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EXPONENTIAL TAIL BOUNDS FOR LOOP-ERASED RANDOM
WALK IN TWO DIMENSIONS

BY MARTIN T. BARLOW!2 AND ROBERT MASSON!
University of British Columbia

Let M, be the number of steps of the loop-erasure of a simple random
walk on Z? from the origin to the circle of radius n. We relate the moments
of M, to Es(n), the probability that a random walk and an independent loop-
erased random walk both started at the origin do not intersect up to leaving
the ball of radius n. This allows us to show that there exists C such that
foralln and all k=1,2,..., E[M/j] < Ckk!E[Mn]k and hence to establish
exponential moment bounds for M;,. This implies that there exists ¢ > 0 such
that for all » and all A > 0,

P{M, > AE[M,]} < 2¢~°*.

Using similar techniques, we then establish a second moment result for a
specific conditioned random walk which enables us to prove that for any o <
4/5, there exist C and ¢’ > 0 such that for all #n and A > 0,

P{M,, < A" YE[M,]} < Ce .

1. Introduction. The loop-erased random walk (LERW) is a process obtained
by chronologically erasing loops from a random walk on a graph. Since its intro-
duction by Lawler [4], this process has played a prominent role in the statistical
physics literature. It is closely related to other models in statistical physics and,
in particular, to the uniform spanning tree (UST). Pemantle [10] proved that the
unique path between any two vertices # and v on the UST has the same distribution
as a LERW from u to v and Wilson [12] devised a powerful algorithm to construct
the UST using LERWs. The existence of a scaling limit of LERW on Z¢ is now
known for all d. For d > 4, Lawler [5, 6] showed that LERW scales to Brownian
motion. For d = 2, Lawler, Schramm and Werner [8] proved that LERW has a con-
formally invariant scaling limit, Schramm-Loewner evolution; indeed, LERW was
the prototype for the definition of SLE by Schramm [11]. Most recently, for d = 3,
Kozma [3] proved that the scaling limit exists and is invariant under rotations and
dilations.

Let S[0, 0] be simple random walk on 7?2 started at the origin and stopped
at o, the first time S exits Bj,, the ball of radius n with center the origin. Let M,
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be the number of steps of L(S[0, 0,,]), the loop-erasure of S[0, oy,]. In [2], using
domino tilings, Kenyon proved, for simple random walk on Z?, that

logE[M,] 5
(1.1) im CEEIMa]_ S
n—oo  logn 4

Using quite different methods, Masson [9] extended this to irreducible bounded
symmetric random walks on any discrete lattice of R%. The quantity 5/4 is called
the growth exponent for planar loop-erased random walk. We remark that while
SLE, has Hausdorff dimension 5/4 almost surely (see [1]), there is no direct proof
of (1.1) from this fact; however, unlike the arguments in [2], the approach of [9]
does use the connection between the LERW and SLE,.

In this paper, we will not be concerned with the exact value of E[M,,], but rather
with the obtaining of tail bounds on M,,. Our results hold for more general sets than
balls. Let D be a domain in Z2 with D #* O, 7Z2. Write S[0, op] for simple random
walk run until its first exit from D, L(S[0, op]) for its loop erasure and Mp for
the number of steps in L(S[0, op]).

THEOREM 1.1. There exists co > 0 such that the following holds. Let D be a
simply connected subset of 7> containing 0 such that for all z € D, dist(z, D€) < n.
Then:

1.

(1.2) E[eCOMD/E[M”]] <2

2. consequently, for all A > 0,

(1.3) P{Mp > AE[M,]} < 2e 0",

THEOREM 1.2. Forall o <4/5, there exist C1(a) < 00, ca(a) > 0 such that
forall . >0, all n and all D D By,

(1.4) P{Mp < A7'E[M,]} < Ci(a) exp(—ca(a)A%).

These results are proven in Theorems 5.8 and 6.7, where a slightly more general
situation is considered.

REMARKS 1.3. 1. We expect that these results will hold for irreducible ran-
dom walks with bounded, symmetric increments on any discrete lattice of R.
Almost all of the proofs in this paper can be extended to this more general case
without any modification. The one exception is Lemma 4.4, where we use the
fact that simple random walk on Z? is invariant under reflections with respect to
horizontal and vertical lines. Theorem 1.1 does not depend on Lemma 4.4 and
therefore should be valid in this generality. It is likely that an alternative proof of
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Lemma 4.4 could be found, but we do not pursue this point further here, restricting
our attention to simple random walk on Z2.

2. The bound (1.4) for general D D B,, does not follow immediately from (1.4)
for B,,. The reason is that if Y is L(S[0, op]) run until its first exit from B,,, then
Y does not, in general, have the same law as L(S[0, 0,,]). Similar considerations
apply to Theorem 1.1.

3. We also have similar bounds for the infinite loop-erased walk; see Theorems
5.8 and 6.7.

4. One motivation for proving these results for general domains in Z?, rather
than just balls, is to study the uniform spanning tree (UST) via Wilson’s algorithm.
In particular, we are interested in the volume of balls in the intrinsic metric on the
UST and this requires estimating the number of steps of an LERW until it hits the
boundary of a fairly general domain in Z>.

For the remainder of this Introduction, we discuss the case where D = B,,. The
proofs of Theorems 1.1 and 1.2 involve estimates of the higher moments of M,,.
Building on [9], we relate E[M ,’f ] to Es(n), the probability that an LERW and an
independent random walk do not intersect up to leaving the ball of radius n. We
show that there exists C < oo such that

(1.5) E[M*] < C*k!\(n?Es(n))*  (Theorem 5.6);
(1.6) E[M,] > Cn? Es(n) (Proposition 5.7).
It is not surprising that the moments of M,, are related to Es(n). To begin with,

EM{l= Y Plzi....,z% € LSO, ou])}.

215..,2k €8y

Furthemore, for a point z to be on L(S[0, g,,]), it must be on the random walk
path S[0, o,,] and not be on the loops that get erased. In order for this to occur, the
random walk path after z cannot intersect the loop-erasure of the random walk path
up to z. Therefore, for z to be on L(S[0, 0,,]), a random walk and an independent
LERW must not intersect in a neighborhood of z. Generalizing this to k points, we
get for each i, a contribution of Es(r;), where r; is chosen small enough to give
“near independence” of events in the balls B, (z;). Propositions 5.2 and 5.5 make
this approach precise. Summing over the C*n?* k-tuples of points in B,, and using
facts about Es(-) that we establish in Section 3.2 gives (1.5).
Combining (1.5) and (1.6) yields

E[M*] < C*"K'E[M,]*  (Theorem 5.8),

from which Theorem 1.1 follows easily.

To establish (1.4), we prove a second moment bound for a specific conditioned
random walk and combine this with an iteration argument, as follows. Let B, (x)
be the ball of radius n centered at x € ZZ and R, be the square {(x, y) € 72 —n <
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x,y < n}. Fix a positive integer k and consider L(S[0, ox,]). We first establish an
upper bound for

P{M;, < E[M,]}.

Let k' = k/\/i (so that Ry, C Byy,). Let y; be the restriction of L(S[0, ox,])
from O up to the first exit of Rj,, j =0,...,k . For j =0,...,k'—1,letx; € R,
be the point where y; hits R, and B; = B, (x;). Finally, for j = 1,...,k, let
N; be the number of steps of y; from x;_; up to the first time it exits B;_1; see
Figure 3 in Section 6. We consider squares instead of balls to take advantage of
the symmetry of simple random walk on Z? with respect to vertical and horizontal
lines, as mentioned above. Clearly,

k/
P{M;, < E[M,]} < P(ﬂ {Nj < E[Mn]}>
(1.7) =
k/

<J] maxP(N; <E[My]|yj-1}.
j=1""

However, by the domain Markov property for LERW (Lemma 3.2), conditioned
on y;_1, the rest of the LERW curve is obtained by running a random walk con-
ditioned to leave By, before hitting y;_1 and then erasing loops. For this reason,
we will be interested in the number of steps of the loop-erasure of a random walk
started on the boundary of a square and conditioned to leave some large ball be-
fore hitting a set contained in the square. Formally, we give the following definition
(throughout this paper, we identify R? with C and use complex notation such as
“arg” and “Re”).

DEFINITION 1.4 (See Figure 1). Suppose that the natural numbers m, n and
N are such that +/2m +n < N and that K is a subset of the square R, = [—m, m]%.
Suppose that x = (m, y) with |y| < m is any point on the right-hand side of Ry,
and let X be a random walk started at x, conditioned to leave By before hit-
ting K. Let o be L(X[0,on]) from x up to its first exit time of the ball B, (x).
We then let MX be the number of steps of ¢ in A, (x) ={z:n/4<|z—x| <

m,n,N,x

3n/4, |arg(z — x)| < /4}. Note that the condition v/2m + n < N ensures that
B, (x) is contained in By.

