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ON ERGODIC TWO-ARMED BANDITS

BY PIERRE TARRES! AND PIERRE VANDEKERKHOVE

CNRS, Université de Toulouse and Université Paris-Est

A device has two arms with unknown deterministic payoffs and the aim is
to asymptotically identify the best one without spending too much time on the
other. The Narendra algorithm offers a stochastic procedure to this end. We
show under weak ergodic assumptions on these deterministic payoffs that the
procedure eventually chooses the best arm (i.e., with greatest Cesaro limit)
with probability one for appropriate step sequences of the algorithm. In the
case of i.i.d. payoffs, this implies a “quenched” version of the “annealed”
result of Lamberton, Pages and Tarres [Ann. Appl. Probab. 14 (2004) 1424—
1454] by the law of iterated logarithm, thus generalizing it.

More precisely, if (17¢,;)ieN € {0, I}N, £ € {A, B}, are the deterministic
reward sequences we would get if we played at time i, we obtain infallibility
with the same assumption on nonincreasing step sequences on the payoffs as
in Lamberton, Pages and Tarres [Ann. Appl. Probab. 14 (2004) 1424-1454],
replacing the i.i.d. assumption by the hypothesis that the empirical averages
> mai/nand YU npg ;/n converge, as n tends to infinity, respectively,
to 04 and O, with rate at least 1/(log n)1 ¢ for some & > 0.

We also show a fallibility result, that is, convergence with positive proba-
bility to the choice of the wrong arm, which implies the corresponding result
of Lamberton, Pages and Tarres [Ann. Appl. Probab. 14 (2004) 1424-1454]
in the i.i.d. case.

1. Introduction.

1.1. General introduction. The so-called two-armed bandit is a device with
two arms, each one yielding an outcome in {0, 1} at each time step, irrespective of
the strategy of the player, who faces the challenge of choosing the best one without
losing too much time on the other.

The Narendra algorithm is a stochastic procedure devised to this end which
was initially introduced by Norman [12] and Shapiro and Narendra [14] (see also
[9, 10]) in the fields of mathematical psychology and learning automata. An appli-
cation to optimal adaptive asset allocation in a financial context has been developed
by Niang [11].
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Formally, let (2, F, P) be a probability space. The Narendra two-armed bandit
algorithm is defined as follows. At each time step n € N, we play source A (resp.,
source B) with probability X, (resp., 1 — X,,), where Xg = x € (0, 1) is fixed and
X, is updated according to the following rule, for all n > 0:

X, + Vn—l—l(l — X)), if Unv1 = A and NA,n+1 = 1,
(D) Xn+1=13 A = yur)Xn, ifUpp1 =Band npg 41 =1,
X, otherwise,

where (y,,),>1 1s a deterministic sequence taking values in (0, 1), U, is the ran-
dom variable corresponding to the label of the arm played at time n 4 1 and 1 ,+1
denotes the payoff, taking values in {0, 1}, of source £ € {A, B} at time n + 1.

We assume without loss of generality that U, 1 = ALy, <x,) + Bl >x,}
where (I,)n>1 1s a sequence of independent uniformly distributed random vari-
ables on [0, 1].

The literature on this algorithm generally assumes that the sequences (74 5 )n>1
and (7B.n)n>1 are independent with Bernoulli distributions of parameters 64
and 6p, where 64 > Op, the aim being to determine whether (X,),eN a.s. con-
verges to 1 or not as n tends to infinity.

Notwithstanding the apparent simplicity of this stochastic procedure, the first
criteria on a.s. convergence to “the good arm” under the above i.i.d. assumptions
were only obtained thirty years after the original definition of this Narendra al-
gorithm by Tarres [15] and Lamberton, Pages and Tarres [6] in a more general
framework. Recently Lamberton and Pages established the corresponding rate of
convergence [4] and proposed and studied a penalized version [5]. Note that a
game theoretical question arising in the context of two-armed bandits was recently
studied by Benaim and Ben Arous [1] and Pages [13].

Our work focuses on the understanding of the Narendra two-armed bandit al-
gorithm under the assumption that the payoff sequences (1¢.,)n>1, £ € {A, B},
are unknown and deterministic. Under the following condition (S) on the step se-
quence (required in [6] but without monotonicity) and weak ergodic assumption
(E2) on the rate at which A must be asymptotically better than B, we show that X,
a.s. converges to 1. Heuristically, the result points out that, even with strongly de-
pendent outcomes, X, accumulates sufficient statistical information on the ergodic
behavior of the two arms to induce a corresponding appropriate decision.

