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We use orthogonality measures of Askey—Wilson polynomials to con-
struct Markov processes with linear regressions and quadratic conditional
variances. Askey—Wilson polynomials are orthogonal martingale polynomi-
als for these processes.

1. Introduction. Orthogonal martingale polynomials for stochastic processes
have been studied by a number of authors (see [5, 14, 19, 23, 25-28]). Orthogonal
martingale polynomials play also a prominent role in noncommutative probability
[1, 2] and can serve as a connection to the so called “classical versions” of non-
commutative processes. On the other hand, classical versions may exist without
polynomial martingale structure (see [6]). In [8] we identify intrinsic properties of
the first two conditional moments of a stochastic process that guarantee the process
has orthogonal martingale polynomials. These properties, linear conditional expec-
tations and quadratic conditional variances, which we call the quadratic harness
properties, have already lead to a number of new examples of Markov processes
[9-11] with orthogonal martingale polynomials. Random fields with harness prop-
erties were introduced by Hammersley [15] and their properties were studied (see,
e.g., [20, 34]).

In this paper we use measures of orthogonality of Askey—Wilson polynomials to
construct a large class of Markov processes with quadratic harness properties that
includes most of the previous examples, either as special cases or as “boundary
cases.” The main step is the construction of an auxiliary Markov process which
has Askey—Wilson polynomials [4] as orthogonal martingale polynomials. The
question of probabilistic interpretation of Askey—Wilson polynomials was raised
in [12], page 197.

The paper is organized as follows. In the remainder of this section we recall
background material on the quadratic harness property and Askey—Wilson poly-
nomials; we also state our two main results. In Section 2 we give an elementary
construction that does not cover the entire range of parameters, but it is explicit
and does not rely on orthogonal polynomials. The general construction appears in
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Section 3; this proof follows the method from [9] and relies on the martingale prop-
erty of Askey—Wilson polynomials which extends a projection formula from [21]
to a larger range of parameters. Section 4 contains another elementary but com-
putationally more cumbersome construction of a purely discrete quadratic harness
which is not covered by Theorem 1.1. Section 5 illustrates how some of our pre-
vious constructions, and some new cases, follow from Theorem 1.1 essentially by
a calculation. In the Appendix, we discuss two results on orthogonal polynomials
in the form we need in this paper: a version of Favard’s theorem that does not
depend on the support of the orthogonality measure and a version of connection
coefficients formula for Askey—Wilson polynomials, [4].

1.1. Quadratic harnesses. In [8] the authors consider square-integrable sto-
chastic processes on (0, oo) such that for all ¢, s > 0,

(1.1 E(X;) =0, E(X;Xs) = min{t, s},

E(X;|Fs ) is a linear function of X, X, and Var[X;|F; ,] is a quadratic func-

tion of X, X,,. Here, F; , is the two-sided o -field generated by {X, :r € (0, s] U

[u, 00)}. We will also use the one-sided o -fields F; generated by {X, :r <t}.
Then foralls <t < u,

u r—s

(1.2) EX/|Fsu) =

—1t
X5+ Xy
u—-s u—s
and under certain technical assumptions, Bryc, Matysiak and Wesolowski [8], The-
orem 2.2, assert that there exist numerical constants 7, 8, o, T, ¥ such that for all

s<t<u,

Var[ X, |Fs,ul
(u—1)(t—s) (u Xy —qu)2 uX, —sXy
= <1 o 5 n
(13) u(l4+os)+t—vys (u—s) u—s
' Xy =X Xu— X,
(u — )2 + u—s
Xy — X)Xy —sXy)
AR (u—s) )

We will say that a square-integrable stochastic process (X;);c7 is a quadratic
harness on 7' with parameters (n, 0, o0, 7, y) if it satisfies (1.2) and (1.3) on T
which may be a proper subset of (0, 00). In previous papers (see, e.g., [8]) only
T = (0, o0) was considered.

Under the conditions listed in [8], Theorems 2.4 and 4.1, quadratic harnesses on
(0, 0o) have orthogonal martingale polynomials. Although several explicit three-
step recurrences have been worked out in [8], Section 4, and even though, for some
of the recurrences, corresponding quadratic harnesses were constructed in a series
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of papers [9-11], the general orthogonal martingale polynomials have not been
identified, and the question of existence of corresponding quadratic harnesses was
left open.

It has been noted that the family of all quadratic harnesses on (0, co) that sat-
isfy condition (1.1) is invariant under the action of translations and reflections
of R: translation by a € R acts as (X;) — e~ “X 2, and the reflection at 0 acts
as (X;) = (tX1,;). Since translations and reflection generate also the symmetry
group of the Askey—Wilson polynomials [22], it is natural to investigate how to re-
late the measures of orthogonality of the Askey—Wilson polynomials to quadratic
harnesses. The goal of this paper is to explore this idea and significantly enlarge
the class of available examples. We show that quadratic harnesses exist and are
Markov processes for a wide range of parameters (1, 8, o, t, ). The basic Markov
process we construct has Askey—Wilson polynomials as orthogonal martingale
polynomials. The final quadratic harness is then obtained by appropriate scaling
and a deterministic change of time.

THEOREM 1.1. Fix parameters —1 < q < 1 and A, B,C, D that are ei-
ther real, or (A, B) or (C, D) are complex conjugate pairs such that ABCD,
qABCD < 1. Assume that

(1.4) AC,AD,BC,BD,qAC,qAD,qBC,qBD € C\[1, 00).
Let
(L5) _ [(A+B)(1+ABCD)-2AB(C+D)VT—¢
' = JA—AC)(1—-BC)(1—-—AD)(1 —BD)(1 —qABCD)’
(L6) D+ 0O)A+ABCD)-2CD(A+B)IVI—¢q
’ - JO-AO)(-BC)d-AD)d—-BD)(1—-¢ABCD)’
1.7) o= M
1 —gABCD
(1.8) 1= M
1 —gABCD
q—ABCD
(1.9) =

Y = 1_4ABCD
With the convention 1/00 =0, let

y—14+J(y—1%—4ot
(1.10) T()=InaX{0 ,—r},

’ 20

{ y—1+,/(y —D*—4dot }
s ,—0O ¢.

1
(1.11) — =maxJ0
T] 2T
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Then there exists a bounded Markov process (X¢):cj on the nonempty interval
J = (Ty, T1) with mean and covariance (1.1) such that (1.2) holds, and (1.3) holds
with parameters 1,0, 0, T,y. Process (X;)icy is unique among the processes with
infinitely-supported one-dimensional distributions that have moments of all orders
and satisfy (1.1), (1.2) and (1.3) with the same parameters, n,0,0,1,y.

REMARK 1.1. Formula (2.28) relates process (X;) to the Markov process (Z;)
from Theorem 1.2.

REMARK 1.2. The assumptions on A, B, C, D are dictated by the desire to
limit the number of cases in the proof but do not exhaust all possibilities where
the quadratic harness (X;) with Askey—Wilson transition probabilities exists (see
Proposition 4.1).

REMARK 1.3. When ot > 0, Theorem 1.1 can be used to construct quadratic
harnesses only for parameters in the range —1 < y < 1 — 2,/o T which is strictly
smaller than the admissible range in [8], Theorem 2.2. To see the upper bound,
note that

(1.12) l—y=(010-¢)(1—ABCD)/(1 —gABCD) >0

and that (1 — )2 —4ot = (1— ABCD)*(1 —¢)?/(1 —gABCD)? > 0. The lower
bound follows from ¢ > —1, as (1.9) defines y as an increasing function of ¢g. In
Corollary 5.4 we show that the construction indeed works through the entire range
of y, at least when n =6 = 0.

From (1.9), the construction will give y > 1 when ABCD < —1. Multiplying
(1.7) and (1.8), we see that this may occur only when ot < 0, that is, when the
time interval J is a proper subset of (0, co) (compare [8], Theorem 2.2).

REMARK 1.4. In terms of the original parameters, the end-points of the inter-
val, are

—cpd —
(1.13) T0=max{0,—CD,M},
1 —qABCD
1 _AB(1 —
(1.14) — =max{0, _AB, M}.
T I —qABCD

This shows that Ty, T} are real and Ty < 71. If CD < 0 or AB < 0, then the third
term under the maximum contributes for g < 0 only.

REMARK 1.5. As a side property, we also get information about one-sided
conditioning: E(X;|F;) = X and Var(X;|F;) = I’Jr_gss 14+nX,+ o*X?) fors <t.
Similarly, E(X;|F=y) = t X, /u and Var(X;|F=y) = L1+ 0 X, /u + X2 /u?)
fort <u, where 7>, = o (X, :r > u).
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1.2. Martingale property of Askey—Wilson polynomials. For a,b,c,d € C
such that
(1.15) abcd, gabcd ¢ [1, 00),
Askey and Wilson [4], (1.24), introduced polynomials defined by recurrence,
(1.16)  2x, (x) = A1 () + Byl () + CoBy—1(x),  n=0,
with the initial conditions w_; = 0 and wy = 1, and with the coefficients
— An
(1 —abg™)(1 — acq")(1 — adg™)’
B,=a+1/a— A,/a—aC,,
Co = Ca(1 —abg" (1 —acq" (1 —adg"™"),

)

n

where for future reference we denote

_ (I —abcdq""")(1 —abq")(1 — acq™)(1 — adq™)

N (1 —abcdg?—1Y(1 — abcdg?) ’

(1 =g" (1 —beqg" (A —bdg" (1 — cdg" ™)

B (1 —abedq®=2)(1 — abedg® ") '

Here we take Ag = (1 —ab)(1 —ac)(1 —ad)/(1 —abcd) and Co =0, alsoif g = 0.
We remark that B, coincides with [4], (1.27), so it is symmetric in a, b, C, d and
that by taking the limit, B, is also well defined for a = 0. Since trivially A, and
C, are also symmetric in a, b, ¢, d it follows that polynomials {%,} do not depend

on the orderof a, b, ¢, d.
Except for Section 4, our parameters satisfy a condition stronger than (1.15):

(1.19) abcd, gabcd, ab, qab, ac, qac,ad, gqad € C\ [1, 00).

(1.17) An

(1.18) Cy

To avoid cumbersome scaling of martingale polynomials later on, when (1.19)
holds it is convenient to renormalize the polynomials w,. Therefore we introduce
the following family of polynomials:

(120)  2xWu(x) = ApWyi1(x) + Bwp(x) 4+ Crin—1 (x), n>0,

where A, = (1 — abq”)g,,, C, = 5,,/(1 — abq”_l). The initial conditions are
again w_1 =0 and wo = 1. When we want to indicate the parameters, we will
write w,(x;a, b, c,d).

For each n, polynomial w, differs only by a multiplicative constant from i,
[see (A.10)] so both families have the same orthogonality measure when it ex-
ists. For this reason, both families of polynomials are referred to as Askey—Wilson
polynomials.