We look at the number of steps of the LERW in A, (x) rather than in B, (x) since
the expectations of these random variables are comparable and it is convenient not
to have to worry about points that are close to x, K or d B, (x). We are therefore
interested in estimating

PME v <E[M,]}.
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FI1G. 1.  Setup for Definition 1.4.

To do this, we first show that (up to a log term) E[Mnlf,n’ ~.x] 1s comparable to

n?Es(n) and, therefore, by (1.6), E[Mnlf’n, N, ] 1s comparable to E[M,] (Propo-
sition 6.2). Next, we prove that E[(Mnlf’n’N’x)z] is comparable to E[M,Irf,n’l\,’x]2
(again up to a log term; see Proposition 6.3). By a standard second moment tech-
nique, this implies that there exist ¢ = c¢(n, N) > 0 and p = p(n, N) < 1 such
that

(1.8) PME v <cEIMX, .1} <p.

m,n,N,x

Using the fact that E[M,,] is comparable to E[Mnlf,n, N, ], we can then plug this
into (1.7) to conclude that there exists p = p(k) =1 — c(log k)8 such that

(1.9) P{My, < E[M,]} < p~.

Finally, to prove (1.4), one makes an appropriate choice of k and relates E[ My, ]
to E[M,,]. Although the logarithmic corrections in Propositions 6.2 and 6.3 mean
that p in (1.8) depends on n and N, and so p in (1.9) depends on k, this correction
is small enough so that (1.9) still gives a useful bound.

The paper is organized as follows. In Section 2, we fix notation and recall the
basic properties of random walks that will be needed. In Section 3, we give a
precise definition of the LERW and state some of its properties. Many of these
properties were established in [9]. Indeed, this paper uses similar techniques to
those in [9], most notably, relating the growth exponent to Es(n). It turns out that
the latter quantity is often easier to analyze directly; see Section 3.2.
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Section 4 contains some technical lemmas involving estimates for Green’s func-
tions for random walks in various domains and for the conditioned random walks
X in Definition 1.4. In Section 5, we prove Theorem 1.1 using the approach de-
scribed above. Finally, in Section 6, we use the iteration outlined above to prove
Theorem 1.2.

2. Definitions and background for random walks.

2.1. Notation for random walks and Markov chains. Throughout the paper,
when we say random walk, we will mean simple random walk on 7. We will
denote a random walk starting at a point z € Z> by §%. When z = 0, we will omit
the superscript. If we have two random walks S* and SY, starting at two different
points z and w, then we assume that they are independent unless otherwise speci-
fied. We use similar notation for other Markov chains on Z? (all our Markov chains
are assumed to be time-homogeneous). When there is no possibility of confusion,
we will also use the following standard notation: given an event A that depends on
a Markov chain X, we let P*(A) denote the probability of A given that Xg = z.

2.2. A note about constants. For the entirety of the paper, we will use the
letters ¢ and C to denote positive constants that will not depend on any variable,
but may change from appearance to appearance. When we wish to fix a constant,
we will number it with a subscript (e.g., cp).

Given two positive functions f(n) and g(n), we write f(n) < g(n) if there
exists C < oo such that for all n,

C7lg(n) < f(n) <Cg(n).

We will say that two sequences of events {E,} and {F},} have the same probabil-
ity “up to constants” if P(E,) < P(F,) and are independent “up to constants” if
P(E, N F,) < P(E,)P(F,). We will also use the obvious generalization for two
sequences of random variables to have the same distribution “up to constants” and
to be independent “up to constants.”

2.3. Subsets of Z>. Given two points x, y € Z2, we write x ~ y if |x — y| = 1.

A sequence of points w = [wy, ..., wi] C 72 is called a path if w;j_1 ~ w; for
j=1,...,k. We let |o| = k be the length of the path, ®; be the set of paths of
length k and ® = |J, © denote the set of all finite paths. Also, if X is a Markov
chain with transition probabilities pX (-, ) and w € Oy, then we define

k
pX@) =] p* i1, 0.

i=l

Thus, if X = § is a simple random walk, pS (w) = 4=k A set D C Z? is connected
if, for any pair of points x, y € D, there exists a path @ C D connecting x and y,
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and D is simply connected if it is connected and all connected components of
77\ D are infinite.
Given z € 72, let

By(z) ={x € Z*:|x —z| <n)

be the ball of radius n centered at z in Z?. We will write B, for B, (0) and some-
times write B(z; n) for B, (z). Also, let R, denote the square {(x, y) € Z?:—n <
X,y <nj}.

The outer boundary of a set D C Z? is

dD = {x € Z*\ D: there exists y € D such that x ~ y}
and its inner boundary is
8; D = {x € D: there exists y € Z2 \ D such that x ~ y}.

We also write D = D UJD.
Given a Markov chain X on Z?2 and a set D C Z?2, let

on =min{j > 1:X; € Z*\ D}
be the first exit time of the set D and
£y =min{j > 1:X; € D}

be the first hitting time of the set D. We let o X = o é‘n and use a similar convention
for £X. If X is a random walk S7 starting at z € Z?, then we let 0§, and &5, be the
exit and hitting times for S*. If z =0, then we will omit the superscripts. We will
also omit superscripts when it is clear what process the stopping times refer to. For
instance, we will write X|[0, o,,] instead of X[O, crnX ].

2.4. Basic facts about random walks. For a Markov chain X and x,y € D C
72, let

ag—l
GH(x,y) = Ex[ > X, = y}}

Jj=0

denote Green’s function for X in D. We will sometimes write GX (x, y; D) for
G (x,y). We will write G (x, y) for G§ (x,y) and when X = § is a random
walk, we will omit the superscript S.

Recall that a function f defined on D C Z? is discrete harmonic on D if, for all
z€D,

1
LI@==f@+72 f()=0.

X~z
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For any two disjoint subsets K1 and K> of Z2, it is easy to verify that the function

h(z) =P{ék, <&k}

is discrete harmonic on Z2 \ (K1 U K5). Furthermore, if we let X be a random
walk conditioned to hit K| before K5, then X is a reversible Markov chain on
72\ (K1 U K») with transition probabilities
_1r®)

4 h(x)

Therefore, if ® = [wo, ..., wt] is a path in 72 \ (K1 U K>), then

pX(x,y)

_ h(wy) g-lol
h(wo)

Using this fact, the following lemma follows readily.

@2.1) p* ()

LEMMA 2.1. Suppose that X is a random walk conditioned to hit K| before
K> and let D be such that D C Z* \ (K1 U K»). Then, for any x,y € D,

h
G x,y) = %Gm,y»

In particular, G)Lg(x, x)=Gplx,x).

Using a last-exit decomposition, one can also express /(x) in terms of Green’s
functions; see [9], Lemma 3.1.

LEMMA 2.2. Let K|, Ky C Z? be disjoint and x € Z? \ (K1 UK>»). Then,

Px{éKl <£:K2}
_ G, x; 22\ (K1 UK>))
 G(x,x;Z2\ Ky)

> PYE <ék, | & <&k IP{SGk) =)

y€0; Ky

The following proposition was proven in [9] and will be used frequently in the
paper.

PROPOSITION 2.3. There exists ¢ > 0 such that for all n and all K C {z €
77 :Re(z) < 0},

T
Plueso e [-5. 5] [on <) e
4" 4
We conclude this section with a list of standard potential theory results that will
be used throughout the paper, often without referring back to this proposition. The
proofs of these results can all be found in [7], Chapter 6.
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PROPOSITION 2.4.

1. (Discrete Harnack principle.) Let U be a connected open subset of R* and A a
compact subset of U. There then exists a constant C(U, A) such that for all n
and all positive harmonic functions f on nU N 72,

fx)=CWU, A fK)

forall x,y enANZ2.
2. There exists ¢ > 0 such that for all n and all paths « connecting By, to 7>\ Ba,,

P&, <o) >c forall 7z € By,
PlE, <&} >c forall z € dByy,.
3. If m < |z| < n, then

Inn —In|z] + Om™h)
Inn —Inm ’

P& <o) = (1 - %‘)[1 + o(ﬁ)}

5. If z € B, \ {0}, then

P&n <on}=

4. If z € By, then

n
G,0,7) <xIn—.
|z

G,(0,0) < Inn.
3. Loop-erased random walks.

3.1. Definition. We now describe the loop-erasing procedure and define the
lgop—erasied random walk. Given a path A = [Ag,...,A;] In Z2, let L(\) =
[0, - .., An] denote its chronological loop-erasure. More precisely, we let

so = sup{j : A(j) =21(0)}
and, for i > 0,
si=sup{j: A (j) =A(si—1 + D}.
Let
n=inf{i :s; = m}.
Then,
L&) =[A(s0), A(s1), - .., Alsn)].
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One may obtain a different result if one performs the loop-erasing procedure
backward instead of forward. In other words, if we let AR = [A,,, ..., Ao] be the
time reversal of A, then, in general,

LR = LR £LO).

However, the following lemma shows that if A is distributed according to a Markov
chain, then L®(}) has the same distribution as L()). Recall that ©® denotes the set
of all finite paths in Z2.

