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1. Introduction

The asymptotic theory of M estimates for regression models has been the
subject of many papers. We refer the readers to the excellent book by Maronna
et al. [7] for a comprehensive review.

In this note, we give formulas for the dominant terms of the bias and skewness
of M-estimates in linear and nonlinear regression models. These formulas could
have applications in many areas, including bias reduction, confidence regions
and Edgeworth expansions. For the least squares estimate the formula for bias
is just that given by Box [1] for the case of normal errors. The main results are
in Section 2 with proofs deferred to Section 6. The exact regularity conditions
are not given but some sufficient conditions are discussed. Section 3 gives some
applications. Section 4 considers the effect of a large number of parameters on
bias and skewness, and shows how to adapt the results when the ‘independent’
variables are random. Section 5 gives some simulation results for an L;-estimate.
Section 7 extends our results to the case, where the residuals may have different
distributions.

2. Main results

First consider the linear model: we observe
Yn=a+ayB+en, 1< N <n, (2.1)

where 2 and S are, respectively, known and unknown p-vectors, {ex} are
random residuals with an unknown distribution F', with density f (if it exists)
not necessarily symmetric, and « is a nuisance parameter centering the residuals
around zero in some way. We estimate the unknown parameters ¢ = (a, 8) by

-~

(@, ) minimising
/\:Zp(YN—a—x;\,ﬂ), (2.2)
N=1

where p is some smooth function for which a minimum exists. By smooth we
mean that its derivatives exist except at a finite number of points.

~
~

It turns out as is well known that for (@, 8) to be consistent, o must satisfy
the centering condition:

p1 =0, G = distribution of o + ey, (2.3)

where p; = [ p) (v — a)dG(v) and p(") denotes the rth derivative of p. In
general, set

Pro. = /p(” (e)p'(e) -~ dF (),

where the number of indices on the left hand side is the same as the number of
terms in the integrand on the right hand side. For example, ps = [ p?) (e)dF(e),
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o1 = [P (e)pM(e)dF(e) and pizg = [ pD(e) p@(e) p®(e) dF(e). The
condition in (2.3) makes « identifiable.

We now show that the bias and skewness of B is essentially proportional to
the ‘skewness’ (third central moments) of the {zn}. Set

T=n""! Z TN, Mij.. =n" " Z (an —7); (an —T); -, (2.4)
N=1 N=1
where (-); is the ith component, M = (m;;)p x p and (m*”) = M~'. Suppose

det(M) is bounded away from zero as n — oc. (2.5)

-~

Theorem 2.1. Suppose (2.1), (2.3), (2.5) hold and (&, ) minimises
A= Zp(YN—a—x;\,ﬂ).
N=1

Then for p, F and {xn} suitably regular
n'/2 (8- 8) 5 N, (0,cM7) (2.6)

as n — oo, where ¢ = p11p2_2. Furthermore, 8 has bias, covariance, third
cumulants and skewness as:

E (B— ﬁ)a =n""K,+0 (n7?)

for 1 < a < p, where

P
Ko=c2 Z m¥mIFmiie, ca = —prapy” + pripaps° /2, (2.7)
ij,k=1

and
cov (B\au Bb) = n_2Kab +0 (TL_2) )
E(B-8) (B-8), =nKu+0(n?),

where Kqp = c;m® for 1 < a,b<p. The third cumulants are given by
K (B\aa B\bu B\c) = n72Kabc +0 (n—B)

and

E(B-8) (B-8),(B-8) =n Ky +0(n"?)
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for 1 <a,b,c<p, where

p
ai, bj. ck
Kape = c3 E m*'m>m“m, (2.8)
ij k=1

c3 = pr1py ° — 6pripizpy * + 3pTipsps

and

3
K:zbc = Kabc + Z KabK07

abe

where Eibc fabe = fabe + foca + fean, while a plain > sums repeated pairs of
suffizes over their range (that is i, j, k over 1---p in (2.7), (2.8)).

