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STOCHASTIC POWER LAW FLUIDS:
EXISTENCE AND UNIQUENESS OF WEAK SOLUTIONS

BY YUTAKA TERASAWA AND NOBUO YOSHIDA1
University of Tokyo and Kyoto University

We consider a stochastic partial differential equation (SPDE) which de-
scribes the velocity field of a viscous, incompressible non-Newtonian fluid
subject to a random force. Here the extra stress tensor of the fluid is given by
a polynomial of degree p — 1 of the rate of strain tensor, while the colored
noise is considered as a random force. We investigate the existence and the
uniqueness of weak solutions to this SPDE.

1. The power law fluids. We consider a viscous, incompressible fluid whose
motion is subject to a random force. The container of the fluid is supposed to be the
torus T¢ = (R/Z)d ~100,119 as a part of idealization. For a differentiable vector
field v: T¢ — R<, which is interpreted as the velocity field of the fluid, we denote
the rate of strain tensor by

v + 0
(1.1) e(v):<%>:Td—>Rd®Rd.

‘We assume that the extra stress tensor
r(v):’]I‘d — R @ R?

depends on e(v) polynomially. More precisely, for v > 0 (the kinematic viscosity)
and p > 1,

(1.2) T(v) =2v(1 + le()[}) P> e(v).

The linearly dependent case p = 2 is the Newtonian fluid which is described by
the Navier—Stokes equations, the special case of (1.3) and (1.4). On the other hand,
both the shear thinning (p < 2) and the shear thickening (p > 2) cases are consid-
ered in many fields in science and engineering. For example, shear thinning fluids
are used for automobile engine oil and pipeline for crude oil transportation, while
applications of shear thickening fluids can be found in modeling of body armors
and automobile four wheel driving systems.
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Given an initial velocity uq: T¢ — R?, the dynamics of the fluid are described
by the following SPDE:

(1.3) divu =0,
(1.4) oru + (u-Vyu=—VII +divt(u) + o, W,
where

d d d
(1.5) u-V=> u;jd; and diV‘[(u):(Zajtij(u)> .
j=1 j=1 i=1

The unknown processes in the SPDE are the velocity field u = u(t,x) =
(u;(t, x))fl:1 and the pressure IT = I1(¢, x). The Brownian motion W = W (¢, x) =
(Wi (z, x))f!:1 with values in L,(T¢ — R?) (the set of vector fields on T¢ with L,
components) is added as the random force. Physical interpretations of (1.3) and
(1.4) are the mass conservation and the motion equation, respectively. We note
that the SPDE (1.3) and (1.4) for the case p = 2 is the stochastic Navier—Stokes
equation [2, 3].

Our motivation comes from works by Mdlek et al. [5], where the deterministic
equation [the colored noise d; W in (1.3) and (1.4) is replaced by a nonrandom
external force] is investigated. Let

3d
—_— ford <4
3d 3d — 4 J =T
A0 =Y T =5
T, for d > 4,
2d 3d — 8+ +/9d? + 64
(L.7) p2(d) 12 p3(d) 54
and
(p1(d), 00), if2<d<S8,
(1.8) P € (p1(9), p2(9) U (p3(9), 00), ifd=09,
(p3(d), 00), if d > 10.

For example, p1(d) = %, %, 2, % ford =2,3,4,5. Abasic existence theorem ([5],

Theorem 3.4, page 222) states that the deterministic equation has a weak solution if
(1.8) is satisfied, while a weak solution is unique if p > 1+ % ([5], Theorem 4.29,
page 254).

The results in the present paper (Theorems 2.1.3 and 2.2.1) confirm that the
above-mentioned deterministic results are stable under the random perturbation
we consider.

Let us briefly sketch the outline of the proof of our existence result.

Step 1. Set up a finite-dimensional subspace of a smooth, divergence-free vec-
tor field, say V,, and an approximating equation to the SPDE (1.3) and (1.4) in V.
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The good news here is that the approximating equation is a well posed stochas-
tic differential equation (SDE) admitting a unique strong solution u" € V),. See
Theorem 3.1.1 for detail.

Step 2. Establish some a priori bounds for the solution u” € V), of the approx-
imating SDE [e.g., (3.10), (3.13), (3.14) and (3.15)]. The point here is that the
bounds should be uniform in n for them to be useful. Martingale inequalities (e.g.,
the Burkholder—Davis—Gundy inequality) are effectively used here, working in
team with the Sobolev imbedding theorem. See, for example, the proof of (3.10)
for details.

Step 3. Show that the solutions u" € V), to the approximating SDE are tight as
n — 00. This is where the a priori bounds in step 2 play their roles as the moment
estimates to ensure that the tails of the solutions are thin enough in certain Sobolev
norms. This tightness argument is implemented in Section 3.4.

Step 4. By step 3, u” (n — 00) converges in law along a subsequence to a limit.
We verify that the limit is a weak solution to the SPDE (1.3) and (1.4). These will
be the subjects of Section 4.1.

Here are some comments concerning the technical difference between the
Navier-Stokes equations (p = 2) and the power law fluids. For the Navier—Stokes
equations (both stochastic [2, 3] and deterministic [7]), it is reasonable to discuss
solutions in the L;-space. On the other hand, for the power law fluids given by
(1.2), it is the L ,-space and its dual space that become relevant. Also, due to the
extra nonlinearity introduced by (1.2), some of the arguments for p % 2 become
considerably more involved than the case of p = 2, especially for p < 2. (See, e.g.,
proof of Lemma 3.2.2.) We will overcome this difficulty by carrying the ideas in
[5] over to the framework of 1td’s calculus.

1.1. A weak formulation. Let ) be the set of R?-valued divergence free, mean-
zero trigonometric polynomials, that is, the set of v:T¢ — R? of the following
form:

(1.9) v = Y TP, xeT

zeZ4\{0}

where v, (x) = exp(27iz - x) and the coefficients U, € C?, z € Z¢ satisfy

(1.10) 7,=0 except for finitely many z,
(1.11) v, =1, for all z,
(1.12) 72-0,=0 for all z.

Note that (1.12) implies that
divv =0 for all v e V.
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For ¢ € R and v € V we define

(1= 8= (1 +4rzH 5y,

zeZd

We equip the torus T¢ with the Lebesgue measure. For p € [1, 00) and o € R, we
introduce

(1.13) V)p,o = the completion of V with respect to the norm || - || 5 o,

where
_ _ /2
(1.14) ||v||§’a _/Td [(1— A)¥?y|P.
Then,
(1.15) Vpats C Vpa forl<p<oo,deRand 8 >0

and the inclusion V), 15 — V) o is compact if 1 < p < 0o ([6], (6.9), page 23).
For v, w:T? — R4 with w supposed to be differentiable (for a moment), we
define a vector field

(1.16) W-Vyw=) vjdjw
j

which is bilinear in (v, w). Later on, we will generalize the definition of the above
vector field; cf. (1.31).

Here are integration-by-parts formulae with which we reformulate (1.3) and
(1.4) into its weak formulation. In what follows, the bracket (u, v) stands for the
inner product of L,(T¢ — R?), or its appropriate generalization, for example,
the pairing of u € V4 and u € Vy _ (p € (1, 00), p = %, a > 0). We let
C"(T? - R?) (r =1, ..., 00) denote the set of vector fields on T¢ with C" com-
ponents.