More precisely, let us introduce the following step sequence and ergodic as-
sumptions.

Step sequence conditions. Let, foralln e NU{oo}, ', =37 _; ¥-.
Let (S1) and (S2) be the following assumptions on the step sequence (¥,,),eN:

(S1) (¥n)n>1 1s nonincreasing and ', = 00;
(S2) yu = O(Fne_gBFn)-

Let (S) be the set of conditions (S1) and (S2).
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Ergodic conditions. Let (E) be the assumption that the ouputs of arms A and
B satisty

1 n n
(E) ~ > ak —> 64 and

n

nBx —> Og,
n—oo
k=1 1

1

n iz
where 64, 6p € (0, 1). The ergodic condition (E) means that the average payoff
of arm A (resp., arm B) is 64 (resp., Op) but does not assume anything on the
corresponding rate of convergence. In order to introduce conditions on this rate,

let us denote, for all n € N,

R, ;= max
Le{A,B)}

> (mei —00)

i=1

Given amap ¢ :N — R, and 04, 5 € (0, 1), let us denote by
(E¢) the assumption that R, /¢ (n) = 0.

Let (E1) and (E2) be condition (E¢), respectively, with the following assump-
tion on ¢:

(E1) ¢ is nondecreasing concave on [kg, 00) for some kg € N and

Sup ¥ () < 0.
neN

(E2) ¢(n) = W for some & > 0.

Note that (E) corresponds to (E¢) with ¢ (n) = n, n € N, under which (E1)
holds, for instance, in the case of a step sequence y, = c¢/(c + n), ¢ > 0. Also,
Lemma 1, proved in Section 2, implies that (S)-(E2) — (E1).

LEMMA 1. If condition (S) holds, then

Y n

lim sup < limsup
n—oo 1l0gn n—oo 10gn

<1/6p.

Theorems 2 and 3 provide assumptions for convergence of the Narendra se-
quence (X,),>0 toward O or 1 as n tends to infinity, respectively, convergence
toward 1 when 64 > 6p (i.e., asymptotic choice of the “right arm”).

THEOREM 2. Under assumptions (S1)—(E1), the Narendra sequence (Xp),eN
converges Py-a.s. toward 0 or 1 as n tends to infinity.

THEOREM 3. Under assumptions (S)—(E2) and 64 > 0p, the Narendra se-
quence (X,)neN converges Py-a.s. toward 1 as n tends to infinity.
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Recall that the above conditions (E1) and (E2) are purely deterministic. If we
let the sequences (n4,i)ien and (g ;)ieN be distributed as i.i.d. sequences with
expectations 64 and 0, then (E2) almost surely occurs as a consequence of the
law of iterated logarithm. Assuming (S) and 64 > 0p, Theorem 3 implies that the
algorithm (X,,),en almost surely converges to 1, which is a generalization of the
corresponding infallibility Proposition 5 proved by Lamberton, Pages and Tarres
in [6] for nonincreasing step sequences (¥y,);eN-

In practice, the Narendra algorithm is used in the context of performance as-
sessment, or in applications either in automatic control or in financial mathematics
and the i.i.d. assumption looks rather unrealistic since the performance depends
in general on parameters that evolve slowly and randomly in time. The following
framework provides a possible generalization.

Suppose that (S¢;)ien, £ € {A, B}, are ergodic stationary Markov chains tak-
ing values in a measurable space (X, X'), with transition kernel Q, and stationary
initial distribution 7ry. Let us consider a measurable event C € X, and define se-
quences (1¢.;)ieN, for £ € {A, B}, as

() nei = 1ys,;ecy i eN.

These random sequences (1,;);en are functions of the states of the Markov chains
and satisfy, as a consequence, the ergodic condition (E), with

9@ = JT@(SZ’() € C)

The sequences (S¢;)ien, £ € {A, B}, represent the agents’ outputs from
which (1¢,;);ieN extracts scores through target assessment. Note that, contrary to
(Se.i)ieN, (Me.i)ieN is not Markov in general.

Miao and Yang [8] establish under weak conditions (concerning mainly the tran-
sition kernels Q) the law of iterated logarithm for additive functionals of Markov
chains, thus providing the required ergodic rate of convergence (E2).

Let us now show a simple fallibility result that will also imply the corresponding
result of [6] in the i.i.d. case.

THEOREM 4. Assume 04 > 0p and Y_,~o[l;j—;(1 — yknpx) < oo. Then
Pdim,, o X, =0) > 0.

