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The paper analyzes a model in surface growth where the uniqueness of
weak solutions seems to be out of reach. We prove existence of a weak martin-
gale solution satisfying energy inequalities and having the Markov property.
Furthermore, under nondegeneracy conditions on the noise, we establish that
any such solution is strong Feller and has a unique invariant measure.

1. Introduction. This paper deals with a model arising in the theory of growth
of surfaces, where an amorphous material is deposited in high vacuum on an
initially flat surface. Details on this model can be found in Raible, Linz and
Hiénggi [27] and Raible et al. [28] or Siegert and Plischke [30]. After rescaling
the equation reads

(1.1) h=—hyxxx = hex + (heDxx +1

with periodic boundary conditions on the interval [0, L] (i.e., # and all its deriva-
tives are L-periodic), where the noise 7 is white in space and time. One could also
think of 4 being defined on a circle of circumference L.

Periodic boundary conditions are the standard condition in these models. The
boundary is not considered to be important and L is very large. Sometimes the
model is considered also on the whole real line, even though we do not examine
this case. We remark that from a mathematical point of view Neumann or Dirichlet
boundary conditions are quite similar for the problem studied here. The key point
ensured by any of these boundary conditions is that there is a suitable cancellation
in the nonlinearity, namely

L
/ h(hxz)xx dx =0,
0

which is the main (and only) ingredient to derive useful a priori estimates.

The main terms are the dominant linear operator and the quadratic nonlinearity.
The linear instability —h,,, which leads to the formation of hills, is sometimes
neglected (as we shall do in the analysis of the long-time behavior in Section 5).
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For general surveys on surface growth processes and molecular beam epitaxy
see Barabdsi and Stanley [1] or Halpin-Healy and Zhang [21]. Recently the equa-
tion has also become a model for ion-sputtering, where a surface is eroded by an
ion-beam; see Cuerno and Barabasi [9], Castro et al. [7].

Sometimes one adds to the model an additional nonlinear term —h,> of
Kuramoto—Sivashinsky type, but in the present form the equation is mass con-
serving [i.e., fOL h(t, x)dx = 0]. This comes from the fact that (1.1) is considered
to be subject to a moving frame, which is a time-dependent coordinate system, that
takes into account the average growth of the surface due to the deposition process.

Known results on the model. Before stating the main results of the paper, we
give a short account of the previously known results concerning both the determin-
istic and the stochastic version of the model.

e If 7 = 0, then the equation has an absorbing set in L2, although the solution may
not be unique (Stein and Winkler [31]).

e There exists a unique local solution in L? ([0, 7), HYN 0, 7), H') for ini-
tial conditions in HY with y > 1 — % and p > 8 (see Blomker and Gugg [3]).

e There are stationary solutions that can be constructed as limit points of station-
ary solutions of Galerkin approximations (see Blomker and Hairer [6]).

e There are weak martingale solutions by means of the Galerkin approximation
(see Blomker and Gugg [4], Blomker, Gugg and Raible [5]).

The main problem of the model, which is shared by both the deterministic and
the stochastic approach, is the lack of uniqueness for weak solutions. This is very
similar to the celebrated Navier—Stokes equation. With this problem in mind, a
possible approach to analyze the model is to look for solutions with special prop-
erties, possibly with a physical meaning, such as the balance of energy—we shall
often refer to it as energy inequality—or the Markov property.

Main results. Here we use the method developed by Flandoli and Romito
[18-20] in order to establish the existence of weak solutions having the Markov
property. For the precise formulation of the concept of solution see Defini-
tions 2.2 and 2.5.

The method is essentially based on showing a multi-valued version of the
Markov property for sets of solutions and then applying a clever selection princi-
ple (Theorem 3.1). The original idea can be found in Krylov [24] (see also Stroock
and Varadhan [32], Chapter 12).

A key point in this analysis is the definition of weak martingale solutions. The
above-described procedure needs to handle solutions which incorporate all the nec-
essary bounds on the size of the process (solution to the SPDE) in different norms.
These bounds must be compatible with the underlying Markov structure. This jus-
tifies the extensive study of the energy inequality in Section 2.
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Once the existence of at least one Markov family of solutions is ensured, the
analysis of such solutions goes further. Indeed, the selection principle provides
a family of solutions whose dependence with respect to the initial conditions is
just measurability. By slightly restricting the set of initial conditions, this depen-
dence can be improved to continuity in the total variation norm (or strong Feller
in terms of the corresponding transition semigroup). In a few words, we show that
the smaller space #' (see the next section for its precise definition) is the natural
framework for the stochastic model.

Our last main result concerns the long-time behavior of the model. We are able
to show that any Markov solution has a unique invariant measure whose support
covers the whole state space. In principle the existence of stationary states has
been already proved by Blomker and Hairer [6]. Their results are not useful in
this framework, as we have a transition semigroup that depends on the generic
selection under analysis, which is in general not obtained by a suitable limit of
Galerkin approximations. In this way, our results are more powerful, as they apply
to every Markov solution. The price to pay is that the proof of existence of an
invariant measure is painfully long and technical (see Section 5).

We finally remark that, even though our results show that every Markov solu-
tion is strong Feller and converges to its own invariant measure, well-posedness is
still an open problem for this model and these results essentially do not improve
our knowledge on the problem. Even the invariant measures are different, as they
depend on different Markov semigroups.

A comparison with previous results on the Markov property. There are several
mathematical interests in this model, in comparison with the theory developed in
Flandoli and Romito [18-20] for the Navier—Stokes equations. Essentially, in this
model we have been able to find the natural space for the Markov dynamics, thus
showing the existence of the (unique) invariant measure. It is still an open problem
for the Navier—Stokes equations, in the framework of Markov selections, to find
a space that allows for both strong Feller and the existence of an invariant measure.

Another challenge of this model concerns the analysis of the energy inequality.
Here the physics of the model requires a noise white in time and space, while the
analysis developed in the above-cited papers has been based on a trace-class noise
with quite regular trajectories.

Finally, we remark that there is a different approach to handle the existence of
solutions with the Markov property, based on spectral Galerkin methods, which
has been developed by Da Prato and Debussche [10] (see also Debussche and
Odasso [14]) for the Navier—Stokes equations (no result with these techniques is
known for the model analyzed in this paper). Their methods are similar to [4—6].

Layout of the paper. The paper is organized as follows: In Section 2 we state
the martingale problem and define weak and energy solutions. We also give a few
restatements of the energy balance. We next show in Section 3 that there is at
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least one family of energy solutions with the Markov property. In Section 4 we
show that the transition semigroup associated with any such solution has the strong
Feller property. Existence and uniqueness of the invariant measure is then shown
in Section 5.

Finally, Sections 6 and 7 contain a few technical results that are used throughout
the paper. They have been confined to the last part of the paper to allow the reader
to focus on the main topics rather than on such details.

2. The martingale problem.

2.1. Notation and assumptions. Let D be the space of infinitely differen-
tiable L-periodic functions on R with zero mean in [0, L]. We work with periodic
boundary conditions on [0, L] and mean zero and we define for p € [1, oo]

L
LP = {heLP(O, L):/ h(x)dx:O}
0

with the standard L”-norms. For instance, | f ECZ = fOL f 2(x)dx and the scalar
product (f, g) ;2 = fOL fx)gx)dx.

Let A be the operator 83 on £ subject to periodic boundary conditions. The
leading linear operator in (1.1) is A = —AZ2. Let (ex)ken be the orthonormal basis
of L£2 given by the trigonometric functions sin(2mmx /L) and cos(2mmx /L) with
m € N, and let A be the eigenvalues of A such that

Aer = Apey.

Notice that A, ~ —k*.
Let @ : £2 — £2 be a bounded linear operator such that

Qe = ale, k eN,

so that @ is a nonnegative self-adjoint operator. This is sufficient to model all kinds
of spatially homogeneous Gaussian noise 7 such that

En(t,x)=0 and En(r,x)n(s,y) =350 —s)g(x —y),

where ¢ is the spatial correlation function (or distribution). Now @ = g, which
is the convolution operator with g. For details see Blomker [2] and the references
therein.

In a formal way we can rewrite (1.1) as an abstract stochastic evolution equation

dh = (Ah — Ah + B(h,h))dt +dW,

where W is a suitable @-Wiener process [for details see (2.2)], and B(u,v) =
—A(0xu - 050).

Let us finally comment on the spaces we are using. The Sobolev spaces F#”
for y € R are defined as the domains of fractional powers of 1 — A, which are
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equivalent to standard Sobolev spaces. See, for example, Henry [22], Pazy [26] or
Lunardi [25]. Here we use the explicit expansions of norms in terms of Fourier
series

FY = {u = Z(Xk@kl“xlléfy = ZO{]%(I _Xk)y/Z <Xg.
keN keN

This is equivalent to saying that #? consists of all functions 4 in HIZC(R) which

are L-periodic and satisfy fOL h(x)dx = 0. Furthermore, the standard HY ([0, L])-
norm, which is defined by fractional powers of the Laplacian, is an equivalent
norm on V. We also use the space

W= {u € H: |ulypra = |u| pa + |9u| p4 < 00},

Note that all usual Sobolev embeddings, such as # L0, L) or #% c wh4,
still hold. For a more detailed presentation we refer to Blomker, Gugg and
Raible [5], Section 2.

2.1.1. The underlying probability structure. Let = C([0, 00); #~*) and
let B be the o-algebra of Borel subsets of Q2. Let £:[0, 00) x Q — J~% be the
canonical process on 2, defined as &£(¢, w) = w(t).

Foreacht >0, let B; =o[£(s):0 < s <t] be the o-field of events up to time ¢
and B’ = o[£(s):s > t] be the o-field of events after time ¢. The o-field B, can
be seen as the Borel o -field of §; = C ([0, t]; #~*) and, similarly, 8 as the Borel
o-field of Q' = C ([, 0o]; ). Notice that both €2, and € can be seen as Borel
subsets of 2 (by restriction to corresponding sub-intervals). Define finally the for-
ward shift ®;:Q — Q' as

2.1 O (w)(s) =w(s —1), s>t.

Given a probability measure P on (2, 8) and ¢ > 0, we shall denote by w
Plg :Q— Q' aregular conditional probability distribution of P given B;. Notice
that €2 is a Polish space and 8B; is countably generated, so a regular conditional
probability distribution does exist and is unique, up to P-null sets.