LEMMA 3.1 (Lawler [5]). There exists a bijection T : ® — © such that
LR =L(TA).

Furthermore, T ) and ) visit the same edges in 72 in the same directions with the
same multiplicities so that, for any Markov chain X on 7%, pX(T 1) = pX()).

A fundamental fact about LERWs is the following “domain Markov property.”

LEMMA 3.2 (Domain Markov property [5]). Let D C A and w = [wg, w1, ...,
wi] be a path in D. Let Y be a random walk started at wy conditioned to exit D
before hitting w. Suppose that ' = [wyy, ..., w),] is such that

w®w = [a)o,...,wk,a)é,...,a);c,]
is a path from wqg to dD. Then, if we let o be the first k steps of L(S[0, op]),
P{L(S[0,0p]) =0 @ o |a =w}=P{LY[0,0p]) =a'}.

Suppose that [ is a positive integer and D is a proper subset of Z2 with
B; € D. Let €; be the set of paths w = [0, wy, ..., wr] C 72 such that wj € By,
j=1,...,k—1, and w € 9 B,;. Define the measure 1; p on £2; to be the distribu-
tion on €2; obtained by restricting L(S[0, op]) to the part of the path from O to the
first exit of B;.

Two different sets D; and D, will produce different measures. However, the
following proposition [9] shows that as Z? \ Dy and Z? \ D, get farther away
from By, the measures 1, p, and p;, p, approach each other.

PROPOSITION 3.3. There exists C < oo such that the following holds. Sup-
pose that n > 4, D and D> are such that B,y C Dy and By, C Dj, and w € ;.
Then,

C < Ml,Dl(a)) <

1— < < .
logn = i, p,(®) logn
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The previous proposition shows that for a fixed /, the sequence w; ,(w) :=
w1, B, (@) is Cauchy. Therefore, there exists a limiting measure 1; such that

nlggo i (@) = wi(w).

The w; are consistent and therefore there exists a measure u on infinite self-
avoiding paths. We call the associated process the infinite LERW and denote it
by S. We denote the exit time of a set D for S by 6p. An immediate corollary of
the previous proposition and the definition of S is the following.

COROLLARY 3.4. Suppose that By C D and w € ;. Then,
P(510,6/] = @} = 1, p(@).

The following result follows immediately from Corollary 3.4 and [9], Proposi-
tion 4.2.

COROLLARY 3.5. Suppose that By C Dy and By C D>, and let X be a ran-
dom walk conditioned to leave D\ before D,. Let o be L(X[0, op,]) from 0 up to
its first exit of B;. Then, for w € €,

P{o = w} < P{S[0, 5] = w)}.
We conclude this section with a “separation lemma” for random walks and
LERWs. It states the intuitive fact that, cqr\lditioned on the event that a random
walk § and an independent infinite LERW S do not intersect up to leaving B,,, the

probability that they are farther than some fixed distance apart from each other on
0 B,, is bounded from below by p > 0.

PROPOSITION 3.6 (Separation lemma [9]).  There exist ¢, p > 0 such that for
all n, the following holds. Let S and S be independent and let
dy = dist(S(ay,), S[0, 5,1) A dist(S(By), S[0, 9,]).
Then,
(3.1) P{d, > cn| S[1, 0,1 N S[0,5,] = &} > p.

3.2. Escape probabilities for LERW.

DEFINITION 3.7. For a set D containing 0, we let Mp be the number of steps
of L(S[0, op]) and M,, = Mp,. We also let ZT/I\D be the number of steps of §[O, op]
and M, = M3p,.

As described in the Introduction, one of the goals of this paper is to relate the
moments of Mp and Mp to escape probabilities, which we now define.
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DEFINITION 3.8. Let S and S’ be two independent random walks started at 0.
For m < n, let L(S'[0,0,]) =n=1[0,n1,..., 0], ko =max{j > 1:n; € B,} and
Nm.n(S") = [Nk - - -, nk]. We then define

Es(m, n) =P{S[1, 0,1 N 1)n.n (S") = 2},
Es(n) =P{S[1, 0,] NL(S'[0, 0,]) = &},
Es(n) =P{S[1, 0,1 N S[0,5,] = ).
We also let Es(0) = 1.

Thus, Es(m, n) is the probability that a random walk from the origin to d B, and
the terminal part of an independent LERW from m to n do not intersect. Es(n) is
the probability that a random walk from the origin to 9 B, and the loop-erasure of
an independent random walk from the origin to d B,, do not intersect. Es(n) is the
corresponding escape probability for an infinite LERW from the origin to 0 B,,.

The following was proven in [9]; see Lemma 5.1, Propositions 5.2, 5.3 and
Theorem 5.6.

THEOREM 3.9. There exists C < 0o such that the following hold:

C~'Es(n) <Es(n) < CEs(n);
2. forall k > 1, there exists N = N (k) such that forn > N,
C~'%=3/* <Es(n, kn) < Ck=3/%,
3. foralll <m <n,
C~'Es(n) <Es(m)Es(m, n) < CEs(n)
and

c! Es(l,n) < Es(l,m)Es(m,n) < CEs(l, n).
We conclude this section with some easy consequences of this theorem.

LEMMA 3.10. For all k > 1, there exists c(k) > O such that for all n =
1L,2,...,
Es(kn) > c(k)Es(n).
PROOF. By parts 2 and 3 of Theorem 3.9, there exists N (k) such that for
n = N(k),
Es(kn) > cEs(n, kn) Es(n) > ck~**Es(n) = (k) Es(n).
Since there are only finitely many n < N (k), the result holds. [
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LEMMA 3.11. There exists C < oo such that for alll <m <n,

3.2) Es(n) < CEs(m)
and
3.3) Es(l,n) < CEs(l, m).

PROOF. Using Theorem 3.9, part 3 and the fact that Es(m, n) < 1, one obtains
that

Es(n) < CEs(m)Es(m,n) < CEs(m)
and

Es(l,n) < CEs(l,m)Es(m,n) < CEs(l,m). ]

LEMMA 3.12. Forall ¢ > 0, there exist C(g) < 0o and N (&) such that for all
N(e) <m <n,

n\ —3/4—¢ n\ —3/4+e
ce (L) smmmzce(L)
m m
PROOF. Fix ¢ > 0. Let C| be the largest of the constants in the statements

of Theorem 3.9 and Lemma 3.11 and let j be any integer greater than C 12/ ‘. By
Theorem 3.9, part 2, there exists N such that foralln > N,

CrljM <EBsn, jn) < € j
We will show that the conclusion of the lemma holds with this choice of N.
Let m and n be such that N <m < n and let k be the unique integer such that

n
JLE ey
m

It follows from Theorem 3.9, part 3 and Lemma 3.11 that
Es(m, n) < CEs(m, j*m)
k—1
< C{‘H 1—[ Es(jim, ji'm)
i=0

< C%k+1(j—3/4)k

S C]JSkJ3/4<%)

e —3/4
<art(n) ()

This proves the upper bound with C(g) = Cyj>/%; the lower bound is proved in
exactly the same way. [

—3/4
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LEMMA 3.13. Forall € > 0, there exists C (&) < oo such that for all m <n,

m3/**€ Bs(m) < C(e)n>/*T¢ Es(n).

PROOF. Fix ¢ > 0. Applying Lemma 3.12, we get that there exist ¢ > 0 and
N such that forall N <m <n,

n\ —3/4—e
Es(m,n) > c(—) .
m

Therefore, if N < m < n, then, by Theorem 3.9, part 3,

—3/4—¢
n34 Bs(n) > en®/*+ Es(m) Es(m. n) > cn’/*+ Es(m)(ﬁ)
m

= cm> /4t Bs(m).

Since there are only finitely many pairs (m, n) such that m <n < N, there exists
C such that m>/4t¢ Es(m) < Cn3/4+¢ Es(n) for all such pairs (m,n). Finally, if
m < N < n, then, since m3/*+t¢ Es(m) < CN3/4*¢Es(N) and N3/4*¢Es(N) <
Cn3/*+€ Es(n), the result also holds in this case. [

In Sections 5 and 6, we will have to handle various sums involving Es(n) and
we will use the following result many times.

COROLLARY 3.14. Lety > 0,8 >0and 1 +a —3y /4 > 0. There then exists
C < oo (depending on o, B, y) such that for all n,

n n /S |
Zj“(ln ;) Es(j)? <Cn*t1 Es(n)”.
j=1

PROOF. Choose ¢ > 0 such that 1 + o — 3y /4 — (B8 + y)e > 0. Then, using
Lemma 3.13,

n B n B
S () Es(y = 30 o () e Es G
=1

j=1

n
< C(*FEs(n))? Y jOT e ()P
j=1

n
S Cn3)//4+8)/+8,3 Es(n)}/ Z j()l—3)//4—]/8—,38
j=1
< Cn'""Es(n)”. O
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4. Green’s function estimates.
LEMMA 4.1. There exists C < oo such that the following holds. Let D C 7>
and, for z € D, write dist(z, D) for the distance between z and D€. Let
D, = {z € D:dist(z, D°) <n}.