REMARK 1.1. In the case where (B k)k>0 is an i.i.d. sequence of random
variables, then

Ex<2 []a- yknB,k)> =Y [0 —wbp) <o

n>0k=1 n>0k=1

ensures that the third condition of Theorem 4 is fulfilled and, therefore, Theorem 4
implies the fallibility result Theorem 1(b) in [6].
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REMARK 1.2. In the general (ergodic) case, if 3" y2 < 00, " ['y|¢” ()| < 0o
and limsup I, |¢’(n)| < oo, then the proof of Lemma 10 implies that the condi-
tions of Theorem 4 are equivalent to > exp(—I',0p) < oo and 64 > Op. These
assumptions hold, for instance, if ¥, = c/(c + n) and ¢ (n) =n/(log(n + 2))te
for some ¢ > 0 and ¢Op > 1 (see also the proof of Lemma 10).

PROOF OF THEOREM 4. Recall that Xg =x € (0, 1). Let A be the event
n
A={Vk>1, 1 < Xy} = :Vn >0, X, =x [[(1—yna) {-
k=1
Then
(0,0] n n
PA) =] (1 —x[Ja- J/knB,k)) >0 < > []0—=wmnsr) <o,

n=1 k=1 n>0k=1

and note that this last predicate, which is the second assumption of the theorem,
obviously implies »_ y,np., = 00. Now, a.s. on A,

n
Xy <x eXp(— > VnnB,n> —0,
k=1
which concludes the proof. [J
Notation. The letter C will denote a positive real constant that may change
from one inequality to the other.

We write ¢’ and ¢” for the first- and second-order discrete derivatives of ¢: for
alln > 1,

¢’ (n):=¢(n)—¢p(n—1) and ¢"(n):=dpn—1)+dmn+1)—2¢(n).
We let, forall n € N,

oy =Ry /¢ (n), Bn :=sup o.

k>n

Note that, under assumption (E¢), o, B =2 0.

Given two real sequences (u,),>0 and (v,)n>0, We write
up =U(vy,),

when, for all n > 0, |u,| < |v,|.
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1.2. Sketch of the proofs of Theorems 2 and 3. Our first aim is to write down in
Proposition 5 the evolution of (X,),>0 as a stochastic perturbation of the Cauchy—
Euler procedure defined by
(3 Xnt+1 = Xp + Vnr1h(xy),

where h(x) := (04 —6p) f(x), with f(x) :=x(1 — x).

However, contrary to the case of i.i.d. payoff sequences (1¢.,)n>0, £ € {A, B},
considered in [6], the perturbation of the scheme (3) under an ergodic assumption
(E) does not only consist of a martingale, but also of an increment whose impor-
tance depends on ¢, that is, on the rate of convergence of the mean payoffs to 64
and 6p. More precisely let, foralln > 1,

An = Z Ve f (Xk—1)(nak —nBx — (04 —6p))

k=1

with the convention that Ao = 0 and let (M,,),>1 be an (F},),>1-adapted martin-
gale given by

n
My = yier,  Mo:=0
k=1

with
e :=na k(1 — Xp—1)Qyp=a — Xk—1) + 181 Xi—1((1 — Xg—1) — Ly,=B)-

PROPOSITION 5. Foralln € N,

n
X =%+ My + Ay + 04 —08) ) v f (Xi—1)-
k=1

PROOF. The updating rule (1) can be rewritten as

X1 =X+ Vaoran1(I = X))y, =4 — Yar1MBn+1Xnlu, =B

@ = Xn + Vu+r1Man+1(0 = X)) Ay, =4 — Xn)
+ Yn+11Bn+1Xn ((1 —Xn) — ﬂUn+l:B)

+ Va1 F (X)) (MA n41 — 0B .n+1)- O

Note that Proposition 5 can be interpreted as the property that the noise is mul-
tiplicative in the sense that, for all n,

Vi (At — Ap) = F(Xn) (nak — 0Bk — (04 —60p))

is the product of a function of X, and a function of (94 u+1, 7B.n+1) Outcome of
the two arms at time n + 1.
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Let us now provide estimates of the evolution of (A,),en, Which will be nec-
essary to the proof of Theorem 3; they will also imply Theorem 2 in passing. We
note that Laruelle and Pages [7] recently generalized the proof of this latter result
as convergence of the ergodic dynamics toward an equilibrium point of the corre-
sponding ODE under the assumption that the noise is multiplicative and a classical
Lyapounov assumption, or more generally under a strong Lyapounov assumption,
and technical conditions.

Our estimates of A, — A, for large m and n are derived by discrete integra-
tion by parts. To this end, we need to get round the difficulty that the sequence
(Vn f (Xn=1))neN is not monotonic in general.