Note that the M on the right hand side of (2.6) should be interpreted as the
limit of the M defined by (2.4) as n — oc.

Note that page 169 of Huber [5] essentially gave conditions for (2.6) to hold.
In particular, if p = 1 in Theorem 2.1 and u, (3) is the rth central moment of
[, then

where c3 = c3 + 3cica = pr11ps° — Ip11pr12ps * + 9031 p3py /2.

A sufficient but not necessary condition on {zy} is that they be bounded.
This ensures that m;;... is bounded. For p,s... to be finite a sufficient but not
necessary condition is that p("), p(*) ... are bounded.

Corollary 2.1. For any p there exists F' for which B has arbitrarily large
(asymptotic) variance.

This is because sup ¢; = oco. We cannot have inf p® > 0 and p*) bounded.

Note that models which assume (generally unrealistically) that f = F is
symmetric (for example, normal) force the bias and skewness down to ~ n =2
and n~3 (since c2 = c¢3 = 0 assuming p is symmetric).

These formulas for bias and skewness have an immediate application to ex-
perimental design: if {zy} are chosen to have skewness zero (or ~ n~!) then
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the bias and skewness (third moments) of 3 are reduced from ~ n~! and n=2 to
~n~2 and n~3, and so the nominal level of the one-sided confidence interval for
B, based on approximate normality has error reduced from ~ n=1/2 to ~ n=1.

Example 2.1. For the Li-estimate, p(e) =| e |. So, p1 = E sign (e1), a = me-
dian of G, pa = 2f(0), p11 = 1, ps = —2f(0) and p111 = p1a = 0. (Here, we use
p?(e) = 28(e) for § the Dirac function.) So, c1 = f(0)~2/4 (as is well known
for p = 0, i.e. for the variance of the sample median), ca = —f(O)f(O)_3/8,
s = —3£(0)(0)~7/16 and ¢; = —9f(0)(0)~>/32.

We now consider the general non-linear model
YNZCY-FfN(ﬁ)—f—eN, 1< N <n. (29)

That is we replace the regression functions {xlNﬂ} by smooth functions { fx (5)}.
We shall see that the role of zy in Theorem 2.1 is now replaced by

ry = 0fn(B)/9B;

but there is an additional term in the bias and skewness proportional to the
covariances between the linear and quadratic components of the model, i.e.

My ik = n~! Z TN —f)i (zn — E)jk ,
N=1
where (IN)W = 818J . ( ) and 8 = 8/8&
Define m;;... and mij as before. So, {m;;x} now consists of the third moments
of the linear components of the model, {xy = dfn(5)/05}.

Theorem 2.2. Theorem 2.1 remains valid with {xlNﬁ} replaced by suitably
smooth {fn(8)} in (2.1) and (2.2) and K,, Kape replaced by

Ko =Y m®m/* (camije — crmi ji/2),

.5,k
and
3
bj . 2 .
abc m® m m C3Myjk — Cq mi jk
.5,k ijk

Example 2.2. For the least squares estimate, p( ) =¢%/2. So, Ee; =0, ¢; =
pa(er), c2 =0, c3 = cy = ug(el) In particular, B, has bias n~ K, + O(n=2),
where K, = —ug(el) ij by M° i mik mi jx/2. For F normal this result is es-
sentially equation (2.24) in Boz [1]; see also Clarke [2] for aless exphczt formula.
For p =1 the formula for the skewness ofﬂ yields K1, = mi(ps(er)min —
6u2(e1)?mar). Jennrich [6] proved asymptotic normality for this case.
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Example 2.3. For Huber’s estimate,

e, e|<1,
o ={ G o]

sign(e), |e|> 1.

So,
1
:/ edF (e /dF / dF, py = / dF,
1 —
1
/ e*dF (e /dF+/ dF, ps = f(=1) = f(1),
1
1
p12:/ edF p111:/ 3dF‘ /dF / dF.
1

For p3 use p®(e) = d(e + 1) — 6(e — 1), where § is the Dirac function.

