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QUENCHED LIMITS FOR TRANSIENT, ZERO SPEED
ONE-DIMENSIONAL RANDOM WALK IN
RANDOM ENVIRONMENT

BY JONATHON PETERSONI’2 AND OFER ZEITOUNI2
University of Wisconsin and University of Minnesota

We consider a nearest-neighbor, one dimensional random walk {X},,>0
in a random i.i.d. environment, in the regime where the walk is transient
but with zero speed, so that X, is of order n¥ for some s < 1. Under the
quenched law (i.e., conditioned on the environment), we show that no limit
laws are possible: There exist sequences {nj} and {x;} depending on the en-
vironment only, such that X, — x; = o(log nk)2 (a localized regime). On the
other hand, there exist sequences {t;;} and {s;;} depending on the environ-
ment only, such that log sy, /logt,, — s < 1 and Py, (Xy,, /sm < x) — 1/2 for
all x > 0 and — O for x <0 (a spread out regime).

1. Introduction and statement of main results. Let Q = [0, 1]%, and let ¥
be the Borel o-algebra on 2. A random environment is an $2-valued random vari-
able w = {w;}; ez with distribution P. In this paper we will assume that the w; are
ii.d.

The quenched law P} for a random walk X, in the environment w is defined by
w;, if j=i+1,

Pio=x)=1 and i =ilX,=n={{" LT
Ly - .

7N is the space for the paths of the random walk {X,},en, and § denotes the
o -algebra generated by the cylinder sets. Note that for each w € €2, P, is a proba-
bility measure on §, and foreach G € §, P;j(G) : (2, ¥) — [0, 1] is a measurable
function of w. Expectations under the law P} are denoted E;,.

The annealed law for the random walk in random environment X, is defined by

P (F x G):/FPz(G)P(dw), Fe¥F, Ge§.

For ease of notation, we will use P, and PP in place of Pg and PO, respec-
tively. We will also use P* to refer to the marginal on the space of paths, that
is, P*(G) =P* (2 x G) = Ep[P}(G)] for G € §. Expectations under the law P
will be written E.
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A simple criterion for recurrence and a formula for the speed of transience was
given by Solomon in [13]. For any integers i < j, define

1—w; J
) pi=—— and I :=[]m
wi k=i

and for x € Z, define the hitting times
T, :=min{n > 0: X,, = x}.

Then X, is transient to the right (resp. to the left) if Ep(logpg) < O (resp.
Eplogpg > 0) and recurrent if Ep(log pg) = 0 (henceforth, we will write p in-
stead of pp in expectations involving only pp). In the case where Eplogp < 0

(transience to the right), Solomon established the following law of large numbers:
. Xy . n 1
vp:= lm — = lim — = —, P-a.s.
n—oo p n—oo T, ET,

For any integers i < j, define

j
2) Wij:=> T, and W;:=) Tt;.
k=i k<j

When Eplogp < 0, it was shown in [13] and [14] (remark following Lem-
ma 2.1.12), that
3) E)Tiy1=14+2W; <0,  P-as,
and thus vp = 1/(1 4+ 2EpWy). Since P is a product measure, EpWy =
Z,f‘;l(Ep,o)k. In particular, vp =0 if Epp > 1.

Kesten, Kozlov and Spitzer [8] determined the annealed limiting distribution of
a RWRE with Ep log p < 0, that is, transient to the right. They derived the limiting

distributions for the walk by first establishing a stable limit law of index s for 7},
where s is defined by the equation

Epp’=1.

In particular, they showed that when s < 1, there exists a b > 0 such that

T,
lim P(nl—r/lv < X) = Ls,b(x)v

n— oo
and
: Xn —1/s
4) Iim P —<x)=1—Lsp(x""""),
n—o00 ns ’

where L; j, is the distribution function for a stable random variable with character-
istic function

) Loyt = exp{—b|t|S<1 _ iﬁtan(ns/Z))}.
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The value of b was recently identified [2]. While the annealed limiting distributions
for transient one-dimensional RWRE have been known for quite a while, the cor-
responding quenched limiting distributions have remained largely unstudied until
recently. Goldsheid [5] and Peterson [11] independently proved that when s > 2,
a quenched CLT holds with a random (depending on the environment) centering.
A similar result was given by Rassoul-Agha and Seppéldinen in [12] under dif-
ferent assumptions on the environment. Previously, in [10] and [14], it was shown
that the limiting statement for the quenched CLT with random centering holds in
probability rather than almost surely. No other results of quenched limiting distri-
butions are known when s < 2.