Recall that the polynomials {r, (x;t):n € Z4,t € I} are orthogonal martingale
polynomials for the process (Z;);¢; if:



1226 W. BRYC AND J. WESOLOWSKI
G Ery(Zy; O)r(Z;t))=0form#nandt e l,
(1) E@,(Zs; )| Fs) =rp(Zg;s) fors <tinl andalln=0,1,2....

The following result shows that Askey—Wilson polynomials define orthogonal
martingale polynomials for a family of Markov processes.

THEOREM 1.2. Suppose that A, B, C, D satisfy the assumptions of Theo-
rem 1.1. Let

1
121) I=I(A,B,C,D,q)= 0,CD,qCD},
( ) ( 9 <max{ €D} max{O,AB,qAB})

with the convention 1/0 = oco. (The last terms under the maxima can contribute
only when g < 0 and CD or AB are negative.) Let

(1.22) ;hgmz)zr"ﬁam<V;;%qx;ANG;BNGQC/VG,D/VG>.

Then
{ro(x;t):n=0,1,2...,tel}

are orthogonal martingale polynomials for a Markov process (Z;) which satisfies
(1.2)and (13)withn=0=0c=1t=0and y =q.

2. The case of densities. In this section we give an explicit and elementary
construction of a quadratic harness on a possibly restricted time interval and under
additional restrictions on parameters A, B, C, D.

PROPOSITION 2.1. Fix parameters —1 < q <1 and A, B, C, D that are ei-
ther real or (A, B) or (C, D) are complex conjugate pairs. Without loss of gener-
ality, we assume that |A| < |B|, |C| < |D|; additionally, we assume that |BD| < 1.
Then the interval

CDP—CD 1—CDwP>
1—-AB|D|?>" |B|>?—-AB
has positive length and there exists a unique bounded Markov process (Xy)tej with

absolutely continuous finite-dimensional distributions which satisfies the conclu-
sion of Theorem 1.1.

REMARK 2.1. Proposition 2.1 is a special case of Theorem 1.1; the latter may
allow us to extend the processes constructed here to a wider time-interval,
|D|>—-CD 1 —CD|BJ?
0<———— and ——s———<
1 — AB|D|? |B|2— AB
The easiest way to see the inequalities is to compare the end points of inter-
vals (2.9) and (1.21) after the Mobius transformation (2.26); for example, |D|2 >

|C D| > max{0, CD, qC D} where the last term plays a role only when g < 0 and
CD <0.

1.
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The rest of this section contains the construction, ending with the proof of
Proposition 2.1.

2.1. Askey—Wilson densities. For complex a and |g| < 1 we define
n—1 )
1 —agq’ =1,2,...
(a)n = (Cl; q)n = JI;[()( aq )v n » < ’
1, n=0,

(@)oo = (@: oo = [ [ (1 — ag),

Jj=0
and we denote
(ar,az,...,a1)00 = (a1, a2, ...,a159) oo = (a1 §)oo(a2; @)oo - - - (a5 §) 05
(ar,az,....ap)n = (a1, az, ..., a;;q)n = (@1; @In(a2; @n - (@15 @n-

The advantage of this notation over the standard product notation lies both in its
conciseness and in mnemonic simplification rules,

@by _ (O
(a, C)n (C)n ,
2.1) @ m+r =@M (@ m
and
22) (@ = (e MgV
qrao) m

which often help with calculations. For a reader who is as uncomfortable with this
notation, as we were at the beginning of this project, we suggest to re-write the
formulas for the case g = 0. For example, (a; 0), is either 1 or 1 —a asn =0 or
n > 0, respectively. The construction of Markov process for ¢ = 0 in itself is quite
interesting as the resulting laws are related to the laws that arise in Voiculescu’s
free probability; the formulas simplify enough so that the integrals can be com-
puted by elementary means, for example, by residua.

From Askey and Wilson [4], Theorem 2.1, it follows that if a, b, ¢, d are com-
plex such that max{|a|, |b|, |c|, |d|} < 1 and —1 < g < 1, then with 8 = 6, such
that cos6 = x,

dx

1 1 (621'(9’ 87259)00
/_1 V1 = x2 (aei?, ae=? bel? be=i? cel?, ce=?, det?, de=1?) o
2 (abed) o
- (g,ab,ac,ad, bc, bd, cd)oo

(2.3)
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When —1 < ¢ < 1anda, b, c, d are either real or come in complex conjugate pairs
and max{|al, |b|, |c|, |d|} < 1, the integrand is real and positive. This allows us to
define the Askey—Wilson density,
K(a,b,c,d) (€)oo fet ()
. . . . —1.1(x),
JI—x2 |(ae® bel® cet® dei®),| "V

24) f(a,b,c,d)=

where

(g,ab,ac,ad, bc,bd, cd)s
2w (abed) o ’

The first two moments are easily computed.

(2.5) K(a,b,c,d)=

PROPOSITION 2.2. Suppose X has the Askey—Wilson density f(x;a,b,c,d)
with parameters a, b, ¢, d as above. Then the expectation of X is
a+b+c+d—abc—abd —acd — becd

26 B = 2(1 — abed)

and the variance of X is
(1 —ab)(l —ac)(1 —ad)(1 —bc)(1 —bd)(1 —cd)(1 —q)

(2.7)  Var(X) = 4(1 — abed)?(1 — abedq)

PROOF. Ifa=b=c=d =0, E(X)=0 by symmetry. If one of the parame-
ters, say a € C, is nonzero, we note that
i0

(ae’®, ae™ %) = (ae®, ae™%)(aqe'®, age ™)

=1+ a’ — 2ax)(aqei9, aqe_ie)oo.
Therefore, by (2.3),

K(a,b,c,d) . —ab)(1 —ac)(1 —ad)
K(ga,b,c,d) 1 — abed ‘

Now (2.6) follows by a simple algebra.
Similarly, for nonzero a, b € C,

4abVar(X) =E[(1 + a® — 2aX)(1 + b*> — 2bX)],
—E(1 +a* = 2aX)E(1 + b — 2bX)
_ _K(@,b,c,d) K*(a,b,c,d)
_K(qa,qb,c,d) K(ga,b,c,d)K(a,gb,c,d)
. (1 —ab)(1 —gab)(1 —ac)(1 —ad)(1 —bc)(1 — bd)
N (1 — abcd)(1 — gabed)
_ (1—ab)*( —ac)(1 —ad)(1 —be)(1 — bd)
(1 —abced)? )

E( +a* —2aX) =
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Again after simple transformations we arrive at (2.7).

If only one parameter is nonzero but g # 0, the calculations are similar, start-
ing with E((1 + a? — 2aX)(1 4+ a®’q*> — 2aqX)); when g = 0 the density is a
re-parametrization of Marchenko—Pastur law [16], (3.3.2); we omit the details. If
a,b,c,d are zero, f(x;0,0,0,0) is the orthogonality measure of the continuous
g-Hermite polynomials [18], (3.26.3); since Hy(x) =2xH(x) — (1 — g)Hy =
4x? — (1 — q), the second moment is (1 — g)/4. O

We need a technical result on Askey—Wilson densities inspired by [21], for-
mula (2.4).

PROPOSITION 2.3. Leta,b,c,d,q be as above wifh the adc{itional assump-
tion that the only admissible conjugate pairs are a = b or c = d, and m is real
such that \|m| < 1. Then with x = cos 6y,

: : .
/ f(X;am’bm’c’d)f()’§a,b,melex,me_lex)dx
~1

(2.8)
= f(y;a,b,cm,dm).

PROOF. We compute the left-hand side of (2.8) expanding the constants
K (am,bm,c,d) and K (a,b, me'® me=1%) to better show how some factors
cancel out. To avoid case-by-case reasoning when complex conjugate pairs are
present, we also expand parts of the density without the use of modulus as in (2.3).

The integrand on the left-hand side of (2.8) is

(q. abm?, acm, adm, bem, bdm, cd)oo| (€29 ) oo |

27 (abecdm?) oo (amei®=  ame =%  bmel%  bme~1% ) |(ceitx, deifx) |2

% ame™ % bme'%  bme %, mz)OO

2 (abm?) oo/ 1 — y2
|(82i9y)00|2
X .
(@ei® , bel® , met O+0) el (—0xt00)y 12 /T — 32

Rearranging the terms we rewrite the left-hand side of (2.8) as

(g,ab, ame'

(g, abm?, acm, adm, bem, bdm, cd, q,ab, mz)OO

(2m)2(abm?, abcdm?) oo,/ 1 — y?

1) oo
[(@e® bel%)og 2

8 /1 (€)ool dx
1 |(mei9>'eiex, me—ieyeiex’ Ceiex, deie")oo|2 /1 _xz'
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Now we apply formula (2.3) to this integral, so the left-hand side of (2.8) becomes

(g, abm?, acm,adm, bcm, bdm, cd, q, ab, m*) s y 1(e209) o |2
(2m)2(abm?, abedm?) o1 — y? (@€', bel®) o2
27 (cdm?)
X

(g, m?, mce'? , mde'? , mce™ % , mde=%, cd) oy

(g,ab,acm,adm,bcm, bdm, cdmz)ool(ezmy)ool2

21 (abedm?) oo |(ae'? , be'?  mce'® , mde'?) 5|2, /1 — y2

which completes the proof. [J

2.2. Markov processes with Askey—Wilson densities. We now fix A, B, C, D
as in Proposition 2.1. The interval

_(ipr L)
(2.9) I(A,B,C, D)_<|D| TBP

is nonempty (here 1/0 =o0). Forany t € I (A, B,C, D) and y € [—1, 1] let

2.10 t, ( AV't, BV, )

(2.10) pt,y)=f|y; \[\[

and forany s <tin I (A, B,C, D) and x, y € [—1, 1] let

(2.11) p(s,x;t,y) = <y,AJ B, :; 6 % —19x> x = cos .

PROPOSITION 2.4. The family of probability densities (p(s, x;t,y), p(t,y))
defines a Markov process (Y;):c1 on the state space [—1, 1]. That is, for any s <t
fromI(A,B,C,D)andye[—1,1],

1
(2.12) pay)= [ pGo.xit y)p(s.x)dx
and forany s <t <u from (A, B,C, D) and x,z € [—1, 1],

1
2.13) p(s,x;u,z)=/1p<t,y;u,z>p(s,x;z,y>dy.