Suppose that for all z € D,,, there exists a path in D¢ connecting B(z,n + 1) to
B(z,2n)¢. Then, for any w € D,

4.1) Y Gp(w,z) < Cn?

zeD,

In particular, if D is simply connected and dist(z, D) < n for all 7 € D, then, for
allwe D,

Y Gp(w,z) <Cn’.
zeD

PROOF. Fix n > 1 and define stopping times (7;), (U;) as follows:
Ti =min{i >0:S5; € D,};
4.2) Uj=min{i > T;:[S; — S1;| = 2n};
Tiv1=min{U; <i <op:S; € Dy}.
Here, as usual, we take 71 = oo if the set in (4.2) is empty. On the event that
Tj < o0, EYT) [Uj — Tj] < Cn? and thus

op—1
> Gp(w,2) :Ew[ > 1{Xj € Dn}}

zeDy, j=1

(4.3) <EY [Z(Uj - Tj)}

j=1

[e.@]
< Cn? Y PY{T; < oo}.
j=1
By Proposition 2.4, part 2 and our assumption that for all z € D,,, there is a path
in D¢ connecting B(z,n + 1) and B(z,2n)¢, there exists p > 0 such that for any
Z e Dna
PZ{O'D < O'B(z,2n)} > p.

Consequently, P*{Tj4; <00 | Tj < oo} <1 — p and so P¥{T; < oo} < (1 —
p)/ 1. Therefore, summing the series in (4.3) yields (4.1). [

LEMMA 4.2. There exist C < 0o and ¢ > 0 such that the following holds.
Suppose that D C Z*, w € D is such that dist(w, D) = n and there exists a path
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in D€ connecting B(w,n + 1) to B(w, 2n)¢. Then:
1. forall z € By2(w),

4.4) P&, <op} < CP*{§, <op AoBy, ) i
2. forall z € B,(w) andl < |z — w],
(4.5) Pop < &g} = cP{op Ao, w) <EBw)}-

PROOF. We can take w = 0 so that o,, (w) = 02, and &p, () = &§. We begin
with (4.4). Let zo € 9 By /2 be such that

P*{§ <op}= max P*{§ <op}.

Z€0By )2
Then,
P{& <op} < P& < op Ao}
(4.6) +P¥{0y, <op} max PY{& < op}
y€d By,

< P& < op Ao} +Por, <op}PPé <op}.

By our assumption, there exists a path in D¢ connecting 9 B, to d B,, and therefore,
by Proposition 2.4, part 2, there exists ¢ > 0 such that

P¥{0y, <op} <1—c.
Thus, inserting this in (4.6) yields
P {& < op} < CP*{& < op A 02}
Hence, if z is any point in d B, 2, we have

P{& < op} <P*{& <op} < CP*{§ < op Ao}
4.7)
< CP{& < op Ao},

where the last inequality follows from the discrete Harnack inequality.
Now, suppose that z is any point in By, />. Then, using (4.7), we have

P&y <op) =P& <onp)+ Y. PY{& <oplPous < &0 S(on2) =y}
YEIBy 2

< P{& < on2}
+C > P& <op AowPoun < £ S(on2) =)

YEIBy 2

< C<PZ{$0 < on2}

+ Y P& <op A0 lPHou < 05 S(0np2) = y})
Y€EIBy)2

= CP*{&) < op A o2}
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This proves (4.4).
The proof of (4.5) is simpler. By Proposition 2.4, part 2,

P{op <&} > P{op <& Ao} +PHoo <& Aop} 25%1 P’{op < &,)
y 2n

> P{op < & Ao} + cP oo, <& Aop)

> c(P{op <& Ao} +PHow <& Aop})

= cP{op A o2, < &) O
LEMMA 4.3. There exists C < 0o such that the following holds. Suppose that

D C 72, w € D is such that dist(w, D) = n and there exists a path in D¢ con-
necting B(w,n + 1) to B(w, 2n)°. Then, for any z € B, 2(w),

(4.8) Gp(w,z) < CGp,,w)np (W, 2).

PROOF. This follows immediately from Lemma 4.2 and the facts that
Gp(w,z) =P {&w < op)P"{op <u) ™
and

-1
G By, (wnp(w, 2) =P{&y < op Ao, ) 1P {oD ANoByw) <bw) . O

Given D C Z%,let Dy ={z € D:Re(z) > 0} and D_ = {z € D:Re(z) < 0}. If
z=1(z21,22) € Zz,_then we let 7 = (—z1, z2) be the reflection of z with respect to
the y-axis £ and D = {7:z € D} be the reflection of the set D.

_ LEMMA 4.4 (See Figure 2).  Suppose that K C D C 77 are such that D, C
D_and K. C K_.Then, forallz€ D_,

Piop <&k} < PZ{O’D <ék}

PROOF. The proof uses a simple reflection argument. For a random walk
started at z € D_ to escape D before hitting K, either it escapes D before hitting
K while staying to the left of £ or it hits £ before hitting K and then escapes D
before hitting K. In the first case, the reflected random walk path will be a random
path starting at z, escaping D before hitting K. In the second case, the reflection
of the path up to the first time it hits £ will avoid K and hit £ at the same point. By
the Markov property, the distribution of the paths after this point will be the same.

More precisely, using the fact that the reflection of a simple random walk across
¢ is again a simple random walk, it follows that for z € D_,

Piop < &k} =Plop < &)
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FI1G. 2. The setup for Lemma 4.4.

However, since D, C D_ and K, C K_, we have

Pilop <égl= > PYop <&glP{op, <&ég A& S(opy) =x}

X68D+

+ > P'op < &gIPiE <&x_ Aop,; S(E) =y}
yel

<Pop, <&k, A&}

+ Y Pop < &g P& <&k, Aop,; SE) =y}
yel

=P¥{op < £ ). O
COROLLARY 4.5. There exists C < oo such that the following holds. Suppose
that m, n, N, K and x are as in Definition 1.4. Then, for all z € A, (x),

max PY{oy <&k} <CP{on <&k}
wed By g(x)

PROOF. We apply Lemma 4.4 with £ = {(m, k) : k € Z} replacing the y-axis
to conclude that

max P%{oy <éx}= max PY%{oy <é&g).
wed By g(x) wed By 8(x)
Re(w)>m

If x = (m, xp), let

Dy (x) = {(w1, wp) € Z2:n/16 <wy —m <n/8, |wy — x| <n/8}.
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Then, by again applying Lemma 4.4, this time with £ = {(m +n/16, k) : k € Z},
max PY{oy <&k} < max P%{oy <é&g).
wed By g(x) we Dy (x)

Re(w)>m

However, by the discrete Harnack inequality, there exists C < oo such that for all
z€ A,(x)and all w € D, (x),

PY{on <&k} < CP{oy <&k} O

LEMMA 4.6. There exists C < 0o such that the following holds. Suppose that
m,n, N, K, x and X are as in Definition 1.4. Then, for any 7 € A, (x),

1o X N
CT <Gykx,2)<Cln—.
n

PROOF. By Lemma 2.1,

P{oy <&k}

P*{oy <&k}

P*{&, <oy ANEg P oy <&k}
P{oy <&k} '

(4.9) GxX(x,2) = Gpy\k (x,2)

=Gpy\k(2,2)
To begin with,
(4.10) Inn < Gp,4:)(2,2) < Gy\k(2,2) <GBy (z)(z,2) <XInN.
Next,
P&, <on A&k}

= Z Py{é,v:z <UN/\SK}PX{S(SBn/g(Z)):y;éBn/g(Z) <UNA§K}-
Y€9; By 3(z)

Furthermore, for any y € 0; B, /3(2),

In(N /n)
Py{gz <oy Nég} =< Py{g:z < GBzN(Z)} <C
InN
and

y y ¢

P& <oy NEk} = P{E <03, 40} = o
Thus,
X

@i o _ Pl <onnkk) _ In(N/m)

Inn Px{égn/g(z) <on A&k} InN

Next, on the one hand,

Poy <éx}> Y. P'{on <&xIP{S(EB,5)) = Vi By sc) < ON Ak}
y€9; By3(2)
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By the discrete Harnack inequality, there exists C such that for any y € 9; By /3(2),
P{oy <&k} < CP'{oy <ék}.
Therefore,
P{oy <&k} > cPon <& IP{EB, 5) <On Aék ).
On the other hand,

Ploy <éxl= Y, P"on <&kIP*{S(08,500) = wi 0B, 50) <&k}
wed B, 5 (x)
By Corollary 4.5, for any w € d By, /8(x),
PY{on <&k} < CPY{on <ék}.
Therefore,
P{oy <&k} < CP{oy < &k )P {03, sv) <&k}
Finally, by Proposition 2.3,

T
arg(S(0, 5(x) — X)| < Z}

PX{GBlz/S(x) < gK} =< CPX{GBn/S(x) < %-Kv

= CPx{an/s(z) <on Nk}
Thus,

(4.12) P oy <&k} < Pon <&x}P*{Ep, 5) <Oon Aék}.
The result then follows by combining (4.9), (4.10), (4.11) and (4.12). O

5. Exponential moments for Mp and M, p. To reduce the size of our ex-
pressions, we use the following notation. For this section only, we will use the
symbol 1 to denote the disjoint intersection relation. Thus, if K and K, are two
subsets of Z2, we will write K N K> tomean K1 N Ky = 9.