Instead, let us define, for all n € N,

SN RTTE VA T o (=)
with the convention that Ag = Sp := 1. Remark that S, — oo if and only if

anl Vn = +00.
Note that x /S, is a trivial lower bound for X;, and that

A, "
5 = — ith S, = Ay.
) Vn S, w1 n ];) k

We first study the sequence (W), <N defined by

o0
Vk
W= ) K(’?A,k —npx — (04 —0p));
k=n+1 -

(Wp)n>1 is well defined since, for all £ € {A, B},

o0 o0 o
Yk Yk 1 1 1
ZS—|T7€,I<—9£|S S—:Z<S—_S_):S_
since under (S1) we have S, =0 Since (Yn/Sn—1)neN 1S a nonincreasing

sequence if (y,)nen is itself nonincreasing [recall that y,, € (0, 1)], we deduce
Lemma 6 by an Abel transform, that is, discrete integration. Moreover, we observe
that, for all n > m > 0, the evolution of A. between time steps m and n is given by

n
k
An—Am = E Sk—lf(Xk—l)—y (nak — 1B,k — (B4 — 0B)).
k=m-+1 k—1

Now, (Skf(Xx))ken is a nondecreasing sequence. Indeed, for all £ € N,
f(Xx) > (1 — ) f(Xr—1) since f is concave and Xy is the barycentre of Xj;_1
and either O or 1, with weights 1 — y; and %, where f(0) = f(1) =0. We rely on
this monotonicity and apply an Abel transform again, which enables us to show
Lemma 7.
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LEMMA 6. Assume that (y,)neN is nonincreasing and that ¢ is nondecreasing
concave on kg, 00) for some ko € N. Then, for all n > ko,

28
Wl = 5 z

n—1

(¢ (1) + 2y (m)].

LEMMA 7. Let, foralln e N,
o 28UPkn Pl (K) + 2 (K)]
" 1_'%1 )

Under the assumptions of Lemma 6 we have, for all n > m > ky,

|An = Al fk;n[ 3 ykf(Xk_1)+2f<Xn>]

k=m+1

Lemmas 6 and 7 are proved in Sections 3.2 and 3.3.
These results enable us to conclude the proof of Theorem 2. Indeed, by Propo-
sition 5 and Lemma 7, for all n > m > 0,

n
Xn—Xm=My— My + Ay —Am+ ©Oa—08) > vif(Xe-1)
k=m+1

(6) =My —Mu—+0a—05+0(R})) > vifXe-1)
k=m-+1

+200(R,,) f (Xn).

We assume that (E1) and (S1) hold; thus, R}, = 0. Let us prove by contradiction
that

(7) YovnfXim) <00 as.

k=1

holds. Indeed, let us assume the contrary; choose m such that |R) | < |04 —
Op|. A.s. on {Z}:‘;l vk f (Xr—1) = oo}, using Chow’s lemma (see, e.g., [3]) and
E(E;]%J,_] |Fr) <2f(Xg), we deduce

Mn_Mm=0( > szf(Xk—l))=0( > )/kf(Xk—1)>

k=m+1 k=m+1

and, therefore, for all n, m € N,

Xp— Xm= (04— 05 +0(R),) + onsco(D)) D yifXi—1) + O(D),
k=m+1

which is contradictory using X, € [0, 1] for all n € N.
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Hence, P,-almost surely, (X,),>0 is a Cauchy sequence and, therefore, con-
verges to a limit random variable X, € [0, 1]. Now (7) implies that f(Xs) =0,
since ['oo = 00 and, therefore, Xoo =0 or 1 a.s.

The proof of Theorem 3 itself has two parts. The first one consists in showing a
“brake phenomenon,” that is, that (X,),>0 cannot in any case decrease too rapidly
to 0 as n goes to infinity. We already observed that, trivially, X, is lower bounded
by x/S,. A better lower bound can easily be obtained; let us define, for all n € N,

1

SP =
[Tee (1 - Yelin> X1 npr=1})

s with initial condition S§ = 0

and, foralln > 1,
Af = y,,Sf, YnB = San.

Note that, as a consequence of the definition of the Narendra algorithm (1), for
alln >0,
B YE+AB (1-X,)., ifUpi=Aandng =1,
B

(8) Yn+1 — n+1

f otherwise.

Roughly speaking, Sf is the product S, restricted to playing and winning with
B; x/SB is straightforwardly a lower bound of X,,. Proposition 8, proved in Sec-
tion 4.1, further claims that, for any C > 0, Clog Sf / Sf is an asymptotic lower
bound of X, a.s. on {X,, = 0}.