PROOF. To show (2.12) it suffices just to use the identity (2.8) with a = A/t,
b= B\t c=C/s,d=D/\s, and m = \/s/t € (0,1). We note that this
substitution preserves the complex conjugate pairs and that, by the definition of
I(A, B, C, D), parameters A+/t, B\/t, C/+/s and D/./s have modulus less than
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one. So (2.8) applies here and gives the desired formula,

/_11 <x AV, B, ) (Y;AW’BW’ ﬁeie"’ﬁe_%)dx

ff N

—f<y,Afo\/_\/_)

To get the second formula (2.13) we again use (2.8) this time with a = A/u,

b=u,c=./s/te!%, d=/s/te”% and m = /t/u. Thus we arrive at

/_1 (z,A«/_ BViL ://__ ,ey’%e—iey>

X f(y; ANt, BA/t, ?eiex, ?e_ia‘) dy

_f(z AViL B\/_://__") %—19). -

PROPOSITION 2.5. Let (Y;)ic1(A,B,c,D) be the Markov process from Propo-
sition 2.4, with marginal densities (2.10) and transition densities (2.11). For
tel(A,B,C,D),

[A+B—-AB(C+D)]t+C+ D — CD(A+B)
24/t(1 — ABCD)

1—-¢g)(1—-AC)(1—-AD)(1—-BC)(1—-BD)

4t(1 - ABCD)%(1 —qgABCD)
x (t —CD)(1 — ABt)
and fors,t € I(A, B, C, D), such that s < t,
1-¢g)(1—-—AC)Y1—-AD)(1 —BC)(1—-BD)

4./st(1 — ABCD)2(1 —gABCD)
x (s — CD)(1 — ABt),
(A+ B)(t —s)+2(1 — AB1)/sY;
24/t(1 — ABs)

(1—-¢)(t—s)(1—AB1)
4t(1 — ABs)2(1 — qABs)

x (1 + B%s —2B./sYy).

(2.14) E,) =

Var(Y;) =

(2.15)

COV(YSa Y[) =

(2.16)

(2.17) E(Y:|Fs) =

’

Var(Y;|Fy) = (1+ A% —2A/sYy)

(2.18)

PROOF. Formulas (2.14) and (2.15) follow, respectively, from (2.6) and (2.7)
by taking a = A\/t, b= B/t,c=C//t andd = D//t.

Similarly, the formulas (2.17) and (2.18) follow, respectively, from (2.6) and
(2.7) by taking a = A7, b = B/, ¢ = ﬂeiex and d = \/Ee—iex.
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To obtain the covariance we make use of (2.17) as follows:

Cov(¥s, Y;) = E(Y,E(Y:|Fy)) — E(YO)EY:)

_(A+B)(—s)

B (2ﬁ(1 — ABs) EYf)EYS
(1 — ABs)/5 5
g (Va0 + EX).

Now the formula (2.16) follows, after a calculation, from (2.14) and (2.15). O

Next we show that the conditional distribution of Y; given the past and the fu-
ture of the process is given by an Askey—Wilson density that does not depend on
parameters A, B, C, D.

PROPOSITION 2.6. Let (Yi)ic1(A,B.Cc.D) be the Markov process with mar-
ginal densities (2.10) and transition densities (2.11). Then for any s <t < u in
I(A, B, C, D), the conditional distribution of Y; given F; , has the Askey—Wilson
density,

.£-£_~£~£_-)
(2.19) f(y,ﬁexp(zez),ﬁexp( 10Z),ﬁexp(10x),ﬁexp( i6y) ).

(Here, x = cosOy =Yy, z =cosb, =Y,.) The first two conditional moments have
the form

(u —1)/sYs + (1 — 5)/uYy

(2200  E(Xi|Fsu) =

Vi —s) ’
Var(Y, | Fs ) = (I—=q)u—1)—ys)
2.21) Hu=gqs)
I u/5Ys = s/uY) (JuYy — /575
x (Z B (U — )2 )

PROOF. By the Markov property it follows that the conditional density is
p, y;u,2)p(s, x;t,y)

p(s,x;u,z)
= (= AVa BV, ﬁ 2 % )
X f(y: AVt, BV, %em& %e"‘@f)

( (z AJiL. B, \/; oifs %e—i@))—l
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Now the result follows by plugging in the formula above the definition of the
Askey—Wilson density (2.4) with suitably chosen parameters. The mean and vari-
ance are calculated from (2.6) and (2.7). O

PROOF OF PROPOSITION 2.1. If we define a new process (Z;):cr(a,B,c,D)
through

2.4/t
(2.22) Zy = —=Y;,
V1I—q
then (Z;) is Markov and, for s < t, satisfies
(A+B)(—5) 1— ABt

_|_
JI—g(1—ABs) 1—ABs *

E(Z:|Fs) =

so that

(ABMZI —(A+ B) ]—')
1 — ABt T
is a martingale. Moreover,
(t—s)(1—AB1)

Var(Z;|Fs) = (1— ABs)2(1 — qABs)

x (1+ A% — A\/1 —qZ,)(1+ B*s — B\/1 —qZy).

For the double conditioning with respect to the past and future jointly, it follows
that (Z;) satisfies quadratic harness conditions; for s <t < u,

(223 E(ZIFou) = Z+ 7,
u-—=s u—s
and
(2.24)  Var(Zi|Fou) = w(l (1= gy =572 = Zs))’
u—qs 1 —5)2

which correspond to the g-Brownian motion (see [10], Theorem 4.1). Here, (Z;)

is defined only on a possibly-bounded time domain / (A, B, C, D), and the covari-

ance is different than in [10]; for s < ¢,

(1-—AC)(1—-AD)(1-—BC)(1—-BD)
(1—ABCD)%(1 —qABCD)

x (s = CD)(1 — ABt).

(The law of Z; will differ from the g-Gaussian law if |A| + |B| + |C| 4+ |D| > 0.)
The covariance is adjusted by a suitable deterministic time change. Consider a
Mobius transformation

COV(ZS, Zl‘) =
(2.25)

x—CD
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which for ABCD < 1 is an increasing function with the inverse,

t+CD

1+ ABt

Note that J =J(A,B,C,D)=h(I(A,B,C,D)).Fort e J(A, B, C, D), define

(2.27) T(t) =

Xt :=Xt:A,B,C,D,q

_Zro ~EZre) | (1— ABCD)/T—gABCD
T 1-T@AB JOI—AC)0-BC)(—AD)(I1—BD)

_ N1=q(+ABt)Zr@) —(A+ B)t — (C+ D)
- JA=¢)d—=AC)(1—AD)(1 - BC)(1— BD)
A calculation shows that (X;);c; has unconditional and conditional moments as
claimed: formula (1.1) is a consequence of (2.25), and (1.2) follows from (2.23).

A much longer calculation shows that (2.24) translates into (1.3) with parameters
(1.5-(1.9). O

(2.28)

1—gABCD.

3. Construction in the general case. Next, we tackle the issue of extending
the quadratic harness from Proposition 2.1 to a larger time interval. The main tech-
nical difficulty is that such processes may have a discrete component in their dis-
tributions. The construction is based on the Askey—Wilson distribution [4], (2.9),
with slight correction as in [30], (2.5).

The basic plan of the proof of Theorem 1.1 is the same as that of the proof
of Proposition 2.1: we define auxiliary Markov process (Y;);c; through a family
of Askey—Wilson distributions that satisfy the Chapman—Kolmogorov equations.
Then we use formulas (2.22) and (2.28) to define (X;). The main difference is
that due to an overwhelming number of cases that arise with mixed-type distribu-
tions, we use orthogonal polynomials to deduce all properties we need. (A similar
approach was used in [9].)

3.1. The Askey—Wilson law. The Askey—Wilson distribution v(dx;a, b, c,d)
is the (probabilistic) orthogonality measure of the Askey—Wilson polynomials
{w,} as defined in (1.16). Therefore it does not depend on the order of parame-
ters a, b, ¢, d. Since {Kn}, {En} and {5,1} are bounded sequences, v(dx;a, b, c,d)
is unique and compactly supported [17], Theorems 2.5.4 and 2.5.5. If |a|, |b], |c|,
|d| < 1, this is an absolutely continuous measure with density (2.4). For other val-
ues of parameters, v(dx;a, b, c,d) may have a discrete component or be purely
discrete as in (4.1).

In general, it is quite difficult to give explicit conditions for the existence of the
Askey—Wilson distribution v(dx; a, b, ¢, d) in terms of a, b, c, d. To find sufficient
conditions, we will be working with sequences {A}, and {Cy} defined by (1.17)
and (1.18). Since Kk_lék = Ay_1C, by Theorem A.1, measure v(dx;a, b, c,d)
exists for all a, b, ¢, d such that sequences {Ay}, {Cy} are real, and (A.1) holds. If
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a, b, c,d are either real or come in complex conjugate pairs and (1.19) holds, then
Ag > 0 and Cy € R for all k. So in this case condition, (A.1) becomes

n
(3.1) [[Ck=0  foralln>1.
k=1

A simple sufficient condition for (3.1) is that in addition to (1.19) we have
3.2) bc, gbc, bd, qbd, cd, gcd € C\ [1, 00).

Under this condition, if a, b, ¢, d are either real or come in complex conjugate
pairs, then the corresponding measure of orthogonality v(dx; a, b, ¢, d) exists. Un-
fortunately, this simple condition is not general enough for our purposes; we need
to allow also Askey—Wilson laws with finite support as in [3]. In fact, such laws
describe transitions of the Markov process in the atomic part.

We now state conditions that cover all the cases needed in this paper. Let
m1 =mi(a, b, c,d) denote the number of the products ab, ac, ad, bc, bd, cd that
fall into subset [1, 0o) of complex plane, and let my = my(a, b, ¢, d) denote the
number of the products gab, gac, qad, qbc, gbd, gcd that fall into [1, co). (For
m1 = 0, measure v is described in [29].)

LEMMA 3.1. Assume that a, b, c,d are either real or come in complex con-
Jjugate pairs and that abcd < 1, gabed < 1. Then the Askey—Wilson distribution v
exists only in the following cases:

1) If g =0 and m; =0, then v(dx;a, b, c,d) exists and has a continuous
component.

() Ifg <0and m;y =my =0, then v(dx;a, b, c, d) exists and has a continu-
ous component.

(i) If ¢ = 0 and m| =2, then a,b, c,d € R. In this case, v(dx;a,b,c,d) is
well defined if either g = 0 or the smaller of the two products that fall into [1, 00)
is of the form 1/q" , and in this latter case v(dx;a,b,c,d) is a purely discrete
measure with N + 1 atoms.

(iv) If g <0 and my =2, my =0 then a, b, c,d € R. In this case, v(dx; a, b,
¢, d) is well defined if the smaller of the two products in [1, 00) equals 1/q™ with
even N. Then v(dx;a, b, c,d) is a purely discrete measure with N 4+ 1 atoms.

W) If g <0,m; =0and mp =2, then a, b, c,d € R. In this case, v(dx;a,b,
¢, d) is well defined if the smaller of the two products in [1, 00) equals 1/q™ with
even N.Then v(dx;a,b, c,d) is a purely discrete measure with N + 2 atoms.

PROOF. We first note that in order for v to exist when ¢ > 0, we must have
either m; =0 or m; =2, i =1, 2. This is an elementary observation based on the
positivity of AgCy and A1C> [see (1.17), (1.18)].

Similar considerations show that if ¢ < 0 and mm; > 0, then (A.1) fails, and
v(dx;a,b,c,d) does not exist. Furthermore, there are only three possible choices:
(m1,m2) =(0,0), (0,2), (2,0).
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If my > 0, then in cases (iii) and (iv), the product [];_; Ax—1Cx > 0 forn < N
and is zero forn > N + 1. In case (v), [[}_; Ax—1Cx =0foralln > N +2. O

According to Askey and Wilson [4] the orthogonality law is

U(d.x;a,b,c,d)=f(.x;a,b,c,d)llx‘il_f— Z p(x)gx
xeF(a,b,c,d)

Here F = F(a, b, c,d) is a finite or empty set of atoms. The density f is given
by (2.4). Note that f is sub-probabilistic for some choices of parameters. The
nonobvious fact that the total mass of v is 1 follows from [4], (2.11), applied to
m=n=0.