LEMMA 1.1.1. ForveVandw,ngECl(']I‘daRd),

(1.17) (@, (v-VIw)=—(w, (v-V)gp).
In particular,

(1.18) (w, (v- VIw) =0.
Furthermore,

(1.19) (p,divz(v)) = —(t(v), e(9)).

PROOF. Since divv =0, we have that

D 0i(piv) = (@je)vj +9i djvj) =Y (3;0)v;.
J J J
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Therefore,
LHS of (1.17) = ) (g1, v; 8;w;) = — > _(3;(¢iv)), wi)
i.j i
1
L _ 3S7((3;0:)v;, w;) = RHS of (1.17).
i

Also, by integration by parts and the symmetry of 7;;,

LHS of (1.19) = =Y (3j¢i, 1ij(v)) = — > _(eij(¢), ij(v)) = RHS of (1.19).

i,j i,j

Let us formally explain how the transformation of the problem (1.3) and (1.4)
into its weak formulation is achieved. Suppose that u, IT and “9; W” in (1.3) and
(1.4) are regular enough. Then, for a test function ¢ € V,

(%) Ilp, u) = — g, - Viu) + (g, divr@)) — (¢, VIT) +(8; W, ¢),
(1) 2) 3)

MW "L (- V), u), @) "L —(e(), Tw)), (3) = —(dive, TT) =0.

Thus, (x) becomes

(g, u) =((u-V)gp,u) — (e(p), T(u)) + 9 {p, W).

By integration, we arrive at

t
(1.20) <</>,ut)=(<p,uo)+/0(((us-V)w,us)—<€(<p),f(us)>)d5+(<ﬂ, Wi).

Here u; = u(t,-) and W, = W (¢, -). This is a standard weak formulation of (1.3)
and (1.4).

1.2. Bounds on the nonlinear terms. Let us prepare a couple of L ,-bounds on
the nonlinear terms. They will be used to derive a priori bounds for the solutions
later on.

LEMMA 1.2.1. Leta; €[0,00), p; €[1,00),i =1, 2,3, be such that
1

(1.21) A>Bd,  where A=) ajand B=) — —1.
i Di

i

(a) Suppose (1.21) and that % < i foralli =1,2,3. Then, there exists C| €
(0, 00) such that

(1.22) Kw, (v- V)@ = Cillvllpya; 1wl py e €1l p3, 1405
forv,w, ¢ € C®(T? — RY).
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(b) Suppose (1.21), oy 4+ ap > 0 and that B < éfor alli =1,2,3. Then, for any
0 € (0, 1), there exists Cy € (0, 00) such that

(1.23)  [(w, -V < Collvll%, o 100157 Twll 8 Nwll, o 10l s 14

PROOF. (a) Since
> lwivj 99| < [wl[v||Vel,
ij
we have

1 1 1
M w, - V@) < |vlg lwllgIVellg; ~ whenever — + — + — < 1.
q 92 43

Case 1. B <0: We apply (1) with g; = p; (i =1, 2, 3) to get (1.22).

Case 2. B > 0: Since a + || - || p; « 18 increasing [(1 — A)~%/2 is a contraction
on Lp(Td — R?) for any o > 0 and p > 1], it is enough to prove (1.22) with «;
replaced by &; = % Bd. Therefore, we may assume without loss of generality that

max p;a; <d and A= Bd.
l

We apply (1) to g; € [pi, 00),i =1, 2,3 defined by -~ = pi — - We then use the

following Sobolev imbedding theorem (e.g., [6], formula (2. 11) pageS).Ifap <d

and L — % d’ then there exists C = C(d, a) € (0, o0) such that

(1.24) Ivllg < Cllvllp.e for all v € C®(T? — RY).

(b) Let us note the following interpolation inequality (e.g., [6], formula (6.5),
page 23): for any X € [0, 1],

@) Ml s +(—nay < Cllullly, o 1l s, fru € Vi oy NV, a.

On the other hand, we note that the assumptions for (1.22) are satisfied if we re-
place (a1, a2) by

(B + (1 —0)aa, (1 — O)ay + Oag).
Thus,
(1.
[(w, -V} = Cillvllpy oe+(1-0)0 W py. (1-0)er1 +0, 1911 p3. 1405

(@)
< RHS of (1.23). g

LEMMA 1.2.2. Leta € (0, 1] and p € (3% 00).
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(a) Suppose that (d, p, @) # (2,2, 1). Then there exists C € (0, 00) such that

(1.25) Hw, (v-V)g)| = Cillvllpellwll2llelp,pp.e
forv,w,p € C®(T? - RY), where
1+ (2 1>d 1 if 4d
——=)d—a>1, if p< ,

(1.26) B(p,a) = p 2 d1—d2a

1, if p > .

ifp= d+2u

(b) Suppose that d = 2. Then for any 0 € (0, 1), there exists C, € (0, 00) such that
(1.27) [{w, (- V)| < Callvlls vl wll,  lwliS el

forv,w,p € C®(T¢ - RY).
PROOF. We apply Lemma 1.2.1 to

2 1 +
(L p2p) =P 2P, (@na)=@0), a= ((; -3 )d-q) .
Then B(p,a) =14+ a3, A=a + a3, B= % — % It is enough to check that the
assumptions of Lemma 1.2.1(b) are satisfied if (d, p, @) = (2, 2, 1) and that the as-
sumptions of Lemma 1.2.1(a) are satisfied if (d, p, @) # (2, 2, 1). In fact, the verifi-
cation for the case (d, p, @) = (2, 2, 1) can be done by simply plugging the values.
We assume (d, p, o) # (2,2, 1) in what follows. We may assume that B > 0, or
equivalently p < 4. We have A > Bd by the choice of «;’s. Let us check that

o] o 2 1 1
(1) —B= (———)<—.

A a+az\p 2 p
Ifld, p,a)#(2,2,1) and p > did2a (which implies p > 2), then o3 =0 and (1)
is satisfied. If (d, p,e) # (2,2,1) and p < 7% (which implies p < ), then
o3 = (% — %)d — a > 0. One then sees that (1) is equivalent to that p < g and
hence, is satisfied. Let us check that

2 1 1

@ “po @ (211

A oa+az\p 2 p
If (d, p, ) # (2,2, 1) and p > 72— then a3 = 0 and (2) is satisfied. If p < ;34
then a3 = (% — %)d —a > 0. One then sees that (2) is equivalent to that p > d%a

and hence, is satisfied. O

REMARK. We note that the following variant of (1.25) is also true:
(1.28) {w, (v- V)@)| < Cilvi2llwllp.ellellp.pp.a)-

This can be seen by interchanging the role of (p1, @1) and (p2, «z) in the above
proof.
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LEMMA 1.2.3. For p € (1, 00), there exists Cy € (0, 00) such that
l{e(@), T )] < C1(1+ le@),)” lle@)ll

forallveV,yand ¢ € V.

(1.29)

PROOF. Since
It < C(1+le())” ",
we have that

izl = C [ 1+l lew@)

(p=1)/p+1/p=1 _
< Clit1e@l]n el

-1
=< C(1+llellp)" " le@)llp.
which proves (1.29). [
Let p e (%, 00), v,w eV, 1 NVypand u € Vp 1. In view of Lemma 1.1.1,

we think of (v - V)w and div 7 (1), respectively, as the following linear functionals
onV:

0> (@, (- VIw) L —(w, (v- V)g),

0 > (g, dive () E —(e(p), T(w)).