In particular, P|% [ :&(t,0)=w(t)]=1and,if A € B, and B € B, then

P[AN B] Z/Amggt[mp(dw).

One can see the probability measures (P|%t)wegz as measures on £ such that
P|g [0 € Q:0'(s) = w(s), forall s € [0,7]] = 1 for all  in a B,-measurable
P-full set. We finally define the reconstruction of probability measures (details on
this can be found in Stroock and Varadhan [32], Chapter 6).

DEFINITION 2.1. Given a probability measure P on (2, 8), t > 0 and a
B;-measurable map Q:Q — Pr(Q’) such that Q,[& = w ()] =1 for all w € Q,
P ®; Q is the unique probability measure on (2, 8) such that:
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1. P ®; Q agrees with P on B;.
2. (Qw)weg is aregular conditional probability distribution of P ®; Q, given B;.

2.2. Solutions to the martingale problem.

DEFINITION 2.2 (Weak martingale solution). Given g € Pr(L£?%),a probabil-
ity measure P on (2, 8B) is a solution, starting at (g, to the martingale problem
associated to (1.1) if:

[W1] P[LZ.([0,00); #DH]=1,

[W2] forevery ¢ € D, the process (M;p, B:, P)i>0, defined P-a.s. on (2, B)
as

t
MY = (6(1) — £(0). @) g2 + /0 (E(5), Prxx + xa) g2 ds +

t
0

- f (€ ()2, xx) g2 ds

2

is a Brownian motion with variance t|é‘21/2<p|£2,

[W3] the marginal at time O of P is ug.

REMARK 2.3. It is not difficult to prove that the definition of a weak mar-
tingale solution given above coincides with the usual definition given in terms of
the existence of an underlying probability space and a Wiener process. This equiv-
alence is proved in Flandoli [16] for the Navier—Stokes equations and one can
proceed similarly in this case.

Define, for every k € N, the process S (t) = iMfk (and Bx = 0 if o = 0).
Under any weak martingale solution P, the (B;)xeN are a sequence of independent
one-dimensional standard Brownian motions.

Similarly, the process

2.2) W) =) aBr(t)ex

is, under any weak martingale solution P, a @-Wiener process and the process'

23) Z0 =Y a [ Mo

keN

IThe process Z can be equivalently defined as
LA
Z(t, 0) = W(t, ®) +/0 A=W (s, w)ds.

The process Z is thus defined, in some sense, path-wise. Note that stochastic integrals usually only
have versions (or modification) that are continuous in time. But we sometimes need an explicitly
definition of Z as a map from 2 — 2. Thus a version of the process cannot be used.
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is the associated Ornstein—Uhlenbeck process starting at 0. As the B; are i.i.d.
Brownian motions and the e; are an orthonormal system in L2 the sum above is
convergent in L*(2, £2?) (see, e.g., Da Prato and Zabczyk [12]).

Notice that, obviously, Z and W are random variables on 2. In the following
lemma we summarize all the regularity results for Z that we shall use throughout
the paper.

LEMMA 2.4. Given a weak martingale solution P, let Z be the process de-
fined in (2.3).

1. Forevery p>1land T >0, Z € LP(Q2 x (0,T); 'Wl’4). Moreover for some
A >0,

1 T
sup —EP |:/ exp{MZ(t)l%WA}dt] < Q.
T>0 T 0

2. Forevery p>1andy €10, %), Z e LP(2; L2 ([0, 00), H7)).

loc
3. Z is P-a.s. weakly continuous with values in #?, for every y € [0, %).

PROOF. Statements (1) and (2) are proved, respectively, in Lemmas 6.2
and 6.3 of Section 6. The last statement follows from (2) and the continuity in
time of Z in # 4, due to the fact that Z is defined on Q. O

DEFINITION 2.5 (Energy martingale solution). Given g € Pr(L32), a proba-

bility measure P on (2, 8B) is an energy martingale solution to (1.1) starting at p1q
if:

[E1] P is a weak martingale solution starting at g,

[E2] P[V € L{.(I0, 00); £2) N L, ([0, 00); #2)] =1,

loc loc
[E3] there is a set Tp C (0, 00) of null Lebesgue measure such that for all

s¢Tpandallt >s,
Pl&((V,Z) <&V, Z2)] =1,

where V (¢, w) = &(t, w) — Z(t, w), for t > 0, and the energy functional & is defined
as

&, 2) =)
t
+/0 (|Uxx|352 - |Ux|352 — (v, Zx>£2 — (Quxzy + (Zx)z, Uxx>£2)ds
forv e L®([0, t]; LHNLA([0, t]; #2) and z € L*([0, 1]; WHHNL>([0, t]; H1).

REMARK 2.6 (The equation for V). Let P be an energy martingale solution.
Then it is easy to see that, by definition, M{ = (W(t), @) p2 for all ¢ € D>. More-
over,

t
(Z(1), ¢) e +/0 (Z(5), Oxxxx) p2ds = (W (1), ¢) 2
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and thus
t
(V) —£(0), <P>£2 +/(; ((Vv Orxxx T (/’xx>£2 +{Z—(Vx + Zx)zv (/’xx>£2) ds =0
or, in other words, V is a weak solution (i.e., in the sense of distributions) to the
equation,
V + Vxxxx + Vxx + Zxx = [(Vx + Zx)z]xx’
with an initial condition V (0) = £(0).

REMARK 2.7 (Finiteness of the energy). Given an energy martingale solu-
tion P, we aim to show that, under P, the energy &; is almost surely finite. In-
deed, by [E2], it follows that V(¢) is P-a.s. weakly continuous in L2 (see, e.g.,
Lemma 3.1.4 of Temam [33]), and so the function |V (¢) ECZ is defined point-wise
in the energy estimate. Similarly, the other terms are also P-a.s. finite by [E2] and
the regularity properties of Z under P (see Lemma 2.4).

REMARK 2.8 (Measurability of the energy and equivalent formulations). This
last remark is concerned with the measurability issues related to the energy in-
equality and with some equivalent formulations of property [E3] of the above de-
finition. We first prove in the next lemma that property [E3] is quite strong and
that, in a sense that will be clarified below, the energy inequality is an intrinsic
property of the solution to the original problem (1.1), and does not depend on the
splitting V 4 Z. A similar result was proved in Romito [29] for the Navier—Stokes
equations. We then show measurability of the energy balance functional and give
some equivalent formulations of the energy inequality.

Before stating the lemma, we introduce some notation. Let zo € #'and o >0,
and let Z = Z, .zo be the solution to

(2.4) Z=-Zuw—aZ+n,  ZO)=z
The process Zis given by 7 = Z +w, where w solves the (deterministic) problem
(2.5) W= —Wyyxy —CW—Z, w(0) = zo

and so it is well deﬁned P-as., for every martingale solution P. Define suitably
V="V, as V=¢—Z Itfollows that V — V = w and V solves

(2.6) V + Vxxxx + ‘7xx =aZ - Zxx + [(‘7)( + Zx)z]xx
The corresponding energy functional is given by

t
1 2 2 2
6%(v,2) = L)% +/0 (o Ps = 02 — (v, 2) 2

(U)h Zx) (2Uxe +(Zx) Uxx)ccz) ds

and in particular £° = &,.
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LEMMA 2.9. Let P be an energy martingale solution, then for every zo € #'
and o > 0,

(2.7 PIEX(V,Z)<€%(V,Z)]=1

for almost every s > 0 (including s = 0) and every t > s, where V., Z have been
defined above.

PROOF.  The proof works as in [29], Theorem 2.8, and we give just a sketch.
Since V =V — w, it follows that

V)% = VO + lw®) % — 2V (), w) g2

and, since by assumptions the energy inequality holds for V, it is sufficient to
prove a balance equality for w and (V(¢), w(¢)) p2. Indeed, it is easy to show by
regularization that

t ~
(2.8) w3 +/ (Iwex %2 + 0 (Z, w) p2) dr = 3w () %0,
)

P-as. for all s > 0 and ¢ > s. We only need to show that for almost all s > 0 and
t>s,

(V(©), w®)) 2 = (V(s), wis)) 2

t t ~
(2.9) :_2/ (Vxx,wxx)£zdr+/ (wy, Vi + Zy) o dr
S S

r t -
= —Ol/ (V, Z)£2 dr +/ (Wyx, (Vi + Zx)2>£2 dr.
S S

We sketch the proof of the above formula. Since we know that almost surely
V e L2.([0,00); £3) N LE ([0, 00); #2), it follows by Lemma 6.5 of Sec-
tion 6 that V € leoc([O, 00); H~3). Moreover, we know that zg € #! and Z, €
Lf'oc([O, 00): L) and so it is easy to see (by writing the energy balance for |w, |§C2)
that w € L ([0, 00); #3), hence w € L ([0, 00); #~2). By slightly adapting
Lemma 1.2 of Temam [33], Section 3, this implies that (V, w) z> is differentiable
in time with derivative (V, w) g3 903 T (W, V) g2 502. Integration by parts then
gives (2.9).
Finally, [E3], (2.8) and (2.9) together provide (2.7). O

PROPOSITION 2.10. Given zg € H' and o > 0, denote by V and 7 the
processes defined above corresponding to zo and o. Then the map (t,w) €
[0, 00) X Q= &X(V(w), Z(w)) is progressively measurable and:

(i) For all 0 <s <1, the sets Ey(z0,a) = (§%(V,Z) < €%(V, Z)} are
B;-measurable.
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(i) Forallt > 0, the sets
E(z0,a) = (8%(V,Z) < €%(V, Z) for a.e. s <t (including 0)}

are B;-measurable.
(ii1) The set

E(z0,a) = RN{EX(V,Z) < &%(V,Z) for a.e. s > 0 (including 0), all t > s}
is B-measurable, where

R={Z e L} ([0,00); W'#), V e L.([0, 00); £2) N LE ([0, 00); #2)).

loc

Moreover, given an energy martingale solution P, property [E3] is equivalent to
each of the following:

[E3a] There are zo € #' and o > 0 such that for each t > 0 there is a set
T C (0,1] of null Lebesgue measure and P[E; ;(zo, )] =1 foralls ¢ T.

