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LARGE DEVIATIONS FOR INTERSECTION LOCAL
TIMES IN CRITICAL DIMENSION

BY FABIENNE CASTELL
Université de Provence

Let (X;,t > 0) be a continuous time simple random walk on z4 d=3),
and let /7 (x) be the time spent by (X;,¢ > 0) on the site x up to time 7.
We prove a large deviations principle for the g-fold self-intersection local
time It =", c7a I7 (x) in the critical case ¢ = ﬁ When ¢ is integer, we
obtain similar results for the intersection local times of ¢ independent simple
random walks.

1. Introduction.

Position of the problem. Let (X;,t > 0) be a continuous time simple random

walk on Z?, whose generator is denoted by A [where A f(x) 2 2y (f () —
f(x))]. Let

T
I (x) = fo 8¢(Xs) ds.

The quantity of interest in this paper is the so called g-fold self-intersection local
time

Ir= Y Ir(x)’.

xezd

When ¢ is integer, then

Ir =q!/ OX. =X —.=x. ds1---dsg,
O<sj<w<s,<T 172 e 1

which measures the amount of time the random walk spends on sites visited at
least g-times. Quantities measuring how much a random walk does intersect itself,
such as the range of the random walk, or the self-intersection local time, appear
in many models in physics. Far from being exhaustive, we can cite the Polaron
problem (see, for instance, [18, 30]), models of polymers (see, for instance, [8,
38-40]), or models of diffusion in random environments [3, 4, 7, 11, 12, 24, 25].
Partly motivated by the understanding of these models, many studies have been
devoted to such quantities for more than twenty years. To describe the known
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TABLE 1
Typical behavior of IT for g =2

d Order of E(IT) Convergence in law References

73/2 I @ [9, 10, 13, 33]
_ d
T log(T) IS ARG [19,27, 28, 34, 37]
_ d
T %QN(O,]), [14,21,22]
oc(3)T log(T), sid=3,
o ()T, sid>4,

QU a8
Il
W N

%

var(It) ~

results, we focus on I7 in the case ¢ = 2, where the literature is more complete,
and we refer the reader to the monograph [15] in preparation for a very complete
exposition of the subject, including results on the range, or intersection local times
of independent random walks.

Regarding the typical behavior of I7 for large T, the results depend of course
on the dimension d, and of the transience/recurrence of the random walk. They are
summarized in Table 1, where y; and y, are, respectively, the intersection local
time and renormalized intersection local time of the Brownian motion up to time 1,
and o (d) is a constant depending on the dimension d:

Once we know the typical behavior, on can ask for untypical ones, that is, for
the large and moderate deviations for /7. In many models, such as the Polaron
problem or polymers models, this is actually the question of interest. The table
below is an attempt to summarize the results for ¢ = 2, achieved in recent years
concerning this problem.

In Table 2, x.(2, d) is the best constant ¢ in the Gagliardo—Nirenberg inequality:

d 1—d /4 d/a
Vd <3,3c€]0,00[,s.t. Vf:R*— R, I flla <cllfll, / IIVfllz/ ,
TABLE 2
Large and moderate deviations results for It for g =2
d PlIt — E(IT) > b%] Value of b1 References
d=2  exp(— 2y T4 9/dby ) 727/2 « 2 « T2 [5, 6, 13,29, 30]
b4
d=3 exp(— 35370 JTTog(T) < b2 <« /T log(T)3/2 [15]
_ 4/d
eXp(—WT(‘i H/dp3/d) JTlog(T)3/2 < b2 « T2 (1, 15]
b4
d=4 exp(—5505y7) VT « b} < Tloglog T [23]
4
d>5 exp(— 5pabr) VT « b2 < JTToglog T 23]

exp(—c(d)br) T <b2<T? [2.4]
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while c(d) is an explicit constant related to discrete variational inequalities.

So the picture is now almost complete, except for the dimensions d > 4. Note
the coexistence of two different regimes in dimensions d = 3 and d > 5. The first
one is an extension of the central limit theorem describing the typical behavior,
the second one corresponds to the same pattern than in dimension d < 2. To un-
derstand it, we give some heuristics in the general case for g, where we want to
control P[It — E(IT) > b?]. For I7 to be atypically high, one possible strategy
for the random walk is to remain during a time v < 7T, in a box of size R. If
7 >> R?, this event has a probability of order exp(—t/R?). If 7 > R?, one can ex-
pect that on the box of size R, the local time /; (x) is now of order t/ R, so that I
has increased of an amount of order 79/ R — b(%. Hence, T = by RY/4 " where
¢’ is the conjugate exponent of g. Therefore, this strategy has a probability of or-
der exp(—br R4/ ‘1/_2). The best choice for R is now the choice that maximizes
exp(—br R9/4'=2) under the constraint 7 > 7 > RMX2.d)

o If d <2q’ orequivalently ¢ < ﬁ, the bigger is R, the bigger is exp(—br %
R%/4'=2) 50 that the best strategy for the random walk to make I7 of order b¥.,
is to remain all the time 7 in a ball of radius of order (7/ br)d'/, leading to the
result of Table 2 for d < 2 and the second regime in d = 3.

o If d > 24, the smaller is R, the bigger is exp(—br R%/4'=2) 5o that the best
strategy for the random walk to make I7 of order b7, is now to remain during a
time t of order br in a ball of radius R of order 1, leading to the second regime
of Table 2 ind > 5.

e The case d = 2q’ is critical. In that case exp(—br RY/ 4'=2) does not depend
on R, so that whatever the order of R, 1 < R <« /T /b, the strategy consist-
ing to remain a time t = b7 R? in a ball of size R has a probability of order
exp(—br). The critical feature of d = 2¢q’ is also reflected in the fact that the
Gagliardo—Nirenberg inequality appearing in the results for d < 2¢’, is now re-
placed by the Sobolev inequality. For these reasons, there is no result concerning
the large and moderate deviations of I for d = 24’.