Then, by Lemmas 1.2.2 and 1.2.3, they extend continuously, respectively, on
Vo B(p, 1) and on V.1 where

2 1 . 4d
<———>d>1, if p<——,

(130) pip.H=1'P 2 d iz
d+2

cf. (1.26). This way, we regard (v- VYw € V) _gp.1) (p' = %) with

I -V)wllp —gp,1)
(1.31) P

<

0 1-6 1-6 2] .
C||U||2’1||U||2 ||U)||21 lwll, ifp=d=2,
Clvllp1llwllz, if otherwise,

and divt(u) € Vy _y with

(1.32) Idive)ly—1 < C(1+ lle@)l,)" "
Finally, for v € V}, 1 N V3 o, we define

(1.33) b(v)=—@-Viv+divt(v) € Vy _gp.1)-
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With this notation, (1.20) takes the form
(9= (g 0) + [ (9. b)) ds + (g, W),
that is,
(1.34) utzuo—l—/otb(us)ds+Wt

as linear functionals on V.
2. The stochastic power law fluids.
2.1. The existence theorem. We need the following definition.

DEFINITION 2.1.1. Let H be a Hilbert space and I': H — H be a self-
adjoint, nonnegative definite operator of trace class. A random variable (W;);>0
with values in C ([0, c0) — H) is called an H -valued Brownian motion with the
covariance operator I" [abbreviated by BM(H, I') below] if, for each ¢ € H and
0<s<t,

t—s

2

E[exp(iw,wt—Ws>)|<wu>ugs]=exp(— <¢,r¢>), as.

To introduce the notion of weak solution (Definition 2.1.2), we agree on
the following standard notation and convention. For a Banach space X, we
let Ly 1oc([0,00) — X) (1 < g < oo) denote the set of locally L,-functions
u:[0,00) — X, with the Fréchet space metric induced by the semi-norms
lullz, qo.71-x)s 0 < T < o0, where lull L, 0. 71— x) stands for the standard L,-
norm for u|j0,77:[0, T] — X. We also regard C([0, co) — X), the set of contin-
uous functions u : [0, co) — X, as the Fréchet space induced by the semi-norms
supg<; <7 lu@®llx, 0 <T < o0.

We recall that the number p is from (1.2) and that b(v) € V) _g(p.1) for v €
Vp,1 N V7 is defined by (1.33).

DEFINITION 2.1.2.  Suppose that:

e [': V29— V3 is abounded self-adjoint, nonnegative definite operator of trace
class;

e (1o is a Borel probability measure on V> o;

e (X,Y)=((X:,Y:))=0 is a process defined on a probability space (2, F, P)
such that

(2 1) X e Lp,loc([()’ OO) - Vp,l) N Loo,loc([O, OO) - VZ,O)
N C([O, o0) — VZ/\p/,—/S)

for some B > 0 and (Y;);>0 is a BM(V3 ¢, I'); cf. Definition 2.1.1.
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Then the process (X, Y) is said to be a weak solution to the SDE
t

with the initial law p if the following conditions are satisfied:
(2.3) P(Xo € ) = po;
24) Y. — Y, and {{p, X5);s <t,p eV} are independent for any ¢ > 0;

t
(2.5) (0. X)) = (9. Xo) + / (@0.b(X,))ds +(p.Y,) forallgeVands > 0.
0

We can now state our existence result.

THEOREM 2.1.3. Let I and 1o be as in Definition 2.1.2 and suppose addi-
tionally that:

o (1.8) holds;
e AT'=TA and both I", AT are of trace class;
e Lo is a probability measure on V1 and

2.6) Mo = / 113 g10(d€) <00 fora=0,1.

Then there exists a weak solution to the SDE (2.2) with the initial law [io; cf.
Definition 2.1.2 such that (2.1) holds with 8 = B(p, 1); cf. (1.30). Moreover, for
any T >0,

T
@7 E|swp X1+ [ X007 dt | < (14 7)€ < 00,
t<T 0 ’
where C =C(d, p, ", mgp) < oo.

REMARK. It would be worthwhile to mention that Theorem 2.1.3 with p =2
is valid for all d, although it is not covered by the condition (1.8) if d > 4. In fact,
Lemma 3.2.2 is the only place we need condition (1.8). For p = 2, however, we
can avoid the use of that lemma; cf. remarks at the end of Section 3.4 and after
Lemma 4.1.1.

2.2. The uniqueness theorem. As in the case of the deterministic equation [5],
Theorem 4.29, page 254, we have the following uniqueness result:

THEOREM 2.2.1. Suppose that

d
(2.8) pzl+s.
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Then the weak solution to the SDE (2.2), subject to the a priori bound (2.7), is
pathwise unique in the following sense: if (X,Y) and ()~(, Y) are two solutions on
a common probability space (2, F, P) with a common BM(V2,0, ") Y such that
Xo= )~(0 a.s., then,

P(X; =X, forallt >0)=1.

The above uniqueness theorem, together with the Yamada—Watanabe theo-
rem provides us with the so-called strong solution in the stochastic sense to the
SDE (2.2).

COROLLARY 2.2.2. Suppose (2.8), in addition to all the assumptions in
Theorem 2.1.3, and let & be a given V» o-valued random variable with the law
wo and Y be a given BM(V3 0, ') independent of &. Then there exists a process
X obtained as a function of (§,Y), such that (X, Y) is weak solution to the SDE
(2.2) with Xog = & and with all the properties stated in T heorem 2.1.3. Moreover,
the law of the above process X is unique.

PROOF. Corollary 2.2.2 is a direct consequence of Theorems 2.1.3 and 2.2.1
via the Yamada—Watanabe theorem [1], Theorem 1.1, page 163. The Yamada-
Watanabe theorem is usually stated for SDEs in finite dimensions. However, as is
obvious from its proof, it applies to the present setting. [

REMARK 2.2.3. For p e[l + %, %), an even stronger version of Corol-
lary 2.2.2 is shown in [8] as a consequence of strong convergence of the Galerkin
approximation; cf. Section 3.

3. The Galerkin approximation.

3.1. The exsitence theorem for the approximations. For each z € Z4 \ {0}, let
{e., j}‘lj.;% be an orthonormal basis of the hyperplane {x € R¢; z - x = 0} and let

wz,j(x)

(3.1
V2e. jcos(2mz - x), j=1,...,d—1,

xeT?,
V2e; j_ay18inQrz-x),  j=d,...,2d -2,

Then
(Wi @ ) € @I\{O) x {1,....2d — 2}}
is an orthonormal basis of V; . We also introduce
Vy = the linear span of {y; ;; (z, j) with z € [—n, n]d};

(3.2)
‘P, = the orthogonal projection: V2 o — V.
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Using the orthonormal basis (3.1), we identify V), with RN, N =dimV,. Let o
and I', V5 0 — V2,0, be as in Theorem 2.1.3. Let also & be a random variable such
that P(§ € -) = po. Finally, let W; be a BM (V> ¢, I') defined on a probability space
(QW, FW. PW). Then, P, W; is identified with an N-dimensional Brownian mo-
tion with covariance matrix I"P,. Then we consider the following approximation
of (2.5):

t
(3.3) X:‘:X6‘+/0 Pub(X3)ds + Py W, t>0,
where X{j = P,&. Let

(34) X{ = (X1 )
be the (z, j)-coordinate of X”'. Then (3.3) reads

(3-5) XPo = Xg /Ot b (XD ds + Wi
where
b™I (XD = (X2 (X2 V) ) — (T(XD). ez ),
Wi = (Wi, vz ).
Let W. and & be as above. We then define

PV =o@ Wes=n,  0sr<oo,  GYV= (Ug )

t>0

(3.6)

NV —(INCcaINeGLW . Nc N, PY(N)=0}
and
(3.7) WV —o@"UNEYY,  0<t<oo.
In what follows, expectation with respect to the measure P" will be denoted

by EV[].