As pointed out by Stokman [29], condition (A.1) implies that if one of the para-
meters a, b, ¢, d has modulus larger than one, then it must be real. When m = 0,
at most two of the four parameters a, b, ¢, d have modulus larger than one. If there
are two, then one is positive and the other is negative.

Each of the parameters a, b, ¢, d that has absolute value larger than one gives
rise to a set of atoms. For example, if a € (—oo, —1) U (1, c0), then the corre-
sponding atoms are at

_aq’ + (ag’)™!

(3.3) Xj >

with j > 0 such that |g/a| > 1, and the corresponding probabilities are

(a2, be, bd, cd) oo
(b/a,c/a,d/a,abcd)co ’

(a*,ab, ac,ad);(1 — a*q*)) ( q >f
(q.qa/b,qa/c,qa/d);(1 —a?)\abed )

(This formula needs to be re-written in an equivalent form to cover the cases when
abed = 0. Tt is convenient to count as an “atom” the case |g/a| = 1 even though
the corresponding probability is 0. Formula (3.5) incorporates a correction to the
typo in [4], (2.10), as in [18], Section 3.1.)

The continuous component is completely absent when K (a, b, ¢, d) = 0 [recall
(2.5)]. Although under the assumptions of Theorem 1.1 the univariate distributions
are never purely discrete, we still need to consider the case K (a, b, c,d) =0 as we
need to allow transition probabilities of Markov processes to be purely discrete.

We remark that if X has distribution v(dx; a, b, ¢, d), then formulas for E(X)
and Var(X) from Proposition 2.2 hold now for all admissible choices of parameters
a,b,c,d, as these expressions can equivalently be derived from the fact that the
first two Askey—Wilson polynomials integrate to zero.

(34)  plxo) =

(3.5  pxj) = pxo) j=0.
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3.2. Construction of Markov process. Recall I = I(A, B,C, D; q) from
(1.21). As in Section 2, we first construct the auxiliary Markov process (Y;)ser.
We request that the univariate law m; of Y; is the Askey—Wilson law

3.6 i (dy) =v|dy; A B
(3.6) z(y)<yffJ_J>
In order to ensure that this univariate law exists, we use condition (3.2). This con-
dition is fulfilled when (1.4) holds and the admissible range of values of ¢ is the
interval / from (1.21). [The endpoints (1.13) and (1.14) were computed by apply-
ing Mdbius transformation (2.26) to the endpoints of /.]

For ¢t € I, let U; be the support of m;(dy). Under the assumption (1.4), this set
can be described quite explicitly using the already mentioned results of Askey—
Wilson [4]: U; is the union of [—1, 1] and a finite or empty set F; of points that are

of the form
1 1 /Dg’ ﬁ)
- or )= —+ — or
Bﬁq]) uj (0 2<¢? Dq/

1 Cq/ Vi
(3.8) yit)== (quJ+Aﬁqj) or v](l‘)_z(} +qu>

There is, at most, a finite number of points of each type. However, not all such
atoms can occur simultaneously. All possibilities are listed in the following lemma.

1 .
37 xit)= 5(Bﬁqf +

LEMMA 3.2. Under the assumptions of Theorem 1.1, without loss of general-
ity, assume |A| < |B| and |C| < |D|. Then the following atoms occur:

o Atoms u(t) appear for D,C € R, and t € I that satisfy t < D?; admissible
indexes j > 0 satisfy D*q% > t.

o Atoms vj (t) appear for D,C € R, and t € I that satisfy t < C?; admissible
indexes j > 0 satisfy C2q%/ > 1.

e Atoms x(t) appear for A, B €R, and t € I that satisfy t > 1/B?; admissible
indexes j > 0 satisfy t B2q* > 1.

o Atoms Yj (t) appear for A, B € R, and t € I that satisfy t > 1/A?; admissible
indexes j > 0 satisfy tA%q 2 > 1.

(The actual number of cases is much larger as in proofs one needs to consider
all nine possible choices for the end points of the time interval /.)

Next, we specify the transition probabilities of Y;.

PROPOSITION 3.3. Fors <t,s,t € I and any real x € Uy measures

Py (x,dy) = v(dy; AT, BN/, \/g(x ++/x2—1), \/§(X —/x2 - 1))

are well defined. Here, if |x| < 1 we interpret x & +/x2 — 1 as eT0x = gFiarccos(x),
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PROOF. For x € [—1, 1], measures P ;(x,dy) are well defined as conditions
(1.19) and (3.2) hold. This covers all possibilities when (A, B) and (C, D) are con-
jugate pairs or when |A[/s, |B|+/s, |C|//s,|D|/s/s <1, as then Uy = [—1, 1].

It remains to consider x in the atomic part of 7;(dx). Relabeling the parame-
ters if necessary, we may assume |A| < |B| and |C| < |D|. For each of the cases
listed in Lemma 3.2, we need to show that the choice of parameters a = AVt

b= B.\t, c= \/g(x +Vx2-1),d= \/g(x — +/x2 —1) leads to nonnegative
products [[}_q AxCk+1 > 0 [recall (1.17) and (1.18)]. We check this by consid-
ering all possible cases for the endpoints of / and all admissible choices of x from
the atoms of measure 5. In the majority of these cases, condition (3.2) holds, so,
in fact, AxCy41 > O for all k.

Here is one sample case that illustrates what kind of reasoning is involved in the

“simpler cases” where (3.2) holds and one example of a more complicated case
where (3.2) fails.

e Case CD <0,AB <0, g > 0:inthis case, A, B, C, D are real, I = (0, co) and
assumption ABCD < 1 implies D*> < 1/B?. A number of cases arises from
Lemma 3.2, and we present only one of them.

— Sub-case x =v;(s): then 0 <s < C? and the Askey—Wilson parameters of
P 1 (x; dy) are

e aVi,  beBvi, =TS 4o
’ AR TN
Thus
. As .
ab=ABt<0<1, ac=ACq’, ad = —, bc=q’BC,
Cql
Bs
bd = —, cd=s/t <1
Cq’
and
j+1 j As
gab=qABr <0<, gac=ACq’™" < ACq’, qad:m,
q
j+1 Bs
qgbc=q’ 7" BC, gbd = ——, ged=gqs/t < 1.
Cqi—1

Since s < C?¢?%/, this implies |ad| < |A|/s <1ass < C?><D? < 1/B* <
1/A2. For the same reason, |bd| < 1. Of course, |gad| < |ad| < 1, |gbd| <
|bd| < 1.
Finally, since AC,qAC, BC,qBC < 1, we have ac, gac, bc,gbc < 1.
Thus by Lemma 3.1(1), Ps(x, dy) is well defined.
[We omit other elementary but lengthy sub-cases that lead to (3.2).]
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e Case A,B,C,DeR,AB>0,CD >0:here I(A,B,C,D)=(CD,1/(AB))
is nonempty. Again a number of cases arises from Lemma 3.2, of which we
present only one. _

— Sub-case x = xj(s): here 1/B2 <s<t<1/(AB) and B\/s|q’| > 1. Then
the Askey—Wilson parameters of P ;(x; dy) are
sq/B 1
a= A+t, b= B+, c=——- d=———.
Vi NG q/ B/t

Here, Lemmas 3.1(ii) or 3.1(iv) applies with m| =2 and my =0 when g > 0

or j is even, and Lemma 3.1(v) applies with m; =0, m =2 when ¢ < 0 and

Jj is odd. To see this, we look at the two lists of pairwise products.

ab=ABt <1, ac:ABqu<1, ad:ﬁa bC:quB ,
q.
bd=1/q), cd=s/t<]1
and
+1 A
gab=qABt <1, gac=ABsq’T' <1, C]adz—.l,
Bg/~

qbc:sqj"'le, qbd:l/qj_l, ged=gqs/t < 1.
Since |A| < |B| we see that 1/(AB) < l/A2 so |A| < 1/4/s and |B%qj| <
/7 < 1. This shows that ad < 1 and gad < 1.
It is clear that both bc,bd > 1 when ¢ > 0 or j is even, and that gbc,
gbd > 1 when g <0 and j is odd. Thus by Lemma 3.1, P ;(x, dy) is well
defined.

Other cases are handled similarly and are omitted. [

In the continuous case, p;(dy) = p(t,y)dy and Py ;(x,dy) = p(s,x;t,y)dy
correspond to (2.10) and (2.11), respectively. We now extend Proposition 2.4 to a
larger set of measures.

PROPOSITION 3.4. The family of probability measures m;(dy) together with
the family of transition probabilities P ((x, dy) defines a Markov process (Y;)er
on U;c; Us. That is, Pg(x,dy) is defined for all x € Us. For any s <t from
I(A, B,C, D) and a Borel set V C R,

(3.9) m(V) = [ P, Vi)
R
and for s <t <u from I,

G10) Pl V)= [ PuVIPuGidy)  forallxeU,.
U;
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To prove this result we follow the same plan that we used in [9] and we will
use similar notation. We deduce all necessary information from the orthogonal
polynomials. Consider two families of polynomials. The first family is

pa(xit) = 1", (x; a, b, ¢, d)
with w,, defined by (1.20) and

(3.11)  a=AVi, b=Bvi, ¢=C/Vi, d=D/Vi.
The second family is
(3.12) On(y; x.t,8) =1"2,(y;a,b,%,d),

where a, b are in (3.11), and

(3.13) E:\/g(x+\/x2—l), g:\/g(x—\/xz—l).

As real multiples of the corresponding Askey—Wilson polynomials w,, poly-
nomials {p,} are orthogonal with respect to m;(dx), and polynomials {Q,} are
orthogonal with respect to P ;(x,dy) when x € Us. It may be interesting to note
that if x is in the atomic part of U and a, b from (3.11) satisfy ab < 1 < b, then
the family {Q,,} corresponds to a finitely-supported measure. As explained in The-
orem A.1 we still have the infinite family of polynomials {Q,} in this case. This is
important to us as we use this infinite family to infer the Chapman—Kolmogorov
equations and the martingale property of the infinite family {p,}.

The following algebraic identity is crucial for our proof.

LEMMA 3.5. Forn>1,

(3.14) On(y; x,1,5) =Y bus(x,s)(pr(y; 1) — pi(x; ),

k=1
where by, i (x, s) does not depend on t for 1 <k <n, b, ,(x,s) does not depend
on x,and by ,(x,s)#0.