PROPOSITION 8. Under assumptions (S) and (E2),

. . X
{nll)ngo X, = O} - {h;r_l)solép m = oo}, P.-a.s.

The second part of the proof of Theorem 3 assumes 64 > 0p and is given in
Section 4.2. Recall that, by Theorem 2, X, converges a.s. to O or 1 [using the re-
mark that (S)-(E2) implies (E1), see the remark before the statement of Lemma 1]
so that we only need to show that P(lim X,, = 0) =0.

We study (X,)n>0 as a perturbed Cauchy—Euler scheme and prove by Doob’s
inequality that, starting from C log S /S2 for sufficiently large C > 0, X,, remains
bounded away from 0 with lower bounded probability, which enables us to con-
clude that X, #0 a.s.

2. Deterministic estimates on the step sequence. We first recall below the
two following preliminary remarks in [6] that (S2) implies on one hand that

ol ynz < oo and, on the other hand, that I', — log S, converges as n goes to
infinity.

Then we prove Lemma 1 that (S) implies explicit asymptotic upper bounds on
(¥n)nen and (I'y ) peN.
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PRELIMINARY REMARK 1. Assumption (S2) implies ) o7 lyn < 00 since,
foralln e N,

n n
Y y2<C Y (T — Tgoy)Te 8T
k=1 k=1

Ty P +o0 9
§C/ ue_B”dqu/ ue B du < 0o
0 0
using that u — ue~%8" is nonincreasing for u > 951.

PRELIMINARY REMARK 2. The partial sums S, and I',, satisfy for every
n>1,
n

2
9) log S, — Z Vi <I'y, <logs$,.
o L7

This follows from the easy comparisons

Sn du
5/ — =log S,
1

n S_k SkISkl

Sk du
Vk)f —
Sk—1

PROOF OF LEMMA 1. The first inequality is elementary, since [';, > ny;,, us-
ing that (y,),>1 1S a nonincreasing sequence by (S1). By assumption (S2), for
some C > 0, forall n e N,
6T,

C> Yn€

= T,

Using that u — ¢%8% /u is increasing on [1/6p, 00) we obtain that, for sufficiently
large ng € N,

e@gx e@grn

'y
(10) Cln—np) = /

X .
Fo X n—00 QBF”

Trivially, log(e? /05T,) ~y— 00 08T, so that (10) proves the second inequality.
O

3. Abel transforms.

3.1. Preliminary estimates. Lemmas 9 and 10 estimate the error in replacing
the payoffs n x by their “average success rate” 6, in a sum weighted by a decreas-
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ing sequence (£,),eN, by the use of Abel transforms, that is, discrete integrations
by parts. More precisely let, foralln e N and £ € {A, B},

n
‘I’f;,g =Y &ex —60)
k=1

be the corresponding deviation. Lemma 9 upper bounds |d>fl’§ — CIDfn’El for all
n > m, whereas Lemma 10 shows that ®, ¢ converges to a finite value under cer-
tain assumptions, which are fulfilled, for instance, when & := y and (S)—-(E2) hold.

Lemma 9 is the main tool in the proof of Lemmas 6 and 7 and the second
part of Lemma 10 will be useful in the proof of Proposition 8 providing “brake
phenonemon’ bounds.

LEMMA 9. Let (§,),¢N be a positive real-valued nonincreasing sequence. As-
sume ¢ is nondecreasing on kg, 00) for some kg € N, then, for all n > m > ko,

|Df ¢ — Dy, ;| Sﬁm< 3 sk¢’(k>+2sm¢<m)).

k=m+1

PROOF. Let, foralln e Nand £ € {A, B}, /c,f[Z =30 1(ex —0¢). Ifn>m>
ko, then

n
Dy —Dh o= Y E(ek—00)

k=m+1
n n n—1
(11) = Y &f—Ki_)= D Eki— Y ki
k=m+1 k=m+1 k=m
n—1
= > (& — & DK+ Enky — Emkry-
k=m

Now, using that (§,),>0 is nonincreasing,

n—1
Z (& — Er1)Kf
k=m

n—1 n—1
<Y G —ErDRe= ) Gk — G )ad (k)
k=m k=m

(12)
n—1 n—1 n
sﬂmZ@k—sk+1)¢(k)=ﬂm(25k¢<k)— > skas(k—l))
k=m k=m

k=m+1

= ﬁm< > E(pk) —ptk— 1)) + Enep(m) — sn¢><n)>.

k=m+1
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In summary, (11) and (12) imply

|®) . — Dy, | < ﬂm< 3 &) -k — D)+ 2sm¢(m>)

k=m+1

=,3m< > Sk¢/(k)+2%‘m¢(M)>-

k=m+1 O

REMARK 3.1. Under assumption (E2), that is, when ¢ (k) := k(log(k +
2))~U+9 for some ¢ > 0, then

d)(k)fw, k e N.