Main results. This paper is a contribution to the large and very large deviations
for I7 in the critical case d = 2q’. By large deviations, we mean deviations of the
order of the mean E(I7), and by very large, we mean deviations of order much
larger than the order of the mean. When ¢ is an integer (i.e., when d = 3 and
qg = 3, or when d =4 and ¢ = 2), we obtain also similar results for the mutual
intersection Q7 of ¢ independent random walks (X t(l); t>0,1<i<gq),defined
by:

q
Or = Z ng)(X)Z/ T8XA§})=X‘5§)=-~=X§§> dsy---dsg,

cezdi=1 0<s1,..., §q =<

where l(Ti)(x) = fOT Oy (X§i))ds. To state our main results, we introduce some
notation. For any function f:7¢ — R, I £l is the [, norm of f [||f||§ =
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Y ez | f1P(x)], and V f is the discrete gradient of f [for all j € {1,...,d}, for
allx e Z4, V; f(x) = f(x +¢;) — f(x)].

PROPOSITION 1. For d > 3, let Cs(d) €]0; +o0[ be the best constant in the
discrete Sobolev’s inequality
Vf e PYD@) I fladja-2 < Cs@IV fll2.
1. Exponential moments for It.

Letd >3, and let g = %

1 1
(1) Ile/q L br,V0 e [O; 2—|: lim sup — logE[exp(GI;/q)] =0.
Cs( ) T—oo DT

1
2)  Ifbr <T,V0> liminf . log Elexp(61;/9)] = +00.

C%(d) T—oo br

S

2. Exponential moments for Qr.
Assume thatd =4 and g =2, 0ord =3 and q = 3.

q . 1 1/q
(3) IfTY4 « by, Vo€ [o;—[ limsup — log E[exp(6 Q7 9)] =0.
C3(d) T—oco b7 r
q NP | 1/q
4 Ifbr <« T,V0 > —/—— liminf — log E[exp(6 = +400.
@ Ifbr Gl minfy-log Elexp@0r )]

From Proposition 1, it is straightforward to obtain very large deviations upper
bounds for /7 and Q7. However, due to the degenerate form of the log-Laplace
of I%/ | the corresponding lower bounds are not a direct consequence of Proposi-
tion 1. These lower bounds are actually the main statement of the following theo-
rem.

THEOREM 2 (Very large deviations).

1. Very large deviations for It.

Assume thatd > 3, g = ddTQ, and T > by > T4,

1 1
5 lim —log P[Ir > bl]=———.
5) fim loe Uz = b1 = =

2. Very large deviations for Qr.
Assume thatd =4 and q =2, ord =3 and q = 3, and that T > by > T /4.

1 q
6 lim —log P >pll=— .
(6) fim, g log PLOT 2 bl =~ o
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Concerning the large deviations, our result is less precise since the lower and
upper bounds are different. To state it, we recall that for d > 3 and ¢ > 1,
limy s 50 %E [I7] exists in RT [when g is integer, this limit is equal to ¢ 1G4(0)77 1,
where G is the Green kernel of the simple random walk on 74].

THEOREM 3 (Large deviations for I7). Assume thatd >3, g = ﬁ. There
exists a constant c(d) > 0 such that Vy > c¢(d)

1/q 1
hmmf 10 Pl >T
Cg.(d) inf 77 log 1 vl
@) 1
—— yla,
<11Tn1)supT/ log P[I7 > Ty] = (d)y

REMARK 1. Unfortunately, our proof does not allow to obtain the result for
all y > limy_, o £47).

REMARK 2. As in Theorem 2, we could obtain similar results for Q7. How-
ever, such a result would not correspond to a large deviations result for Qr, since
E(Qr) is of order log(T) for d > 3 and g = d/(d — 2). Concerning Qr, we
should also mention that papers [31] and [35] give moderate deviations estimates
P[OT — E(QT) = log(T)br] for scales br up to logloglog(T).

Sketch of the proof. The proof of the lower bounds is easy and relies
heavily on the large deviations results for ZTT proved by Donsker and Varad-
han. Namely, let F = {u:Z% — Rt; Y cezd w(x) =1}. F is endowed with the
weak topology of probability measures. By the results of Donsker and Varad-
han [17], I7/T satisfy a restricted large deviations principle in F (by ‘“re-
stricted,” it is meant that the large deviations upper bound is only true for
compact sets), with rate function Z(u) = ||V /1 ||% Now, for any M satisfying

I 1
Mbr <T, ]; > AZ;’T M1\ 4; MbT ||q Moreover, the function u € F = |lully =

sup{>_, u(x) f(x); f compactly supported I fllg =1} is lower semicontinuous

in weak topology. The large deviations lower bound for b [w1th the change of
variable u(x) =g 2(x)], leads therefore to

1
hmmfb— log P[IT > bl 7l

®)
. 1
> ~Mint] 1 15: ¢ such that gl = 1 and lgI3, > 4 |

for all M < liminf bl For by < T, all the values of M are allowed, and taking
the supremum in M in (8) leads to the lower bound in (5). Actually, this argument
remains valid for any scale b7 such that 1 < by <« T (see Proposition 11).
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For the very large deviations upper bound for I7, the results of Donsker and
Varadhan are not sufficient, since on one hand, the large deviations upper bound
for I7/T is only true for compact sets of F, and on the other hand, the function
n € F = |ully is not continuous. We present now the main ingredients of the
proof of the upper bound (1). First of all, it is easy to see that I < IT(R), the
intersection local time of the random walk folded on the torus of radius R. Now,
the main tool in the proof is the mysterious Dynkin isomorphism theorem, accord-
ing to which the law of the local times of a symmetric recurrent Markov process
stopped at an independent exponential time, is related to the law of the square of
a Gaussian process whose covariance function is the Green kernel of the stopped
Markov process. This allows us to control the exponential moments of I;/ . with

the exponential moments of N7 (R) = %(erﬂr,a ZiH1a = %IIZII%q’R where:

- Tg is the torus of radius R;

- (Zx,x € Tg) is a centered Gaussian process whose covariance function is given
by Gg..(x, ), the Green kernel of the simple random walk on T, stopped at an
independent exponential time with parameter A ~ by /T, (Lemmas 4, 5 and 6);

- || - ll24.r denotes the norm in /24 (Tg).