PROOF. When |A| + |B]| # 0, due to symmetry, we may assume that A # 0.
From Theorem A.2, with parameters (3.11) and (3.13), we get

(3.15) On(yix,t,5) =Y buspk(y:1),
k=0

where by, | = tn=h/ ZEk,,, is given by (A.8). Coefficients b, x do not depend on ¢

as t"=R)/2 jgn=k — Ak=n_and ¢ cancels out in all other entries on the right-hand
side of (A.7):

abcd = ABs, abcd = ABCD,
ac=AVs(x +/x2—1), ac= AC,
ad = A/s(x —/x2 - 1), ad = AD.
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‘We also see that

(@™, q""'ABs),
(q,q" 'ABCD),

ban(x,s) = (—1)"g""+D/2

does not depend on x. Using (2.2) we get

(q""'ABs),

bpn(x,s)= (q”_lA—BCD)n’

which is nonzero also when g = 0.

The case A = B = 0 is handled similarly, based on (A.9). In this case
bpp(x,s)=1.

Next we use (3.12) to show that Q,(x; x,s,s) =0 for n > 1. We observe that
(1.20) used for parameters (3.11) and (3.13) gives Q1(x; x,s,s) =0as Bp=a +
1/a — Ag/a — Coa =2x whent = s, and Q»(x; x,s,s) =0as Ci(a,b,C, d)=0
when ¢ = 5. So (1.20) implies that Q,(x; x,s,s) = 0 for all n > 1, and (3.15)
implies

n
Y buk(x, $)pi(x;s) =0.
k=0
Subtracting this identity from (3.15) we get (3.14). U

We also need the following generalization of the projection formula [21].

PROPOSITION 3.6. Suppose that A, B, C, D satisfy the assumptions in Theo-
rem 1.1. For x € U,

(3.16) A; Pu(yi 1) Py g(x.dy) = pu(x:s).

PROOF. Since x € U, from Proposition 3.3, measures P ;(x,dy) are well
defined. The formula holds true for n = 0. Suppose it holds true for some n > 0.
By induction assumption and orthogonality of polynomials {Q}},

0=fRQn+1(y;x,t,s)Ps,z(x,dy)
= byt (3. 5) /R (Pu1 (92 1) = g1 (3 ) Py s (x. dy)
= bpy1,n41(x, S)<f]R Pr1 (¥ 1) Pt (x,dy) — pny1(x; s))- 0

PROOF OF PROPOSITION 3.4. This proof follows the scheme of the proof
of [9], Proposition 2.5. To prove (3.9), let u(V) = [ Ps:(x, V)ms(dx), and note
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that by orthogonality, [ p,(x; s)s(dx) =0 for all n > 1. Then from (3.16),
/ pn(y; DHu(dy) = f (/ Pn(y; 1) Py (x, dy))ﬂs(dX)
R R\JR

= f Pn(x; 8)ms(dx) = 0.
R

Since [p pu(y; )7 (dy) = 0, this shows that all moments of w(dy) and m;(dy)
are the same. By the uniqueness of the moment problem for compactly supported
measures, u(dy) = m;(dy), as claimed.

To prove (3.10), we first note that for x € Uy, Ps ((x, U;) = 1; this can be seen
by analyzing the locations of atoms, which arise either from the values of A4/t or
B4/t > 1 or from x being one of the atoms of Uy. [Alternatively, use (3.9).]

Fix x € Uy and let u(V) = fU, Py (y,V)Ps(x,dy). Then, by (3.15) forn > 1
and (3.16) used twice,

/ 0 (2 %, . ) (d2)
R

= [ [ 3 b ) (a0 = prCs ) Pra (3, d2) Prs (v, )
U /R 2y

=/U Y b i, ) (P (yi 1) — pr(x; 8)) Py (x, dy)

k=1
- /R S b (6 ) (PR (3 1) — prlxs ) Py (x, dy) =0,
k=1

Thus the moments of u and P, (x,dz) are equal which, by the method of mo-
ments, ends the proof. [J

3.3. Proofs of Theorems 1.1 and 1.2.

PROOF OF THEOREM 1.2. If A, B, C, D satisfy the assumptions in Theo-
rem 1.1, by Proposition 3.4, there exists a Markov process (Y;) with orthogonal
polynomials {p,(x;t)}. From (3.16) we see that {p,(x;t)} are also martingale
polynomials for (¥;). With Z; defined by (2.22), polynomials r, (x; t) inherit the
martingale property as r,(Z;; t) = p,(Ys;1). O

PROOF OF THEOREM 1.1. The fact that time interval J is well defined and
nondegenerate has been shown in Remark 1.4. From Proposition 3.4, we already
have the Markov process (Y;) with Askey—Wilson transition probabilities. Thus
the mean and covariance are (2.14) and (2.16). Formulas (2.22) and (2.28) will
therefore give us the process (X;);cs with the correct covariance.
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It remains to verify asserted properties of conditional moments. Again trans-
formation (2.28) will imply (1.3), provided (Z;) satisfies (2.24). For the proof of
the latter we use orthogonal martingale polynomials (1.22). Our proof is closely
related to [8], Theorem 2.3. We begin by writing the three step recurrence as

xrp(x; 1) = (ont + B)rns1 (x5 1) + (Yl + 8)rn (x5 1) + (enf + @u)rn—1(x; 1),

which amounts to decomposing the Jacobi matrix J; of {r,(x; )} as tx +y. From
(1.20) with a = Ay/t, b= B\/t, c = C/+/t and d = D/+/t, we read out the coef-
ficients:

an =—ABq" By,
1 — ABCDg"!
- JT=¢q(1 —ABCDg?")(1 — ABCDg?"~1)’
(1—¢") (1 —ACq" (1 — ADg""")(1 — BCq"~")(1 — BDg"™")
- JT—q(1 — ABCDg>-2)(1 — ABCDg> 1) ’

On = _Can_lgn,

Bn

n

A MM Ace") (1 — ADgY Aey
M= T—q 4 1 7T 1= ACg™ (1 — ADg" 1)’
by = ——— — (1 = ACq")(1 — ADg") — .
" AT=g A 7)( )T U= ACq (1 = ADg 1)

We note that the expressions for y,, 8, after simplification' are well defined also
for A = 0. Moreover, by continuity «g, Bo, 0, 80, €0 = 0, 9o = 0 are defined also
atg =0.

A calculation verifies the g-commutation equation [X, y], = I for the two com-
ponents of the Jacobi matrix. In terms of the coefficients this amounts to verifica-
tion that the expressions above satisfy for n > 1:

(3.17) o Prn—1=qon—1Pn,

(3.18) BnVn+1 + andn = q(Bn¥n + tndn+1),

(3:19)  ¥ubn + Bnén+1 + n—19n = q(¥ndn + Bn—16n + An@ny1) + 1,
(3.20) Snén + Yn—190n = q(p—16n + Yn¥n),

(3.21) EnPn+1 = qEn+1¢n.

For a similar calculation see [32], Section 4.2. A more general g-commutation
equation [Xx,yl, =I+60x+ny + X2 4 o'y? appears in [8], (2.22)—(2.26).

1., _ nAB@+D)((A+B)CD+(C+D)q)q"—ABCD(AB(C+D)+(A+B)q)¢*" —(AB(C+D)+(A+B)q)q
Yn=4d V1—(@2—ABCDq®)(ABC Dg® —1) :
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For compactly supported measures, conditional moments can be now read out
from the properties of the Jacobi matrices; formula (1.2) follows from J; = rx+Yy,
and formula (1.3) follows from [x, y], = L. This can be seen from the proof of [8],
Lemma 3.4, but for reader’s convenience we include some details.

Denote by r(x;t) = [ro(x;t),r1(x;¢),...]. Then the three-step recurrence is
xr(x;t) =r(x;1)J;, and the martingale polynomial property from Theorem 1.2
says that E(r(X,; u)|F;) =r(X¢; t). (Here we take all operations componentwise.)

To verify (1.2) for compactly supported measures it suffices to verify that

u-—t t—s
E(Xr(Xy; u)|Fs) = EE(XSI‘(XM; u)|Fs) + HE(XMI‘(X”; u)|Fs).

Using martingale property and the three-step recurrence, this is equivalent to

u—t r—s
F(Xy; $)J; = P(Xs; s)( )+ Ju),

u— u—-s
which holds true as

for linear expressions in .
To verify (2.24) we write it as

w—1)u—qnHZ> (q+ Dt —s)u—1)Z,Zy

E(Z\ Fyu) = ———— ———
(3.22) (u—s)(u—qs) (u—s)(u—qs)
(t—s)t —qs)Z2 (t—s)u—1)
(u—s5)u—gqs) u—gqs '

For compactly supported laws, it suffices therefore to verify that
E(Z7e(X,; u)|Fy)
=0 —qt)
(=) —gs)
(g+ D@ —s)(u—1)
(u—s5)u—gqs)
(t—s)t—gs) (@—s)u—1)
(u—s)(u—gqs) u—qs
Again, we can write this using the Jacobi matrices and martingale property as
(u—0)u—qt) ,
(u—s)u—gs)™’

E(Z2r(X,; u)|Fs)
(3.23)

E(ZyZsx(Xu; w)| Fs)

E(Z2r(X,; u)| Fy).

r(Xy:$)J? =r(Xy; S)<

(q+ Dt — ) —1) (t —$)(t — gs) 2)

3.24 sdu T ———J,

624 T =g VT W@ =gy
+7(t_s)(u_t)r(Xs;s).

u—gqs
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A calculation shows that for J; = rx +y, the g-commutation equation [x, y], =
I is equivalent to
P u—0u—qt) , (@@+D0E—s5)u—1t)
L w—s)u—g9)™ (u —5)(u—qs)
(t—s)(t—qs) (t—S)(u—t)I
w—s)(u—qs)™ u—qs ’

JsJu
(3.25)

so (3.24) holds.

Uniqueness of (X;) follows from the fact that by [8], Theorem 4.1, each such
process has orthogonal martingale polynomials; from martingale property (3.16)
all joint moments are determined uniquely and correspond to finite-dimensional
distributions with compactly supported marginals. [J

We remark that the following version of Propositions 2.6 and 4.5 would shorten
the proof of Theorem 1.1.

CONJECTURE 3.1. Let (Y;);e7 be the Markov process from Proposition 3.4.
Then for any s < ¢t < u from I(A, B, C, D), the conditional distribution of Y;
given Fy , is

z/t NEoxs ﬁ)
VR NTEENE NV

(Here, x =Y +,/Y2—1,z=Y, +,/Y2—1.)

4. Purely discrete case. Assumption (1.4) arises from the positivity condition
(A.1) for the Askey—Wilson recurrence for which it is difficult to give general
explicit conditions. The following result exhibits additional quadratic harnesses
when condition (1.4) is not satisfied.

(3.26) v(y

PROPOSITION 4.1. Suppose q, A, B,C,D > 0 and ABCD < 1. Suppose
that there are exactly two numbers among the four products AC, AD, BC, BD
that are larger than one, and that the smaller of the two, say AD, is of the form
1/q" for some integer N > 0. If Ag" > 1, then there exists a Markov process
(X1)re(0,00) With discrete univariate distributions supported on N + 1 points such
that (1.1) (1.2) hold, and (1.3) holds with parameters 1,0, 0, t,y given by (1.5)
through (1.9).