[E3b] There are zo € #' and a > 0 such that for each t > 0, P[E;(z0,®)] = 1.

[E3c] There are 7o € #' and a > 0 such that P[E (z9, )] = 1.

PROOF. Measurability of the map &% follows from the semi-continuity prop-
erties of the various terms of &% with respect to the topology of Q2 (see also
Lemma 2.1 of Flandoli and Romito [19]).

The measurability of each Ej ;(zo, o) now follows easily from measurability of
the map . As it regards (ii), fix # > 0 and notice that the Borel o -algebra of the
interval (0, ¢) is countably generated, so that if 7; is a countable basis,

z ~ ~ ~ ~
E/(z0.0) = En sz, @) 0 ) {f 17(5) (6(V. 2) — 64(V, 2)) ds < 0}
TeT; 0
and all sets {fj 17(s)(€*(V, Z) — §%(V, Z))ds < 0} are B,-measurable by the
measurability of §¢.
We next show (iii). Let J C [0, 0co) be a countable dense subset and define

R ={Z e L} ([0,1); W'*), V € L0, 1; £2) N L0, 1; #?)}

(notice that the regularity of Z and V implies that of 1% and 2~), then R, € B; and,
by the lower semi-continuity of the various terms of &*(V, Z) — &X(V, Z) with
respect to ¢, it follows that

E(z0, @) = [ (R N E;(20, @))
teJ

is B-measurable. The last statement of the lemma is now obvious from the above
equalities, property [E2] and Lemma 2.4. [
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3. Existence of Markov solutions. This section is devoted to the existence of
Markov solutions for (1.1). With such an aim, define for each x € £2,

C(x) ={P: P is an energy martingale solution starting at §}.

We state the main theorem of this part.

THEOREM 3.1. There exists a family (Py)c 2 of probability measures on
(Q2, B) such that for each x € L?, Py is an energy martingale solution with initial
distribution 8y, and the a.s. Markov property holds: There is a set Tp C (0, 00)
with null Lebesgue measure such that for all s ¢ Tp, all t > s and all bounded
measurable ¢ : L2 — R,

EP[¢ (&) B:]1 =E % [¢(&-,)].

PROOF. We use the method developed in Flandoli and Romito [19] (cf. The-
orem 2.8). It is sufficient to show that the family (C(x)),. 2 defined above is an
a.s. pre-Markov family. We recall now the various properties of an a.s. pre-Markov
family, which we need to verify in order to prove the theorem (see also Defini-
tion 2.5 of Flandoli and Romito [19]).

1. Each C(x) is nonempty, compact and convex, and the map x — C(x) is mea-
surable with respect to the Borel o-fields of the space of compact subsets of
Pr(2) (endowed with the Hausdorff measure).

2. For each x € £? and all P € C(x), P[C([0, 00); £2,.,)] = 1, where L2, is
the space £2 with the weak topology.

3. For each x € £2 and P € C(x) there is a set T C (0, 00) with null Lebesgue
measure, such that for all # ¢ T the following properties hold:

(a) (Disintegration). There exists N € B; with P(N) = 0 such that for all
wé¢N

w(t)eL? and Pl € PC(w(1)).

(b) (Reconstruction). For each B;-measurable map w — Q,:Q — Pr(Q’)
such that there is N € B; with P(N) =0 and for all w ¢ N

w)eL? and Q, € ?C(w()),
we have that P ®; Q € C(x).

The validity of these properties is verified in the following lemmas. Properties (1)
and (2) are proved in Lemmas 3.3 and 3.4, while Lemmas 3.5 and 3.6 show disin-
tegration and reconstruction, respectively. [
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3.1. The core lemmas for the proof of Theorem 3.1. This section contains the
key results used in the proof of Theorem 3.1. To this aim, we first state a tightness
result for sequences of energy martingale solutions that we shall use in the proof
of the core lemmas. The proof of this theorem (restated as Theorem 6.7) is given
in Section 6.

THEOREM 3.2. Let (Py)neN be a family of energy martingale solutions with
each P, starting in |, and

/z[log(|x|£z + DIun(dx) <K foralln e N
£L
for some k >0 and K > 0. Then (Py),eN is tight on 2N L?([0, 00), #1).

Furthermore, there is a constant depending only on T > 0, zo € #!, K > 0,
and k > 0, such that

T K
(3.1) EP"[log(l—i—/o Ifx(s)lfczdsﬂ <cC,

Er [log(l +/T |Vxx(s)|22ds>]K
0 L

K
+Ep,,[ sup log(l—I—IV(t)Isz)} <cC.
t€[0,T]

3.2)

LEMMA 3.3 (Continuity lemma). For each x € L2, the set C(x) is nonempty,
convex and for all P € C(x),

P[C([0, 00); L2, 5] = 1.

PROOF. Existence of weak martingale mild solutions is proved in Blomker
and Gugg [3], using standard spectral Galerkin methods. This is similar to
Lemma 3.4.

By Remark 2.3, this implies existence of weak martingale solutions according
to Definition 2.2. In order to prove the energy inequality of Definition 2.5, one
can proceed as in the next lemma (where it is proved in a slightly more general
situation).

Next, it is easy to show that C(x) is convex, since all requirements of both
Definitions 2.2 and 2.5 are linear with respect to measures P € C(x). Finally, if
P € C(x), we know by statement (3) of Lemma 2.4 that, under P, the process Z is
weakly continuous. Moreover, by property [E2] of Definition 2.5, V is also weakly
continuous and, in conclusion, C ([0, c0); QC%VCak) is a full set. O

LEMMA 3.4 (Compactness lemma). Foreach x € L2, the set C(x) is compact
and the map x +— C(x) is Borel measurable.
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PROOF. Following Lemma 12.1.8 of Stroock and Varadhan [32], it is suffi-
cient to prove that for each sequence (x,),eN converging to x in £2 and for each
P, € C(x,), the sequence (P,),eN has a limit point P, with respect to weak con-
vergence of measures, in C(x).

Let x, — x in £2 and let P, € C(x,). By Theorem 3.2, (P,)neN is tight on
QN leoc([O, 00); #'). Hence, up to a sub-sequence that we keep denoting by
(Pp)neN, it follows that P, — P, for some P. To complete the proof it remains to
show that P € C(x). Therefore, we need to verify that the limit point P satisfies
properties [W1], [W2] and [W3] of Definition 2.2 and properties [E2] and [E3] of
Definition 2.5.

We start by proving [W2] for P. Given ¢ € D>, we know that for each n € N
the process (|é‘21/ 2<p|£%M,‘p , B, Pn)r=0 1s a one-dimensional standard Brownian
motion. Now, since P, — P and M?, as a function from £ with values in
C ([0, 00); R), is continuous, it follows that M ¥ has the law of a standard Brown-
ian motion under P. Indeed, continuity of M? allows it to pass to the limit in the
characteristic functions. Since moreover M? is adapted and has continuous paths,
we can conclude that (]Q/ 2¢|£%Mf’ , B, P)s>0 is a standard Brownian motion.

Property [W3] is obvious, since the marginals of P, at time 0 converge, by
assumption, to both 4§, and the marginal of P at time O, hence they coincide and P
is started at .

Before proving the other properties (namely, [W1], [E2] and [E3]) for P, we
need to make the following statement, which will be crucial for the conclusion of
the proof. By using the tightness from Theorem 3.2 with K = log(1 + |x|?cz)",
the boundedness of the stochastic convolution in Lllfc/ 3([O, 00); Wh4) from state-
ment (1) of Lemma 2.4, and the classical Skorokhod theorem (see, e.g., Ikeda and
Watanabe [23]), we know that there exists a probability space (2, ¥, [P) and ran-
dom variables (b, z("), cn and (A%, 7(>)), .n such that:

1. Each (b, z™) has the same law of (£, Z) under P,,
2. (™ 7z(%)) has the same law of (¢, Z) under P,
3. AW — h>) in QN L ([0, 00); #1), P-as.,

4. 7MW — 7 in L1630, T; W4), P-ass.
In particular, v® = p™ _ 7™ hag the same law of V under P, (and so is for
v(®) = (%) _ 7(%) and V under P).

In the rest of the proof we shall verify properties [W1], [E2] and [E3] on the
processes (h(®), z(°)) . Since they have the same law as (£, Z) under P (as stated
above), we shall conclude that these properties hold for P.

In order to prove [W1], it is sufficient to show that

PR 20 7291, > K] =0 as K $ oo forall T > 0.

By (3.1), we know that Ep[log(l + fOT Ih(")lit,, ds)] < Cr, so that Fatou’s lemma
implies a similar estimate for #(>) and Chebyshev inequality gives the result.
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One can proceed similarly to prove [E2], using (3.2) and the fact that norms in
L>®(0, T; L£%) and in L?(0, T; #?) are lower semi-continuous with respect to the
topology where v — v(®),

In order to prove [E3], we show that property [E3a] (with zg = 0 and o = 0) of
Proposition 2.10 holds true. Fix ¢ > 0. Before proving [E3a], we state two useful
remarks.

The first useful fact is that v™ converges weakly in L2(0,1; #2) to v,
Indeed, we can use [E3], applied to each v®  and the bounds of z® in the
space Lllfc/ 3([O, 00); Wh4), ensured by statement (1) of Lemma 2.4, and in
L ([0, 00); F1), ensured by statement (2) of Lemma 2.4, to show that W™),eN
is bounded in L%(0, t; J(’Z), P-a.s. The bound follows from an inequality for each
v™ which can be obtained from the energy inequality in the same way as (6.1)
in Lemma 6.6. It follows then that v™ — p(®) in L2(O, t; H 2), since we already
know that v™ converges to v in L2(0, 1; #¢1).