THEOREM 3.1.1. LetW.,¢& and]:f’w be as above. Then for eachn =1,2, ...
there exists a unique process X" such that:

(a) X}'is ff’w-measurablefor allt > 0;
(b) (3.3) is satisfied,
(c) Forany T >0,

T
(3.8) EW[||X'%||%+2 [ <e<X;’),r<X?)>dz]=EW[||X3||%]+tr<rPn)T,

(3.9 EW[IIX ||2+ / X7 Ip dt] <mop+ (C+ ()T < oo,
where C = C(d, p) € (0, 00).
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Suppose, in addition, that p > dz—fz, where p is from (1.2). Then, for any T > 0,

T
(3.10) EW[sup ||X;’||§+fO ||Xf||;1dt} <(14+7T)C' < o0,

t<T

where C' =C'(d, p, T, mg) € (0, 00).

PROOF. We fix the accuracy n of the approximation introduced above and sup-
press the superscript “n” from the notation X = X". We write the summation over
ze[-n,nl%and j=1,...,2d — 2 simply by szj. Since v — P,b(v):V, — V,
is locally Lipschitz continuous [see (3.6)] and
(1) (0, b)) "= ~(e(v). T(v)) < C - énvuﬁ,l,
where we have used [5], formula (1.11), page 196, and formula (1.20),, page 198,
to see the second inequality. This implies that there exists a unique process X.
with the properties (a)—(b) above, as can be seen from standard existence and
uniqueness results for the SDE, for example, [1], Theorem 2.4, page 177, and
Theorem 3.1, pages 178-179; cf. the remark after the proof. Note that for o =
0,1,2,...,

IV[3 = (v, (=A)*v) =Y (—4x|z2H* (v, ¥ ;)2 veE.
4y
On the other hand, we have by It6’s formula that

. . t X . t . .
|Xf’f|2=|xg*f|2+2/0 X2T dW2 +2fO X630 (Xg) ds + (Y. T )1,

Therefore,
VX003 = 19 XolB + 20, +2 [ (=&)X, b(X,)) ds
G0 +1r(D (= A)*Py)t,
where
(3.12) M, = Z/OI(—A)“Xf*dej’j.
Z,J

Here we will use (3.11) only for @ = 0. The case o = 1 will be used in the proof
of Lemma 3.2.3 later on. By (3.11) with o =0,

2, 2 [ p p
@) X034 % [ 1X5 1 ds < 1X0I3 +2M, + (€ + (D).

where M; in (2) is defined by (3.12) with o = 0. Since it is not difficult to see that
the above M, is a martingale (cf. [2], proof of (10), page 60), we get (3.8) by taking
expectation of the equality (3.11). Similarly, we obtain (3.9) by taking expectation
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of the inequality (2). To see (3.10), it is enough to show that there exists § € (0, 1]
such that

T )
(3) EW[suIT) ||th|%] <(14+T7T)C+ CEW[</O X dt) ]
1<

To see this, we start with a bound on the quadratic variation of the martingale M.,

t t
@) (M), =/0 (T Xy, Xy} ds < ||F||M/0 1,12 ds,

where [|I'||2—2 denotes the operator norm of I": V2 o — V2 ¢. We now recall the
Burkholder—Davis—Gundy inequality ([1], Theorem 3.1, page 110),

(5) EW[sulet|q]§CEW[(M)‘§/2] for ¢ € (0, 00).
t<T
We then observe that
w 2] @ w
EV[suplX,3] S (14T)C+2E" [sup|,]]

t<T t<T

@-5) r 172
< (1+T)C+C/EW[</O ||X‘v||%ds) }

This proves (3) for p > 2. We assume p < 2 in what follows. We have

e Linf(r; | X, > €} /oo,  asl S oo,

since the process X; does not explode. On the other hand, it is clear that the fol-
lowing variant of (6) is true:

T Neg 1/2
& £ s ixad]=a+nc+cr ([T i) |

t<T Ney

(6)

We have by Sobolev embedding that for v € V), 1,
2d

7 <C , i > —.
(7 lvllz < Cllvllp,1 since p = 5=

Lete > 0,r = 3% € (4,00) and r' = ;1 = 5= € (1,4/3). Then,

T neg )
(/0 ||Xs||2ds)

1/2

T ney 1/2
2— 2
< sup X2 (f ||Xs||§ds)
s<T Ney 0
®) TA 1/2
@) 2 2 €y
2¢ sup 1SR I as)
s<T Ney 0

’

Young "' C e C T Aep 2/(2+p)
< — sup X3+ (/O ||Xs||§,1ds) _

= /
s<T ney r
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Since EW[Supl‘ST/\eg | X; ||%] < ¢% < 00, we have by (6) and (8) that

W ) W T Neg 2/2+p)
EY[ sup IX,13] <1+ T)C+CE [(/O ||X[||§,1dr) ]

t<T Ney

Letting £ 7 0o, we obtain (3). [

REMARK. Unfortunately, the SDE (3.3) does not satisfy the condition (2.18)
imposed in the existence theorem ([1], Theorem 2.4, page 177). However, we eas-
ily see from the proof of the existence theorem that (2.18) there can be replaced
by

lo )12 4+ x - b(x) < K(1+|x]?).

We have applied [1], Theorem 2.4, page 177, with this modification.

3.2. Further a priori bounds. We first prove the following general estimates
which apply both to the weak solution X to (2.2) and to the unique solution to (3.3).

LEMMA 3.2.1. Let T > 0 and X = (X;);>0 be a process on a probability
space (2, F, P) such that

XeLy(0,T]— V,1)NLoo([0,T]— V2), a.s.

and

T
AT=E[/ ||Xs||§,1ds]<oo, Br = E[ sup [1X,[3] < oo.
0 s€[0,T]

(2) For p € [74, ),

T 8
(3.13) E[(/O (X - V)XSIIZ,’_ﬁ(p,l)ds) ] <CA}B;® <00,

where § = ﬁ, p = %, B(p, 1) is defined by (1.30) and C = C(d, p) € (0, c0).
(b)

T /

(3.14) E|:/ || div ‘L'(XS)HZ/ 1 ds] <(T+A7)C’' < o0,
0 ,

where C' = C'(p, v) € (0, 00).

PROOF. (a) We have by (1.31) that

(D lv-V)vllpy —gpp.1y = Cllvlipalivilz forve V, 1N V.
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We then use (1) to see that

def. o T
Iifo 10 VX5, gy ds 2€ [ 102118 ds

T
< C sup ||XS||§/ 1Xs117, ds
5€[0,T] 0

Finally, noting that 5 =2, we conclude that

T )
)
E[I°) [sup X8 ([ 1, ds) |
s€[0,T] 0

1-5 T 8
CE| sup X, I13] E[/ ||Xs||;1ds} = CBy 'Af.
s€[0,T] 0

(b)

, (1.29) _
Idive(X)lly -1 < C(1+lle(X),)""

which implies that

| din(Xs)IIp 1 =CHClleX)lIy

T /
EU ||din(Xs)||§,_1ds}
0 :

T
§CT+CEU ||e(Xs)||§ds} <(T + Ar)C. 0
0

and hence, that

Let X" = (X]");>0 € V be the unique solution of (3.3) for the Galerkin approxi-
mation.