3. Applications

Note M, ¢;, K., Kqpe and Kabc are easily estimated. Let F be the empirical
distribution of the estimated residuals {eN( ?),1 < N < n}, where ¢ = ( ,B)
and en(p) =Yy —a — fn(B). Let M, ¢, K., ... denote their values at (B, F A).
Then for p suitably regular

E¢ =¢;+0(n"), (3.1)
SO
3,1 — n_lffa estimates (8, with bias ~ n~2 (3.2)

and variance ~ n~!, and the confidence region

{B : (ﬁ _ B)/ M ([3 - B) < za/n} has level P (x2 < 2) +0 (n™1). (3.3)

Unlike the jackknife or bootstrap versions of Ba which require ~ n? or more cal-

culations to reduce the bias to ~ n~? (and retain variance ~ n~!) the estimate
in (3.2) only requires ~ n calculations.
Estimates for which p™) or p(? discontinuous, such as the Li-estimate or

Huber’s, fail (3.1). Let f and f be kernel estimates of f and f with kernels of
order m so that in the usual notation, bias ~ h"" and variance ~ h=In=1 Let &
and K, be the corresponding estimate of ¢; and K, for these examples. Suppose
h=n"¢, where m~! < e < 2. Then 8, — n~'K, estimates 3, with bias ~ n=2
and variance ~ n~!, as for (3.2).

For Huber’s estimate, (3.3) holds since (3.1) holds for ¢« = 1. For the Lj-
estimate (3.3) holds with ¢;, O(n~!) replaced by ¢;, O(n’~1) for kernel estimates
with h =n"° 6§ = (2m+ 1)~}
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Our expressions for bias and skewness enable us to calculate the first term
of the Edgeworth expansion for the distribution of Y;, = n'/?(3 — 3) and its

Studentised version. In particular, if Z, = n1/2(3a — ﬁa)K;al/2 or nl/Q(Ba —
Ba)Kaa?
Ay =Ko+ Kyl Koo (22— 1) /6 and 0, = n V20K, /?, (3.4)

and ®, ¢ are the distribution and density of a unit normal random variable,
then P(Z,, < z) = ®(2) — ,¢(2) + O(n™!). So, a one-sided confidence interval
for B, of level ®(2) + O(n~1) is

Ba > Ba—n"V2E M2 —ntA,. (3.5)

If we drop the last term in (3.5) we must replace O(n~') by O(n~/?); c.f.
Withers [10, 11]. If p = 1 (3.4) can be written

Al = m1_12 {mul (p111p1_11p2_1 (22 - 1) /6 + CQZQ) - m17116122/2} .

See Withers [10] for more details on this type of applications. Note K, and Kp.
may also be used to obtain ‘small sample asymptotics’ for the density and tails
of 8 by the method of Easton and Ronchetti [3].

4. Some miscellaneous results

Here, we consider two separate topics: the effect of p large, and the effect of
random independent variables. Suppose both n and p large. Let A =max| m¥ |.

Now pA is bounded away from zero since M ~ 1 by assumption and j

m;; m?* = ;.. Typically A ~ p~! as p — co. From our formulas, K, ~ A2%p?

and Kgpe, K;bc ~ A%p3. So, if A ~pt, B has bias ~ p/n and skewness (third
cumulants) ~ n~2, c.f. Portnoy [8] who shows for the linear case that § — 8 =

Op(p/n).

Set s.e. = standard error = (variance)'/2,

r.b. = relative bias = bias/s.e. and
r.s. = relative skewness = skewness/s.e.?. Then for 3, r.b. ~ (pPA3/n)t/?
(p*/n)' /2 if A ~ p~! and r.s. ~ (pPA3/n)Y/2 ~ (p/n)'/? if A ~ p~'. This
follows from the expression in Theorem 2.2 for K., Kup, Kape. So, r.b. can
become infinite if p? /n — co. Huber [5] (see page 172) showed this for the linear
case under the stronger condition p3/2 /n — oo.