We can now rely on concentration inequalities for norms of Gaussian processes.
Let Mg 1 denote the median of || Z||24, . For small «,

6 0(1+0a) 0 +a)
exp|:§||Z||%q’Ri| < exp[T(llzllzq,R - MR,T)2i| eXp[TMIZQ,T]'

By concentration inequalities, the tail behavior of [|Z|24,g — Mg 7 is that of a
centered Gaussian variable with variance

p=sup{(f, Graf); | flleqy.r =1}

1
Therefore, for 6 < Trap’

[0(1 + ) 1
7 JT—00ta)p

Besides, one can prove that Mg r is of order R/C4) a5 soon as AR > 1, and

that p ~ C§1( D if AR% > 1. We therefore obtain the result in (1), if R is chosen

so that by > R4/ and AR* ~ bTTRZ >> 1. The best choice for R is now to take

R4 =T/R? ie., R=T" since g = ﬁ, leading to by > T'1/4.

(1Zllg. — MR, T)z] <

An open question. The large, very large and moderate deviations for /7 and
Q7 in the subcritical case (i.e., d <2, or d =3 and g < ﬁ) are linked to
Gagliardo—Nirenberg inequality in a continuous setting (i.e., for functions f from
R9 to R), while the same problem in supercritical case d > 3 and g > ﬁ, is
linked to functional inequality in a discrete setting. One can therefore think that in
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the critical case g = ﬁ, the moderate deviations of It — E[I7] are at least up
to some scale, related to the Sobolev inequality in a continuous setting. However,
since the best constants in the discrete and continuous Sobolev inequality are the
same, this would not change the statement. Therefore, we do believe that in the
critical case d = 24/, there are only two regimes of deviations from the mean:

2q
b
— , for /T < bl « T9/24-D
exp( 20(d) ) or Lo KL

I UT E(IT)quI]A 1
ex — bT)a for 14/(251_1) <<bq &< Iq'
p( C%((i)

We do not know how to prove thls result. Actually, the same question is also open
in the supercritical case (with replaced by the constant c(d) given in [2]).

cz(d)

The paper is organized as follows. Section 2 is devoted to the proof of expo-
nential moments lower bounds (2) and (4). In Section 3, we prove the exponential
moments upper bounds (1) and (3). In Section 4, we give the proof of the large
and very large deviations lower bounds. With Proposition 1, this ends the proof of
Theorem 2. Finally, Section 5 is devoted to the proof of the upper bound in (7),
which ends the proof of Theorem 3.

2. Exponential moments lower bound. This section is devoted to the proof
of the lower bounds (2) and (4) in Proposition 1.

Lower bound for IT. Fix M > 0. Since by < T, for T sufficiently large [T >
To(M)] Mbr < T, and It > Ipp,. For any f such that || fl, =1,

©)  Elexp01;/")] > Elexp(61,]] I=E [eXP( Y f (x)leT(x))}.

It is a standard result that the occupation measure of X satisfies a weak large
deviations principle in F, in 7-topology (i.e., the topology defined by duality with
bounded measurable functions), with rate function 7 (n) = ||V./u % (see, for in-
stance, Theorem 5.3.10, page 210 in [16]). Since f is bounded by 1 as soon as
Il fllgy = 1, the function u € F erzd f(x)u(x) is continuous in t-topology
and the large deviations lower bound for 57 b Jo Mbr s x, ds (written with the change

of variable g = ,/u) yields: V6 > 0, VM > 0,V f €l /(Z4) such that Ifllg =1,

1
(10) hmmfb—logE[exp(el V9> M sup {9§:f(x)g2(x)—||Vg||§}.
g llgll=1 X

Assume now that 6 >

C§l( > = inf llll fl)llelqz for g = —. Since the infimum can be

reduced to the infimum over compactly supported functions f, we can find gg

with compact support in Z?, such that > ‘I‘I 8|(|)||z Dividing go by its lp-norm if
2q
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2(g—1
g(q)

2(¢g—1

necessary, we can moreover assume that ||go|l> = 1. We now take f = ool
80124

(note that || f ||, = 1), g = go in (10). YM > 0,
1
liminf — log E[exp(61;/))] > M(e Y F)ge) - ||Vg||%)
T—oo br P
2
Zx qu( ) 2
- M<07 IVeol3)
2 1
lgoll5e "
=M@©|g0l3, — IVoll3).
But 6 gol|3 - IVgoll3 > 0, so that (2) is proved by sending M to infinity.

Lower bound for Qr. Fix M > 0. Since by < T, for T sufficiently large [T >
To(M)] Mbr <T,and Q1 > Qump;. V0 >0, and Vm € N,

Elexp(007/")] = Elexp(6 Q) )]

pam
> (qm)!E[QrA'ZbT]
g T
= Gt 2, | L T 9
g
:(qm)' Z E[HleT(XZ}
gam o 1
> (qm)![ Z fxr)- f(xm>EL1;[11Mb,<xi>H

for any f € lqr(Zd), such that || f||,» = 1. Therefore, V6 > 0, and Vm € N,

6 m
(1) Elexp(0Qf )]”q_W [(;ﬂxnmm)) }

It follows from Stirling’s formula that there exists C > 0 such that Vm € N,

WEC Hence, V6 > 0, and Vm € N,

(12) Elexp(6QY4)11 > c%zz[(g | o f(Xs)ds>m].

Summing over m, we have thus proved that for T > To(M), V0 >0,V f € lqr(Zd)
such that || fl, =1,

Elexp(6 Q)17 > CE[exp(g [ " rds)|

At this point, the proof is the same as the proof of the lower bound for /7.

q"m!”
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3. Exponential moments upper bounds. In this section, we obtain an upper

bound for the exponential moments of 1 ;/  and QIT/ 7,
Step 1. Comparison with the SILT of the random walk on the torus, stopped at
an exponential time.

LEMMA 4. Let a > 0, and let T be an exponential random variable with pa-
rameter . = abTT, independent of the random walk (Xg,s > 0). Let R € N*, and

let us denote by X§R) = Xy;mod(R) the simple random walk on Tg, the d-di-
mensional discrete torus of radius R. Finally, let lﬁR)(x) = for Oy (XS(R))ds, and
IRe = Yper, I5° (x))4. Then, V6 > 0, Ya > 0, VR > 0,VT >0,

(13) E[exp(@l}/q)] < e“bTE[exp(GI,le{f)]-

PROOF.