LEMMA 3.2.2. Suppose (1.8). Then, there exist p € (1, p) and & € (1, 00)
such that for each T > 0

T -
(3.15) EW[/ X2 dt] <Cr <00,
0 pe
where the constant Cr is independent of n.

We will have slightly better than is stated in Lemma 3.2.2 in the course of the
proof. For (i)d =2 and p > 2 and (ii) d > 3 and p > p3(d), we have that

T
(3.16) EWU IAX ™3P/ (PR dt] <Cr < o0,
0
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where A > 0 is defined by (3.18) below. For p < %, we have that
T .
(3.17) EW[/ ||X:‘||p~dt}§CT<oo
0 p.«
for any p € (1, p) with some & = &(p) > 1.
The rest of this section is devoted to the proof of Lemma 3.2.2. We suppress the

superscript n from the notation. We write the summation over z € [—n, n]¢ and
J=1,...,2d =2 simply by }__ ;. We first establish the following bounds.

LEMMA 3.2.3.  Suppose that p € (342, 00) if d > 3 and let

0’ #dzza
— 23— p)t

(3.18) A= 3—p) ’ ifd >3,

dp—3d+4

cf. [5], formula (3.47), page 236,
IAX; |13 .
—_—, ifp>2,
a1V
319 J= 2
[AX, I, .
V) > ifl<p<?2.

T+ VXA A+ VXl p)=—P

Then, for any T > 0,
T
(3.20) EW[/ j,dz] <Cr <00,
0
where Cr =C(T,d, p, T, my).
PROOE. By (3.11) witha =1,
1 » 1 2 !

() 5||vxz||2=§||vxo||2+Mt+/o K. ds.

where

t . . 1
M= —Zfo AXgT AW, Ky =(=AXs, b(Xy)) + S (=T AP,).
2]

Step 1. We will prove that

0, ifd=2,
@ KL ={C s xR vy, irdzs

where ¢, C; € (0, co) are constants and

7, — /Td(l +1e(X) ) P2 vex,) .
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To show (2), note that
(—AX, b(Xy)) = (—AXs, (X - VX)) — (t(Xy), e(—AXy)).
We see from the argument in [5], proof of (3.19), page 225, that
3) (T(Xs), e(—AXy)) = 2¢1Zs.
On the other hand, we have by integration by parts and Holder’s inequality that

(—AX,, (X, )Xy = Y f 8eXT 0, X1 0 X1 < VX3,
i,j,k

where X sj = e[—n.n)d X§’j Yz, j- It is also well known that the inner product on
the LHS vanishes if d = 2 ([5], formula (3.20), page 225). By the argument in [5],
proof of (3.46), pages 234-235 (this is where the choice of A is used), we get

VX3 < Ci(1+ IVXAN3) A+ IVX )P + 1 Zs.
These imply that
(—AX;, (X5 -V)X5)

—0, ifd =2,
<CIA+IVXAD* A+ IVXillp)? + 1Ty, ifd = 3.

We get (2) by (3)—(4).
Step 2. Proof of (3.20). By [5], formulas (3.25) and (3.26), page 227, J; and Z;
are related as

4

7,
J<C—=
A+ VX R

Therefore, it is enough to prove that

d Isd
5) EW[[ S—s“}scho,
0 (1+VX,13)

where Cr = C(T,d, p,T",mg,my) € (0, 00).
To see this, we introduce the following concave function of x > 0:

_L41+)1* ifA#1
fx) = * ’
1M1+x) ifr=1

Then we have by (1) and It&’s formula that

K;ds

M, !
f(IIVlelz)<f(||VX0||2)+f —+2/0 A+IVXI3*
si2

(1+ VXD
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where we have omitted the term with f” < 0. Moreover, by (2)
K, - c1Zs

A+IVXIDF T A+IVX D

0=<fx)<C(1+x) itre[0,1]

+ Cl(l + ||VXS||p)p7

and

1

Putting these together, we get

! Isd
—C3+2C1EW|:/ S—s“i|
0 (L+IVXl3)

t
< Cy(1+ ENIVXoll3]) +C1EW[/0 1+ IIVXsIIp)pdS}

(3.10)
< C(T,d,p,I',mp,my) < o0,

where C3 =0if A € (0, 1] and C3 = ﬁ if A > 1. This proves (5). U

PROOF OF LEMMA 3.2.2. We note that

pi1(d) < p3(d) < p2(d) ford <8,
p1(9) =2.555... < p2(9) =2.5714... < p3(9) =2.620...,
p2(d) < p1(d) for d > 10.

Thus, condition (1.8) takes the following form in any d > 2:

(3.21) p € (pi1(d), p2(d)) U (p3(d), 00).
We consider the following four cases separately:

Casel. d=2and p > 2;

Case?2. d >3 and p > p3(d);

Case 3. p € (p1(d), p2(d)) and p > 2;

Case 4. p € (p1(d),2) (this case appears only if d =2, 3).

The first two cases cover the interval (p3(d), oo) in (3.21). [Note that p3(2) =2,
while the last two cases cover the interval (p1(d), p2(d).]
Case 1. By (3.20), (3.15) has already been shown with p =& = 2.
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Case 2. Note that p > p3(d) > 2 and that

Since A8 = 7(1 - B),

T
Y| [ 1ax, ]

T
= EW[/O T+ VX5 ds}

B+(1-p)=1 T b T I=f
S| [ as| B[ asivxgtas]
0 0

(3.10), (3.20)
=

+2x > 1/2. We prove (3.16).

ey

T <00,
where we used (3.20) for p > 2.

Case 3. We prove (3.17) for given p € (1, p) with some @ = &(p) € (1, 2). Let
B = - +2)\ € (0, 1). Then the bound (1) from case 2 is still valid, although it may
no longer be the case that 28 > 1 here. On the other hand, it is not difficult to see

via the interpolation and the Sobolev imbedding that for any p € (1, p), there exist
a €(1,2)and 6 € (0, 1) such that

T P T ) 0 T 26 1-6
[ ixadgds<c( [T ixagas) ([ ixadas)

cf. [5], proof of (3.58), page 238. This is where the restriction p < 2 is neces-
sary. Thus,

0
V[ " IX1” -ds| < CEY T||X 12 ds| EV ! 1X,128 ds
0 Slhp,a — 0 slip,1 0 S22

(3.10), (D)
=

1-0

CT < Q.
Case 4. We prove (3.17) for given p € (1, p) and with some & = a(p) € (1, 2).
We recall that p > d3+dz and set
5o (@+2p=3d)p <0 1)
- 2((d+35)p—3d— p?) 2)
Then,
2 — p)di 2 —
) o % C=pdr 01y aa C=PP (o ).
20-PB)p 1-p

As aresult of applications of Holder’s inequality, the interpolation and the Sobolev
imbedding (cf. [5], formulas (3.60)—(3.63), pages 239-240), we arrive at the fol-
lowing bound:

T T B
3) [ isxaFas<c( [ gas) @ m',
0 0
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where

T
I = /0 (1+ VX, | )@ PF=B) g,

T 5 14 T 1—p
b= ([ naxaas) ([ 1vxagas)

We first prove that

T
4) EW[/ lAX2 ds] <Cr < 0.
0

We first assume d = 3, where p > 0. Let r = % €(l,00) and r' = 15 = — e

-1 1—p
(1, 00). Then, for ¢ > 0,

T T B
e[ [Cisxapas] 2 ceV|([ gas) e m]

B+(1—p)=1 T P
< CEW[/ jsds] EVIL 4 1] F
0

(3.20)
< CTE[l1+ 11 + I],
(3.10),(2)
EY[n < Cr <o,
Young g’ T
EViL % 7EW[/O lAX, % ds}

e Wi (T
B [T 1vxiigas]

G100 g" r
< EW[/O ||AXS||f,ﬂds}+CT.