A second useful fact is that there is a null Lebesgue set S C (0, ¢] such that for
all s ¢ S,

(3.3) PHU(”/) ()| 2 = }v((’o) (s)| g2 for a subsequence v<"/)] =1.

Note that this does not imply a.s. convergence for a subsequence, as the subse-
quence may dependon o € Z.
To prove (3.3) note that v™ — v® P-as. in L2(0, t; £2), and so

1 t
EP[log<1 + ;/ l®™ — v(°°)|iz ds)] — 0.
0

This follows from uniform bounds on higher moments from (3.2) with « > 1. By
the Jensen inequality,

1t L
EP[;/ log(1 + [v™ — v(oo)}iz)ds} < Ep[log(l + ;/ o™ — v(°°)|iz ds>:|
0 0

and so there are a set S C (0, t] [notice t/hat 0 ¢ § since we already know that
v®(0) — v(®(0)] and a subsequence v™) such that

EF[log(1 4 [v™)(s) — v (5)];2)] =0  foralls ¢S.

From this claim (3.3) now easily follows, possibly by taking a further sub-sequence
depending on o € X.

We are now able to prove [E3a] for P (with zo =0 and o = 0). We know that
for each n € N there is a null Lebesgue set 7,, C (0, ¢] such that PL&, (v™, z(M) <
& W™, zM)] =1, for all s ¢ T, Let T =SUJT, and consider s ¢ T, so that
&M, 7MWy < g,(v™, z™) holds P-a.s. for all n € N.

Now we can use all the convergence information we have collected. Recall
that for v we have (3.3), strong convergence in L? (0, T; #") and weak con-

loc
vergence in LIZOC([O, 00); sz). Furthermore, for z we can rely on strong con-

vergence in Lll(?c/3([0, 00): W4 and boundedness in L% ([0, 00); H). Actually,
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p
loc

p = 16/3 is sufficient to control cubic terms like fot (v)(ffc), (Z;(C"))z) £2- See also the
proof of Lemma 6.6, where these terms are bounded. For simplicity of presenta-
tion, we omit the technical detail of this analysis, which is similar to [5], where
convergence of statistical quantities similar to the energy for the spectral Galerkin
approximation were studied, and we are able to pass to the limit n — oo in the
energy.

In conclusion P[&, (v(*), z(>)) < g,(v>), N =1. O

strong convergence of z™ in any L’ ([0, 00); W!* is true, but in the analysis

Before stating the next two lemmas (which contain the multi-valued form of
the Markov property), we need to analyze what happens to processes W, Z and V
under the action of the forward shift ®;, for a given 7y > 0. First, given s > 0 and
z0 € H!, denote by Z(t, -|s, zo) the Ornstein—Uhlenbeck process starting in z¢ at
time s, namely

t
Z(t, 15,200 =M V20 + > o f =M 4By (r)ey.
S

In particular, we have that Z(z, |0, 0) = Z(t, -). Set moreover V (¢, -|s,z0) =& —
Z(t,-|s, zo). Now, from [W2] and (2.2) it is easy to verify that, for all w € Q,

W(t, @' (@) = Wt + 10, 0) — W(to, )
and it depends only on the values of w in [#g, fo + ¢]. Similarly,

Z(@;, ! (@), 115, 20) = Z(w, 1 + tols + 10, 20),
3.4)
V(@ (). 1]5.20) = V(.1 + to]s + 0. 20).-

LEMMA 3.5 (Disintegration lemma). For every x € L2 and P € C(x), there
is a set T C (0, 00), with null Lebesgue measure, such that for all t ¢ T there is
N € 8B;, with P[N]=0, such that for all w ¢ N,

w(t) e L£L> and Py € ®C(w(1)).

PROOF. Fix x € £2 and P € C(x), let Tp be the set of exceptional times
of P, as given by [E3] of Definition 2.5, and fix ¢y ¢ Tp. Let (Pli%’to)weﬂ be a

regular conditional probability distribution of P given 8B;,. We aim to show that
there is a P-null set N € By, such that w(t) € L2 and P|%t0 € &, C(w(ty)) for
all w ¢ N. In order to prove that P |f_%[0 € ®;,C(w(tp)), we need to find the P-null
set N and verify that P|f_%t0 satisfies properties [E1] (hence [W1], [W2] and [W3]

of Definition 2.2), [E2] and [E3] of Definition 2.5. We shall find the null set N as
N = Ng1] U Ng2) U N[g3), where Njgpj is the P-null set such that [E1] holds for
P|%t0 for all @ ¢ Ng1}, and similarly for N[g2), N[g3).
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The proof of property [E1] for the conditional distributions P|f‘_7’3[0 is entirely
similar to Lemma 4.4 of Flandoli and Romito [19], so we shall focus on the proof
of properties [E2] and [E3].

We start by [E2]. We need to show that P|%IO[V(-, <I>,;1(-)) € S0,00)] =1 or,
equivalently, by (3.4), that P|f_%,t0[V(-, ‘120, 0) € S[1y,00)] = 1, where we have set,

for brevity, S; = L.(J; £L2) N LE (J; #?), for any interval J C [0, 00). Set

loc

35) Reg,, = {V € S10,10] and eA[Z(t(), XS S[opo)},
RegtO = {V(’ |t0’ 0) € S[l‘(),OO)}a

then Reg,, € By, and Reg € B, since by definition V and Z are adapted. More-
over, since V(t + ty, w) = V(¢ + 19, w|tg, 0) — e Z (1, w), it follows from [E2]

for P, statement (2) of Lemma 2.4 and the regularity properties of the semi-
group e/, that Reg,, N Reg" is a P-full set and so, by disintegration,

= PIReg, NReg"] = [ Pl [Reg"]P(dw).
Reg[o 0
Thus, there is a P-null set N[g2) € By, such that P I%to [Reg™] =1 for all w ¢ Nig2)
and [E2] for the conditional probabilities is true.

Next, we prove [E3] for the conditional probabilities. Indeed, it is sufficient to

verify condition [E3c] of Proposition 2.10. Set
A={&((V,Z) <&V, Z)fora.e.s >0 (including 0, 1y), all r > s},

Ay =1{&(V,Z2) <&V, Z) forae.s €0, 1] (including 0, 79), all # € [s, 7o},
where, for the sake of simplicity, in the definitions of the above sets we have
omitted the information on regularity for V and Z, which are essential to en-
sure measurability (cf. with Proposition 2.10). They can be treated as in the proof
of [E2] above. We have A,, € B, and P[A] = P[A,] =1, since ty ¢ Tp. Now, if

weA,N{ZecH 1} [which is again a P-full set by statement (2) of Lemma 2.4],
set

B(@w)=AN{w:w=won [0, ]}
and notice that, for such @, B(w) is equal to
{86:(Vw, Zg) < &;(Vg, Zg) for a.e. s > 1y (including 1p), all £ > s},

since V(t + 19, w) = V(t + 19, w|ty, Z(ty, w)) (a similar relation holds for Z as
well), and we have set Vg (1) = V (:|tg, Z(ty, w)) and Zz() = Z(-|ty, Z(ty, ®)).
Moreover, the map

w— lAtOm{Zeﬂ1}(a))P |‘j§to [B(w)]
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is By -measurable, since P|$0[B(a)) P|a’ ] forall w e Ay, N{Z € H11.
Now, by [E3c] for P (with zo =0 and « = 0) and d1s1ntegrat10n

1= P[A]=E" (14, n(zesen )Pl [BOI]

and so there is N[g3] € 8By, such that P| £IO[B(a))] =1 for all w ¢ Ng3) or, in
different words, such that [E3c] holds [with zg = Z(#, ) and a = 0] for P|f_%t0
for all w ¢ N[E3]. O

LEMMA 3.6 (Reconstruction lemma). For every x € £2 and P € C(x), there
is a set T C (0,00), with null Lebesgue measure, such that for each t ¢ T, for
each B;-measurable map w — Q,,: Q2 — Pr(Q") such that there is N € B; with
P[N]1=0, and for all ® ¢ N with

o) e L and Qg€ ©,C(w (1)),
we have P ®; Q € C(x).

PROOF. Letx € £2, P € C(x), Tp be the set of exceptional times of P and
fix 1o ¢ Tp. Let (Quw)wen be a By,-measurable map and Np a P-null set such
that w(fo) € L£2 and Q,, € ®;,C(w(tp)) for all w ¢ Ng. In order to verify that
P ®;, O € C(x), we only check properties [E2] and [E3], since the proof of [E1]
can be carried on as in Flandoli and Romito [19], Lemma 4.5.

We start by [E2]. Consider again sets Reg,, € 8B;, and Reg® € B de-
fined in (3.5) and notice that, by [E2] for Q,, for each w ¢ Ny we have that
Q,[Reg™] = 1. Moreover, by [E2] for P, statement (2) of Lemma 2.4 and the reg-
ularity properties of the semigroup e4’, it follows that P[Reg,,] = 1. Finally, since
we know that V (t + 19, w) = V (t + 1o, wlto, 0) — e Z (1, w), it follows easily that
Reg,, N Reg" = {V € Sjp,00)} and so

(P @i Q)[V € S[0,00)] = (P ®, @)[Reg,, N Reg”]

= 0,[Reg"1P(dw) = 1.
Regto

We next prove [E3]. Again, we prove it by means of [E3c], thanks to Propo-
sition 2.10. Define A and A, as in the proof of the previous lemma (the regu-
larity conditions on Z and V are again omitted). Since to ¢ Tp and A, € By,
we know that (P ®; O)[A,] = P[A;] = 1. Moreover, by statement (2) of
Lemma 2.4, there is a P-null set N € By, such that Z(7y, w) € H! for all ¢ N.
For each w ¢ N, define B(w) = A N {w:w = won [0, tp]} and notice that, if
w € Aiy N (N N Np)¢ [which is again a 8B;,-measurable (P ®;, Q)-full set], then
by [E3c] [with zg = Z(#p, ®) and o = 0] for Q,, it follows that Q,[B(w)] = 1.
The map w — 1 AIOQ(NQNQ)c(a)) Oul[B(w)] is then trivially 8B;,-measurable and
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equal to 1, P-a.s. Moreover, we have that Q,[A] = Qu[B(w)] =1 for all w €
Ay N(N N Np)© and so

(P @1 Q)A]= EP[IA,Om(NmNQ)vQ.[B(~)]] = P[A; N(NNNg)]=1.
In conclusion, [E3c] (with zg = 0 and a = 0) holds true for P ®,, Q. U

4. The strong Feller property. Throughout this section we shall assume that
the noise is nondegenerate. This is summarized by the following assumption:

ASSUMPTION 4.1. The operator @~ !/2 is bounded, where @ is the covari-
ance of the noise. In other words,
o >6>0
for some constant §, where a,f are the eigenvalues of @.
THEOREM 4.2. Under the above assumption, any a.s. Markov family

(Py)cp2 Of energy martingale solutions defines a Markov semigroup that has
the #'-strong Feller property.