DEFINITION 5.1.  Suppose that zg, z1, ..., zx are any distinct points in a do-
main D C Z? and that X is a Markov chain on Z? with PZO{Ug < o0} = 1. We then
let Ez}g % be the event that z1, z2, . .., zx are all visited by the path L(X?[0, op])

.....

in order.

PROPOSITION 5.2.  Suppose that zg, 21, . . . , Zk are distinct points in a domain
D C 7Z? and X is a Markov chain on Z* with PZO{Ug < 0o} = 1. Define zjy1 to be
dD and fori =0, ...k, let X' be independent versions of X started at z; and Y'
be X' conditioned on the event {SZ}Sr
Then,

k k k
P(EzXo ..... W) = [H G’é(zi_l, Zi)]P<ﬂ {L(Yi_l[O, “pn U Y/[1, Tj]})-
i=1

i=1 j=i

X! i Yi.yi
 <op ) Let vt =max{l <op Y] =zi11}.
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PROOF. We will write the exit times ag'/ as o*lj) and the hitting times Ez)fj as

";‘f,i,j:O,...,k.Fori,j=O,...,k,wealsolet
pi_ [ maisohiX] =z), g <oy,
! aé, ilej)féjiJ.
Fori=0,...,k—1,let
F,-={Tl.i+1 <. <Tki <a£},

and fori =0, ...,k —2, let

k
Gi= () ILX' (T TI) p X' (T}, op).
j=i+2

Then, by the definition of the loop-erasing procedure,

(5.1) P(EX ) =P{Fo; L(X°[0, ") N X°(TP, o} 1; Go}.

.....

Conditioned on {TlO < og}, X°[0, Tlo] and XO[7?, ag] are independent.
X0, TIO] has the same distribution as Y°[0, 7°] and XO[TO, O'g] has the same
distribution as X! conditioned to leave D before returning to z;.

The event {TlO < ag} is the same as {E? < ag}. Therefore,

PEX ) =P <o) PF L0, D n X1, 0]

KO
LX'0, ) n X1, o)1 Gy 1 o)y < &)
_ P{S? <"10)} . 0 0 1 1.
= Pl <th <$11}P{F1,L(Y [0, 2’ N X1, 0));
Lx'0, T, ) 0 X (T4, o p); Gi}
= G ¥ (z0, z1)P{Fi; L(Y°[0, 2°D (X 11, TYTU X N7, o))
LX'[0, D N XN(TY, o)) G1 ).

By repeating the previous argument k — 1 times with X!, ..., X¥~!, we obtain the
desired result. [J

Now, suppose that D" C D and let 8 be L(X%°[0, op]) from zq up to the first exit
time of D’. It is possible to generalize the previous formula to the probability that
B hits z1, ..., zx in order. However, we will only require this for the case where
k =1 and therefore, to avoid introducing any new notation, we will only state the
result in this case.
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LEMMA 5.3.  Suppose that D' C D, 7 and w are distinct points in D' and X
is a Markov chain started at w. Suppose, further, that P*{op < 0o} =1. Let Y be
X conditioned to hit 7 before leaving D and let T be the last time that Y visits z
before leaving D. Then, if B is L(X[0, op]) from w up to the first exit time of D',

P{z € B} = G¥ (w, 2)P{LY[0, 7]) N X*[1,0p]; L(Y[0, T]) C D'}.

PROOF. As in the proof of Proposition 5.2, let

T _ max{l <o} :X; =z}, iftX <of,
z— X : X X
op» ifop <&7.

Then,
P{z € B} =P(T; < o}: L(X[0, T.]) N X[T; + 1,0p]: L(X[0, T;]) C D'}.
The proof is then identical to that of Proposition 5.2. [
DEFINITION 5.4. Suppose that zg, z1, ..., 2x are any points (not necessarily

distinct) in a domain D C 72 and let z = (zo, . .., zx). We then define Zk+1 to be
oD, let d(z;) = dist(z;, D) and let

ri=dzi) Nzi — zi—1l Alzi = zigals i=1,2,... k.
In addition, if 7 is an element of the symmetric group &y on {1, ..., k}, then we

let 7(0) =0 and 7 (z) = (20, Zr (1), - - - » T (k))-

PROPOSITION 5.5. There exists C < oo such that the following holds. Sup-
pose that either:

1. zo,z1,..., 2k are any points in a domain D C 72 and X is a random walk S
started at zg; or
2. m,n, N, K, x and X are as in Definition 1.4, zo=x, D = By and z1, ..., zk

are in A, (x).

Then, letting z = (2o, ..., 2k) and r} be as in Definition 5.4,

k
(52) Plz.....z €LX[0,0pD} < C* Y [T G (enti—). 2ri) Bs(rE D).

rebi=l1

PROOF. The proofs of the two cases are almost identical and we will prove
them both at the same time.
First, suppose that 29, .. ., zx are distinct. Recall the definition of E Z}g ’’’’’ ;, from
Definition 5.1. Then,
P(z1..... 2k €L(X[0.0pD} = D EX

20527 (1) s+ L (k)"
TGy
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Therefore, if we let Y°, ..., Y¥ be as in Proposition 5.2, then it suffices to show
that

k k
P(ﬂ{L(Yl 1 z 1])m ij 1, ‘lf]]}) kaHES(riz)‘

i=1 Jj=i i=1
Fori=1,...,k,let B; = B(z;; r/4). Then,

k k
P<ﬂ{L(Yi—1[0, Y Yj[l,rj]})

j=i

k
< P(ﬂ{L(Y"—l[o, )Py, r"]}).

i=1

Let T :® — O be the bijection given in Lemma 3.1. Forall » € ®, pX(T (1)) =
px (A) and T A visits the same points as A. Thus,

k
P(ﬂ{L(Yf—‘ [0. " "Hpyi, r"]})
i=1

k
= P(ﬂ{L(T o Y7o, "Iy p (T o Y1, r"])})

i=1

k
=P<ﬂ{L(Y"—1[0, 1y, r"]}>.

i=1

Fori=1,...,k, let ,Bi be the restriction of L(Y"_1 [0, ri_l]R) from z; to the
first exit of B;. Then,

k k
P(ﬂ{L(Y"—‘[o, I py, rf]}> < P(ﬂ{ﬂf Y1, oBi]}>.
i=1 i=1

Furthermore, by the domain Markov property (Lemma 3.2), conditioned on Bl =
[,36, .. ﬂ’ 1, Yi=10, i~ 1] is, in case 1, a random walk started at z;_; and condi-
tioned to hit ,B,’n before 0 D U { ,BO, e, ,Bm_1 }; in case 2, it is a random walk started
at z; 1 and conditioned to hit 551 before K UadD U { ,36, e, ,3,’;1_1 }. In either case,
by the Harnack principle, Y ~1[0, op; ]l and B! are independent “up to constants”
and thus

k k
P(ﬂ{ﬁ" nY'[L, oB,.]}> <C*T]P(B NY'[1. 03,1}
i=1 i=1

By another application of the Harnack principle, Y’ [0, o, ] has the same distrib-
ution, up to constants, as a random walk started at z; and stopped at its first exit



2402 M. T. BARLOW AND R. MASSON

of B;. Furthermore, by Corollary 3.4, 8 ! has the same distribution, up to constants,
as an infinite LERW started at z; and stopped at the first exit of B;. Therefore, for
i=1,...,k,

P{B' NY'[1,05]} < CEs(r!/4).

Finally, by Theorem 3.9, part 1 and Lemma 3.10, Eg(rl.z /4) < CEs(r}).
Now, suppose that 29, ..., Zx are any points in D. Let

k
p@ =[] G5Gi-1,2z) EsrP).
i=1
We will establish (5.2) by induction on k. We have already proven that (5.2) holds
for k = 1. Now, suppose that (5.2) holds for k — 1 and suppose that zg, ..., zx are
not distinct. Since (5.2) involves a sum over all possible permutations of the entries
of z, we may assume without loss of generality that z; =z for some j. Let AL

be z with the jth entry deleted and indexed by {0, ..., k} \ {j} (so that z; = zgj)
for all i # j). Then, since r-ZU) =rfforalli #j,i#j+1,

p@)=p (Z('i)) (ZJ’ZJ)ES(rZ)ES(rJ-i-l)ES( 1331) :

Since z; = zj+1, we have r = r +1 = 0 and, therefore, Es(rz) = Es(er) =1.