In this paper, we analyze the quenched limiting distributions of a one-
dimensional transient RWRE in the case s < 1. One could expect that the quenched
limiting distributions are of the same type as the annealed limiting distributions
since annealed probabilities are averages of quenched probabilities. However, this
turns out not to be the case. In fact, a consequence of our main results, Theo-
rems 1.1, 1.2 and 1.3 below is that the annealed stable behavior of 7;, comes from
fluctuations in the environment.

Throughout the paper, we will make the following assumptions.

ASSUMPTION 1. P is ani.i.d. product measure on 2 such that

(6) Eplogp <0 and Epp’=1 for some s > 0.

ASSUMPTION 2. The distribution of log p is nonlattice under P and Epp® X
log p < oo.

NOTE. Since Epp? is a convex function of y, the two statements in (6) imply
that Epp? < 1 forall y <s and Epp? > 1 for all y > 5. Assumption 1 contains
the essential assumption necessary for the walk to be transient. The main results
of this paper are for s < 1 (the zero-speed regime), but many statements hold for
s € (0,2) or even s € (0, 00). If no mention is made of bounds on s, then it is as-
sumed that the statement holds for all s > 0. We recall that the technical conditions
contained in Assumption 2 were also invoked in [8].

Define the “ladder locations” v; of the environment by

inf{n > v;_1:I1,, |, ,—1 <1}, i>1,
(7 v=0 and v = {sup{j <Vigr: Mg jo1 <1, Yk < j}, i <-—1.
Throughout the remainder of the paper, we will let v = v;. We will sometimes
refer to sections of the environment between v;_; and v; — 1 as “blocks” of the
environment. Note that the block between v_; and vy — 1 is different from all
the other blocks between consecutive ladder locations. Define the measure Q on
environments by Q(-) := P(:|R), where the event

R={lweQ:N_4_1 <1, Vk>1}.
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Note that P(R) > 0 since Eplogp < 0. Q is defined so that the blocks of the
environment between ladder locations are i.i.d. under Q, all with distribution the
same as that of the block from 0 to v — 1 under P. In Section 3, we prove the
following annealed theorem.

THEOREM 1.1. Let Assumptions 1 and 2 hold, and let s < 1. Then there exists
a b’ > 0 such that

. EyT,,
Jim 0( =57 <) = Loy (o).

We then use Theorem 1.1 to prove the following two theorems which show
that P-a.s. there exist two different random sequences of times (depending on the
environment) where the random walk has different limiting behavior. These are the
main results of the paper.

THEOREM 1.2. Let Assumptions 1 and 2 hold, and let s < 1. Then P-a.s.

there exist random subsequences t,, = ty(w) and u, = u,,(w), such that for any
5 >0,

X _
1im Pw(M = [—5,5]) —1.

m—>00 (logt,,)?

THEOREM 1.3. Let Assumptions 1 and 2 hold, and let s < 1. Then P-a.s.
there exists a random subsequence ny, = ny,, () of ny = 22" and a random se-
quence t,, = t;, (w), such that

log t, 1

lim = -,
m—oco logny, S

and

| X, 0, ifx=<0,
lim Pw( ’"§x>= 1

m— o0 ng,, 5, if0<x<oo.

Note that Theorems 1.2 and 1.3 preclude the possibility of a quenched analogue
of the annealed statement (4). It should be noted that in [4], Gantert and Shi prove
that when s < 1, there exists a random sequence of times ¢,, at which the local time
of the random walk at a single site is a positive fraction of #,,. This is related to
the statement of Theorem 1.2, but we do not see a simple argument which directly
implies Theorem 1.2 from the results of [4].