We now ask, what if {y} in the linear model or {fx} in the nonlinear model
are random?

Theorem 4.1. Suppose (2.9) holds with fn(8) = f(B8,Un), where {Un} is a
random sample independent of {ex}. Then Theorem 2.2 holds with the sample
values m;j, myjr and m; ji, replaced by their population values k((zn)i, (TN);),
s((@n)is (an)j; (@n)k) and (2N )i, (TN)jk)-

~
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FIGURE 1a: Bias of 3 estimales of f# for 7=1, n=11
0.30

FIGURE 1b: Bias of 3 estimales of § for A=1, n=11
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FIGURE 2a: Bias of 3 estimates of § for 7=1, n=21
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5. A numerical example

We noted that our formula for bias in the nonlinear model extends one of Box
[1] for the least squares estimate. He gives a numerical example for F' normal
and n = 3 showing excellent agreement between exact bias (as estimated by
52,000 simulations) and our formula for K,. Here, we do a similar comparison
for the linear model with p =1, xxy = Tn_m_1, Z; = i/n+7(i/n)? for | i |< m,
where n = 2m 4+ 1 and 7 is assumed known. By changing 7 this allows for
an arbitrary value of psz,. We take p(e) =| e | and F(e) = G(1 + ¢), where
G(v)=1—v=4/2for v >2"Y4 and A > 0. This is chosen as an example of a
one-sided heavy-tailed distribution. (As noted in Example 2.1, « transforms G so
that F has median zero.) So, B has bias n 1 K1 +0(n~2), where K| = 02/612;1%,
Uow = Jbx + T2lox, 3z = 3THaox + Topsx, and px, firx is the mean and rth
central moment of {X; = (i/n)?,| i |< m}. Since {X;} has rth noncentral

moment fj{% £2rdt+0(nY), (px, pox, psx) = (1/12,1/180,1/3780)+O(nY)
and so K1 = K7+ O(n~1), where K = 15(1+7%/15)"2(7 +73/63)ca/4, which
is zero at 7 = 0 or co. Figures 1 and 2 plot the estimated biases of B, B— n 1K,
and 3 —n~1K7 (labeled 1, 2 and 3) against A and 7.

Estimates were obtained from two separate runs of 10° simulations each for
B =1 a =0 and n = 11, 21. Calculations were done using NAG routine
E02 GAF. This took nearly 48 hours of CPU time on a VAX 780. The large

number of simulations was required to obtain good accuracy, as indicated by
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the small variation between runs. This may be due to the non-uniqueness of the
L-estimate, or more fundamentally the fact that p(e) =| e | has a discontinuous
derivative. The bias estimates n~1K; and n~ 'K are seen to be excellent, and
almost indistinguishable at the number of simulations.

6. Extensions to non-identical residual distributions

Here, we extend Theorems 2.1 and 2.2 to the case, where instead of being
iid. F,

{en} are independent with distributions {Fyn} . (6.1)

We assume that each Fy is centered so that Ep(l)(eN) = 0. Set pNps... =
Ep™(en)p® (en) ... and define the linear operator g,,. . by

n

—1
Ors..Jivig-w = T E PNrs..; N.ixM.i - - - 5
N=1
n
_ —1 E
prs...gi1i2~~~,j1j2~~ - n pNTS...gN.ilgN.iz tee gNJ1J2
N=1

Set aij = pagi; and (a”) = (az;) "

Theorem 6.1. Under the condition of Theorem 2.2 with the condition that
{en} are i.i.d. weakened to (6.1),

/2 (3= 8) 5 Ny(0,V)
as n — 00, where
Vi; = a™* (011911) a". (6.2)
The other results of Theorem 2.2 hold with Ko, Kap. replaced by