After re-labeling the parameters, without loss of generality for the reminder
of this section, we will assume that 0 < A < B,0<C < D, AC <1, BC <1,
AD =1/g",sothat BD > 1/g".
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4.1. Discrete Askey—Wilson distribution. The discrete Askey—Wilson distrib-
ution v(dx;a, b, c,d) arises in several situations, including the case described in
Lemma 3.1(iii). This distribution was studied in detail by Askey and Wilson [3]
and was summarized in [4].

Here we consider parameters a, b, ¢, d > 0 and 0 < ¢ < 1 such that ad = 1/¢"
and

qNa>1, qN/(bc)>1, ac <1,
qNa/b>l, qNa/c>l, qNab>1.
Note that this implies abcd < 1 and

ad=1/¢" >1,  ac<]1, be < 1, bd < 1, cd < 1,
ab > 1/q",

so from Lemma 3.1(iii), the Askey—Wilson law v(dx;a, b, c,d) = v(dx;a,b,c,
1/(ag™)) is well defined and depends on parameters a, b, ¢, ¢, N only and is sup-
ported on N + 1 points,

(xx = (Gfa+q*a"H/2:k=0,..., N}

According to [3], the Askey—Wilson law assigns to xi the probability pi n(a, b,
¢)=pr(a,b,c, 1/(qNa)) [recall (3.5)]. The formula simplifies to

pk.n(a, b, c)
" _ [N} (¢"ta/b, " ajc)n—k(ab, ac)r(1 — g*a?)g* D2
' k (g*a®)n+1(q/ (b)) N (—be)* ’
k=0,...,N.
Here [’Z ] = % denotes the g-binomial coefficient.

We remark that if X is a random variable distributed according to v(dx; a, b, c,
1/ (an )), then E(X) and Var(X) are given by formulas (2.6) and (2.7) with d =
1/(gNa), respectively. This can be seen by a discrete version of the calculations
from the proof of Proposition 2.2; alternatively, one can use the fact that the first
two Askey—Wilson polynomials, wi(X) and w»(X), integrate to zero.

The discrete version of Proposition 2.3 says that with d = 1/(magq"),

v(U;a,b,cm,md)
4.2) =/U(U;a,b,m(x+\/x2—1),m(x—\/x2—1))
X v(dx;ma,mb,c,d)

and takes the following form.
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LEMMA 4.2. Foranym € (0,1) andany j =0,1,..., N,

N
4.3) pin(a.b.me)=>" pji(a,b,q"m*a)pey(ma,mb,c).
k=j
PROOF. Expanding the right-hand side of (4.3) we have
i m (¢ 'a/b,q/(q"TmP)_; (ab,q"m*a®); (1 — q*a*)q/U+D/2
Sl (q7a)k+1 (q/(q*m?ab))k  (—q*m>ab)J

[N} @ *a/b, ¢ 'ma /)y (m*ab, mac)y (1 — g**m?a®)gk*+1/2
k (gFm2a?) 41 (q/(mbc))y (—mbe)k

B [N} (q''a/b, g a/(me)n—j(ab, mac) (1 — a?q* g/ i +D/
L (q7a®)n11(g/(mbc))y (—mbe)]

N . k+1
s B,
=j

c

x (mg ac)_;(1 — qzkmzaz)q(kj)(kj+1)/2>

_ ¢/ +a me \k—in—1
x ((q"“mzazm_ ,-+1( ) (——.) .
mc Jn—;j\ ¢q’/a

Here we used identities (2.1) and (2.2). The first one for: (i) @ = ¢’/ +lg /b
M=k—jand L =N—k;(ii)a =q¢*m?a®>, M = j,L =N —j+1; (i) « = ¢/ a?,
M =k+1,L =N — k. The second one for: (i) &« = m2ab and M = k; (i) « = 2

and M =k —j. .
We transform the sum in (4.4) introducing K =k — j, L= N — j, « =mgq’a,
B = _7- and y = c. Then by (4.1) we get

=1.

i [L] @ M a/y, " a/B)L_k @Bk (@y)k (1 —g*Ka?)gK KD/
ioLk (@Ka?) 41/ (BY)L (—B)F

Now the result follows since the first part of the expression at the right-hand side
of (4.4) is the desired probability mass function. [l

4.2. Markov processes with discrete Askey—Wilson laws. We now choose the
parameters as in Proposition 4.1: 0 < A < B,0 < C < D =1/(Aq"), ABCD <
1, BC < 1, and choose the time interval I = (C(¢VA)~!, (AB)™!) from (1.21).
For any t € I, define the discrete distribution 7, (dx) = Z,ICV:O 7 (Y (£))8y, (1) (dX)
by choosing the support from (3.8) with weights

(4.5) 7 (ye(1)) = prv (A2, Be'/2 Crm1/?),
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Clearly, the support of 7 is Uy = {yo(s), y1(s), ..., yn(s)}.

Also for any s,t € I, s <t and for any k € {0, 1, ..., N}, define the discrete
Askey—Wilson distribution P ;(yi(s), dy) = Z];:o PS,,,yk(s)(Syj(t) (dy) by
(4.6) Py 1,y5) (9 (0) = pja(At' 2, Bt' 2, g* Asi™1/%),

Thus Py ;(x, dy) is defined only for x from the support of 5. Next, we give the
discrete version of Proposition 2.4.

PROPOSITION 4.3.  The family of distributions (w;, Py ;(x,dy)), s,t€l,s <
t,ke{0,1,..., N} defines a Markov process (Y;);cj with trajectories contained
in the set of functions {(yx(t))tecr, k=0,1,..., N}.

PROOF. We need to check the Chapman—Kolmogorov conditions. Note that
for any s < and any k the support of the measure P,y (s) is a subset of the
support U; of the measures ;. First we check

N
4.7) T (yi (1)) =Y Py (yj () (yr(s)),

k=j
which can be written as

pjn (At B2 Cim 1)

N
=Y pjk(AtY2, B! g Ast™' %) py v (A2, Bs'2, CsTV2),

k=j
Now (4.7) follows from (4.3) with a = Ar'/2, b = Bt'/?, ¢ = Cs™'/? and m =
(s/D)/2.
Similarly, the condition
i
(4.3) Ps,u,uk(s) (ui(u)) = Z Pl,u,uj Q) (ue; (u))Ps,t,uk(s) (I/l] (),
j=k

assumes the form

pix(Au'’?, Bu'? g% Asu=1/?)

i
=Y pij(Au'? Bu'? qT Atu= ) p; o (At'2, Bt gF Ast™1/).
j=k
Therefore (4.8) follows from (4.3) with (j,k, N) — (i, j, k), a = Au'/?, b =
Bu'/?, ¢ =qg*Ast™"? and m = (r/u)'/? . O

Let (Y;)rer be a Markov process defined by the above Markov family (7,
Ps,t,yk(s))-
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1+ACqN

3GV AC)T and

Note that at the end-points of I, Yc,,n~4) is degenerate at

% [compare Proposition 6.1(i)].

Expressions for conditional expectations and conditional variances are exactly
the same as in the absolutely continuous case with D =g~V A~1

Y1/(aB) is degenerate at

PROPOSITION 4.4.  For the process (Y;):c1 defined above,
(1 —gMABt+C)— (1 —gNA%)(1 — BC)
2A11/2(BC — ¢V) ’
Cov(Yy, Y) =(1—q)(1 —g™)(1 — AC)(1 — BC)(g" A— B)(g" As — C)

x (1 — ABt)(4q(st)1/2(BC —¢M*(BC —qN_l))_l’

(1—AC)(1 —=BC)(1 —g™)(1 —¢)(1 — ABt)(C — qNAt)
4qAt(BC —gN)2(BC —gN=1)

E(Yz) =

Var(Y;) =

PROOF. The result follows from the fact that the marginal and conditional
distributions of the process (Y;);c; are finite Askey—Wilson. Therefore one can
apply formulas (2.6) and (2.7). The covariance is derived through conditioning
E(YsY) = E(YsE(Y;|Fs)). U

Since we are interested in the harness properties, we want to find the conditional
distributions of the process with conditioning with respect to the past and the fu-
ture, jointly. The following result says that the conditional distribution of Y; given
the (admissible) values Y; = x, Y, = z is the discrete Askey—Wilson distribution
v(dy; a, b, c, d) with parameters

=/§<z+Jz27—1>, b=\/§<z—Jz27—1>,
c:\/é(x—l— x2—=1), d= \/7 x2—1

(compare Proposition 2.6). Using notation (4.1), this formula takes the following,
more concise, form.

PROPOSITION 4.5. Let (Y;)ie; be the Markov process defined by (m;,
Ps t.y.(s)) given by (4.5) and (4.6) with parameters A, B,C, q, N. Then for any
s,t,u € I such that s <t < u, the conditional distribution of Y, given F; , is
defined by the discrete Askey—Wilson distribution

t1/2 qkAS
giAu 112 )
The expressions for the first two conditional moments are the same as in the ab-
solutely continuous case with D =g~V A™L,

P(Y; = yj(OYs = yi(s), Yu = yi () = pj—i ki (inrl/z,
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PROOF. Due to the Markov property of the process (¥;):cs, to determine the
conditional distribution of Y; given Fj ,, it suffices to find P(Y; = y;()|¥y =
Vi(s), Yy, = yi(u)) for any i, j,k € {0,1,..., N} such that i < j < k. Also the
Markov property implies that this probability can be expressed in terms of condi-
tional probabilities with respect to the past as

pUlk,i) = P(Y: = y;(O)|Y; = yk(s), Yy = yi(u))
_PYu=yi)Y,=y;0)PY, = y;)|Ys = yi(s))

a P (Y, = yi ()| Yy = yk(s))

_ pij(Au'2 Bu'? g Atu™ ) p; o (12, Bi'2 gk Ast™/2)

- pik(Aul/2, Bul/2 gk Asu=1/2) '

Expanding the expression for the probability mass functions according to (4.1)
we get

(¢"t'A/B, qu/(tq?™) ;—;i (ABu, g’ A%t);

Pk =[] ]

(' A%u) 41 (q/(q’ AB1));
(1 _q2iA2M)qi(i+1)/2
(—q/ ABt)!
k7 (@t A/B, qt/(sq" )i (ABt,q*A%);
x [J} (g7 A%1)i41 (q/(q*ABs))i
(1 — g% A%t)g/+D/2
C T (“q¢*ABs)
y (m ("t'A/B, qu/(sq* ki
i (" A%u) 41

(ABu,q*A%s); (1 — qzl‘Azu)qi(vaz)—l
x . .
(q/(q*ABs))i (—gkABs)
This can be reduced in several steps. The g-binomial symbols reduce, as in the

classical (g = 1) case to [lj‘:i] Then we apply (2.1) in the following situations:
i+1 .