As in [8], limiting distributions for X,, arise from first studying limiting distrib-
utions for 7,. Thus, to prove Theorem 1.3, we first prove that there exists random
subsequences x,, = X, (w) and v, 4, in which

T, —E,T. Yool
lim Pw<w < y> :/ PP = d(y).
m—00 vm’w —00 /27-[
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We actually prove a stronger statement than this in Theorem 5.10 below, where we
prove that all x,, “near” a subsequence ny,, of ny = 22 have the same Gaussian
behavior (what we mean by “near” the subsequence ny, is made precise in the
statement of the theorem).

The structure of the paper is as follows. In Section 2, we prove some intro-
ductory lemmas which will be used throughout the paper. Section 3 is devoted to
proving Theorem 1.1. In Section 4, we use the latter to prove Theorem 1.2. In
Section 5, we prove the existence of random subsequences {ny} where T,, is ap-
proximately Gaussian, and use this fact to prove Theorem 1.3. Section 6 contains
the proof of the following technical theorem which is used throughout the paper.

THEOREM 1.4. Let Assumptions 1 and 2 hold. Then there exists a constant
K« € (0, 00) such that
O(E, T, > x) ~ Koox".

The proof of Theorem 1.4 is based on results from [7] and mimics the proof of
tail asymptotics in [8].

2. Introductory lemmas. Before proceeding with the proofs of the main the-
orems, we mention a few easy lemmas which will be used throughout the rest of
the paper. Recall the definitions of IT; x and W; in (1) and (2).

LEMMA 2.1. Forany c < —Eplogp, there exist 8., A > 0 such that
k
(8) P(Mig>e =P 1leog,o >—c| < Age %k
7 k i=1 l o '

Also, there exist constant Cy, Cy > 0 such that P(v > x) < C1e~€2* forall x > 0.

PROOF. First, note that due to Assumption 1, log o has negative mean and
finite exponential moments in a neighborhood of zero. If ¢ < —E p log p, Cramér’s
theorem ([1], Theorem 2.2.3) then yields (8). By the definition of v, we have P (v >
x) < P(ITp,|x]—1 = 1), which together with (8), completes the proof of the lemma.

i

From [7], Theorem 5, there exist constants K, K1 > 0 such that for all i
9) P(W;>x)~Kx™® and PW;>x)<Kix~’.
The tails of W_1, however, are different (under the measure Q), as the following

lemma shows.

LEMMA 2.2. There exist constants C3, Cq > 0 such that Q(W_1 > x) <
Cze= % forall x > 0.
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PROOF. Since I1; 1 < 1, Q-a.s. we have W_; <k + ) ; __; I1; _; for any
k > 0. Also, note that from (8), we have Q(IT_,_1 > e~) < A.e™%F/P(R).
Thus,

o0
QW_1>x) < Q(% + > e~k > X) + Q(H_k,_l > ¢~k for some k > %)
k=x/2
o0
<Lpgijaeeoss+ 3 Qg1 >e™%)
k=x/2
<lyg—e)>x2t+ O (e™/?). O

We also need a few more definitions that will be used throughout the paper. For
any i <k,

k e
(10) Ri,k Z=ZH,',J' and Rl' 2=Zni,]‘.
j=i j=i

Note that since P is a product measure, R; y and R; have the same distributions as
Wi k and W; respectively. In particular with K, K1, the same as in (9),

(11) P(Ri>x)~Kx™® and P(R;>x)<Kix*.

3. Stable behavior of expected crossing time. Recall from Theorem 1.4 that
there exists Ko, > O such that Q(E,T, > x) ~ Koox~*. Thus, E,T, is in the
domain of attraction of a stable distribution. Also, from the comments after the
definition of Q in the Introduction, it is evident that under Q, the environment w
is stationary under shifts of the ladder times v;. Thus, under Q, (E ! T, }iez 1s a
stationary sequence of random variables. Therefore, it is reasonable to expect that
n~SE, T,, =n" 1/s 1 EJi-! T,, converge in distribution to a stable distribution
of index s. The main obstacle to proving this is that the random variables E,, ' T,
are not independent. This dependence, however, is rather weak. The strategy of the
proof of Theorem 1.1 is to first show that we need only consider the blocks where
the expected crossing time E ' T,, is relatively large. These blocks will then be
separated enough to make the expected crossing times essentially independent.