Ir=Y llx)=> > }(x+kR)

xezd x€Tg kezd
q
<y (Z lT(x—i—kR)) =Y lhrx)=IrrT.
xeTg “kezd xeTg

Therefore,
Elexp(01;/")]exp(~abr) < Elexp(01/4)1Plt = T|
< Elexp(01z/$)1c=7]

1
< Elexp(01/ )],

where the first inequality comes from the choice of A = ochT, and the second one

from independence of t and X. [

Step 2. The Eisenbaum isomorphism theorem. There are various versions of iso-
morphism theorems in the spirit of the Dynkin isomorphism theorem. We use here
the following version due to Eisenbaum [20] (see also Corollary 8.1.2, page 364
in [32]).

THEOREM 5 (Eisenbaum). Let o and Tt be as in Lemma 4. Let us define for
all x,y € Tg, Gra(x,y) = Ex[fot Sy(X.ER))ds]. Let (Zy,x € TR) be a centered
Gaussian process with covariance matrix G ., independent of T and of the ran-
domwalk (X, s > 0). For s # 0, consider the process Sy := 1§R) )+ %(Zx +5)2.
Then, for all measurable and bounded function F :RT® > R,

(14)  E[F((Sy;x € Tg))] = E[F((%(Zx +5)%xe ’]I‘R)> (1 + @)}

N
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Step 3. Comparison between exponential moments of /7 and exponential mo-
2q
ments for )~ Z".
Theorem 5 allows one to control exponential moments of / Ile/ g by exponential

moments of (3, e, Z?q)l/q.

LEMMA 6. Forany o > 0 and R > 0, let T and (Z,,x € Tg) be defined as
in Lemma 5. Va > 0,V60 > 0,Vy > 60, Ve €]0; min(1, ,/% —D[,VR>0,VT >0,
there exists a constant C (¢) € ]0; oo[ depending only on ¢, such that

Elexp(015")]

a2
(15) <14C) VTR q)

0
1
y—9(1+e)2( * Jabr
Elexp(y /211 Z|3, 1"/
Pl Zll2g.r > 2+/2b7¢]

where || - || p,r is the I, norm of functions on Tg.

exp(y&br),

PROOF. By independence of (Z,,x € Tg) and (X5,s > 0), Vs #0, Vy > 0,
Ve >0,

V4 X
P|: Z @ Zb(%Eq:|P[1R,r > b?yq]

XETR 2q
[« (Zi+5)M
=P Z XT > ble?; Z (IR (x))? > b?yq]
~x€Tr x€Tg

(16) _
<P| Y SI=bl(y? +eq)}

~xeTg

Zo
=F (1 + T)]]_er’ﬂ';g (Zx+s)2‘1/2‘/>b;l-(y‘1+s‘l):| by Theorem 5.

Hence, using Markov inequality,

o8}
Elexp@1y/ ] =1 +/O 0br e PIg - = b7 y"1dy

E[(1+ Zo/s)exp(y /211 Z + 5113, )]
Pl Z + 51|24, = ~/2b7¢]

X /OO Obretrye=bry OIHDYY gy,
0

A7)
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Now, Ve >0,V0 > 0,Vy >0,VT >0,

o° Obry —bry(yi+e9)1/a o Obry —b 0
(18) / Obre’’TYe TV dy < / Obre’’TYe TV Vdy = -t
0 0 y —

Regarding the denominator in (17),

(19)  P[IZ +sllag.r = v2bre] > P[|Zll2g.8 = v/2b78 + |I51]124 ]
(20) = P[||Zll2g.r = v2bre + |s|RY/*].
On the other hand, Ve > 0,

1
12+ 5203, g = (1Zlag. + IsTl2g,00* = 1218, g1+ &)+ (14 2 ) 15213, g,
so that
Zy 14 2
E[(l + T) exp(EHZ +SM|2q,R)i|

ol (2o on o310

(14¢)/ee/(1+¢) y 5 5 1/(1+¢)
| Elew(Laseriziz )]

1
&

(21)
Zy
=< EHI + —
N

Zy being a centered Gaussian variable with variance G 3(0,0) < E(r) = 1/A,
for all ¢ > 0, there exists a constant C(¢) depending only on ¢ such that

(14-¢)/eqe/(1+¢) T 1
] < C(8)(1 + ——).
abr s

Putting (17), (18), (20), (21) and (22) together, we have thus proved that V0 > 0,
Vy >60,¥e>0,YR >0,VT >0,Vs #0,

Zy
(22) EHl +=
S

Elexp(01 )]

(23)
Elexp(y (1+£)%/2I1Z]13, g)]"/(+9

P[||Zl2,r = ~/2b7€ + |s|R4/%4]

1
X exp(%jssz/q)
€
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Choose s = +/2bre3/?R™4/24 in (23). V6 > 0, Vy > 0, Ve > 0,VR > 0, VT > 0,

Elexp@ 1)

VTR/24

\/&bT83/2>

Elexp(y (1 +£)?/2(1Z113, 1"+
Pl Zll2g.r = v/2bre(1 + €)]

(15) is now obtained by the change of variable y ~» y /(1 + &2 O

(24) <14C(¢) 0 (1+
y —0

exp(y52(1 +&)br).

Step 4. Large deviations for || Z||24,r.

LEMMA 7. For any o >0 and R > 0, let T and (Z,,x € TR) be defined
as in Lemma 5. Let pi(a, R, T) :=1inf(¥, ,cr, fxGrh(x.y) fy: f such that

ZXGTR _]}
1. Va>0,VR>O,VT>O,abTT§p1(a,R,T)§2d—|—ab7T
2. YVa >0,Ve >0,VR > 0,VT > 0,

1 —1/(brepi(a, R, T)) brepi(a, R, T)
5) Pl 2l 2 Vore] z — o R e (_f)

3. 3C(q) such thatVo > 0,YR > 0,VT > 0,Vy < p1(e, R, T), Ve > 0 such that
y(I+e) <pi(a,R,T),

E[ex <Z||Z||2 >]< 2
P LM ar) | = M=y T/ (i@ R. 1))

(26) Le
X exp(C(q)y CRY9G (0, 0))

PROOF. 1.Since Ggj = (AId—A)~1,
pi(e, R, T) =inf{Al| fI3 g — (f. Af); f such that || fll2g.r = 1}.