K,=a" {—ajkglz + Vikos} gije + a” {(ajkgu — Viko2) 9jki — Vik029i1/2}

and
. at bi _ck
Kape = a®{a”a (0111 — Vojo12) — 3Vi;Vero3/2} giji
3 _ _ _ 3
+ Z a Vyea® 0119,k — 0 Vi Ver 02 Zgi,jk/Q . (6.3)
abe ijk
7. Proofs

Proof of Theorem 2.2. Set ¢’ = (o/, ) and gy = gn(¢) = a+ fv(B) and let
subscripts following a dot denote partial derivatives: h.;,...;, = 01 - - 9ph(p) for
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0; = 0/0pi, 1 <i < m =p+ 1. The idea of the proof is to obtain a stochastic
expansion for § = @ — ¢.
Any smooth function h(yp) has a Taylor series

h(@) %i Z hil---iqnéil "'6@/7‘!.

r=0141,...,%r

So, @ satisfies for 1 <ig <m

0=n""0N®)/0Bi, =D > Rigi,0i, -+ i, (7.1)

r=010,...,%r

where Rj..;, =n~ 'Y | RN.ig-i,. /7! and R (¢) = p(en(p))-

For X,, a finite subset of {R;,..;,}, X, = O,(1) and n'/?(X,, — EX,,) is
asymptotically normal and so Op(1). See Hajek and Sidak [4] for conditions. By
the chain rule

Ry = —pW (en) gni, Ry = p@ (en) gn.ign.; — Y (en) 9N.ij
and
3
Ry.iji = —p® (en) gn.ign jone + p@ (en) ZQN.ijgN.k —pW (en) gn.iji-
ik

Set a;; = ER;; = pagij, where g;j.. = n~ > gnign. -+ and gupe. 5. =
n=t eri]:l gN.k gN.I " GN.ij---- Then EFR; = —p19i = 0. SO, R; and Uij =
Rij — a;; are Op(nil/z).

Multiplying (7.1) by a™°, where a = (a;;) is m x m and (a") = a1, gives

5h ~ — Z Z Shil...ir&-l s '(L'T, 1 S h S m, (72)
where Spi..i, = Y ;0 ahoR; .. for r # 1 and > ahoU; ;, for r = 1. So,
§ = O,(n~1/?). Tterating (7.2) gives

Sh = fnq (@) + 0, (n*q/2>

for ¢ > 2, where

Oy = {Shir-ip, 0 <7 < g} =n"" Y hyg(en) (7.3)
N=1

say, and
fh2 (9/\2) = —Sh,
fh (HA?’> = =S+ ShiSi = Y (EShij) SiS;, (7.4)

,J
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and so on. From (7.3) with ¢ = 2 we obtain

' (3= ¢) 5 Nu(0,V)
as n — 0o, where V = c;g7! and g = (g;;). Since fis a weighted mean of i.i.d.

random variables, by Withers [12]

o0

E@—(p%Zni

where C;, = O(1), Cy has hth component Ci, = Y, . K% fus.4;(0)/2, 0 = E§
and Kn A . 1 11 17( )_ n—lz 11 g (hNS(eN))
By (7.4) for z, y elements of 8, setting 81 = 0/0, and Z y Ray = hoy + By,

Oty (0)|, = =1 (@ = 1)

and

020y fh3 (9\)’0 = i{ZI(CCZSi,y:Shi)

xy i
—ZI(LL':Si,y:Sj)EShij}. (75)
SO, Olh = El TLH(SZ', S}n) — Ej,k TLH(Sj, Sk)EShjk.
Now
(SuS ) = 137

nk (S, Shi) = Z aa"l {—p1agijk + p11gijk}
4,7
‘ 3

ESnie =Y a" S —pagiji +p2 > gigk ¢ /2,

i .5,k

I e
where g; jr =n""' Y N _1 gN.igN.jk- SO,

Cin = Z 9" g™ {cagijk — c19i,j1/2} -
i,5,k

By the top line on page 67 of Withers [9],
K (Ba, Poy Pe) =1 *Kape + O (nig) ,
where