(a=Tg% M=j—i L=k j:()a=q A% M=j+1, L=k j: i)

a=qlAt, M=i,L=k—i+1;@{v)a=qg"A%s, M =i, L =j —i. Also we

apply (2.2) for (i) @ = %, M=j—i;(G()a=ABt, M = j.Thus

oo k=i (qat/s v 42
p<1|k,z>—[j_i](—qk_j,q A%

x (L,qk“Azs) (1 — g% A%)gU—DU=i+D/2
u i

o q s\
x ((qlﬂAzt)k—iH(W)k .<—qk l;) ) :
—i

k—j
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which, through comparison with the definition (4.1), is easily identified as the dis-
tribution we sought. [

PROOF OF PROPOSITION 4.1. Since formulas (2.6) and (2.7) hold for all
Askey—Wilson distributions, from Proposition 4.5 we see that the conditional mo-
ments and variances in the discrete case are also given by formulas from Proposi-
tion 2.5. Therefore the transformed process,

20+ ABOT (®)V?Yrq) — (A+ B)t — (C + 1/(qNA))
\/(1 —q)(1—AC)(1 —q=M)(1 —BC)(1 — B/(gNA))

t € J, is a quadratic harness on J with 8, n, 7, 0, ¥ defined as in the general case
with D =g~V A=V . [Recall that T (¢) is the Mdbius transformation (2.27).] O

X, = q_N+lBC,

5. Some worked out examples. This section shows how Theorem 1.1 is re-
lated to some previous constructions and how it yields new examples. From exam-
ples that have been previously worked out in detail one can see that the boundary
of the range of parameters is not covered by Theorem 1.1; in particular it does
not cover at all the family of five Meixner Lévy processes characterized by the
quadratic harness property in [33]. On the other hand, sometimes new examples
arise when processes run only on a subinterval of (0, 00).

Theorem 1.1 gives L-continuous processes on an open interval, so in applica-
tions we extend them to the closure of the time domain.

5.1. g-Meixner processes. Theorem 1.1 allows us to extend [10], Theo-
rem 3.5, to negative t. (The cases y = £1 which are included in [10] are not

covered by Theorem 1.1.)

COROLLARY 5.1. Fixt,0 € Rand —1 <y <1, and let

0, ift >0,
To=4 —7t/(—vy), ift <0,y >0,
-1, ift <0,y <O.

Then there exists a Markov process (X;) on [Ty, 00) such that (1.1), (1.2) hold,
and (1.3) holds with parameters n =0, = 0.

PROOF. Letg=y,A=0,B=0,and

-0+ 0% — 41 )
—7 9 Z4T’
C— 21 —¢q
—0 +ivar — 62 )
0 < 4r,

21 —¢q '
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—6 — 02— 4t
N
—6 —iv4r — 02
2VT—q
Then (1.4) holds trivially, so by Theorem 1.1 and L,-continuity, (X;) is well de-

fined on J = [Tp, 00). Straightforward calculation of the parameters from (1.6),
(1.8) and (1.9) ends the proof. [

02 > 4r,

02 < 4r.

When 1t < 0, the univariate laws of X; form the “sixth” family to be added to
the five cases from [10], Theorem 3.5. The orthogonal polynomials, with respect
to the law of X;, satisfy the recurrence

Xpn(x; 1) = ppy1(x; 1) +0[nlypu(x; 1) + (& +tln — 1) [nlg pn—1(x; 1),

where [n], = (1—¢")/(1—¢q). So the polynomials with respect to the standardized
law of X,//t are

0
XPu(x51) = Pug1(x; 1) + —=[nly Pu(x; 1)
(5.1) Vi
T
+ (1 + ?[fl - 1]q>[”]qﬁn—1(X; f).

The same law appears under the name g-Binomial law in [24] for parameters
n=—-t/teN,t=—p(—p)e[—1/4,0). When g <0 and ¢ = |7|, this law is a
discrete law supported on two roots of p; (see Theorem A.1).

A justification of relating this law to the Binomial can be given for ¢ = 0. In this
case, recurrence (5.1) appears in [7], (3), with their a = % and their b = % By [7],

Proposition 2.1, the law v; of %X ; 1s a free convolution ﬁ—fold power of the two-

point discrete law that corresponds to t = —t. That is, v, = vt_/tltlﬁ; in particular,

at 1 = —nt, X;/+/7 has the law that is the n-fold free additive convolution of a
centered and standardized two-point law.

5.2. Bi-Poisson processes. Next we deduce a version of [9], Theorem 1.2.
Here we again have to exclude the boundary cases ¥ = &1 as well as the case
1 4+ nf = max{y, 0}.

COROLLARY 5.2. For —1 <y < 1, and 1 + nf > max{y, O} there exists a
Markov process (X;)ie[0,00) Such that (1.1), (1.2) hold, and (1.3) holds with o =
T =0.

PROOF. Let A=0, B=—

no
no+1—q

_n — - ___ 6 _
M,C_O,D_ m.ThenBD_

< 1. The condition g BD < 1 is also satisfied as we assume n6 + 1 > 0
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when g < 0. Thus (1.4) holds and we can apply Theorem 1.1. From formulas
(1.5) through (1.9); the quadratic harness has parameters n,6,0 =0,7 =0, y, as
claimed. UJ

5.3. Free harness. Next we indicate the range of parameters that guarantee
existence of the processes described in [8], Proposition 4.3. Let
_n+6o _nt+0o

5.2 = , = .
(5-2) « 1l—0o1 l1—01

COROLLARY 5.3. ForO<ot <1,y =—0ort,andn,0 with24+nd+2ct >0
and 1 4+ aff > 0, there exists a Markov process (X;);e[0,00) Such that (1.1), (1.2)
and (1.3) hold.

REMARK 5.1. When 2+ 16 + 2071 < 0, two of the products in (1.4) are in the
“forbidden region” [1, 00), so Theorem 1.1 does not apply. However, the univariate

Askey—Wilson distributions are still well defined.

PROOF OF COROLLARY 5.3. Take g =0, and let

a+ﬂa—\/—4o+(a—ﬂo)2
B 2J/T+aB ’
a+ﬁa+\/—4a+(a—ﬂa)2
B 2J/T+aB ’

B+ar — /-4t + (B —ar)?

a 2J/T+aB ’
,3+ozr+\/—4r+(,3 —ar)?

B 2J/T+af '

To verify that AC ¢ [1, oo) we proceed as follows. Note that

o+op

VI+ap’

at+ B

VI+ap’

A_B ,/(a—oﬂ)2—40,

- V1 +af

V(B —ta)? -4t

V1 +ap

A=

C =

D =

(5.3) A+B=—

(5.4) C+D=-—

(5.5)

(5.6) C—-D=
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Multiplying (A + B)(C + D) and (A — B)(C — D) and using ABCD =01, we
get

nc s O g 0T _ J@—0p? —40,/(B—ta)? — 41
AC BC 1+ aB

and

oT oT (¢ +0B)(at + B)
AC+ —+4+BC+ —= .
+ AC + + BC 14+ o

This gives the following quadratic equation for AC:

57 acs OT_ @HIBETHE)+ J@—0p)? —do /(B —ta)? — 41
' AC 2(1 +ap) '
We now note that a quadratic equation x + a/x = b with 0 < a < 1 and complex
b can have a root in [1, co) only when b is real and b > 1 + a; this follows from
the fact that x + a/x is increasing for x > a,sox +a/x >1+4a forx > 1.
Suppose, therefore, that the right-hand side of (5.7) is real and larger than 1 +

ot. Then calculations lead to \/n% — 40+/6% — 41 > 2 + nf + 20t. The right-
hand side is nonnegative by assumption, so squaring the inequality we get (1 +
af)(1 — Gt)2 < 0 which contradicts the assumption.

Other cases with AD, BC, BD are handled similarly. Since ABCD =071 < 1
by assumption, by Theorem 1.1 the quadratic harness exists.

It remains to calculate the parameters. From AB = o, CD = t we see that
(1.7) and (1.8) give the correct values, and y = —ot from (1.9). To compute the
remaining parameters, we re-write the expression under the square root in the de-
nominator of (1.5) as

(1—AC)(1 — BC)(1 — AD)(1 — BD)

:(l—i—ot— (AC+%))(1+01— <3c+%>).

This is the product of two conjugate expressions [see (5.7), and its derivation].
A calculation now simplifies the denominator of (1.5) to (1 —ot)/4/1 + aB. In-
serting (5.3) and (5.4), the numerator of (1.5) simplifies to (¢« — Bo)(1 —o1)/
/14 af. The quotient of these two expressions is « — fo = 1. Similar calcula-
tion verifies (1.6). [

5.4. Purely quadratic harness. The quadratic harness with parameters n =
6 =0 and ot > 0 has not been previously constructed.

COROLLARY 5.4. Foro,7>0withot <land —1 <y <1 —2,/oT there
exists a Markov process (Xt)ie[0,00) such that (1.1), (1.2) hold, and (1.3) holds
withn=6=0.
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PROOF. Let
4(y +o1)

q = .
(I+y 4+ —y)?*—do7)?

To see that —1 < g < 1, note that for y + o071 #0,

_1+y?—%r—a+y)a—yﬁ—mn
N 2(y +o071)

9

which gives

-2,/ —y)*—4ot
(5.8) qg—1= <0
I+y+/(=y)?—dot

2(1+vy)

l+y+J0—y)?—4dot

Noting that (1 — ¢)> +4got > 4ot(1 —o1) > 0, let

B iv20
Ja =+ /(=P +4got

and

(5.9) g+1= > 0.

A=-B

and
N2t

_\/(1—q)+\/(]—q)2+4qar'

Since A, B, C, D are purely imaginary, we only need to verify condition BC < 1
which reads

(5.10) g +2757 — 1 <\J(1 — )%+ 4g0t.

This is trivially true when ¢ +24/ot — 1 < 0. If ¢ + 2\/ot — 1 > 0, squaring
both sides we get 4(1 — g)/ot > 4(1 — g)ot, which holds true as ¢ < 1 and
O<otr <.

Thus quadratic harness (X;) exists by Theorem 1.1, and it remains to verify that
its parameters are as claimed. A straightforward calculation shows that (1.7) and
(1.8) give the correct values of parameters. It remains to verify that formula (1.9)
indeed gives the correct value of parameter y. Since this calculation is lengthy,
we indicate major steps: we write (1.9) as (1.12), and evaluate the right-hand side.
Substituting values of A, B, C, D we get

C=-D

(q—D(1+ABCD) (1—¢)*+( + ) (1—g)? + 4907
1-gABCD 2 :
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Then we use formulas (5.8) and (5.9) to replace 1 — g and 1 4 ¢ and note that since
y <1—2,/ot wehave y <1 — 2071 and

2(1 —y —2071)
y+y (1 =) —dor +1

This eventually simplifies the right-hand side of (1.12) to ¥ — 1, so both uses of
parameter y are consistent, as claimed. [

V- g2 +4907 =

6. Concluding observations. This section contains additional observations
that may merit further study.

6.1. Bridge property. The following proposition lists combinations of para-
meters that create a “quadratic harness bridge” between either two-point masses,
or degenerated laws.