+

,
Putting things together, with & small enough, we arrive at (4) ford =3. If d =2
and hence, p =0, then we have E WihLl<Cr directly from (3.10). Therefore, the
proof of (4) is even easier than the above.
We finally turn to (3.15). It is not difficult to see via the interpolation (cf. [5],
proof of (3.65), pages 240-241) that for any p € (1, p), there exist & € (1,2) and
6 € (0, 1) such that

T - T » 0 T 2 1-6
[ ixg s <c( [T ixag as) ([ ixtds)
Thus,

%
e[ [’ IX,1? -ds| < CEY ! IXsN2  ds| EV T||X 122 ds
0 Sthp.a — 0 slip1 0 siip,2

(3.10),(4)
< Cr < o0. ]

1-6
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3.3. Compact imbedding lemmas. We will need some compact imbedding
lemmas from [3]. We first introduce the following definition.
DEFINITION 3.3.1. Let p €[1,00), T € (0, 00) and E be a Banach space.

(a) Welet L, 1([0, T] — E) denote the Sobolev space of all u € L ,([0,T] — E)
such that

t
u(t) =u(0) + / u'(s)ds for almost all ¢ € [0, T']
0

with some u(0) € E and u'(-) € L,([0,T] — E). We endow the space
L, 1([0,T] — E) with the norm ||M||L1,,1([0,T]—>E) defined by

T
1}, go.r1y = [, (Ol + 1 @)15) d.

(b) Fora € (0, 1), we let L, ([0, T] — E) denote the Sobolev space of all u €
L,([0, T] — E) such that

p
u(t) —u(s)
f #dsdt < 0.
O<s<t<T |t — 5| +ap

We endow the space L, ([0, T] — E) with the norm lullL, .0, 71E) de-
fined by

_ p
lu(t) —u(s)|g dsdt.

T
llue||? :/ lu(®)|P dt +
Lpa(0.TI=E) = |, O<s<t<T |t —s|ltep

To introduce the compact imbedding lemmas, we agree on the following stan-
dard convention. Let X be a vector space and X; C X be a subspace with the norm
-1l G=1,2). Then we equip XoN X and Xg + X1, respectively, with the norms

lullxonx, = llullo + llull1,
lull xo+x, = nf{lluollo + Nluilli; u =uo +ur, u; € X;}.
The following lemmas will be used in Section 3.4.

LEMMA 3.3.2 ([3], Theorem 2.2, page 370). Let:

compact

e Ei,..., E, and E be Banach spaces such that each E; — E,i=1,...,n.
e pl,...,pne(l,00),a1,...,a, >0 are such that pijo; > 1,i =1,...,n.
Then, for any T > 0,

compact

Lpo([0,T] = ED)+--+Lp, o0, T] > E,) — C(0,T]— E).



STOCHASTIC POWER LAW FLUIDS 1849

LEMMA 3.3.3 ([3], Theorem 2.1, page 372). Let

compact
Ey — E<= E
be Banach spaces such that the first embedding is compact and Eq, E| are reflex-
ive. Then, for any p € (1,00), « € (0,1) and T > 0,

compact

L,([0,T]1— Eo)) N L,y 4([0,T]1— E;) < L,([0,T]— E).

3.4. Convergence of the approximations. Let X" = (X}');>0 € V be the unique
solution to (3.3) for the Galerkin approximation. We write

(3.22) p = L,
p—1

Let B(p, 1) be defined by (1.30) and let p > 1 be the one from Lemma 3.2.2. We
may assume that p € (1, p”]. We also agree on the following standard convention.

Let S be a set and p; be ametricon S; C S (i =1, 2). Then we tacitly consider the
metric p; + oz on the set S; N Sy; cf. (3.23).

p//:p/\p/.

PROPOSITION 3.4.1.  Let B > B(p, 1). Then there exist a process X and a
sequence (X k)kz 1 of processes defined on a probability space (2, F, P) such that
the following properties are satisfied:

(a) The process X takes values in

(3.23) C([O, 00) — VZ/\p/,—,B) N ijloc([o, 00) — Vﬁ,l).
(b) For some sequence n(k) /' 0o, X has the same law as X"® and
(3.24) lim X* = X in the metric space (3.23), P-a.s.

k— o0

REMARKS. (1) Due to Skorohod’s representation theorem used in Lem-
ma 3.4.5 below, the probability space (€2, F, P) in the above proposition may
not be the same as (W, FV, PY), where we have solved the SDE (3.3).

(2) See (4.4) below for additional information on the convergence (3.24).

We divide the Proposition 3.4.1 into Lemmas 3.4.3-3.4.5. To prepare the proofs
of these lemmas, we write (3.3) as

(3.25) X" = XE A+ 1"+ I+ W
with
t t
= [ P Dxnds, I = [ Paivexyas,
0 0

th - PHWI'
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It is elementary to obtain the following regularity bound of the noise term W/ [2],
Corollary 4.2, page 92: for any p € [1,00), a € [0,1/2) and T > 0, there exists
Cr =Cq,p,1 € (0, 00) such that

w 2
(3.26) sup E [||W."||{p,a([07T]_>V2,O)] < Crtr(I)P/2.

n>0

We will control /" and J” by (3.13) and (3.14). However, to be able to do so, we
have to get rid of the projection P,. This is the content of the following:

LEMMA 3.4.2. LetT € (0, 00). Then,

14 Y
(3.27) sup E [||1.”||Lp’l([07T]_)Vp,._ﬂ(p’l))] <Cr < 00,

n>1

2
where y = #. Also,

w 4
(3.28) sup EXLIINL 1071 v,y _pgpp] = €T < 00

PROOF. Forany p € (1, 00), there exists A, € (0, o) such that
1Puvllp, < Apllvllp forallv e V) .