Taking f = §p, we obtain that pi(e, R, T) < A + 2d = alr T + 2d. For the
lower bound note that if || |24, = 1, for all x € Tk, | fx| <1, so that ||f||27R >

erTR 11, Therefore, p1(c, R, T) > A.

2. Forall (fy, x € Tg), such that 3", | f|?4/?4=D =1,

P Z2g.x = V/bre] = P[ S fiZe @}

XGTR
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> xeTg JxZx is areal centered Gaussian variable, with variance

ogrr()= D Grox, ) fcfy

x,yeTR

Therefore, for all (fy, x € Tg), such that ), | f|24/Ca=D =1,

2
P[lZll2g,r = vbre] = %.R.T(f) <1 _ aa,R,T(f)) exp(-L)

T 2n./bre bre 205713,]"(]()

- oa,R,T(f) (1 Pz(Ol,R,T)) ( bre )

= - P\ =57 —~ |
V2w A/bre bre 20(3,R,T(f)

where po(a, R, T) := sup{a(iR’T(f); f such that ZXGTlexlzq/(zq_l) =1}.
Take the supremum over f, to obtain Vo > 0, VR > 0, VT > 0,
v p2(a, R, T)( m(a, R, T))
Pl Z >./bre| > 1—
[1Zll2g,r = Vbre] = LT, bre

(“smesn)
X eX _ ).
P\ 2@ R T)

We are now going to prove that Vo > 0, VR > 0, VT > 0,

1
p1(a, R, T)

27)

(28) p2(a, R, T) =

Indeed,
(Grah.h) = (Grah, Gl Grah) = pi(@, R, T)|G k3, &

Grah, h)?
Z ,01(05, R’ T)L

’

1154 21,7
where the first inequality follows from the definition of pi(x, R, T), and
the second one from Hdlder’s inequality. Therefore, for all &, (Ggr 1 h, h) <
m”h”%q/(Zq—]),R' Taking the supremum over % yields po(, R, T) <
@RI For the opposite inequality, take fy achieving the infimum in
the definition of p;(a, R, T). Applying the Lagrange multipliers method, it
is easy to see that fy satisfies the equation GE’IA 0o = p1(a, R, T)fozq_l.

_ 2g-1
Hence, ”GR,I)LfO”Zq/(Zq—l),R = pi(e, R, DI f3? l2g/29-1).8 = p1(e, R,
2g—1

)l foll32 & = p1(e, R, T). Moreover, (Gg, fo. fo) = pi(a, R, T) and

(Grhyfo.GraGrysf0) _ pr(e, RT) 1
~ pia, R, TY? pi(a,R,T)

p2(e, R, T) >

—1
”GR,)LfOH%q/(zq_I),R
which ends the proof of (28) and of (25).
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3. Let Mg, 1 denote the median of || Z||24,r. For y < p1(a, R, T), and & > 0 such
that y(1+¢) < p1(o, R, T),

Y y(1+¢)
Eexp( 21218, 1) | < £[exp( X212l 0~ M2 |
yl+e
X exp(E - MIZQ,T).
But Mg 7 = median((3", 724)1/2qy — (median(3", 729Y)1/24 Moreover, it is

easy to see that for any positive r.v. X, median(X) < 2E(X). Hence, using the
fact that Z, is a centered Gaussian variable with variance G (0, 0),

1/q
M 1 52”’1E[ > Ziq} =2'4RY1G R ;(0,0)E(V?)1/1,
xeTR

where V ~ N (0, 1).
On the other hand,

1
Eexp( X2 02— Me?) |

(1
=14 [T |1 2 5y~ M| = Vi) du
0

We now use the concentration inequalities for norms of Gaussian processes
(see, for instance, Lemma 3.1 in [26]): Yu > 0,

P[|I1Zll2g,r — Mr,7| = Vu] <2P(V > /pi(a, R, T)u).

Therefore, since y (1 +¢) < p1(a, R, T),
(1+¢)
Elexp( 7012 g~ M) |

2
1
<1 +2E|:exp<MV2>]
2p1(a, R, T)
2

=1+ .
V1—y(+e)/(pi(a, R, T))

Step 5. An upper bound for exponential moments of /7 and Q7.

LEMMA 8. Assume that log(T) < br < T, and that R depends on T in such
a way that Vo > 0, by > R4/4 GRr.2(0,0). Forall a > 0, set

p1(a) =liminf py (e, R, T')
T—o00
Y br 2 2
= liminfinfya— | flI5 g + IV flI5 g f such that || fl24,r = 1
T—o0 T ’ ’

p1 = limsup p ().

a—0
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L. Forany 0 €0, pi[. limsup;_, ., 7-log E[exp(@1;/*)] =
2. Forany 6 € [0, gp1[,

1
lim sup . log E[exp(6 QlT/q)] =0.

T—o0 YT

PROOF. Point 2 is a straightforward consequence of 1, since

/q q ) 1/q
ol (z mm) (nnﬂﬁm,) ! znz“
i=1

X j=1

’

where the last inequality comes from the concavity of the log function. Hence,

E[exp(@QlT/q)] < E[exp<g”lT”q>:|q _ E|:exp<0 l/q)} '

We thus focus on step 1 of Lemma 8. Let « > 0, and 6 < p;(«) be fixed. Take
y such that 6 < y < p1(«). Take then ¢ €]0; min(,/% — 1, 1)[ such that

0 <y <y(l+4+2e) < pr(x).

For T sufficiently large (T > Tp), p1(e, R, T) > y (1 + 2¢). Lemmas 4 and 6 lead
to

0 /T R4/%4

—0(1+8)2<1+ Jabr )

Elexp(y/2[1ZII3, g)1"/"*9
P|Zll2g.% > v/8bré]

By Lemma 7, for by <T,and T > Ty, p1(et, R, T) > y (1 + 2¢), and
P[lZll2¢,r = v/8b7¢]

1 1
= 1- —4bre(2d + a)),
~ J16xbre(2d +a)< 8brep (o, R, T)) exp( T&( «))

1 1
= 1 — —————— Jexp(—4bre(2d + @)).
- x/167TbT€(2d+oc)< 8hrey (1 +2e)> p(—4bre( )
Moreover, for T > Tp, (26) of Lemma 7 yields

1/(1+¢)
14
Eexp( %1215, 1)

1/(14¢)
142
5(2 + 8) exp(C(q)ZRd/qGR,A(O,O))
&

T B[ < 14 Ce)
(29) ’

exp(yeZbT).