PROPOSITION 6.1. Let (Z;);ej be the Markov process from Theorem 1.2. As-
sume that AB #£ 0 so that (1.21) defines a bounded interval I = (S1, S») and ex-
tend Z; to the end-points of I by L,-continuity.

(1) If AB >0, then Zs, = (1/A + 1/B)/+/1 — q is deterministic; similarly, if
CD >0,then Zs, = (C+ D)/s/1 —q.
(i) If g <0and CD <0, then Zg, takes only two-values. Similarly, if g <0
and AB <0, then Zs, is a two-valued random variable.
(iii) If CD <0 and q > 0, then Zy is purely discrete with the following law:

k
| ¢*C \ _ (AD,BD)x(AC,BC)
60 (2= =)= G iachag et <20
k
_ g"D \_ (AC,BO)(AD,BD)
02 Pr{z= = —q) = (C/D. ABCD)m(g.qD/O 1 FEY

PROOF. We can derive the first two statements from moments which are easier
to compute for (Y;) instead of (Z;). In the first case, Var(Y;) = 0 at the endpoints
[see (2.15)]; in the second case E (@%(Y,)) = 0 at the end-points. Alternatively,
one can compute the limit of the Askey—Wilson law as in the proof of part (iii).

For part (iii), without loss of generality, assume |A| < |B| and |C| < |D|. Then
the discrete part of Z; has atoms at

j S 2j 2
<q C+qu 1j>0,g7C>s

=

and

1 . s .
iD4+—):j>0q%D> }
oo i) o
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The probabilities can be computed from (3.5) with ¢ = A\/s,d = B./s and
eithera = C/+/s,b= D/./s for (6.1) ora = D/\/s, b= C/./s for (6.2) and con-
verge to (6.1) and (6.2), respectively. To see that the limit distribution is indeed
discrete, we note that

iPr(Z 4'C ) +Pr<Z a'C )
0= 0=
k=0 vi—gq I—¢q

_ (AD,BD)x <AC,BC_ )
~(D/C,ABCDY '\ qc/D 1
(AC, BC)s (AD,BD >
291 ;q)=1.
(C/D,ABCD) qD/C

Here we use hypergeometric function notation

ai, an a > (a1, ar an )k
63 1, LRI r+l,Z): ) 9 o0y Up Zk
(6.3) r—H(pr( bi,b, ..., b, kg(:) (. b1,....b)k

The identity that gives the final equality is [17], (12.2.21), used witha = AC, b =
BC,c=¢qC/D. O

6.2. Transformations that preserve quadratic harness property. The basic
idea behind the transformation (2.28) is that if a covariance

(6.4) E(Z,Zy) = co + ¢y min{t, s} + c; max{t, s} + c3ts,

factors as (s — «)(1 — ¢8) for s <t with @8 < 1, then it can be transformed into
min{z, s} by a deterministic time change and scaling.
This transformation is based on the following group action: if A = [‘CI Z] €

G L, (R) is invertible, then A acts on stochastic processes X = (X;) by AX) :=Y
with Y; = (¢t +d) X, ) where Tx(t) = (at +b)/(ct +d) is the associated M6bius
transformation. It is easy to check that this is a (right) group action: A(B(X)) =
(B x A)X).

IfE(Z; Zs) = (s —a)(1 —tB) fors <t andaf < 1,then X = A~1(Z) with A =
[_1/3 _10’] has E(X;Xs) = min{s, t}. The easiest way to see this is to note that T4 is
increasing for ¢ < 1, and by group property Z = A(X). Sowiths < t,E(Z;Z;) =
(1 = sB)(1 = tBYE(X1,(5) X1, (1)) = (1 = B)(1 = 1f)Ta(s) = (s — a)(1 — 1.

It is clear that, at least locally, this group action preserves properties of linearity
of regression and of quadratic conditional variance. In fact, one can verify that the
general form of the covariance E(X;, Xs) = co + ¢ min{¢, s} + co max{¢, s} + c3ts
is also preserved, and since this covariance corresponds to (1.2), the latter is also
preserved by the group action.
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APPENDIX: SUPPLEMENT ON ORTHOGONAL POLYNOMIALS

A.l. General theory. A standard simplifying condition in the general theory
of orthogonal polynomials is that the orthogonality measure has infinite support.
This condition may fail for the transition probabilities of the Markov process in
Theorem 1.14. Since we did not find a suitable reference, for the reader’s conve-
nience we state the general result in the form we need and indicate how to mod-
ify known proofs to cover the case of discrete orthogonality measure. According
to [3], page 1012, related results are implicit in some of Chebyshev’s work on
continued fractions.

THEOREM A.l1. Let A,, By, C,, be real, n > 0 and such that

(A.1) [TAkCks1=0  foralin>0.
k=0

Consider two families of polynomials defined by the recurrences

(A2)  xp,(x) =AnPpp1(X) + Bppp(x) + Cppp_1(x), n=>0,
(A3)  xpp(x) = put1(X) + Bypn(x) + Ap—1Cy pu—1(x), n>0,
with the initial conditions po =po=1, p—1 =p_1 =0. Then:

(1) Polynomials {p,} are well defined for all n > 0 such that ]_[Z;(l) A # 0.
(Here and below, the product for n =0 is taken as 1.)

(i) Monic polynomials {p,} are defined for all n > 0. For n such that
]_[Z;é Ay # 0, the polynomials differ only by normalization

n—1
(A4) Pu() =P, () [ Ar.
k=0
(iii) There exists a probability measure v such that both families {p, } and {p,}
are orthogonal with respect to v. In particular for all m,n > 0,

n—1

(AS) [ o v(@x) = 80 T AcCin
k=0

Furthermore, if N is the first positive integer such that Ay—1Cy =0, then v(dx)
is a discrete probability measure supported on the finite set of N > 1 real and
distinct zeros of the polynomial py .

PROOF. It is clear that recurrence (A.2) can be solved (uniquely) for p, | as
long as Ao, ..., A, # 0 while recurrence (A.3) has a unique solution for all n. It is
also clear that transformation (A.4) maps the solutions of recurrence (A.2) to the
solutions of (A.3).



ASKEY-WILSON POLYNOMIAL MARTINGALES 1259

If HZ:O ApCi41 > 0 for all n, then each factor A,_1C, must be positive, so
measure v(dx) exists and (A.5) holds for all m, n by Favard’s theorem as stated,
for example, in [17], Theorem 2.5.2. If the product (A.1) is zero starting from
some n, and N is the first positive integer such that Ay_;Cy =0, then N > 1,
and (A.3) implies that for n > N, polynomial p, is divisible by py. So if v(dx)
is a discrete measure supported on the finite set of N zeros of the polynomial py,
then once we show that the zeros are real, (A.5) holds trivially if either n > N or
m > N. To see that (A.5) holds when 0 <m,n < N — 1, and to see that all zeros
of py are distinct and real, we apply known arguments. First, the proof of [31],
(3.2.4) (or recursion) implies that

(A.6) p;l(x)pn_l(x) — p;_l X)) pn(x) >0 forallx e Randall1 <n <N,

so the proof of [31], Theorem 3.3.2, establishes recurrently that each of the poly-
nomials pp,..., py has real and distinct zeros. Now let Ag,...,Ay—1 be the
zeros of py. The remainder of the proof is an adaptation of the proof of The-
orem 1.3.12 in [13]. (Unfortunately, we cannot apply [13], Theorem 1.3.12, di-
rectly since the Nth polynomial is undefined there.) Let J = [J; j] be the N x N

Jacobi matrix whose nonzero entries are J,, = B,, n =0,1,...,N — 1 and
Jon+1 =1, Jyy1.n =AnCpy1,n=0,1,..., N — 2. Then (A.3) says that vector
ﬁj =[po(A;),..., pN_l(Aj)]T is the eigenvector of J with eigenvalue A ;.

Let D be the diagonal matrix with diagonal entries

j—1 —-1/2
dj:<]"[Akck+1) >0, 0<j<N-1.
k=0

Thus dg =1 and dy_1 = (Ag--- An—2Cy---Cn—_1)""/2. Then DJD~! is a sym-

metric matrix with the eigenvectors Dy, ..., Dvy_1 which correspond to the dis-
tinct eigenvalues Ag, ..., Axy—1. So the matrix
[ 1 D 1 DI Di ]
= Vo, = Ulyeooh) 77— DUN—]
| Dol | Dvp | | Duy—1l|

has orthonormal columns, and hence also orthonormal rows. The latter gives
(A.5) with v(dx) = Zj”;ol y;8, where y; = (X pe(j)?d?) ™! > 0 (recall
that pp = 1). Note that since dp = 1, from (A.5) applied to m =n =0 we see
that ) " y; =1, so v is a probability measure. []

As an illustration, for the degenerate measure y = §,, one has A, =0, B, = a,
C, =0. Here, N = 1, so the family {p, (x)} = {1} consists of just one polynomial,
while the monic family is infinite, {p,(x):n >0} = {(x —a)":n > 0}, and v is
concentrated on the set of zeros of p; =x —a.
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A.2. Connection coefficients of Askey—Wilson polynomials. This section
contains a re-statement of the special case of [4], formula (6.1), which we need in
this paper.

THEOREM A.2. Let {w,} be defined by (1.20). If a # 0 then

n
(A7) Wa(x;a,b,8,d) = Gnwi(x;a,b,c,d),
k=0
where

Gen = (—1)kghtktD/2
(@™, q""'abed)i(aC, ad),
a"*(g, g*"labed, at, ad)y

(qk_”, abZ‘ﬁq"“‘_] , ach, aqu )
X ~ 1q ).
493 abedg®, atq®, adq*

(A.8)

[Recall the hypergeometric function (6.3).]
Ifa=b=0and cdd #0, then

_ o2 @ d R d )
Gin = (_l)qu(Zn-l—l k24 /d)n
(@i
g ".c/c ~
X 201 (qu_nd/g, qC/d)«

Since d™ (g/d)m = ]_[;.":_01 (d — qjc?), expression (A.9) is also well defined when
d = 0. Similarly, it is well defined for c =0, d=0 [see (6.3)].

(A9)

PROOF. The monic form of the Askey—Wilson polynomials {0, } and {w,} is
the same. Applying (A.4) twice we see that

(A.10) Wp(x;a,b,c,d)=(ab),w,(x;a,b,c,d).

Since our 0, is denoted by p,, in [4], formula (A.7) is recalgulated from [4], (6.1),
with swapped parameters a, d and with 8 =b, y =¢C, ¢ =d.

To prove the second part, first take » = 0 and all other parameters nonzero to
write

(A1l) &= (=Dkg

ket 1y2 (@G, ad)n (g™ (qk_", achlaqu _ )
an—k 3 acq®, adg® 1)
Then we apply the limiting case of Sears transformation [17], Theorem 12.4.2,
to rewrite

0 (q"‘”,acq";adq". ) _ (adg")"*d/d)n—x ( q‘", adg".¢/c_ q>
3¢2 (lqu, aqu ’ (aqu)n—k aEqk, qk+l—nd/d ) .

This allows us to take the limit @ — 0 in (A.11), proving (A.9). 0O
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