For every k € Z, define

(12) My :=max{IT,, | j:ve—1 < j <}
Theorem 1 in [6] gives that there exists a constant Cs > 0 such that
(13) O(M; >x)~Csx™".

Thus, M; and E,T, have similar tails under Q. We will now show that E,T,
cannot be too much larger than M. From (3), we have that

v—1 v—1
(14) E,Ty=v+2) W;=v+2W_1Roy_1+2) Riy1.

j=0 i=0
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From the definitions of v and M1, we have that R; ,_1 < (v —i)M| < vM; for any
0 <i < v. Therefore, E,T, <v+2W_jvM; +2v2M;. Thus, givenany 0 <« < 8
and § > 0, we have

Q(E,T, > 8nf, My <n% < Qv +2W_jvn® + 2v°n% > 8nP)

(15) < Q(W_i >nP~92) 1 92 > nP=0/2)

0 (e_,los—a)/s)

E}

where the second inequality holds for all n large enough and the last equality is
a result of Lemmas 2.1 and 2.2. We now show that only the ladder times with
My > n1=9/ contribute to the limiting distribution of n~'/SE,, T,,.

LEMMA 3.1. Assume s < 1. Then for any ¢ > 0 and any § > 0, there exists an
n > 0 such that

n
lim Q<Z(Egj;l Ty <p-0s > 5n1/S> =o(n™").

n—oo
i=1
PROOE. First note that

n
Q (Z(E:)ll Tl),’)lMiSn(lfs)/s > SnI/S)

i=1
n
= Q<Z(E3_1Tw)15:j‘ln <n(l—¢/2)/s = S”I/S)
i=1 -
+nQ(EwTv - n(l—s/Z)/s, M < n(lfe)/s)'

By (15), the last term above decreases faster than any power of n. Thus, it is enough
to prove that for any 4, &€ > 0, there exists an 1 > 0 such that

n
Q(Z(EZ"“ To)lgriorg _ya-es > 5nl/s) =o(m™").
i=1 =

Next, pick C € (1,%) and let Jegikn = {i < n:n(-Cto/s - EZf_lTvi <

n(l_ckflg)/s}. Let ko = ko(C, &) be the smallest integer such that (1 — Cke) <.
Then for any k < ko, we have

Q( > Ea‘j—lTw>5n1/S>

ielcekn

Q(#Jc ckn > 6n1/s—(1—C"’le)/s)

A

(1—CFe) /s
< nQ(E,T, >n *) N K_Oon—Ck*lg(l/s—C)’
- snCkle/s 5
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where the asymptotics in the last line above is from Theorem 1.4. Letting n =
%(% — C), we have for any k < ko that

(16) Q( Z E)-'T,, > 8n1/s) =on™").

i€JC e kon

Finally, note that

n
Vi—1 l/S
(17) Q(Z(Ea; T”i)lEZf‘lTu,. <n(-c0 Loy = on ) = 1n1+(1—c"0‘ls)/szan1/s‘

i=1

However, since CKg > 1 > Cs, we have Ck0—lg > 5 which implies that the right
side of (17) vanishes for all n large enough. Therefore, combining (16) and (17),
we have

n
0 (Z(E(‘l))l_l T”i)lE:j_l Ty, <n(1=8)/s > Snl/s>

i=1

ko_l Vi—1 6 1/S
<> ol Y E Tw>gn

k=1 ieJc ek
" é
i— 1 _ -
+ Q(Z(EZ) 1Tvi)lEl‘fj—lTv.<n(1—ck0—les)/s = k_On /S> =o(n™"). 0
i=1 '

In order to make the crossing times of the significant blocks essentially inde-
pendent, we introduce some reflections to the RWRE. Forn =1, 2, ..., define

(18) by := log*(n)].