Also, GD(zj, zj) > 1. Therefore, p(z) > p(zV).
Now, let G 4 be the symmetric group on the set A = {1, ..., k}\ {j}. There then
exists an obvious bijection between G4 and

=re&un '+ =n""()+1)
Therefore, by our induction hypothesis,

P{z1,...,zx e L(X[0,0p])}

SO Y ) =t X pla))

1eGy TeGy
<C* Y pr@) <C*" Y p(r(@).
reB TeSy 0

Recall that if D is a proper subset of Z2, then Mp denotes the number of
steps of L(S[0, op]). Given D' C D, we let My p denote the number of steps
of L(S[0, op]) while it is in D’ or, equivalently, the number of points in D’ that
are on the path L(S[0, op]).

THEOREM 5.6. There exists C < 0o such that the following hold:

1. if we suppose that D C Z* contains 0 and D' C D is such that for all z € D',
there exists a path in D¢ connecting B(z,n + 1) and B(z,2n)¢, then, for all k =
1,2,...,

E[M}, 5] < C*kl(n* Es(n))";
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2. in particular, if D is simply connected, contains 0 and, for all 7 € D,
dist(z, D€) <n, then

E[MY] < C*k\(n® Es(n))X.

PROOF. Let G denote the symmetric group on k elements and recall the def-
inition of r? given in Definition 5.4 (here, zo = 0). Then, by Proposition 5.5,

k
E[M}, 5]= E[(Z 1{z € L(SIO, O’D])}) }

zeD’

= Z Z P{zi,...,zx € L(S[0,0p])}

z1€D’ zxeD’

k
SCk Z Z Z 1_[GD(Zn(i—l)vZn(i))ES(r;((iz)))

ne6yz1€D’ zweD i=1

k
= Ckk! Z Z l_[GD(Zi—l,Zi)ES(FiZ)-

z1€D’ zveD i=1

Therefore, it suffices to show that

k
(5.3) Yo - > [16pGi-1,2)Esf) < C*n* Es(m))*.

z1€D’ zxeD’ i=1

Let fi = Gp(zi—1,z)) Es(r?) and F; = {:1 fi. Then, if d(z) = dist(z, D), we
have
k
(5.4) [IGpGi-1.z0)Es(r]) = Fie1Gp(zr—1. 21) (Bs(lzk — z—1] A d(21))).

i=I

Since only the terms fi and f;_1 involve zx, and Es(a A b) < Es(a) + Es(b), we
then have

k
> > T]6GpGi-1,z)Estr})

z1€D’ zkeD i=1

<Y - > Fia2Gp(zr-a,z%-1)

z1€D’ Zxk_1€D’

x Y Gp(zr—t1, 20 (Bs(lze—1 — 22| A d(zx—1))

k€D’
+ Es(lzk—1 — zk)
x (Es(|zx — zk—1]) + Es(d(zx)))-
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Multiplying out the final terms in the expression above, we need to bound the
following sums:

(5.5 S1 =Es(lzk—1 — zk—2l Ad(zx=1)) Y _ G p(zk—1, 2%) Es(lzk—1 — 2),

Tk

(5.6) Sy =Es(lzk—1 — zk—2l Ad(zxk=1)) Y _ G p(zk—1, z%) Es(d(2r)),

Tk

(5.7 S3=)_ Gp(ak—1,z0) Bs(lzk—1 — z])?,

Tk
(5.8)  Sa=)_ Gp(zr—1.zk) Bs(lzk—1 — z|) Es(d(zx)).
Tk
Since 2ab < a® + b%, we can bound Sy by
(5.9) S4 <83+ Gplzk—1.20) Es(d(z))* = S5 + Ss.
<k
We first consider S3. Let Dy = D N B, /2(zxk—1) and D, = D'\ Dy. Then,
S3< Y Gplzr-1, 20 Bs(ze1 — %>+ Y Gpi—1. ) Es(lzx—1 — k)’
zr€D K€Dy

However, by our assumptions on D’ and D, and Lemma 4.3, for all zx € Dy, we
have

2n
Gp(zk-1,2k) S CGBy, (5 1) (@k—1,2k) < Cln(*)-

|zk—1 — 2kl
So,
Y Gplzk-1.20) Es(lzk—1 — zl)?
k€D
2n 2
<C Y In( ———— ) Es(lzk—1 — )
wep, M1 —wl
D S e )2
< Th—1— Tk
lzk—1 — 2kl

2k €Bon(zk—1)
2n
2
<cY ln(l) Es()j)’
=t 7

< Ccn? Es(n)z,

where the last inequality is justified by Corollary 3.14. Furthermore, for zx € D>,
Es(|zx—1 — zk|)> < C Es(n)?. Therefore, by Lemma 4.1,

Y Gp(ar—1, 2% Es(lzk—1—2)* < CEs()® Y Gp(zk—1.2x) < Cn*Es(n)*.

Zk€Dy xeD’
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Therefore, S3 < C n? Es(n)z. Similarly, we obtain
(5.10) S| < CEs(|zk—1 — zx—2| Ad(zk—1))n* Es(n).

Let Dj ={z€ D:d(z) < j} be as in Lemma 4.1. By first applying Lemma 4.1
and then Lemma 3.13, we then have

[logy

Ss< Y. Y Gp(-1.20) Es(d(z)?

j=0 ZkGDzj\D2j71

[ogy ] .
<C Y Es@) Y Gpla-1.w)
j=0 ZkEDzj\D2j71
[log, n] )
<C > Es@)* Y Gpzr-1.2)
j=0 ZkEDzj
[log, n] ) )
<C Y 2% Es@2))
j=0
[log, n] ) ) )
SC Z ((2])3/4+8ES(2]))2(2])1/2—28
j=0
[log, n] )
SC(”3/4+€ES(H))2 Z (ZJ)I/Z—ZE
j=1
< Cn?Es(n)>.
A similar calculation gives
(5.11) Sy < CEs(|zx—1 — zx—2| Ad(zk—1))n* Es(n).

Combining these bounds gives

k
Z Z l_[GD(ZifI»Zi)ES(riZ)

z1€D’ zxeD i=1

< Cn?Es(n) Z Z Fr—2Gp(zk—2, 2k—1)
z1€D’ Zxk—1€D’

x (Es(lzk—1 — zk—2| A d(zk—1)) + Es(n))
<Cn’Esn) Y -+ Y Fi2Gp(zk—2.2k—1)

z1€D’ Zk—1€D’

X (Es(lzk—1 — zk—2| A d(zk-1))).
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Since this is of the same form as (5.4), except with only k — 1 terms, iterating this
argument gives (5.3). U

PROPOSITION 5.7. There exists ¢ > 0 such that for all n and all simply con-
nected D D B,

E[Mp] > cn’Es(n).

PROOF. By Lemma 3.13, n?Es(n) is increasing (up to a constant). Therefore,
we may assume that » is the largest integer such that B,, C D.Let A, ={z:n/4 <
|z| <3n/4, |arg z| < m/4} be as in Definition 1.4. Then, since there are on the order
of n? points in A,, it suffices to show that for all z € A,,

(5.12) P{z € L(S[0,0p])} = cEs(n).
By Proposition 5.2,
(5.13) P{zeL(S[0,o0p])}=Gp(0,2)P{L(Y[0,t]) N S[1,0p] = @},

where Y is a random walk started at 0, conditioned to hit z before leaving D and
t =max{k < op: Yy =z}. By Lemma 3.1, L(Y[O, t]) has the same distribution as
L(Y[O0, 7]1%). Furthermore, if we let Z be a random walk started at z, conditioned
to hit O before leaving D, then Y[O, 7]® has the same distribution as Z[0, &ol.
Therefore,

P{L(Y[O0, t]) N S*[1,0p] = @} = P{L(Z[0, &]) N S*[1,0p] = @}.
Furthermore,
Gp(0,2) > G,(0,2) >c.
Therefore, in order to show (5.12), it is sufficient to prove that
(5.14) P{L(Z[0, &]) N S*[1,0p] = @} > cEs(n).

Let B = B(z;n/8) and let B be the restriction of L(Z[0, &]) from z up to the
first time it leaves the ball B. Then,

P{L(Z[0,&]) N S*[1,0p] = @}
=P{L(Z[0,&D N S*[1,0pl=2 | BN S*[1,08] = @}
x P{ N S[1,05] = ).

By Corollary 3.4, B has the same distribution “up to constants” as an infinite
LERW started at z and stopped at the first exit of B. Therefore, by Theorem 3.9,
part 1 and Lemma 3.11,

P{BN S l,05]=92} > cE\s(n/S) > cEs(n/8) > cEs(n).
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By the domain Markov property (Lemma 3.2), if we condition on S, the rest of
L(Z[0, &]) is obtained by running a random walk conditioned to hit 0 before 8 U
dD and then loop-erasing. Therefore, by the separation lemma (Proposition 3.6)
and Proposition 2.3, there is a probability greater than ¢ > 0 that this conditioned
random walk reaches 9 B;,/1¢ without hitting S*[1, ;] or leaving B7, 3.