(See, e.g., [4], Theorem 3.5.7, page 213.) This implies that || P,v| .o < Apllvlp,«
and hence, [|Ppvll p,—a < Apllvlly,—o forany p € (1, 00) and & > 0. We combine
this and (3.13) and (3.14) to obtain (3.27) and (3.28). [0

LEMMA 3.4.3. For B > B(p, 1), the laws {PV (X" ¢ )}°2 | are tight on
C([0,00) = Vopp —p)-

PROOF. As is easily seen, it is enough to prove the following:
(1) The laws {PW((X?),ST € )}52 , are tight on C([0, T] — Va4, —p) for each
fixed T > 0. To see (1), we set

S = Lp,l ([O, T|—>V /,_'g(p,])) + Lp’,]([o’ T]— Vp/’_1)
+ L2y, ([0, T]— V2,0), with y € (0, 1/2).
We then see from Lemma 3.3.2 that

compact
(2 S = C(0,T]— Varp,—p)-
On the other hand, we have that
(3.27)
w no .
(3) Sng 17 ”Lp,l([O,T]—>V,,r._,g(,,,1))] < Cr<oo  forsomesd € (0,1];
(3.28)
) sup £ 19 I, 10,117, _p] = Cr < 005
(3.26)

(5) sup EV[|IX + WLy, (0.T1> V2] = Cr <o0.
n
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We conclude from (3)—(5) and (3.25) that
sup EV [ X" 5] < Cr < 00
n

and hence, that for R > 0,

1
sup PV (|| X"||ls > R) < = sup EV )1 xX™|%]
n n
(6)
Cr

<——0 as R — oo.
RS

We see from (2) that the set
{X:IX"ls <R}

is relatively compact in C([0, T] — V2,7, _pg). Hence, by (6), we have the tight-
ness (1). O

LEMMA 3.4.4. The laws {PV (X" € Vo, are tight on Lj1,([0, 00) —
Vs1).
2

PROOF. Let p > 1 and & > | be from Lemma 3.2.2. We may assume that
p € (1, p”]. It is enough to prove the following:

The laws {PW((Xf)tST €-)}o2, are tighton L ([0, T] — V; 1)

(D
for each fixed T > 0.

To see (1), we set
I= L,;([O, T] — Vﬁ’&) N L,;,y([O, T] — Vﬁ,—ﬁ(p,l)) with Y € (0, 1/2).
Note that

compact
Via = Vi1 = Vs _gp

and hence, by Lemma 3.3.3, that

compact

) I = L3([0,T1— V1)
On the other hand,
W i (3.15)
3) sup E" [IIX" |l ;0.71-v;0] < Cr <o00.
n

Moreover, for some § € (0, 1],

w né
Sl,ipE [1x’ ”Lﬁ,y([O’T]—’Vﬁ,—mp,l))]

w n n né
= Sl;PE (X + 1"+ J. ”Lﬁ,y([osT]_)Vﬁ,—ﬂ(p,l))]

W 5
+sup ETTIWIIL, 011 0]

(3.26)—(3.28)
< Cr < o0.
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We conclude from (2) and (3) that
sup EV[[|X!]17] < Cr < o0
n

and hence, that for R > 0,

1
sup PY (I X"z > R) < 5 Sup EVIX™M15]
n
4
€] cr
<——0 as R —> oo.
R(S
We will see from this and (2) that the set
{X;1X"lz <R}

is relatively compact in L;([0, T] — V; 1). Hence, by (4) we have the tight-
ness (1). [

Finally, Proposition 3.4.1 follows from Lemmas 3.4.3, 3.4.4 and the following:

LEMMA 3.4.5. Suppose that:

e (Sj,pj) (j=1,...,m) are complete separable metric spaces such that all of
S;j (j=1,...,m) are subsets of a set S;

o (X,)neN is a sequence of random variables with values in ﬂ’}’zl S; defined on
a probability space (2, F, P);

o (Xy)nen is tight in each of (Sj, pj), j =1, ..., m, separately.

Then, there exists a sequence n(k) — 0o, random varlables X, Xk, k =

1,2, ..., with values in ﬂ 1 S; defined on a probability space (Q, F, P) such
that

P(Xpe)=P(Xpwy€-) forallk=1,2,...;

hrn ij(X Xp) = P-a.s.
] 1

PROOF. By induction, it is enough to consider the case of m =2. Let ¢ > 0 be
arbitrary. Then, for j = 1, 2, there exists a compact subset K; of S; such that
P(X,eK;)>1—¢ forall j=1,2andn=1,2,....

Now a very simple but crucial observation is that K; N K> is compact in S| N S»
with respect to the metric p; + p2. Also,

P(X,eKiNKy))>1-2¢ forall j=1,2andn=1,2,....

These imply that (X,,) is tight in §1 N S> with respect to the metric p; + p2. Thus,
the lemma follows from Prohorov’s theorem ([1], Theorem 2.6, page 7) and Sko-
rohod’s representation theorem ([1], Theorem 2.7, page 9). [
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REMARK. This remark, together with the one after Lemma 4.1.1, concerns
the validity of Theorem 2.1.3 with p =2 for all d. Let ¢ < 1. Then we can also
prove that

(3.29) the laws {PW (X" € -)}°2, are tight on L 7 10¢([0, 00) = V), o).
This can be seen as follows. We set
I= LPN([O, T|—V, 1N Lpn,y([O, T]— Vp”,—ﬁ(p,l))’ with y € (0, 1/2).

Since

compact
Vo1 = Voa = Vp _gpp.1)s

we have by Lemma 3.3.3 that

compact

Ly (10, T1— V).

Then we get (3.29) by similar argument as in Lemma 3.4.4.

By the tightness (3.29), Lemmas 3.4.3 and 3.4.5, we obtain a variant of Propo-
sition 3.4.1 in which the convergence X¥ — X, P-a.s. takes place in the metric
space
(3.30) C([0,00) = Vanp.—g) N Ly 10c([0, 00) = V), o)

instead of (3.23). We note that this modification of Proposition 3.4.1 is valid for
pE [d+2’ 00) since we did not use Lemma 3.2.2.

4. Proof of Theorems 2.1.3 and 2.2.1.

4.1. Proof of Theorem 2.1.3. Let X and X* be as in Proposition 3.4.1. We
will verify (2.1) [with 8 = B(p, 1)] as well as (2.3)—(2.5) and (2.7) for X. (2.3)
can easily be seen. In fact,

)?]5 — Xp a.s.in Voap g,

n(k)

X' xn® —p > & inVap.

Thus, the laws of X and & are identical.

1 .
Xk v n(k) = ,Pn(k)é: e S mn sz().

Note that the function

T
v sup o5+ [ v} de
t<T 0
is lower semi-continuous on the metric space (3.23). Thus, (2.7) follows from
(3.10) and Proposition 3.4.1 via Fatou’s lemma.
To show (2.4) and (2.5), we prepare the following:
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LEMMA 4.1.1. Letgo €V and T > 0. Then,

T ~ ~
4.1) klim/ o, (XK - VXK — (X, -V)X,)|dt =0 in probability (P),
—>00 J()

T -
(4.2) lim/ l(e(p), T(X) —1(X))|dt =0 in L{(P),
k—o0 J0
T
(4.3) Jim f (@, Payb(X5) —b(X,))dt =0 in probability (P).
— 00 J()

PROOF. We write Zf =X f‘ — X, to simplify the notation. We start by proving
that

T
. k1 _ .

4.4) klggoE[/O 1Z; ”m,l dt} =0, if p; < p.
By Proposition 3.4.1,

T

I de:f'f 125110 de =0, Poas.