Let X t(n) be the random walk that is the same as X; with the added condition that
after reaching vy the environment is modified by setting Oy, =1, that is, never
allow the walk to backtrack more than log2 (n) ladder times. We couple X ,(") with
the random walk X; in such a way that X r(”) > X; with equality holding until the
first time # when the walk X ,(") reaches a modified environment location. Denote

by 7" the corresponding hitting times for the walk X ,(”). The following lemmas
show that we can add reflections to the random walk without changing the expected
crossing time by very much.

LEMMA 3.2. There exist B, 8 > 0 such that for any x >0

Q(EoT, — E,T™ > x) < B(x™* v 1)e¥"n.
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PROOF. First, note that for any n the formula for EwTv(") is the same as for
E,T), in (14) except with p,_, =0. Thus, E, T, can be written as

(19) EoT,=E,T" +2(1+ W,_, ~)I,_, —1Rov-1.

Now, since v_p, < —b,, we have

Oy 1 > e~

M2

oM, , —1>e )<

k:bn

s 1
< —P(Tl_g_1 > e~ ).
_.ggg P(R) (Mg, -1 )

Applying (8), we have that for any 0 < ¢ < —Ep log p, there exist A, §. > 0 such
that

O, —1 > e Pr) < Ale™%bn,
Therefore, for any x > 0,

Q(Ea)Tv - EwTv(n) = )C) (2(1 + Wv_bn—l)nv_bn,—lRO,v—l > x)

=0
< Q21+ W,_, —1)Ro,v—1 > xePr) + Ale%br

(20)
= Q21 4+ W_1)Ro,p—1 > xePn) 4+ A'e%bn,

where the equality in the second line is due to the fact that the blocks of the envi-
ronment are i.i.d. under Q. Also, from (14) and Theorem 1.4, we have
21) QR+ W_DRo,—1 > xe) < Q(E,T, > xer) ~ Koox~Sebn,

Combining (20) and (21) completes the proof. [J

LEMMA 3.3. Forany x > 0 and ¢ > 0, we have that
(22) lim nQ(EwTV(") >xn'/S M, > n(l_g)/s) =Koox~*.
n—o0

PROOF. Since adding reflections only decreases the crossing times, we can
get an upper bound using Theorem 1.4, that is,
lim suan(EwTV(”) >xn'/S, M > n(l_g)/s)
<limsupnQ(E,T, > xn'/%) = Koox 5.
n—o0

To get a lower bound, we first note that for any § > 0,
Q(EuTy > (14 8)xn'*) < Q(E,T™ > xn'/*, My > n179/%)
+ Q(EoTy — ET™ > 8xn'/?)
(24)
+ Q(EoT, > (1 +8)xn'/*, My < n(1-975)

< Q(wav(”) > xn's, My > n(l_g)/s) +o(1/n),
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where the second inequality is from (15) and Lemma 3.2. Again, using Theo-
rem 1.4, we have

liminan(Ew]_‘v(”) > xnl/s’ M, > n(l—s)/S)

n—oo

(25) > liminfn Q(E, T, > (1+8)xn!/*) —o(1)
n—oo
= Koo(148)""x7".
Thus, by applying (23) and (25) and then letting § — 0, we get (22). U

Our general strategy is to show that the partial sums

1 & -
/s > BT Ly e
k=1

converge in distribution to a stable law of parameter s. To establish this, we will

need bounds on the mixing properties of the sequence E ' 7_"1,(,:’ 1 My=n(-)/s- AS
in [9], we say that an array {§, x:k € Z,n € N} which is stationary in rows is
a-mixing if limy_, o limsup,,_, ., o, (k) =0, where

o (k) 1= sup{|P(ANB) — P(A)P(B)|: A €0 (....En 1. En0).
Beoni énkt1s.-))

LEMMA 3.4, Forany0O<e < %, under the measure Q, the array of random

variables {Eo™' T,,(f)lMPnu—a)/s}kez,neN is a-mixing with

sup  ap(k) =o(n~ 1129, o, (k) =0 Vk > log® n.
ke[1,log? n]

PROOF. Fix ¢ € (0, %). For ease of notation, define &,  := EZ)"_IT_“,,(:) X
1, ~n-o/s. As we mentioned before, under Q the environment is stationary un-
der shifts of the sequence of ladder locations and thus &, x is stationary in rows
under Q.