PROOF. We mainly rely on [19, 20]. Let (Py) .2 be an a.s. Markov fam-
ily of energy martingale solution and denote by (5 );>0 the corresponding (a.s.)
semigroup generated by P,. Then the claim follows from the following lemma:

LEMMA 4.3. There is an € = €(|g| 1, R) — 0 for g — 0 such that

4.1) |Pep(x + 8) — Pe(x)| < Clg| g1 1og(1/[g] 1)
forall |gl;p <1,all p € L®(HY) with |@leoe <1, and all |x| 301 < R/4 for some
sufficiently large R.

With this lemma at hand, we define for ¢ € L% (#') with |¢|s~ =1 and g
(i.e., €) sufficiently small g, = Py_@ € L (#1) with |@4| poo < 1. Thus

|Prp(x +h) — Pro(x)] < |Pe@s(x + 8) — Peps(x)]
4.2)

< Clgl g1 1og(1/18]51)-

This implies strong Feller for #;. U

Following the arguments of [19, 20] it is enough to prove strong Feller for the
following regularized problem:

(4.3) Oh = —hyxxx + (=1 + (h)?)  xp (R0 + 0 W,



MARKOVIANITY AND ERGODICITY FOR A SURFACE GROWTH PDE 293

where x, € C* is a cut-off function such that x, =1 on [0, p?] and Xxp =0 on
[2p2, 00). For all £ > 0 we have

Xo (Ol =1, X, () < Cp2,
Xp (@GP < CpPL [x, (@DEP| < CpP 2

Let Px(p ) be the (unique) Markov energy martingale solution of the regularized
problem (4.3). This is well defined, as we can solve (4.3) path-wise. The mild
solution of (4.3) is given by

(4.4) h(t) = ' *h(0) — /O t 32" (h(s))ds + Z(1),
where Z has been defined in (2.3) and
F(h) = (—=h + (7)) xp (1 5p0).-
Using the embedding of L' into H~'** for y € (0, %), we can easily check that
|F(h1) — F(h2)|g-1+4y < Cplhy — h2l g,
|F(h)| 143y < Cp+ pP).

Now uniqueness for (4.3) in C9([0, 00), #1) follows from standard path-wise
fixed point arguments. The proof is straightforward as we can rely on one hand
on F being Lipschitz and bounded. On the other hand ¢’4 generates an analytic
semigroup such that

(4.5)

e 2wl < |wlg  and 92wz < M(14 177 w] gp-144y

(see, e.g., Henry [22], Pazy [26] or Lunardi [25]).
Next, define

(4.6) 1, =I1nf{r > 0: solution of (4.3) is bounded in H' on [0, ] by p}.

Thus the solution of the regularized problem coincides with the energy solution up
to 7, and in view of (4.1) we have
47 |Pep(x + &) — Pe(x)| < 2(Prltp < €]+ Priglty <€])

+[2P0(x + ) = PP o)),

where £ () is the semigroup generated by (4.3) or (4.4), respectively.
In order to prove Lemma 4.3 we need the following two lemmas:

LEMMA 4.4. Thereis a p > 1 sufficiently large, such that for p > 1 andt < 1
C
27+ ) = 27 p(0)] < Ihl e

forallx,g e #'.
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LEMMA 4.5.  There is a small constant ¢ depending on y, and M such that
forall p>1, € € (0, 1], ho such that |hg| 5o1 < p/4+ 1, we have

P ltp > €l > Pgo[ sup |Z(t)| 51 < p/4}
]

t€[0,e

forall e < Cr,o_z/”.
Using arguments analogous to [20], Proposition 15, we immediately obtain:

COROLLARY 4.6.  There are two constants ¢, C > 0 depending on 'y and M
such that for all p > 1, € € (0, 11, ho such that |ho| 301 < p/4 + 1, we have

Py [t =€l < Ce /e
foralle <c.p~?7.

PROOF OF LEMMA 4.3. For g, x € #! such that |x| 41 < p/4 and |g|z1 <1,
we can apply Corollary 4.6 for ho = x and hg = x + g. From (4.7) together with
Lemma 4.4 and the embedding of #! into #~! for € < min{l, c,p~ %7}, p >
max{4|x|g, 1}, t <1,

1 ,
(4.8) [Pep( + 8) = Pep ()] < Ce™ 7 4 Clgl e
Thus, if we fix for a suitable constant C > 0
C
e:min{l;m} for some g > max{p,2/y},
H

then we obtain

|Pep(x + &) = Pep(x)| = Clglger In(1/[g] 5¢1). O

The remainder of the section is devoted to the proof of the two remaining lem-
mas.

PROOF OF LEMMA 4.5. First from (4.4) forz <1
~ ~ t ~
[h ()] g1 < |h(0)] gp1 + C/O (t —s)V_llF(h)Iﬂ—1+4y ds +Z(t)| g
Thus from (4.5) for r <min{l, 7,} and p > 1

(R() 01 < p/4+ CTY P +Z(1)] g1

which easily implies the claim. [J
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PROOF OF LEMMA 4.4. We proceed in a manner analogous to the proof
of [12], Proposition 5.13. For every x € F1, let h(z, x) be the solution to (4.3)
with 2(0, x) = x. By the Bismut, Elworthy and Li formula,

1.7 ~ ' -
Dy (PP ) (x) = ?E[w(h(t,x))/o (@lDyh(s,x),dW(s))£2:|.

Now the Burkholder, Davis and Gundy inequality states

P T 5 p/2
E sup §CE</ Q! f(t)|£2dt>
0

1€[0,T]
and thus, for |p|s <1,

(P 0)(x +8) — (P 0) (x)]
C ' N 1/2
< — sup IE[(/ |@—1/2Dgh(s,x+ng)lfﬁzds> }
nel0,1] 0
Now ¥ (1) = Dgh(t, x + ng) with ¥ (0) = ng solves
(4.10) Y = —Vrxxx + 2 DF(W)[Y]
with
DF(W[Y]= = + 2h) xo (7150 — 28 + (h)?) 3, (R 50 (R ) ger
The following arguments are only formal, but as we are working with unique

solutions they can all be made rigorous by Galerkin approximations. Multiply-
ing (4.10) with (-, V) 51 yields for p > 1

LW s + 130 < IDF(YT] o1 W] 200
< CIY e (¥ er + R g1 19 30 X0 (17 5p0)
+ ClY | oo (1] g1+ A5 (R 15011 1] g1

< Col¥| gl eee,
where we used Holder, Sobolev embedding and the definition of the cut-off x.
Using Sobolev embedding of £ into #° for some § > % together with in-
terpolation and the Young inequality yields for some sufficiently large p > 1 and
some constant ¢ > 0
2 2 1.2 Pra2
athﬂlg{—l + |W|ﬂl = §|w|}gl +cp |W|J(—1-

First, by the Gronwall lemma
WO < WO, "

t
/0 (F(5). dW(s)) g2

4.9)

and then

! t
./o [V Ger dt 19 )G +"p”fo V()2 ds < [ (O) 2, e

This together with (4.9) and the assumption on @ completes the proof. [
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4.1. Some consequences. It is well known that the strong Feller property im-
plies that the laws P(¢, x, -) are mutually equivalent for all x and 7. A less ob-
vious fact, which follows from Theorem 13 of Flandoli and Romito [20], is that
the same property holds between different selections. In detail, if PV (¢, x, -) and
P® (¢, x, -) are the Markov kernels associated with two different selections, then
PD (¢, x,-) and PO (s, x, ) are mutually equivalent for all x and 7.

Before enumerating all other properties following from strong Feller, we need to
show a technical result on the support of the measures P (z, x, -). Following Flan-
doli and Romito [19], we say that a Borel probability measure w is fully supported
on #! if u[A] > O for every open set A in .

PROPOSITION 4.7 (Support theorem). Under the Assumption 4.1, let
(Px)cp2 be an a.s. Markov family. For every x € H' and T > 0 the image mea-
sure of Py at time T is fully supported on ¥ .

PROOF. The proof is rather technical but straightforward; we only give a
sketch of it. To this purpose, we follow the same steps of Flandoli [15] (see also
Proposition 6.1 of [19]). By Assumption 4.1 the Wiener measure driving the equa-
tion is fully supported on €2, or any smaller space, where W is still defined. Thus
it turns out that we only have to analyze the following control problem

4.11) h + hyxxx = [—hxx + (hxz)xx]Xp +w, h(0) =x,

where w is the control. More precisely, we need to prove the following two state-
ments:

1. Given T > 0, there is A € (0,1) such that for p > 0, x € J!, y € F*
with |x[z1 < Ap and |y|g < Ap, there are w € Lip([0, T']; H') and h e
C([0, T]; #') that solve (4.11) with h(T) = y and t,(w) > T, where 7, is
defined as in (4.6).

