2| > a,) = (1 + o(1))/n < 2/n for large enough n. Using the
union bound, for large enough #,

k ~k k
PNy = k) < (") P(X 12l > anf < =2 =2
- \k ’ — k! nk k!

In particular for any n > 0, sup, EN,] < co. Similarly, since L is slowly varying,
for large enough n and all r > 1,

P(M, > t) <nP(|X12| > tay) =na, “t~“L(ant) <2t~ *.

It follows that if y < «, sup,, EM]} < oo. Taking p and g so that 4rq < «, we thus
conclude from (B.4) that sup, E(S,%f l,oo) < 0.

Proof of (ii). Recall that for any o € [1,2), k, = wyna,, I Then, by using
(B.1) we get forany 0 <r <2,

00 1 I/ nw,\"
fo ItI’uKnK(dt)sZ;:;Z( ) Yois

=1\ Pi
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where

n r/2
Yn,i = (Zan_2|Xi,j|2> .
From (2.18) (for 1 < o < 2) and (3.6) (for « = 1), there exists ¢ > 0 such that a.s.,

. nwy, \"
limsup max | — | <c.

n—oo 1<i<n Pi

Hence for all n large enough,

n
C
/
Zn S _ZYn,i,
i

and we conclude by using the same argument as in the proof of (i). U
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