Indeed, for all x e RT,

d_¢ _ 1 (14+e)x
(dx ) ()= Gogr + 2017 (x +2)(log(x + 2)7F

and

§ k)< sup (d—¢)(x).

xelk—1,k \dx

LEMMA 10. Given a positive real-valued nondecreasing sequence (&;)nenN,
let, for all n € N, 8, := Y_}_, &. If ¢ is nondecreasing on [ko, 00) for some
koeN, Y22, Exlg” (k)| < oo and limsup, . En|¢'(n)| = O then, for all € €
{A, B}, (Cbﬁ,g)neN converges to a finite real value as n goes to infinity.

In particular, under assumptions (S) and (E2), for all £ € {A, B}, (q’ﬁ,y)neN
and (@, ,;p)neN [Where y = (Yu)nen and y /T = (ya/ Tnnen] converge 1o a
finite real value as n goes to infinity.

PROOF. For all m, n > ko with n > m, Lemma 9 implies

| @ . — Dp, .| Sﬁm< > sk¢/(k>+2sm¢(m>>.

k=m+1
But
n n n n—1
Yo Yk = > Er—E-Dd )= D Exd'(k)— > Exg'k+1)
k=m+1 k=m+1 k=m+1 k=m
n—1
=Y Ek(¢'(k) — @'k + 1)) — Epe(m) + Endp' (n)
k=m

n—1
==Y Ekg" (k) — Eng'(m) + Bug’ (1),
k=m



ERGODIC TWO-ARMED BANDITS 469

Let us now prove the convergence of (@ﬁ’y)neN under assumptions (S)—(E2).
Then I';, = O(logn) by Lemma 1 and ¢'(n) = 0(@) (see Remark 3.1) so that
¢’ (n) = 0. Now, there exist A, u € (0, 1) such that

19" (k)| = |[(pk + 1) — ¢ (k) — (p(k) — p(k — 1))

‘d“’(k+ )——"’(k A)‘

()

(d2¢>( - 1+e¢
(x+2) (log(x +2))2+e

[ 2+ <1+—2+8 )}
x+2 log(x +2)

_ 1 .
B O(x(log(x + 2))2+s)’ x € RT\ {0},

<2 sup
xelk—1,k+1]

and

so that Y T'x|¢” (k)| < oo and the assumptions of the first statement are fulfilled.
The convergence of (d>£’y /r)neN follows similarly, since y,,/ ', = O(y,,). O

3.2. Proof of Lemma 6. Recall that W, = O [see the first paragraph after the
definition of (V,),cN, Section 1.2]. Hence, using Lemma 9,

oo
W, | = Z nAk—ﬁBk—(eA—eB))‘
+
(13) =< Zﬂn{ ¢ (k) + }
k= n+1
< 2ﬂn{¢> (n) Z 5 T2 ¢><n>}
k= n+1 Sn—
where we use the concavity of ¢ in the last inequality.
Now
e 5o B oy S-S 1
- 2 = 2 = ¢
ko Sk kS Sk s Sk Sn

so that inequality (13) implies the result.
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3.3. Proof of Lemma 7. Note that

n
Yk
An=Am= Y Skc1fXk—D)——max — 1Bk — 4 —0p))
k=m4+1 k—1

= Y Si—1f X—)(Wr—1 — W)
k=m+1
(14)

n
= Y WSt f(Xp) = Si—1f(Xx—1)
k=m+1
Recall that (S f (X1))reN 1s a nondecreasing sequence (see last paragraph be-

fore the statements of Lemmas 6 and 7) so that (14) implies, together with Lem-
ma 6, that, for all n > m > ko,

I Z Sk f (Xx) — ;flﬂxkl)

|/\n - /\ml =< R,/n

+ f(Xm) +f(Xn):|

Lk=m+1

=R,| > [f(X0 —f(Xk1>+ykf(Xk1)]+f<xm)+f(xn>}

Lk=m+1

=R,| Y ykf<xk_1)+2f<xn)}.