2. Letw, — w in W"*P([0, T1; D(AP)), with y € (3, 1), p> L such that yp > 1
and B € (le -, —é). Let h,,, h be the solutions to (4.11) corresponding to w;,,
w and let 7, = 7,(w,) and T = 7,(w). If T > T, then 7, > T for sufficiently
large n and h, — h in C([0, T]; #').

For the first claim, one uses (4.4) with w = 0 to get a time T, < T such that
h(T,) € #* and |h(Ty)] 301 < p (here we choose A, using the estimates on the
semigroup e’4). Then h is given in [T}, T] by linear interpolation from /(Ty) to y
and w in such a way that (4.11) is satisfied.

For the second claim, y, p and B are chosen so that the Wiener mea-
sure corresponding to the random perturbation gives probability 1 to the space
WY-P([0, T]; D(AP)) and the convergence of w,, implies that z, — z in C([0, T'];
F1), where z,,, 7 are the solutions to Z = —Zzyyy -+ W corresponding to w, and w
(this also gives a common bound to 7, and 7, as in Lemma 4.5). From this, it is
easy to see, by the mild formulation (4.4), that h,, — h. U
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PROPOSITION 4.8 (Local regularity). Let (Px) 2 be an a.s. Markov family
and assume Assumption 4.1. Then for each x € #' and all times t > 0,

Py [there is & > 0 such that & € C((t — e, t +¢); H)] = 1.

Moreover, for each x € #', the set Tp, of property [E3] is empty, that is, the energy
inequality holds for all times.

PROOF. Let (#);>0 be the transition semigroup defined by the given Markov
family and set vV = fol(J’s*So) ds. Moreover, define the two sets S~2a,;, ={£ €
C((a,b); #")} and Q; = JQ2_¢.s4e. We first observe that by (3.1),

c
< —,
log(1 + p)

where in particular the constant C depends on ¢ (but it is increasing in ¢). Now, by
the Markov property, for all p > 0,

- 1+1
Pl Ry > pl = / Poll&s 2,1 > plds

ﬁ[ﬁt—s,t—ks] =/Py[§s,3£]77t—28ﬁ(dy)

- C
> ( inf Py[szg,gg])(l - 7)
[¥lg1=p log(1+ p)

where nsﬁ is~ the marginal of P at time s. By L~en3rna 4.5 we know that
inf|y|%15p Py[2¢3¢] 1 1 as ¢ — 0 and, in conclusion, P[] =1.

By disintegration, PX[SNZt] =1 for V-a.e. x, hence for a dense set of F! by
Proposition 4.7 and, in conclusion, for all x € #' by the strong Feller prop-
erty. [

The previous proposition and Theorem 6.7 of [19] (suitably adapted to this
framework) improve our knowledge on the Markov property as follows:

COROLLARY 4.9.  Under Assumption 4.1, if (Py) ¢ 2 is an a.s. Markov fam-
ily of solutions to (1.1), then (Px) 4 is a Markov process. Namely
E[pENIB ] =E%[p& )],  Pras.
forallx € #', p € Cp(L£2) and 0 < s <.

5. Existence and uniqueness of invariant measures. Existence of an invari-
ant measure for (1.1) is straightforward for trace-class noise, as one can rely on It6
formula applied to the energy balance given by |A(¢) |362. The standard approxima-

tion is then tight, since we can control E[fOT [Py |?£2 dt].
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In this section we prove the existence of an invariant measure for more general
noise (such as space—time white noise) under the assumption (which will be valid
for the whole section) that the equation has no linear instability, namely

(51) h = _hxxxx + (hx))%x + n.

In order to take the linear instability into account, gauge functions have to be used,
as in Blomker and Hairer [6], Collet et al. [8] or Temam [34], but up to now this is
quite technical and only applicable to Dirichlet or Neumann boundary conditions.
For periodic boundary conditions this question is still open.

THEOREM 5.1.  Let (Py) g2 be any a.s. Markov family of energy martingale
solutions to (5.1). Then there exists an invariant measure for the transition semi-
group associated to (Py) . 2 with support contained in ", for some y € (%, %).

REMARK 5.2. Note that the upper bound y < % is stated only for conve-

nience. The crucial restriction is y > %, as in the proof of this theorem we shall
need that Z, . € W!#, which is implied by Z,. € #”, where Z,,. is the process

defined in (2.4).

By the results of the previous section we can immediately conclude that the
invariant measure is unique (via the strong Feller property and Doob’s theorem)
and that it is fully supported on #! (by means of Proposition 4.7).

COROLLARY 5.3. Under Assumption 4.1, the invariant measure provided by
Theorem 5.1 above is unique and fully supported on H'.

So far we know that each Markov solution has its own unique invariant measure.
In principle, these invariant measures come from different transition semigroups
and do not need to be equal, even though they have something in common. For
example, we know from [20], Theorem 13, that they are mutually equivalent. At
this stage, the problem of uniqueness of the invariant measure over all selection is
open, as well as the well-posedness of the martingale problem.

5.1. The proof of Theorem 5.1. Existence of an invariant measure will be

proved by means of the Krylov—Bogoliubov method. Let (Py), . > be a Markov
solution and consider the following family of measures on £

1 T
ur = 7f0 Polé(s) € 1ds, T =1,

where Py is the energy martingale solution starting at x = 0.
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It is sufficient to show that the family (i7)r>1 is compact in #V, for some y
(see, e.g., Da Prato and Zabczyk [13], Theorem 3.1.1). Thus we need to show that
for all & > O there is R > 0 such that

(5.2) urlx:lx|zr >2R] < ¢ forall T > 1.

The proof of this statement is divided into several steps. In the first step we divide
the estimate of (5.2) into two pieces corresponding to terms V and Z. In the second
step we estimate the term in V by means of a disintegration in smaller intervals.
In the third step we show that the quantities obtained in the previous step can be
bounded by solutions to some simpler ODEs. The fourth step contains the analysis
of these one-dimensional ODEs, while the fifth step gives a bound on stochastic
convolutions for large «. Finally, in the sixth step we pack all the estimates together
and we average with respect to the initial condition of the linear process Z, thus
obtaining a uniform estimate that finally proves (5.2).

STEP 1 (Splitting in V and Z). Fix a value « > 0 chosen later in the proof in
Step 5, and consider for every zo € #? processes Z = Zqy 7, defined in (2.4) and
V=§—Zy ;. Asin Remark 2.6, V satisfies

V + Vxxxx = [(Vx + Zx)z]xx + O[Z, V(O) = —20-
Now we can bound

pmrlx:|xl[sr >2R]

1 T
=5 [ PlEw)lser > 2R1ds
1T .
< [ PP + 1200 > 2R1ds
T Jo
LT oo 1T
5?/0 Po[IV(s)Iny>R]ds+?/0 Po[|Z(s)|2r > Rlds

1 T ~ 1 T ~
< —/ Pol| Ve ()] > R1ds + —/ Pol|Z(s)|3er > R1ds
T Jo T Jo

and we can estimate the two terms separately. The term in V4 converges to 0 as
R 1 0o from Chebyshev’s inequality and statement (2) of Lemma 2.4, so every-
thing boils down to an estimate of the term % fOT Pol|Vix(5)| > R]ds.

STEP 2 (The ¢-moment). A standard way to estimate terms like % X

fOT P0[|‘7xx (8)| > Rlds ~is to use the Chebyshev inequality and the information
that some moment of |V, (s)| is finite. We are not able to bound any moments
uniformly in time. We are also unable to bound any log-moments. Blomker and
Hairer [6] give a different proof of the existence of an invariant measure, which
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relies on Galerkin approximations and the estimate of a log-moment of |17x (9%
Here we consider any arbitrary solution to the equation, which in principle is not
a limit of Galerkin approximations, since it is not known if the solution is unique.
All we can show is that there is a suitable function ¢ such that the ¢-moment of
|\7x +(s)| is bounded uniformly in time.

Let ¢:[0, o0) — R be a function, which we will determine at the end of the
proof (see Step 5), such that ¢ is increasing, concave, with ¢(r) 1 co as r 1 oo,
and for every x, y > 0,

(5.3) px+y)<C+okx)+log(y+1) <C+p(x)+y.

By using Chebyshev’s inequality and concavity of ¢ we get

f Pol| Ve ()l g2 > R1d f Polp(1 Ve ()1%2) > 9(RY)]ds

1 ~
< (p(RZ)EPO[; /0 P(1Ten6) ) s |
1 (7] P k+1 )
E ¢ XX 2
ST [/k o (|7 <s)|£)ds}

|

" k1 )
= T L o[ 7o as)]

and so it is sufficient to bound

k1
(5.4) EMo( [ W) Pads)]

independently of k.

STEP 3 (Gronwall’s estimates). In this step we use the energy inequality for 1%
[cf. (2.7)], the Gronwall’s estimate given by Proposition 7.3 and comparison the-
orems for ODE to simplify the estimate of (5.4). From the energy inequality we
know that for all # and almost every s € [0, t],

|V<r>|£2+/ [Vex(r) 20 dr < |v<s>|£2+Cf Ze () 221V ) P dr
(5.5) +c/ (1Zx () %s + &1 Z(r) %) dr

~ t ~
SV + [ @OV +bi)dr
where we have set

5.6) a1 =ClZoI'’

and  bi1(t) =C(+e?)(|1Z: ()% + 1Z(1)]%).
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By using the Poincaré inequality A|| - || p2 < || - || 52, it follows that
~ t ~ ~ t
VR + [ = a)V0)adr < TP+ [ bieydr
) R

By the modified Gronwall’s lemma (see Proposition 7.3), we know that V(1) |362 <
u1(t), where u1 solves the following one-dimensional problem,

i+ Oo—apur=by,  u1(0) =|zo/%.