&
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Therefore, for RY/4G g ;.(0,0) < br, and by > log(T),

1
lim sup b log E[exp(el;/q)] <o +4e2d +a)+yel.

T—oo OT
Sending ¢ to 0, we thus obtain that Vo > 0, V6 < p1 (@),
1
(30) limsup — log E[exp(61,/9)] < a.
T—o0 bT

Take now 6 < p; = limsup,_,op1(x). Let (o) be a sequence converging to O,
such that lim,,—, o, p1(c¢) = p1. For sufficiently large n, p1 (o) > 6, and by (30),

1
limsup — log E[exp(61,/%)] < .
T—o00 bT

Point 1 is now proved by letting n go to infinity. [J

Step 6. Study of p; and G g (0, 0).
By Lemma 8 and (2), we know that if R is such that b7 > R4/4 Gr.,.(0,0), then
p1 < C+(d)' It could however happen that p; = 0. It remains thus to determine the
N

values of R for which p; > 0, and to study the behavior of G, (0, 0).

LEMMA 9 [Behavior of pi (e, R, T)]. Letd >3, and g = 7%. Let py be de-
fined as in Lemma 8.

1. Assume that R depends on T in such a way that Vo > 0, AR2> 1. Then 01>
1

2y
2. Assume that R depends on T in such a way that limr_, AR =1 (@) €]0;
+00[. Then there exists a constant C such thatVa > 0, p1 (@) > C min(1, [(«)).

PROOF. Let fy € I4(Tg) achieve the minimum in the definition of p;(c,
R, T). fois viewed as a periodic function on Z¢, and by definition

p1(a, R, T)= )»IIfOII%,R + IIVfoII%,R; I follag. = 1.
Let 0 <r < R, and define

d
C,,R=U{erd;O§x,-frorR—rfxifR}.
i=1

Then one can find a € Z¢ such that D oxeC, fo2 9(x —a) < 24 Indeed, on one

R
hand,

> Y Kle-o=Y Y fla-a

a€l0,R)4 x€Crr x€CrR acl0,R)¢

= Y 3 f37(x) =card(Cy,g) < 2drR*1.

xeC,.R XGTR
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On the other hand,
oY Ha—a=R it Y fx—a).

. R1d
ael0,R]4 X€Cr R agl0:RI e p

Set fo.q(x) =S So(x —a). foq is a periodic function of period R. Note that

IV fo.all2,r = IV foll2,r, I fo,all2g.® = Il foll2g, . and that || fo,all2,r = [l foll2,r-
We can therefore assume without loss of generality, that fy achieving the mini-
mum in the definition of p;(c, R, T), satisfies also

2dr
Z f()zq(x) = R
xEC,,R

Let v : Z¢ > [0, 1] a truncature function satisfying

¥ (x) =0, if x ¢ [0; R]%;
vx)=1, if x € [0; R1\ C,.r;

1
Viv(@l=—.  Vxe 7e.viefl,...,d).

Fix ¢ > 0, and take r = %. By definition, for g = %,
U _ IV fo)ll3
CHd) = vfoll3,
Regarding the denominator,
2 2 2 2dr
G Whly= 2o KW= ffWzl-—=1-¢

x€[0; R4 x€Cr R

It remains to control |V (¥ fo) |2,

d
IVWIi= Y S (Vi@ folx +e) + ¥ @V fox)’

xe[0; R4 i=1

d
= > D (Vi) f(x +e) + ) (Vi folx)?

xe[0;R)d i=1

d
12 Y L Vvov @k + e fo)
xe[0; R4 i=1
(32)
24/d

d 5 2 d
S;ﬂﬁhﬂ+HV%hR+—rﬂhMMWﬂhﬂ

A

d
<V fol3 g1 +e) + r—znfou%,R(l +1/e).

d
Are
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It follows from (31) and (32) that Ve € 10; 1[, Ya > 0, VT > 0,

33) 1 1+e (1 4d> 1 ) @ R.T)
max|\ 1, —4———= o, R, T).
CId) = (I —e)l/a 3 k)"

Ve > 0, Va > 0, p1 (@) > — (o) 7

Case 1. Since R is such that by > @ T+

R2’

Hence, letting € go to 0, Yo > 0, p1 () > C2 so that p; >

1
@’ = CHd)
Case 2. Take ¢ = 1/2 in (33), and let /(o) = lim7_ AR?%. Then Vo > 0,

21-Va . ( l(a)
min| 1
3 Csz(d) " 3243

p1(a) >

) > Cmin(l(x), 1). 0

LEMMA 10 [Behavior of Gg (0,0)]. Assume that d > 3, that A < 1, and
that R depends on T in such a way that AR > 1. Then lim7_ 06 Gr.2(0,0) =
G4(0,0), where G4(0,0) is the expected amount of time the simple random walk
on 74 spends on site 0.

PROOF. Let pX(x, y) be the transition probability of X, ®) Then

Gr..(0,0) = / exp(—A1) pf(0,0) dt.
0
It follows from Nash inequality (see, for instance, Theorems 2.3.1 and 3.3.15 in
[36]) that there exists a constant C(d) such that VR > 0, Vt > 0,

cd
PF0.0)~ o = 37

Therefore, V.S > 0,

+00
/ exp(—At) pR(0,0) dt
S
1 oo +00 C(d)

< F/(; exp(—At)dt +/; ~an dt

PR CON

— AR4 §d/2—1
Thus, when AR? > 1, and S>> 1,

+00
(34) lim exp(—At) pR(0,0)dr =0.

T—o0Js

For the values of ¢ less than S,

pR0,0) = Py(x® =0)

(R) R R
= Po| X;" =0 sup | Xs | = = | + Po|sup [ Xsll = =

s<S s<S
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R R
_ Po[xt — 0;sup |1 X, || < —} + Po[sup 1%, = —}
s<S 2 s<S 2

RZ
< Py[X;=0]+C(d) eXp<_C(d)S>'

The third equality comes from the fact that as long as X does not exit a ball of
radius R/2, then X and X® are the same. The fourth one follows from standard
results on simple random walks. Thus,

S R o R?
/0 exp(—At)p, (0,0)dt S/O p:(0,0)dt +C(d)Sexp<—C(d)S>-

On the other hand, pR(0,0) = Py(X'® =0) > p;(0,0), so that

’ R,0)d ’ 0,0)d Sl d
[ esornpt0.00dr= [ pi0.01a— [ (1= expi—rn)

exp(—AS) — 14+ 1S
. .