0

Moreover, the random variables {/; },>1 are uniformly integrable since
(3.10)
E[I}] < Cr <oo.
Therefore,
(2) lim E[I;]=0.
k— 00

Let k(m) /' oo be such that

B) Dy 2K 4| VZE™ |20, dtljor) x dx x P-ae.,

where dt|[o, ] X dx denotes the Lebesgue measure on [0, T'] x T<. Sucha sequence
k(m) exists by (2). The sequence {®,, .};;>1 is uniformly integrable with respect
to dt|jo,r] X dx x P.In fact,

T (3.10)
E[/ CDtht] < Cr < 0.
0 Td ’

Therefore, (3), together with this uniform integrability, implies (4.4) along the sub-
sequence k(m). Finally, we get rid of the subsequence, since the subsequence as
k(m) above can be chosen from any subsequence of k given in advance. We now
prove (4.1). Since

Xk XK~ (X, - V)X, = (ZF- X+ (X, - V) ZF,

we have

T ~ ~
/O g, (RE- WK — (X, - V)X)|dt < Iy + ],
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where
g k Tk r k
n= [l Dxhlar and n= [ 1.0 DZBlan
We may take p; in (4.4) as bigger than % so that there exists 0 < « < 1 such that

724 < py. Then by (1.25), we have that

@, (ZF-V)YX5Y | < CUZKN ) IXE 121101 o1 B o1

and hence that
~ T
1L < Clgllpr.pipr ) SUP ||X£‘||z/ 1ZE )y d.
t<T 0
By (3.10) and (4.4),

~ T
supE[sup||Xf||§]<oo and lim/ 1ZMlp, wdt =0 P-as.
k>1 Y<T k—00J0

Thus, limg_, o J1 = 0 in probability. On the other hand, we have by (1.28) that

o, (X: - VIZEV < CUZH by a1 X 2001 oy ooy

and hence that

T
J2 < Cllellp,.a(p1.a) SUP ||le|2/ 1Zf |y dt.
t<T 0
By (2.7) and (4.4),

T
E[sup||Xt||%]<oo and lim/ 1ZMlpywdt =0 P-as.
t<T k—o00 JO

Thus, limg_, o, J2» = 0 in probability.
We now turn to (4.2). It is enough to prove that

T ~
4) lim E[/ e (X*) - r(X,)||1dt] —0.
k—o00 0
Again, let k(m) be such that (3) holds. Then,
®)) lim r()N(f(m)) =1(Xy), dt|jo,7] X dx x P-a.e.
m—0o0

On the other hand, we have for p’ = % that

T ke T Sk (3.10)
EU dt/ |r(X,)|P]5CE[/ dt/ (1+|e(X,)|)p:| < Cr <oo,
0 Td 0 Td

which implies that t (X f ), k € N are uniformly integrable with respect to dt|[o,7] X
dx x P. Therefore, (5), together with this uniform integrability, implies (4) along
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the subsequence k(m). Finally, we get rid of the subsequence, since the subse-
quence as k(m) above can be chosen from any subsequence of k given in advance.

Equation (4.3) follows from (4.1) and (4.2). Since ¢ € V is fixed and & is tending
to 0o, we do not have to care about P, ) here. [J

REMARK. If p =2, then Lemma 4.1.1 is valid for all d. This is for the fol-
lowing reason. By inspection of the proof above, we see immediately that (4.1)
follows also from the modification of Proposition 3.4.1 mentioned at the end of
Section 3.4. Also, for p =2, (4.2) is equivalent to

T ~
lim [ (Ag,XF—X,)dt=0  inL{(P),

k—o0 JO

which also follows from the modification of Proposition 3.4.1 mentioned at the
end of Section 3.4.

LEMMA 4.1.2. Let
t
4.5) Y,=YI(X)=X,—X0—/ b(Xy)ds, t>0.
0

Then, Y. is a BM(V30,1"). Moreover, Y;+. — Y; and {{¢, Xs);s <t,p € V} are
independent for any t > 0.

PROOF. It is enough to prove that foreachp e Vand 0 <s <1,

t—s

) Elexp(i(g, Y; —Ys))lgs]=eXP( >

(o, F(p)), a.s.,
where G; = o ({@, X,,);u <s,p €V). We set
F(X) = f({@1, Xuy)s o5 {@n> Xu,)),

where f € Chb(R"),0<u; <---<u, <sand ¢1,..., ¢, €V are chosen arbitrar-
ily in advance. Then (1) can be verified by showing that

t—s

@) Elexplilp. Y — Y,))F(X)] = exp( (0. Fw>)E[F<X)].

Let
~ ~ t ~
vk=Xk—X¥ —f Payb(X5yds,  t>0.
0

Then we see from Theorem 3.1.1 that

Elexp(i(p, Y} — YS) F(X")]
3)

— exp(—t%s@, rPn(k)<p)>E[F()?k)].
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Moreover, we have

m (¢, Yy — Ys) in probability

lim (g, Y} — vk 224D
k— 00 k— 00
and hence,

lim LHS of (3) = LHS of (2).
k—o00
On the other hand,

Jlim RHS of (3) G2 RHS of (2).
—>00

These prove (2). U

Finally, we prove (2.1) with 8 = B(p, 1). It follows from (2.7) that
X e Lp,loc([o, 00) = Vp,l) N Loo,loc([o, o0) = VZ,O)-
Thus, it remains to show that X € C([0, 00) — V2,7, —g(p.1))- But this follows
from Lemma 3.2.1 and that Y € C([0, 00) — V3 0).

4.2. Proof of Theorem 2.2.1. Here we can follow the argument of [5], Theo-
rem 4.29, page 254, almost verbatim. We will present it for the convenience of the
readers.

We need two technical lemmas.

LEMMA 4.2.1. Let H be a Hilbert space and V be a Banach space such that

Ve H< V*
Suppose that f € L,([0,T] — V) (p € (1,00), T > 0) has derivative f’ in
L,([0,T]— V*). Then,

d ,
(4.6) E|f|%=2v<f,f Yy

in the distributional sense on (0, T).

PROOF. The case of p =2 can be found in [7], Lemma 1.2, pages 60—61. The
extension to general p is straightforward. [J

LEMMA 4.2.2 ([5], Lemma 4.35, page 255). Let g € (2,00) if d =2 and
q €2, %] if d > 3. Then there exists c € (0, 00) such that

2d — q(d —2)

(4.7) lvllg < cllvl5IVoll,™  with 6 = >

forall v e V1 with fpav=0.
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Let X and X be as in the assumptions of Theorem 2.2.1 and

~ l ~
Z[ = X[ — X[ ='/(; (b(Xs) —b(Xs))dS

Then,

(1) Z. € Lpoc([0,00) = V) 1)

and by Lemma 3.2.1,

2) 9 Z.=b(X.) = b(X.) € Lpoc([0,00) = Vi _g(p.1))-

Since p > p’ and B(p,1) =1 for p > 1+ %( d+2) we see from (2) and
Lemma 4.2.1 (applied to f=Z and V =V, ) that

2 (4 6)

3) __”Zt” (Zi, b(X)) —b(X)) =—1; — J;

in the distributional sense, where

L =(Z:,(X; - VX: — (X; - V)X;) and  J; = (e(Z)), T(X;) — T(X))).
We have by [5], formula (1.25), page 198 and formula (1.11), page 196, that
) Ji = etlle(Zp3 = 2l VZ4 3.

On the other hand, since X : = X; — Z;, we see that

~ ~ 1.18
(2, (X, XN "2, (XX =20, (X, = Z0) - V) X,),
and hence that

It = <Zt» (Zt : V)Xt)-

Therefore,
1/p+(p—1)/2p)+(p—1)/2p)=1
|| < IVXp I Zil3, -1y
4.7 2p—d
(5) L CIVZAY IV 2| 2P
d/(2p)+(2p<—d>/(2p)=

2l VZil5 + Call VX 3PP D Z, 5.

We see from (3)—(5) that
d _
S 1203 < CallVX P01 2,15,

Since 22p < p, this implies via Gronwall’s lemma (we need an appropriate gen-
erahzatlon since the derivative above is in the distributional sense) that

t
12005 < 1 ZolBexp(Cs [ IVXIZ/CrD ds ).

This proves that || Z;||» =0
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