Moreover, by a standard comparison principle for ODE, u%(t) < uy(t), where us
solves

(5.7) i+ (A —a)us=by,  uz(0)=ui(0)* = |z0l%,

with ap(t) =2a;(t) and by (t) = )Flb%(t), since

d _
E(u%) +2(h —apu? =2uiby < rui + 27163

In conclusion, |\7(t)|‘jc2 < u»(t) and so, using (5.5), we get
k1 < k+1 ~
fk V()2 ds < |V(k)|£2+fk (@ (V)2 +br1(r) dr

- k+1
<1+ sup |V(r)|fcz +/ (a1 (r)* +bi(r))dr
refk,k+1] k

k+1
<1+ sup ur(r) —i—/ (@1 + by (r))dr.
refk,k+1] k

By applying ¢ to the previous inequality and using (5.3), we finally get

k1
([ W) Pads)]

k+1
§C+E"0Uk " (al(r)2+b1(r))dr}

+EP°[¢< sup uz(ﬂ)]
relk,k+1]

32/3
< +aly D +EM o s 1)),
relk,k+1]

(5.8)

since we know by Lemma 2.4 that all moments of a| and b are bounded by some
constant and the initial condition zg.
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STEP 4 (Estimate of the auxiliary function u3). In this step we analyze the
term EX0 [@(sup, er k+1742(r)]1, in order to get an estimate independent of k. By
its definition (5.7),

t
u(t) = |zol e HHV A 4 fo R TONE
, td
< |zl A+0ENdr 4 () +a2)2/0 a[_ef;(—)»+9(r))dr]ds

(5.9) t
+ad +a2)2/ Q0 dr g
0

t
< (L4 aH? + |zol%,) 0 T 5 (1 + ) 2us(1),

where 0(t) = ap(t) + (111352))2 [so that 6 depends on « only through 4 , see (5.6)]

and
t !
u3(t)=/ el arrNdr 4o
0

which is a solution of i3 + (A — 8)uz = 1, with an initial condition u3(0) = 0.

Since
! A ! A
u3(t) < sup exp(/ (—— + 9(r)> dr) / exp(——(t — s)) ds
s€[0,1] s\ 2 0 2

2 LA
< — sup exp(/ (—— + 9(r)> dr>,
A 5e0,1] s\ 2

by using inequalities (5.9) and (5.10) and property (5.3) of ¢, we finally get

(5.10)

<p< sup uz(r))

relk,k+1]
t

<C+ sup [ (=A+6()dr+log(l +(1+a®?+ |z0l%)
[k, k+1]70

t A
(5.11) +g0((1+a2)26xp[ sup  sup <——+0(r))dr])
relkk+1]se[0,0])s N\ 2

k+1
<C +x+/0 (A +0()) dr + (1 +a>? + [z0l%

22 & k+1 _&
+ ol (1 +a”) exp| =+ sup +6(r))dr]).
2 sef0k+11Ys 2

STEP 5 (A bound for 6 for large o). Now the choice of o becomes crucial.
We will first bound the terms in (5.11) that are outside of ¢ uniformly in time. We
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first use the Young and Hélder inequality to derive

5. 016/3 A
0() < CIZOy + 3

where the constant C, > 0 depends on A, but not on ¢ or . Recall that 4 ) =
e A=D20 + Wa_g (1), with Wa_g (1) = f§ "4~ dW (s). Thus using that e’
is a bounded semigroup on ‘W', we obtain

16/3
'Wl,4

16/3

ER[IZ@0) 150131 < Ce™ 103 20 1407 + CEP [ Wa—o ()13 3]-

'Wl,4

As A — « is a strictly negative operator, we can always bound moments of the
stochastic convolution uniformly in time. Using Sobolev embedding for some suf-
ficiently large y < 3/2 yields for all t > 0

16/3
wl.4

8/3

EPWa—a® 2] < B = AP Wa_a(®)]122])

< (trace{(1 — A)Y Q(a — A)~1})*?
—0 for a — 0.
In the following, we choose « sufficiently large such that

16/3

Wl for all r > 0.

A
ER[9(r)] < s Ce 193 20(0) |

STEP 6 (Average over all zo and conclusion of the proof). In Step 2 we have
shown that Theorem 5.1 is proved if we can bound (5.4) independently of k.
Putting the conclusion of Step 3 (5.8) and the conclusion of Step 4 (5.11) together
with the bound from the previous step, we get

wrlx:|x|zr >2R]

32/3
< C(1+ [z0%s + |20l 300% + lz0/3)

1 (7] » k+1/
- 0 _z
+ S(ROT ZIE <p<C0,,;\ exp[ sup ( 5 +9(r)> dr:|>.

k=0 se[0,k+1]Ys

Now we integrate the inequality above over zp, with respect to the invariant mea-
sure of Z and, by virtue of Lemma 5.5 below, we obtain

wrlx:|x|zr >2R]
[T]

Efoy(C T C) d
> so( a,kexp[ sup (—5+ (r)> rD

k=0 s€[0,k+1]Ys

<Cm+

P(RHT

where (®(¢));cr is the process defined as in Step 4 with 4 replaced by the station-
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ary solution Zg of problem (2.4). Due to stationarity we have

k+1 A (L) 0 A
sup / (—— + G)(r)) dr = sup / (—— + G)(r)) dr
sel0,k+117s 2 se[—(k+1),01 s 2

0 A
< sup (—— + @(r)) dr
se€(—00,0] /s 2

(L) oA
= sup —— 4+ 0(r) | dr.
tef0,00)J0 \ 2
Therefore, if we define the random variable
~ tr A
X = sup (—— + @(r)) dr,
tel0,00) /0 \ 2
we only have to prove that there exists a function ¢ as above such that
EP[p(Cape®)] < 00
Since X is finite with probability 1 by the ergodic theorem, such a ¢ exists by

Lemma 7.1. The proof of Theorem 5.1 is complete.

REMARK 5.4. In the previous proof, we were only able to bound some mo-
ment of V,,, but using the trick of Debussche and Da Prato [11], where « is
allowed to be random, it is possible to bound arbitrary polynomial moments on
bounded time intervals.

LEMMA 5.5. Let § > 0 and let ¢ be a positive map defined on the probability
space 2. If for all zg
§ <E ) (ZX,ZO)] for Px-almost every & € Q,

where Zx, 2 1S the Ornstein—-Uhlenbeck process starting in zo, as defined in (2.4),
then

5= [ oGy,

where |y, is the law of the stationary Ornstein-Uhlenbeck process.

The lemma is easily proved by averaging both sides with respect to zo with the
stationary Ornstein—Uhlenbeck process and using Tonelli theorem.

6. A priori estimates. In this section we state all regularity results on
processes Z and V. The first part contains the results on Z under an arbitrary weak
martingale solution (from Definition 2.2). Similarly, the second part contains the
results on V under an arbitrary energy martingale solution (from Definition 2.5).



MARKOVIANITY AND ERGODICITY FOR A SURFACE GROWTH PDE 305

6.1. Weak martingale solution. Here we will present some lemmas on the reg-
ularity of Z without using equivalent versions, since our approach forces us to keep
the canonical process.

LEMMA 6.1. Given a weak martingale solution P, then for every T > 0,

T
EP/O 1 Z (1) |34 dt < 0.

PROOF. It is enough to verify that (Zx)2 € LZ(Q x (0,T), £2). From the de-
finition, we can write Z(¢) as a complex Fourier series, such that

Zx — Z Ikeikx,
k=0

where [ is a time dependent Gaussian real valued random variable with EP T kz <
Clk|=2. Thus, EP I} < C|k|™*, too. Now,

(Z)*=Y" Y Lly—ge™.
neZ k#0,n

‘We derive

2
EX(Z:)?)% = ZE”( > Ikln_k)

neZ k#0,n

=D DN w741} Al ATy Al

neZ k#0,n1#0,n

(¥ ﬁ)

neZ \k#0,n

where we used Holder’s inequality in the last step. It is an elementary exercise to
check that the series in the last equation converges. Thus integration in time yields
the result. [J

LEMMA 6.2. Let P be a weak martingale solution. Then for some ) > O there
is a constant C such that

T
/ E” exp{A| Zx ()54} dt <CT  forall T > 0.
0
Thus, for some constant C depending only on q, p and T,

1 1
sup ?IEPHZHP <00 and sup ?EP VAl C.

q
<
P 1,4 p 1,4y =
750 Lr([0,T],Wh%) 750 Lr([0, T, Wh*)
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PROOF. Using Lemma 6.1 we know that E?|Z, (t)||fc4 <C forallt >0. As

Z.(t) is a Gaussian random variable in £+, Fernique’s theorem (see Da Prato and
Zabczyk [12]) implies that

supE” exp(il| Zx (1)[1 74} < o0

t>0
for some A > 0. Thus
T
ENZIL g 7wy <€ | E7 ewplalZe0) 1) dr < CT.

where the constant does not depend on 7. The last claim follows from Holder
inequality. [J

The following lemma on the L*°([0, 00), £2)-regularity is necessary to transfer
weak continuity in £2 from V to Z. Note again that we cannot prove continuity
of Z, as we are not using continuous versions of the canonical process Z.

LEMMA 6.3. Let P be a weak martingale solution. Then for 0 <y < % p>1
and T >0
Z e LP(Q,L%°(0,T], #7))
and thus
P[Z € L*([0, 00), #")] = 1.
Due to Z € Q, we have Z is P-a.s. weakly continuous with values in J7 .

PROOF. Using the factorization method (see Da Prato and Zabczyk [12],
Chapter 5),

t
Z(t) = CO,/ A — )y () dx,
0
where
T
Y(t):/ T — )X dW (s).
0

WefixT > 0,a € (0, %) and m > é > %, and let the constants depend on them.
Now, using Holder’s inequality,

t T 1/m
sup |Z(t)|gr <C sup / (=) Y (0)|gr dT < C(/ 1Y () %y dr) )
t€[0,T1] 1€[0,71/0 0
Thus using that Y is Gaussian,

T 0 m/2
EP sup |Z(t)|’j;1€y < C/ (EP|Y(T)|§€y)m/2dT < C(Z kaa]%p\klZa—l) )
tel0,T] 0 =

The last series converges, as oz,% < C and Ay ~ —k*. Taking T € N concludes the
proof. [
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6.2. Energy martingale solution. This part is devoted to the proof of the fight-
ness property for sequences of energy martingale solutions, essentially by means
of bounds on the process V.