Kape = —n2k(Sa, S Se +n22[22 Sak, Sb) £ (Sk, Se)

abe

—~ Z > k(S 8b) £ (Sk, Sc) ESaji

ab j,k
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by (7.5). So,

3
bj ck 2
abc E gaz ] N C39ijk — C1 E Gi,jk

1,5,k ijk

Also B(3 = 9)a(® = 9)6(@ — ¢)e = 0Ky + O(n™?), where K, = Ko +
Zibc VavC1e- Apply the Cramer-Wold device to the expression on page 580 of
Withers [11].

Finally, replace (¢, fn) by (¢o, fon), where fon = fn — f, po = (an, 8) and
an, = a+ f(f); this is valid since a + fn(8) = an + fon(8). The result of the

’
1 0

0 M )} for this parameterisation. O

theorem holds since { g = (

Note 7.1. Note that the method of proof gives expansion for cumulants of @
as power series in n~', and allows us to relax the i.i.d. conditions on {en}.
Further details on the proofs are in Withers and Nadarajah [13] which treats the
case of multivariate {Yn}.

Note 7.2. The proof of Theorem 4.1 is the same except that g;;... and g; ji are
replaced by their expectations.

and Shi1 g

s

Proof of Theorem 6.1. This follows the proof above. Note R;,  ;
are defined as above. Note S; = a"’R; and Shx = a’J Rjy, so

k (S, Shk) = aank (Ri, Rjk)
a"a"n 'y /-”»( =M (en) gn.i p®) (en) gnjgni

@ (en) gN.jk)

—p
n

= ahin ! Z —9N.igN.jYN.kPN12 +gN.igN.jkpN11)
N=1

= lZ ( 0129i5k + 01191, gk)

o 3

Similarly, ER;ji = —03ijk + 02 )ik Gijk» SO
3

Cip = a?*a™ (= 1291 + 01195.i5) — Vira™ | 039ijx — Z 029i.jk | /2

ijk

Also ajj = p2g:; and

Vij =n cov (S, S;) = a*a'n cov (Rg, R)) = a™a’ 011 g
Now write the last term for Cy;, as

(a" 029 1 Vik + " 02951 Vi + 0291650 Vi) /2.
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So, the second plus fourth terms simplify to
a" {(a?* 011 — Vjr02) gjki — Viko29in/2}

while the first plus third terms add to a"{a’*(— 12 + Vjr.a?* 03)gijx since Vjj, =
a’'(011gim )a™*. This proves (6.2).

Put fr.n=0fn/0Sh = =1, frnini =0%*frn/0S;0Sp; = 1and fr.i; = 0% fr/0S;05;
= —EShij. SO7

faiefojfeek?6F = foix nk (@, Sb) nk (ék, SC)
nk (S, Sp) nk (Sai, Se) — (ESaji) nk (S, Sp) nk (Sk, Se)
= Viynk (Sai, Se) — (ESajk) Vip Vie,

and
n?k (Sq, Sy, Se) = a®a a*n?k (Ri,Rj,Ry) = —aaiabjaCkglugijk.
So,
) 3
—abe b ek o
K a®a”a" 011195k + E Viwa™a’ (—0129ik + 0119i,jk)
abc

3
~VjpViea™ —Q3gijk+Q2Zgi,jk /2}-

ijk

Of these five terms, the first plus second simplifies to a®ac* (ij)Qlll —3V4;012)Gijk
and the fourth simplifies to 3a“iVijckgggijk/2, so the first plus second plus
fourth gives a®{a®a* 0111 — 3Vyja* 012 + 3Vi;Ver }giji. The third plus fifth
terms give the last two of the three terms in (6.3). O
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