Hence, if S is chosen so that § > 1, § <« RZ/(log(R))Ha, and .82 <« 1,

S
=/0 pi(0,0)dt +

S 00
(35) lim f exp(—A1) pR(0,0)dt = ] p:(0,0)dt = G4(0,0).
T—00J0 0

Now, for A < 1, and AR? > 1 (which implies R >> 1), one can always choose S
suchthat ] € § <« min(Rz/(log(R))He, 1/\/)_0. For such a choice of S, it follows
from (34) and (35) that

lim Gg(0,0)=G4(0,0) < oo for d > 3. 0
T—o00

Step 7. End of proof of Proposition 1.
Choose R such that

T
=3 <br, br > R4,

Then, on one hand, Vo > 0, Aby < RZ, and 01> Czl(d) by 1. of Lemma 9. On the
N
other hand, ARY = abTTRd > othTR2 > 1. Hence, by Lemma 10, G (0, 0) =~
G4(0,0) and it follows from Lemma 8 that p; < C+(51)
S
1

Ci(d)

. Therefore, for such a

and

choice of R, p| =

1 o1 1/
v = — H]=
0 e |:O, sz(d)|: hTmmf by log E[exp(01;7)] =0,

.4 — /gy _
Vo € |:O, %[ l;riloréfglogE[exp(GQT )]1=0.
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The best choice for R corresponds to T/R? = R%/4 = R4~2 i.e., R = T, lead-
ing to by » T1=24 =T1/4.

4. Large and very large deviations lower bounds. The aim of this section
is to prove the lower bounds in Theorems 2 and 3. We have actually the following
result.

PRrROPOSITION 11. 1. Lower bound for It.
Assume thatd > 3, q = d 3 and T > by > 1.

1
36 liminf — log P[I7 > bZ .
(36) imint = gP[Ir > b;] > Cg(d)

2. Lower bound for Q.
Assume thatd =4 and g =2,0ord =3 and g =3, and that 1 K by L T.

q

1
37 liminf — log P > pl .
37) imint = g P[Or > b7] > C%(d)

PROOF OF (36). Fix M > 0. Let Ty be such that for all 7 > To, > M. For

’12]0’
>1
M‘

The function u € F — |ully = SUP £, =1 e M(x)f(x) is lower semicontin-

uous in t-topology, so that Vt > 0, {u € F, ||ully >t} is an open subset of F.
Therefore, Ve > 0,

leT

Plir = b%] = Pliyy, = b0 = P[H

! 1
liminf logP[H Mbr |- > —]
T—oo Mbr Mbr g M
! 1—
> liminf logP[ Mbr |- 8]
T—o0 MbT q M

. 2 2 1—¢
> —inf{ [V Flz; 1 flla=111fll3, > I

We have thus proved that VM > 0, Ve > 0,

1—¢
li f—l Pl >bL]>—-M ,
min L tcg iy 2 812 ()

where p3(y) := inf{||Vf||2; ||f||2q >y, || fll2=1}. To end the proof of (36), it
remains to show that when g = ﬁ, Vy >0,

y
Ci(d)’

(38) Ai4n>f0 Mpz(y/M) =
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But,ifq:dde,Vy>O,
39 inf M M) =7y inf Mp3(1/M
(39) inf p3(y/M) Y inf p3(1/M)

w0) =y inf inf M 13 07 = 1001 > o
1) P A LR ||fl||%q}
2
(42) - f:||1}1||2=1{ |:IZTIC%“;};
(43) = ng(d)- O

PROOF OF (37). The proof of (37) cannot be done as the proof of (36), since
the function (w1, ..., i) = > rezd H1(X) -+ - g (x) is not lower semicontinuous
in the product of t-topology.

Let ¢ > 0 be fixed. Let & be a function approaching the infimum in the definition
of Cs(d), 1.e., h is such that

||h||% d
2 9 _ .
VAl = CS(d)z( £), q d—-2

Dividing & by its /,-norm if necessary, we may and we do assume that ||i]> = 1.
—n(g+D/q.1/q — 1 i i
Setn=2 e/4, and M (2—(1+n)‘1)‘/‘1||h||§q [e is chosen small enough in
order that M is strictly positive; actually, one has to choose & < g9(q) = (2'/7 —
1)92-@+D] For T large enough, T > Mbr, and
P[Q7 > b}]1> P[Qmp; > b1

(1)
Assume that Vi € {1, ..., q}, | Litoy — 2|, < n||h||§q.Then

Mby
Outor__ 29
(Mbr)4 2
q (l) )
Z 1_[ MbT( th(x)‘
xezd 1
(J) 0]
(x) 91 (x)
= 3 S (TTreo) [ oo 17
Al Mby
xezd j=1 \i=l I=j+1
(J) (l)
MbT _

I/\

2(; 1 Mbr
H H Mbr i,

MbT
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q
2 2 (1+m)4
Sn”hHQZE (L+n)4 =nlhl; q4

j=1

=[(1+n)7 — 11]All3)

Therefore, Q pp, > bE-M4 ||h||§g (2 — (1+n)?) = b%, by the choice of M.
Hence, for T large enough,

@)

!
Plorzpf1z Plvicl an | B 2] <o,
T
(44) / q '
. Mbr 2 2
= pf[lanr_, q<n||h||2q]
But,
I ! 1
[y =], = 25 o)
MbT '\ Mbr
eZ
1 Uy ()
— Z Z( 19~ ic ;1 Mor 7 p2(g— J)( )
xezd j=0 (Mb )j
Imby <le
= ||k T)
HMbT DRI~ B (G

where the function F is defined by F,(u) = Zq 1( l)q“_jC/q- h w’ (x) x
h?@=7(x). Hence, for T large enough,

P[Qr > b%1"4

(45) l l
Mbr Mbr g 2
= P[ (MbT> H Mbr |, +((=D )||hllzq]
Lmby Imby | .
46) = P[ (MbT> H Mbr |, +((=D )||h||2q,
| | < (14 it
MbT 2 2q
leT n 2
- P[Fq<MbT) g (1 +(=D* —g)nhnzq}
(47)

leT 77q 2q
el ],z (i)
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The second term is controlled by the large deviations upper bound for /7, and we

have
Iy ¢ n? 2
limsu —10 P[H L z<1+—>||h|| ‘1]
Taoopr 8 MbT q 2 2
M(1+nq/2)”‘f T (1+n1/2)la
- C2(d) M 2= (1 +pNVICid)’
by the choice of M.