Lk=m+1

4. Proof of Theorem 3.

4.1. Brake phenomenon bound: Proof of Proposition 8. Assume that (S) and
(E2) hold. Let

. & :
A= {hnnl)solép og S <oo} ﬂ{nll)ngoxnzo}_

In order to prove Proposition 8, that is, that P(A) = 0, we first upper bound S5
in Lemma 11. Then we show that YnB 2, 00as.on A in Lemma 12 so that, for

every A >0, X, > A/Sf for large n € N. Both lemmas are shown in Section 4.1.1;
we finally conclude in Section 4.1.2 that .A almost surely does not occur.

4.1.1. Brake phenomenon: Preliminary estimates.

LEMMA 11. Under assumptions (S)—(E2), there exists L > 0 such that, for all
neN, Sf < Le?BTn ..
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PROOF. Recall that (S) implies > ynz < oo (see Preliminary Remark 1, Sec-
tion 2, or Lemma 1), so that there exists K > 0O such that, for all n € N,

n
Sf < Kexp(z ykl{]k>Xk7nB,k:1}> a.s.
k=1

Now observe that
n n n
Z Viline> X npa=1y =00 + Z Yk(mB.k —6B) — Z YinB kL <x.)
k=1 k=1 k=1
(15)

n
=0T, + @5, — > vinp sl <xq)-
k=1

which enables us to conclude since ® f’y converges to a finite value by Lemma 10.

O

LEMMA 12. Under assumptions (S)—(E2), A C {limsup,_, o, YnB = oo},
P-a.s.

PROOF. There exist L, L’ > 0 such that, for all n € N,

Vn+1 Sr? < Vn Syllg
1_‘n-i-l B W
where we use (S2) in the first inequality and Lemma 11 in the last one.

Now

<Le sl <LL,

(16)

oo
{1imsqunB :oo] = Z(Y,CBH -vp = oo}

n—oo k=1

o) YB _YB
S5 Z ket ~ e
k=1 Tk
X AB (- Xp)
= +F—1{Uk+1:A}77A,k+1 =00
k=1 k
00 B
YiSi_
2AN Z¢1{U;€:A}7IA,I¢:00}
i1 Lk
ad Vksf_lxk—l
=AN{Y ———— =00
[k
k=1
o0
2AN ZﬁﬂAk:OO}
k=1"k
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We use X, —> 0 a.s. on A (and y, — 0) in the second inclusion, whereas, in
n— oo

the third equality, we apply conditional Borel-Cantelli lemma (see, e.g., [2], The-
orem 2.7.33), which claims, given a filtration F = (F;),eny and an F-adapted
bounded real sequence (£,),>0 (i.e., AM > 0s.t. §;, < M a.s.), that

{an =oo} = {ZE<sn|fn1> :oo}.

neN neN

Here &, .= ynSf_lll{Un:A}nA,” /I, is bounded, using (16). The last inclusion
makes use of S,len > x forall n e N.
Now > ykna.x/ 'k =00 a.s. on A, since, on one hand,

Vi Fk+1 f"o dx
R

1 X

and, on the other hand,

n
Vk
Cpn y/T = =Y F—k(UA,k —04)
k=1

converges (deterministically) to a finite value by Lemma 10. [

4.1.2. Proof of Proposition 8. We assume that on the contrary P(A4) > 0 and
reach a contradiction by proving that limsup,_, ., Yf / log(Sf ) =00 as. on A.
Note that

n—1

YnB = Z A/§+1]]‘{Ik+1§Xk}nA,k+l(l — Xi) +x

k=0
and let, for all A > 0,
n—1
ZB)L ZVk+1Sk {Ix1<1/SEYTAK+1s
k=0

n—1
- . A
ZPh =3 "y 8¢ mm(l, S—B>77A,k+1-
k=0 k
Almost surely on A, limsup,,_, o, YnB = 00 by Lemma 12 and lim, 00 X, =
lim,,— o ¥, = 0, so that, for all A > 0
B ZB,)\,

lim su > lim su L
n—>oop log(SB) n—>oop log(Sf)

Fix A > 0. To show that the right-hand side of this last inequality is infinite a.s.
on A, we aim to estimate E(Z2*) = E(Z5-*) and to upper bound E((Z5* —
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Zf “*)2). In order to yield the latter we first observe that there exists M > 0 such
that, for all k e N, kaS,f < Allf < MTYy, by inequality (16).
Now

B2~ 254

n—1 A A
(17) =E<Z(yk+1S£>2min<1, S—B)(l - min(l, S—B))nA,k+1)
k

k=0 k
n—1 A
< MFnE<Z Ver1SE min(l, S—B)nA,kH) = MT,E(Z2).
k=0 k

On the other hand, for all M > 0 and € > O,

n—1
. A
E(ZEH) =E<§ i1 P min (1 —SB)nA,k+1)
k

k=0
n—1
> A1 —e)PA) Y Vis1nak+ls
k=ko(e,\)

where we use that Sf = Yf /X, — oo a.s.on A, ko(e, A) being a constant depend-
ing on ¢ and A. Now CID,‘?J/ = Zz;é Yk+11MA.k+1 — I'nB4 converges by Lemma 10,
so that we obtain

E(ZB* E(ZE*
A04 > limsup (Zi") > liminf (Zi")
n—00 I n—o00

n n
Fix p € (0, 1) and let

> AP(A)04.