Therefore, it remains to show that for all v € d B, 16,

(5.15) P& <op,s 160 <op}>c
and for all w € 0B,
(5.16) P"{op <&p,, 5} > c.
By Lemma 4.2,
P’{& < op} < CP'{& < oo}
and
P"{op < &7,/8) = cP" {02, < &748).

By Proposition 2.4, these imply (5.15) and (5.16). O

Reﬁall the definitions of Mp and M D'.D given before Theorem 5.6 and recall
that M,, denotes the number of steps of S[0, 5, ].

THEOREM 5.8. There exist Co, C1 < oo and cg, c1 > 0 such that the following
holds. Suppose that D C 7> contains 0 and D' C D is such that for all z € D',
there exists a path in D¢ connecting B(z,n + 1) and B(z,2n)¢. Then:

1. forallk=1,2,...,

(5.17) E[M}, ] < (Co)*k!(E[M,])*;
2. there exists co > 0 such that

(5.18) E[exp{coMp/,p/E[M,1}] < 2;
3. forall . >0,

(5.19) P{Mp p > AE[M,]} < 2e~;
4. forall n and all A > 0,

(5.20) P{M, > \E[M,]} < Cie~1*

In particular, if D is a simply connected set containing 0 and for all z € D,
dist(z, D) < n, then one can replace My p with Mp in (5.17), (5.18) and (5.19).
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PROOF. The first part follows immediately from Propositions 5.6 and 5.7.
To prove the second part, let co = 1/(2Cp). Then,

x (cO)*EIM}, p] &
E Mp p/E[M,]}| = —_——= < " =2.
[exp{coMpr.p/E[M,]}] Ig} CEDLT <]§)

The third part is then immediate by Markov’s inequality.
To prove the last part, we first note that, by Corollary 3.4,

P(M, > AE[M,]} < CP{My, > AE[M,]}.

By Proposition 6.2 (even though it appears later in this paper, its proof does not
rely on this theorem/)\, E[M,] = n*Es(n). Using Lemma 3.13 and Proposition 5.7,
this implies that E[M,,] < E[M4,] and, therefore,

P(Myy > JE[M, ]} < CP{My, > cAE[Myy]} < Ce = Cre™*. O
6. Estimating the lower tail of Mp and M, D-

LEMMA 6.1. There exists ¢ > 0 such that the following holds. Suppose that
m,n, N, K, x, X and o are as in Definition 1.4. Then, for any 7 € A, (x),

-3
P{z ea} > c(ln %) Es(n).

PROOF. By Lemma5.3,if Y is a random walk started at x conditioned to hit z
before hitting K or leaving By and 7 is the last visit of z before leaving By, then

P{zea}= G]}\(,(x, 2)P{L(Y[0,7]) N X*[1,0n] = &; L(Y[O, t]) C B, (x)}.

By Lemma 4.6, GJ}\(, (x, ) > c. Therefore, if we imitate the proof of Proposition 5.7
up to (5.15), it is sufficient to prove that for all v € dB(x;n/16), |arg(v — x)| <
/3,

N -2
6.1) P50 < Oncsnrs) | 60 <k Aow] = c(in )
and for all w € 9B, (x), |arg(w — x)| <m/3,

Ny
(6.2) PY{on <&pe:mnys) | on <&k} > C(ln ;) .

We first establish (6.1):

PY{&: < oBin/8) Nk}
PV{&, <&k nop}

Pv{%_x < OB(x;n/8) [&x <&k A JN} =

Let K’ = K U {x}. By Lemma 2.2,

G(v,v; B(x;n/8) \ K') P*{&, <&g' A oB(x;n/8)}
G(v,v; Z*\ {x}) Pr{&, <&}

P”{Sx < OB(x,n/8) N -‘;:K} =
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and
G, v; By \ K') P¥{&, <&/ Ao}

PHE <&k nowl= 73 \{xh)  PR{E < &)

Therefore,
Pv{g‘-x < OB(x;n/8) [&x <&k A UN}

_ G(v,v; B(x;n/8) \ K') P*{&, < &g/ A OB(x;n/8))
G(v,v; By \ K') P {g, <&k Aoy}

Since |v — x| =n/16,

G(v,v; B(x;n/8)\ K') > G(v, v; B(v;n/16)) > cInn.

Also,
G(,v; By\K') <G(v,v; B(v;2N)) <CInN.
Therefore,

G, v; B(x;n/8)\K')  Inn ( )—1
>c >c¢(In— .
G(v,v; By \ K) InN n
To prove (6.1), it therefore suffices to show that

P¥(6, < &0 Aox) = ClnP¥{g, < £ Aony)
Indeed,
P& <&k Aon}
=P'{&, <& A oBins) )

+ Y P& <ég Aoy)

yedB(x;n/8)
x P{S(0B(x;n/8) = ¥3 OB(x;ns8) <Ex' Ao}
<P*{& <&k AoB(in/8)}

+ Y P& <opam P{S(0B(in8) = Vi 0BGinss) < £k}
y€dB(x;n/8)
Forall y e 9B(x;n/8), |y — v| > n/16 and, thus,
In(N/n)
InN

P&, <opwan ) <C

Therefore,
In(N /n)
InN

P&, <&k noy) <PY{& <& Aoins)} +C P {oB(x:n/8) < &k}
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However, by Proposition 2.3,

P {oBin/s) <&k} <P{oBrins16) < &k}

T
= CPx{GB(xm/lﬁ) < &g [arg(S(0Bn/16) = ¥)| < Z}

< ClnnP*{&, < o8 A bk}
Thus,

In(N/n)Inn

P*(, < £x Aon) < (1 +ent

>Px{§v <&k’ AN OB(xin/8) )

N
<Cln ;Px{f;v <&g' A UB(x;n/S)}'
We now prove (6.2):

PY{on <&k NEB(x;Tn/8)}
P¥{oy <&k}

PY{on <&pe:mnys) | on <ék} =

Let yo € 0B, (x) be such that

P oy <&kx}= max PY{oy <é&g).
Y€IB, (x)

Then,
P oy <&k}
=P oy < &k ANEBx:Tny8)}

+ > PYon <& IP{S(EpsTnss)) = i EB(xitnss) < Ek AoN}
ued; B(x;7n/8)

<Pon <&k AEpiTny8) ) + P on < Ex P {ER(x:7m/8) < Ek A ON}
<P{on <&k AEpiTny8) | + PPon < Ex P {EB(x:7n/8) < OB(x:2N) }-

However, by Proposition 2.4,
C

PYo . ; e TV,
{EB(x;7n/8) < OB(:2N)} < In(N/n)

and, therefore,
Y0 N 5y
P {oy <&k} <Cln - P oy <&k AEp(x:Tn/8) -

This establishes (6.2) for the special case where w = yg. However, we can apply
Lemma 4.4 twice, as in Corollary 4.5, to conclude that

PY{on <&k AEpinyg)} = ¢ max PY{oy <&k AEpnys)}-
Y€ By (x)
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Therefore,

P {on <&k Aépanm) P own <k A s} C(ln g)—l
P¥{oy <&k} B PY{oy < &k} a n) = H

PROPOSITION 6.2.

1. There exists C < oo such that for any m, n, N, K and x as in Definition 1.4,

(. N\, X N\ ,
C (ln —) n“Es(n) <E[M,, , n . ] <C|In— |n"Es(n).
n N, n

E[M,] < E[M,] = n>Es(n).

PROOF. We first prove part 1. Let o be as in Definition 1.4. Then, by Lem-
ma 6.1,

-3
EMS v 1= > Plzeal> Y c(ln%) Es(n)

z€A, (x) z€A,(x)

N -3
> c(ln —) n?Es(n).
n
To prove the other direction, note that by Proposition 5.5, with k = 1, forany z € «,
P{z € a} <P{z e L(X[0,0n])} < CGX (x,z) Es(n).
By Lemma 4.6, Gl)\(,(x, 7) < CIn(N/n) and, therefore,
N
EME, v.1= > Plzea}=< C(ln —>n2Es(n).
2€An(x) n

We now prove part 2. The fact that E[M,,] < n? Es(n) follows immediately from
Theorem 5.6 and Proposition 5.7.

In order to show that E[ﬁn] = n2Es(n), let B be L(S[0, g4,,]) from O up to its
first exit from the ball B,. By Corollary 3.4, 8 has the same distribution, up to
constants, as §[0, 0, ] and thus it suffices to show that

> P{z e B} = n’Es(n).
Z€By
To begin with,
Y Plzep}< Y P{zeL(S[0,04,])} < n* Es(4n).
z€B, z€Byy,

By Lemma 3.11, the latter is less than a constant times n2Es(n).
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To prove the other direction, the number of steps of 8 is strictly larger than
MK where m =0, N =4n, x =0 and K = &. Therefore, by part 1 and

n,m,N,x°
Lemma 3.10, we have

Z P{z e B8} > E[Mf’OAn,O] > cn?Es(4n) > cn’ Es(n).