If k > 1og2(n), then because of the reflections, o (..., &, —1,&,.0) and o (&, «,
&nk+1,...) are independent and so o, (k) = 0. To handle the case when k <
logz(n), fix Aeo(...,&.-1,&10) and B € 0(&n.k, En.k+1,---), and define the
event

Cpei={M; <n'=9/5 for1<j<b,}={&.;=0, forl <j<b,)}.

For any j > by, we have that &, ; only depends on the environment to the right of
zero. Thus,

QANBNCpe)=Q(A)Q(BNCye)
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since B N C, ¢ € o(wp, w1, ...). Also, note that by (13) we have Q(Cﬁyg) <
by QM > n1=9/8) = o(n=172¢). Therefore,
[QANB) — Q(A)Q(B)| =|Q(ANB) — Q(ANBNCpe)l
+IQANBNCye) — Q(A)Q(BNCy )l

+ 0(A)[Q(BNCye) — O(B)

<20(C5,) =0l .
PROOF OF THEOREM 1.1.  First, we show that the partial sums
1 & _
I’ll/s Z E:)k—l Tl)(/:l)le>n(l_£)/X
k=1

converge in distribution to a stable random variable of parameter s. To this end,
we will apply [9], Theorem 5.1(III). We now verify the conditions of that theorem.
The first condition that needs to be satisfied is
nl—i>ngonQ(n_l/sEwTv(n)lM1>n“—S)/S > x) = KOOX_S‘
However, this is exactly the content of Lemma 3.3.
Secondly, we need a sequence m, such that m, — oo, m, = o(n) and
noy, (my,) — 0, and such that for any § > 0,

np
nlLHgO ZnQ(EwTv(n)lM1 Sp(=e)/s > snl/s,
k=1
(26)

Ec‘z))k 7_11)(1::?11Mk+1>n(1*"7>/5 > Snl/s) =0.

However, by the independence of M| and My for any k > 1, the probabil-
ity inside the sum is less than Q (M| > n=8)/s)2, By (13), this last expression
is ~ Csn=2+2¢_ Thus, letting m, = n'/?>~¢ yields (26). [Note that by Lemma 3.4,
noy, (my,) = 0 for all n large enough.]

Finally, we need to show that
(27) lim lim supnEg[n™ P E,T M1y - ya-es1

n—oo

Ewﬁf’”sa] =0.

Now, by (23), there exists a constant Cg > 0 such that for any x > 0,

- 1
Q(E,T™ > xn'/s, My > n1=9/5) < Cex™* —.
n

Then using this, we have

nEQ [I’l_l/s EwT,)(n)lMl >n(l=8)/s 1Ew7:v(n)§6]

8 _
:n/ Q(E,T™ > xn'/s, My > n1=9/5) dx
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where the last integral is finite since s < 1. Equation (27) follows.
Having checked all its hypotheses, Kobus ([9], Theorem 5.1(IIl)) applies and
yields that there exists a b’ > 0 such that

[ -
(28) Q(nl/s ) E;k_lTv(:)lMPna—s)/s < x) = L p(x),
k=1

where the characteristic function for the distribution L ; is given in (5). To get
the limiting distribution of — E,,T,, we use (19) and rewrite this as

1 1 & -
29) meTvn /s Z E,! Tv(ljl)le>n('*s)/‘Y
k=1
[ -
& o T
k=1
1 7 (1)
(31) + W(EwTvn — E,T,").

Lemma 3.1 gives that (30) converges in distribution (under Q) to 0. Also, we can
use Lemma 3.2 to show that (31) converges in distribution to 0 as well. Indeed, for
any § > 0,

Q(EwTy, — E,T" > n'*) <nQ(E,T, — E,T" > 8n'/* 1) = One ).