On the other hand, the function u € F +— F, (1) is lower semicontinuous in
T-topology. Indeed:

e Ford=4andg =2, F(nw)=2), w(x)h2(x) is continuous.
e For d =3 and ¢ =3, F3(u) =3, n>(0)h%(x) — 3%, n(x)h*(x) =3 x
SUp,. I\gllz—l{Zx w(x)h(x)g(x)}* -3 > w(x)h*(x) is lower semicontinuous.

Using the large deviations lower bound in F for AZ%T , we get that

1 Lpby
li f—1log P 1 lq——
o[ () oo 2]

. 2. _ 2 q n 2q
> —Minf}[|Vg|3; llglla=1, Fy(g") > 1+ (=1 iy 7115 t-

(49)

Note that:
e Ford=4and g =2, F,(h?) =2||hll] > (1 + (=1)> - %)nhnj.
e Ford=3and¢g =3, F3(h*)=0> 1+ (-1) — '72—3)||h||g‘

Therefore, in any case,

Lmby
li f—l P 1 17— L
o S e ]

IVA3
Q2= +mNa|ln|3,

(50) > —M||Vh|3=—

1+¢
CCHD@— ()’
by the choice of M and &. Putting (47), (48) and (50) together, we get that
51) l liminf LlogP[QT > b'%] > _mm(l +e&; (1 + ;7‘1/2)1/(1)'
q T—+00 by 2~ 1+ mDICi(d)
But for £ €]0; 1], (1 +&)? = X{_ CheF <1+ e X Ch=1+e21-1) <
1+e29=1+ % We have thus proved that Ve €]0; 1 A g9(g)[,

L1 q(l+e¢)
52 liminf — log P >bl]>— .
(52) PN by OB PLOT 2Tl = = s e
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(37) is then obtained by letting ¢ go to zero. [J

5. Large deviations upper bound. The only thing that remains to prove now
is the upper bound in Theorem 3.
Let o > 0 and A > O to be chosen later. We take here
T1/4

T

Let t be an exponential time with parameter A, independent on the random walk.
Exactly as in (16), Vs > 0, Ve > 0,

exp(—a TV Py > Ty]
< P[Ig.>Ty)

< E[(l + ZO/S)v ”Z +S1”2q,R > \/ETI/ZCI(y +8)1/2q]
- PlIZ + s1ll2g.8 = v/2T1/2461/24]

Zo\ (1+e)/e7e/(1+e)
<e[(1+3) ]
A

P[||Z||2q R > V2TV (y + £)1/24 — gRd/2471/(1+)
P[|Z]l2g.r > V2T 1/241/24 4 sRd/24]

(53)

We now choose s R9/24 = /2T1/24¢1/24 e s = 2A71/241/20

PlIr > Ty]
Zo\ (1) eqe/(14e)
(54) < exp(oeTl/q)E[<1 + ) ]

[”ZHZq R = \/_Tl/Zq((y + 8)1/26] _ 81/2q)]1/(1+8)
Pl Zl2g.r > 23/2T1/24¢1/24]

Using the fact that Zy is a centered Gaussian variable with variance G g ; (0, 0),
we obtain that Ve > 0,

(1+e)/eqe/(1+¢)
()] scwie e

S

<C(e)(1+/Gg(0,00A"/2).

But, AR = «ATY% > 1, so that limsupy_, o, Gr.2(0,0) < oo by Lemma 10.
Therefore, Ve > 0, Vo > 0, VA > 0,

Zo (14-€)/eqe/(1+¢)
hmsupT/ logE[(l—l- ) } =0.

T— 00
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Let us treat the numerator of the ratio appearing in the left-hand side of (54). Using
again that

1/2q
Mir = median(|Z2.0) <2/ E[ Y 231
X

< C(q)RY*1G g ;(0,0)'/?
~ C(q)AY* TG 400,002,

we conclude that there exists a constant C(q) such that Vo > 0, VA > 0, for T
large enough, Ve > 0,

P[IZl2g.8 = V2T 124 ((y 4 £)1/%4 — £1/24)]
(55) < P[IZllag.r — Mrr = V2T ((y +)!/% — /21 — C(q)A'/9)]
<2exp(~=T"pi(, R, T)((y +)'/2 —'/% — C(q)A'/29)?).

But AR? =« A%/? and it follows from Lemma 9 that Vo > 0, VA > 0, for Ve > 0,

lim sup ———log PlIZll2g.r = V2T ((m 4 y +£)1/20 — £1/24)]

(56) T—o00 T
< —c(g)min(1, e A ((y + )12 — 1120 — C(q)A'/?9)2 .

For the denominator in (54), using (27), (28) and part 1 of Lemma 7, we get that

(57) liminf - / log P[| Zll2g.r = 2¥/2T"?461%4]) > —C(g)e!/1.

We have thus proved that Vo > 0, VA > 0, for Ve > 0,

1
hmsup P[IT >Ty]

T— 00
(58) 5a+C(q>sl/ff — ¢(g) min(1, x A%/?)
2
x ((v+e)!/2 —el/24 — C(q)A'2)2.

We send ¢ to zero and take o = A~2/4 to obtain that VA > 0,

%9 lim sup ——
T—o00 T4

We now choose A such that C(¢q)A'/% = %yl/zq. Yy >0,

PlIr =Tyl < A7 — c(q)(y/% — C(q) AV

1
(60)  limsup - PlIr > Ty] < < —c(q)"1 -y < —c(q)y"4

T—o00

for y=2/4 < yl/a /2 thatis, y > 2.
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