Bus =12, = 2 < pE(Z )}
By (17) and Chebyshev’s inequality,
MT,
PPE(Zi ™)

Therefore, for all A > 0, if we let C, := ANlimsup,,_, o, By 1,

‘ M
P 2 limsupPAN Brp) 2 P(A) = 250 55 > 0

if we choose A such that A > MQX1 (pP(A))~2.
Now, almost surely on C;, C A, Z,f*k/ | njgo A4 (since Sf njo)o 00; see

P(B, ;) <

above), so that

Y5 A(1—p)o
limsup —%— > (1 =)0
n—oo IOg SnB Op
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using that limsup,,_, ., log Sf/ I', <0p by Lemma 11.
Therefore,

YB
P({limsup = oo} ﬂ.A) > P( limsup Cy
SB (xeN,x—mo )

n— 00 10g n
> limsup P(C,) = P(A),

reN,A—>o0

which enables us to conclude.

4.2. Conclusion of the proof of Theorem 3. Let, for all n > 0, TnB =B Tt
follows from Proposition 8 that

lim sup - o0 a.s.on Xoo =0

n—o00 10g TnB/TnB -

using that limsup,_, o S8/ T8 < co by Lemma 11.
Given / € N, let us estimate P(X o, = 0|F;). Using identity (6) and the assump-
tion 84 > Op, there exists ng € N deterministic such that, for all n > m > ny,

Xp—Xm=My—My+0a—0+0(R),)) > wfXez1)

k=m+1
+20(R;,) f (Xn)
> My — My, — Xy,
so that
(18) 2X, > X+ M, — M,,.

Let (Ny)n>1 be the (F;,),>; adapted martingale given by

n
Ny = Z Vilix;_ <x,}&i> N;:=0;
i=I+1
recall that (¢;);cn was defined before the statement of Proposition 5.
Let ng be sufficiently large, so that y,, < 1/2; then, for all n > ng, X,,11 >
X, /2. Thus, for all n > [ > ng, inequality (18) implies

(19) 2XnZXm+Nn_Nm2Xl/2+Nn_Nm’

where m := max{l <i <n:X; > X;/2}; indeed, if m < n then, for all m <k <
n—1, Xpyr1 < X1/2, hence, Xy < X;; (19) also trivially holds in the case n = m.
Hence, if x™ := max(—x, 0) denotes the negative part of x, then

(2Xo0o — X;/2)" < sup [Ny — Ni| <2sup|N, — Ni|.

m,n>| n>I
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Therefore, by Chebyshev’s inequality,
AE[(2X 0 — X1/2) T I A

P(Xoo =01F) < B
Xj
(20) ,
E[sup,>;(Nn — N Fi]
<16 5 .
Xj

Now observe that, for all £k € N, E(S%Jrllfk) < f(Xx) < X, so that Doob’s in-
equality implies

o0
E[SUII)(Nn - N1)2|fz] < 4E< > Vnzjl{X,,ngl}f(Xn—l)>
nz n=I[+1
1) ’

o0
<4x; > vl
n=I+1

Let us upper bound » 72, yiz in terms of T,,. For sufficiently large k € N,

Tkﬁ_lQB Vi+1

TB 7B — o98lkt1(] — o= 0BVk+1) >
k+1 — 1k ( ) > 5
and, on the other hand, by assumption (S),

0Tk — ¢ log(TkB) ]

k < Clye™
Y QBTkB

Hence, if / € N was assumed sufficiently large,

00 00 IOgT 00 logt IOgTB
@2) vi=C 3 (L7 =T _C/ 8l dr <202 L
nZXH:_l " n:XH:—l " n (TB)Z TZB t2 TZB

In summary, it follows from identities (20)—(22) that

log TlB
P(Xoo =01F) < C- = .

14

Now the bounded martingale P(X», = 0|F;) converges, as [ goes to infinity, to

1o B

T,
98 =0 a.s.

1{x=0} < Climinf 5

so that P(Xo =0) =

Acknowledgments. We are grateful to the referee for very helpful comments.
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