LEMMA 6.4. Let (Py)qeN be a family of energy Markov solutions. Then the
sequence of laws of V under P, is tight in L2(0, T, #Y, if and only if (Py)peN is
tight in L*>(0, T, #1).

The same result is true for any space in which Z is defined, for example,
CO, T, H™).

PROOF. We prove only one direction, the other one is the same. As Lawz ,, =
P,[Z € -] is by Definition 2.2 and Lemma 6.3 the law of the stochastic convo-
lution in L?([0, T], #') and thus independent of n. Hence, the family of mea-
sures (Lawz ,)neN is tight in L?([0, T], #"). Thus there is a compact subset
K:1 C L?([0,T], #") with P,[Z € K¢ 1] > 1 — €. Furthermore, by the tight-
ness of P,[V € -], there is a compact set K. 2 C Lz([O, T1, J(’l) such that P,[V e
Kepl>1—e¢.

Define now the compact subset

Ke3s=Kg 1+ Kep={u=u;+uzlu; € K¢},
then by £ =V 4 Z we have
Pn[Ks,S] > PylZ e Ks,la Ve K£,2] >1-2¢,

which concludes the proof. [J]

LEMMA 6.5. Let P be an energy martingale solution. Then for all T > 0

|| atV ||L2([0,T],]f—3) =< C” 14 ||L2([0,T],Jf2) (1 + || Vv ||L°°([0,T],£2)) +C||Z||L4([0,T],]el),

P-almost surely, with constants independent of P.

PROOF. From Remark 2.6, we know that for ¢ € #7 with |¢| 403 = 1 we have
0 (V. 9) 2 = = (Ve + V. 9x) 2 — (Vi + Z2)%, gxx) 2.
Thus, using the embedding of L! into H~! and an interpolation inequality,

19V 30-3 < [Vaxl 2 + V]2 + (Ve + Z2)?| 11
<Vl + CIVI2|V g2 + 21213,

Integrating the square in time yields the result. [
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LEMMA 6.6. Let (Py)neN be a family of energy martingale solutions. Define
G(R) = {u:llull oo, 1,22 < R and ullp2q0,71,5¢2) < R}

Suppose that P, is started at a probability measure [, such that

| (tog1x] 2 + D) watax) < K
for all n € N and for some k > 0, then

C
sup P,[VeGR)]>1 — ————.
SR PV e G T o Ry

PROOF. By property [E3], we have that, P,-almost surely,

t
V@), + /0 Ve 2 ds

t
< lV(O)lfcz+/0 (Vi l%a + 21 Vil g4 Ziel 41 Viexl g2 | Zi oa | Vx| g2) s

d 16/3
< VO, +/O UVel2a + CAH1Z VR0 + CIZo s ds,

where we have used the Sobolev embedding of #! into £+, interpolation, Young
and Poincaré inequalities. Now from Gronwall’s inequality it follows that, for all
1€[0,T],

t
VR, +/0 Ve 22 ds
(6.1) ) . 163
= C(| V(O)|£2 + “Z”L4([O,T],'W1~4)) eXP(C”Z||L16/3([0’T]’W1.4))’

where the constants might depend on 7. Applying (log(x + 1))* and using the
inequality

log(x +y + D* < C(log(x + 1)* 4+ log(y + 1)) for x, y >0,

leads to

K
EP"[ sup log(1 + |V(t)|352)i| =C
tel0,T]

and

¢ K
2% log(1+ [ 1Va(o)ads)| =c.

where the constant is independent of n. Now the Chebyshev inequality yields the
result. [

We are now able to prove Theorem 3.2. We rewrite the statement for the conve-
nience of readers.
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THEOREM 6.7 (Restatement of Theorem 3.2). Let (P,)neN be a family of en-
ergy martingale solutions with each P, starting in wu, and

/:Ez[log(|x|£2 + DIun(dx) < K foralln e N

for some k > 0 and K > 0. Then (P,),eN is tight on QN L2([0, 00), #1).
Furthermore, there is a constant depending only on T > 0, zg € #', K > 0 and
k > 0, such that

a5 log(1+ [ leoiaas)] <c,

T K K
EP"[log<l+/O |Vxx(s)|fczds>:| +EP"[ sup 1og(1+|V(z)|fCZ)] <C.
te[0,T]

PROOF. For the bounds on logarithmic moments of V we use the bounds ob-
tained at the end of the proof of the previous Lemma 6.6. Using the bounds on Z
from Lemma 6.3 yields the bound on logarithmic moments of &.

For the tightness of the law of V under P, we use Lemmas 6.6 and 6.5 for the
bound for 8,V together with the compact embeddings of H!([0, T], #~3) into
C([0,T1, #~%) and of L%([0,T1, #%) N H'([0,T], #3) into L*([0, T1, #")
(see, e.g., Temam [33]).

For the tightness of P, we use Lemma 6.4 on the transfer of tightness in the
spaces L2([0, 00), #') and C([0, T], #~%). O

7. Some useful technical tools.
7.1. A suitable concave moment. We aim to prove the following proposition:

PROPOSITION 7.1. Let X be a random variable with values in [0, 00). Then
there is a concave and nondecreasing map ¢ :[0, 00) — [0, 00) such that ¢ (x) 1
00 and

E[¢(X)] < o0.
Moreover, ¢ can be chosen in such a way that for some constant C,

ox+y)<¢p(x)+Cy forall x,y € [0, c0).

REMARK 7.2. Notice that the last condition on ¢ given in the proposition
above can be replaced by

d(x+y) <¢p(x)+ Clog(l +y)

for some constant C > 0 and for all x, y € [0, c0). Indeed, let ¢ be the map given
by the proposition, then ¢ (x) = ¢(log(1 + x)) has exactly the same properties of ¢
and ¢ (x + y) = p(log(1 +x +)) < ¢(x) + C log(1 +y), since log(1 +x + y) <
log(1 + x) 4+ log(1 + y).
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1+u

FIG. 1. An example of the construction.

PROOF OF PROPOSITION 7.1. We first show that there is a nondecreasing
continuous map u : [0, co) — [0, 00) such that u(0) =0, u(x) 1 co as x — o0
and E[u(X)] < co. Choose a sequence (x,),eN such that xg =0, x, 1 co and
4"P[x, < X < xp+1] —> 1. This can always been done, since X is a.s. finite. Now,
let i be the piecewise constant function that on each interval [x,, x,+1) takes the
value 2". We finally set u(t) = 1 [§[ii(t) — infy0 ii(s)] ds.

Next, we show how to construct a map ¢ as in the statement of the proposition
such that ¢ < 1 + u. Define the sequence (y,)neN as yo = 0 and y, = max{x €
[0, 00) :u(x) = n}, for n > 1. The sequence (y,)neN 1 increasing and y, 1 oo.
Define ¢ as ¢ (yo) =0, ¢ (y1) =1,
¢ (Yn—1) — ¢ (yn—2)

Yn—1 — Yn-2
and by linear interpolation for all other values of x € [0, co0). In other words, at
each point y, the map is defined either as the continuation of the line y,_» —
Yn—1 or as u(y,), depending on which is the smallest value. The construction is
shown in Figure 1. All properties of ¢ are apparent from the picture; we only show
that ¢ (y,) 1 0. Let A ={n:¢(y,) = n}. If A is infinite, we are done; otherwise,
let N be the largest value in A. Then for x > yy,

N —¢(yn-1)

px)=p(yNn—1) + —————(x —yn-1)
YN — YN-1

and ¢ (x) 1 oo, since p(xy—1) <N —-1<N. [

() = min{n, ¢ () + (o — yn_z>}

7.2. A slight variation of Gronwall’s lemma. Here we give a detailed proof of
the variation of Gronwall’s lemma used in Section 5.1. The result is elementary
and probably well known; it is given here only for the sake of completeness. The
main differences are the following: We do not assume that the term a(-) is positive
and the inequality holds only for a.e. time, but then it holds starting from arbitrary
initial times.
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PROPOSITION 7.3. Let a, b € L'(0,T), with b > 0 and let u:[0,T] — R
be a lower semi-continuous and positive function. Assume that there exists a set

S C (0, T] (thus, not containing 0) with null Lebesgue measure, such that for all
s¢Sandalltels,T],

u(t) <u(s)+ /la(r)u(r)dr + /lb(r)dr.
Then

- T
u(T) < u()eld *4 4 / b(s)el «O g,
0

PROOF. We only need to prove the proposition if a(-) is piecewise con-
stant. Indeed, if this claim is true and a € Ll(O, T), there are piecewise con-
stant functions a, such that a, — a and, without loss of generality, we can
assume that each a, is constant on a finite number of intervals whose extreme
points do not belong to § (but possibly for the last one). By the usual Gron-
wall’s lemma we can deduce that u is bounded by some constant M. We then
set b, (s) = b(s) + Mla(s) — a,(s)|, and we apply the claim with a, and b,. As
n — 00, we recover the original statement.

Assume then that a = ZZ;(I) arly,, where the intervals Ji = [#, tky1), 0 =1 <
Hh<---<ty,=Tandtg,t1,...,th—1 € S. If ax > 0, since 1y € S, we know by the
usual Gronwall’s lemma and semi-continuity of u that

¢ Tk+1
(i) < u(n)e™ =0 o [0 p(s) e 1) g
T

If o < 0, we reverse time as it is done in the proof of Theorem 5 of Flandoli and
Romito [17] and we apply again Gronwall’s lemma to get

Tk+1
u(tig1) < u(tk)eak(twrtk) + b(s)eak(fkﬂﬂ) ds.
Tk

It is then easy to prove by induction on k < n that
Faesyds ™ *a(ryd
u(ty) < u(0)elo a®)ds 4 f b(s)els 4Mdr g
0
and in particular k = n is exactly what we aimed to prove. [l
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