Z€By

PROPOSITION 6.3. There exists C < oo such that ifm,n, N, K and x are as
in Definition 1.4, then

N 2
E[(My 5,071 < C(ln —) n*Es(n)>.
T n

PROOF. Let « be as in Definition 1.4. Then, by Proposition 5.5,

2
E[(M,,’f,n,N,xﬂ]:E[( ) ﬂ{zea})]

7€A, (x)

= Y Pruwew

Z,weA,(x)
<C Y GN(Gx.2GN(z, w)Es(r;)Es(ry),
zZ,WEA,(x)

where r, = dist(z, d By) A |z — x| A |z —w]| and ry, = dist(z, 0 By) A |z — w|. How-
ever, since z and w are in A, (x), r; and r,, are comparable to |z — w|. Therefore,
by Lemmas 4.6, 3.10 and the fact that

PY{oy <&k}

GXiz,w)=G , W——m"—"—-<CG ,w)<Cl ,
v (@ w) =Gpy\k (2, w) Piloy <Ex] — By () (2, W) < L E—
we have

N N

E[(MS, v 1<Cln— > In Es(|z — w|)?
Z,weA, (x) |Z o w|
N 2N
<Ch— > Y I Es(|z — w])?
n e webye 12T

N n N
<Cln— k1n — Es(k)?
scm Y Yk Es)

z€A,(x) k=1

<Cln—n*|> kln—Es(k)>+ > kln—Es(k)* ).
O Ve B k=1 "

By Corollary 3.14, both of the sums above are bounded by C In(N/ n)n?Es(n)?
which completes the proof. [J
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COROLLARY 6.4. There exist C < oo and c3, c3 > 0 such that if m,n, N, K
and x are as in Definition 1.4, then:

1.

N 8
BI04S, v 0% = C(1In ) BIOLE, v T

-8

K AN N
P Mm,n,N,xfc2 IH; E[Mn] fl-C} ln;

PROOF. The first part follows immediately from Propositions 6.2 and 6.3.

To prove the second part, by a standard second moment result (see, e.g., [7],
Lemma 12.6.1), forany 0 <r < 1,

(1— r)zE[MnIf’n’ N,x]2
E[(ME, v )%

P{Mnlf,n,N,x = rE[MnIf,n,N,x]} <1-
Letting » = 1/2 and using part 1, one obtains that

K 1 K AN
P Mm,n,N,x < EE[Mm,n,N,x] < 1— C3 ln; .
Finally, by again using Proposition 6.2, we have
N -3
K
E[M,, , y21> c(ln ;) E[M,]. ]
LEMMA 6.5. For all ¢ > 0, there exist C(g) < 0o and N (&) < 00 such that
foralln> N(e)and k > 1,
E[M,] < C(e)k”***E[M,]
and
E[My,] < C(e)k”/***E[M,].

REMARK. Itis possible to take ¢ = 0 in the inequality above, but, in that case,
N has to depend on k.

PROOF OF LEMMA 6.5. The second statement follows immediately from the
first, by Proposition 6.2.

By Proposition 6.2 and Theorem 3.9, part 3, we have
E[Mj,] < C(kn)*Es(kn) < C(kn)* Es(n) Es(n, kn).
By Lemma 3.12, there exist C(¢) < oo and N (¢) such that for all n > N (e),
Es(n, kn) < C(e)k /4%,
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FI1G. 3.  The setup for Proposition 6.6.

Therefore,
E[M,] < C(e)K/**n*Es(n).
Finally, by a second application of Proposition 6.2, we obtain

n’Es(n) < CE[M,]. O

PROPOSITION 6.6 (See Figure 3).

1. Let ¢y be as in Corollary 6.4. There then exists c4 > 0 such that for all n and
all k > 2,

P{My, < co(Ink)3E[M,]} < e~ kb~
2. There exist c5, ce > 0 and C < 0o such that for all n and k > 2,

P{ My, < cs(Ink)3E[M,]} < Ce sk~

PROOF. We first prove part 1.

Let k' = I_k/\/ij. Then, Ry, C Bi,. We view the loop-erased random walk
L(S[O0, ox,]) as a distribution on the set €2, of self-avoiding paths y from the ori-
gin to 9 By,,. Given such a y, let y; be its restriction from O to the first exit of R,
Jj=0,...,k'. Let F; be the o -algebra generated by the y;. For j =0, ...,k —1,
let x;(y) € d R, be the point where y first exits R, and B; = B, (x;). Finally, for
j=1,... kK, let a;(y) be y from x;_1 up to the first exit of B;_ and let N;(y)
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be the number of steps of «j in A, (x;_1) [wWhere A,(x) is as in Definition 1.4].
Note that N; € F;.
Then,

P{My, < c2(Ink)E[M,]}

IA

k/
P{ZN,- < cz(lnk)‘3E[Mn]}

j=1

k/
< P(ﬂ {N; < cz(lnk>—3E[Mn]})

J=1

kK —1
= E|:( H ]1{Nj§cz(1nk)—3E[M,,]}>P{Nk’ = Cz(lnk)_3E[Mn] | ]:k’—l}j|-
j=1

However, by the domain Markov property, forall j =1,...,k’,

P(N; < c2(Ink) E[M, ]| Fj-} () =P{M]) 1, .,y < c2(lnk) E[M,]}.

Furthermore, by Corollary 6.4,

P{M} i) < 20D EIM,]} <1 = c3(nk) ",

Therefore, by applying the above inequality &’ times, we obtain
P(My, < c2(Ink) EIM, 1) < (1 — e3(Ink)8)! < emeatmo ™,
The proof of part 2 is analogous. By Proposition 6.2, it suffices to show that
P(My, < cr(Ink)3E[M,]} < e—Coknb) ™"

However, by Corollary 3.4, §[0, Okn] has the same distribution, up to constants, as
L(S[0, o4xy,]) from O up to its first exit of the ball Bg,. Therefore, we can apply the
previous iteration argument to obtain that

P{Mn < c2(Ink)E[M, 1} < C(1 — c3(Indk)8)K < ce~csknb™

THEOREM 6.7. For all ¢ > 0, there exist C2(g) < 00, C3(g) < 00, ¢7(8) > 0
and cg(e) > 0 such that for all A > 0 and all n:

1.
P{M, < 2 E[M,]} < Cy(e)e™ 7@,
2. forall DD By, A >0,

P(Mp < A~'E[M,]} < C3(s)e 3@~
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PROOF. The second part follows from the first since, by Corollary 3.4, Propo-
sition 6.2 and Lemma 6.5, we have

P(Mp <2~ 'E[M,]} < CP(M,4 < 1~ 'E[M,])
< CP{M, ;4 < C)~'E[M,]}
< CP{M, /4 < CA™'E[My4]}.

We now prove the first part. We will prove the result for all & such that 0 < ¢ <
7/40 and note that for such ¢,

> +e= < > +2

—+e — 4+ 2e.

4 T4/)5—¢ 7 4
Clearly, this will imply that the result holds for all ¢ > 0.

Fix such an ¢ > 0. We will show that there exist C < oo, ¢7 > 0, Ag and N such
that, for A > Apand n > N,

(6.3) P(M, < A~ 'E[M,]} < Ce=*"""
We claim that this implies the statement of the theorem with
Cy=C v 70V
To see this, if A < Ag, then, for any n,
P(M, < . 'E[M,]} <1< Cpe """
Next, if n < N, then, for any A,
P{M, < . 'E[M,]} <P{M, <4)."'n?)

since E[M,] < |B,| < 4n?.1f A > 4n, then the above probability is 0 since P{IT/I\,, >
n}=1.If A <4n < 4N, then

45— 45— _ 4/5—¢
Cze Cc7A Ze4C7N e 4c¢7N =1.

We now prove (6.3). Let ¢5 be as in Proposition 6.6, and C* = C(g/2) and
No = N(g/2) be as in Lemma 6.5. Let

We choose Aq so that for all A > Ag, k > 2, k¢/2 > (Ink)> and k(Ink) ™8 > 14/>¢,
We also choose N = 4Ng. Then, for all » > N and A > A,

(6.4) E[M,] < C*k>/*12E[M,] < csk—¢/*AE[M,].
First, suppose that n/k < Ny. Then,
AT <k < (Non ™) < 1/(4n)
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and so )L_IE[]/VI\n] < n. Hence, since ]T/I\n > n almost surely,

P{M, < .7 'E[M,]} <P{M, <n}=0.

If n/k > Ny, then, by (6.4) and Proposition 6.6,

(1]
(2]
(3]
(4]
(5]
(6]
(7]

(8]

(9]
(10]
(11]

[12]

P(M, <2~ "EIM,)} = P{Miiu/iy <+ "E[Miiuyn])
< P{ My k) < csk™/*E[ M)
< P{ M) < cs(Ink) E[M,,/1])
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