Therefore, n~'/SE,, T,, has the same limiting distribution (under Q) as the right
side of (29), which by (28) is an s-stable distribution with distribution function
L s,b' - U

4. Localization along a subsequence. The goal of this section is to show
when s < 1 that P-a.s. there exists a subsequence t,, = t,, (@) of times such that
the RWRE is essentially located in a section of the environment of length log?(z,,).
This will essentially be done by finding a ladder time whose crossing time is much
larger than all the other ladder times before it. As a first step in this direction,
we prove that with strictly positive probability this happens in the first n ladder
locations. Recall the definition of My; cf. (12).

LEMMA 4.1. Assume s < 1. Then for any C > 1, we have

. b
1}lrg%fg<ake[1,n/2]:Mkzc > EJ ‘T§7)> > 0.
jellnl\{k)

PROOF. Recall that Tx(") is the hitting time of x by the RWRE modified so that
it never backtracks b, = Llog2 (n)] ladder locations.
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To prove the lemma, first note that since C > 1 and EJk! 7_"1,(,:1 ) > M there can
only be at most one k <n with My > C Zk?éjfn Ez;f_l 7_“,,(;1). Therefore,

Q(Elk ell,n/2:M>C ) E;"“Tv(f))
32 jelln\(k)

n/2
=y Q(Mk >c > E;le\f]fl)>
k=1 Jell,n]\{k}
Now, define the events

Fy:={vj =vj_1 <bn, Vj € (=by,nl},
(33)
Gine = (M; <n™/5, ¥j e (k, k+by}.

F, and G , ¢ are both typical events. Indeed, from Lemma 2.1, Q(Fy) < (b, +
n) QW > b,) = O (ne=C2bn), and from (13), we have oGS, ) <b,0(M; >

k,n,e
n1=8/5y = o(n=172¢). Now, from (3), adjusted for reflections, we have for any
j €11, n] that

Vi—=17(n)
w ij
l)j*l
= =) +2 D W,
I=vj 1
=(Uj—1)j_])+2 Z Hi,l+2 Z Hi,vjfl—lnvj‘,l,l
vj_1<i<l<v; Vi l—by <i<vj_1<l<v;

<) = vjo1) + 200 —vj_ 1) M+ 20 —vj_)(Vj_1 — Vj_1-p) M},

where in the last inequality we used the facts that l'[vj_l,,-,l >1forvj_1 <i<v;
and v, -1 < 1 for all i < vj_y. Then on the event F,, N G e, we have for
k+1<j<k+ b, that

EST T < by + 262007905 1 2p3n1-905 < sp3n(=00s

where for the first inequality we used that on the event F,, N Gy, . we have v; —
vj_1 <b, and M| < n1=8)/s Then using this, we get

Q(Mk >Cc Y EZ,“TJ;”)
jelln]\{k}
> Q(Mi > C(Eo T + Sbpn' =95 + Eg" T (M) Fy, Gion.e)
> QMg = Cn'/* v — vy < by)
X Q(EoT™ 4 5bin 178/ 4 E,f Tv(:) <n'* Fy, Grone).

Vk—1
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where F), := {vi —vj_1 <by, Vje(=by,n]\{k}} D F,. In the last inequality,
we used the fact that Eo) ' Tv(;’) is independent of My for j < k or j > k+ b,. Note
that we can replace F,, by F, in the last line above because it will only make the

probability smaller. Then using the above and the fact that E,, T\, 4+ Eox " T <
E,T,, wehave

Q(Mkzc )3 )

Jell,n\{k}
> Q(My = Cn'l, v — vy <by)
x Q(EoT,, <n'/* —5b*n1=9/5 F, Gy
> (Q(My = Cn'%) — Qv > by))
x (Q(EoTy, <n'*(1=5byn™")) — Q(Ff) — Q(G},.,))

1
~ CSC_SLs,b/(l);,

where the asymptotics in the last line are from (13) and Theorem 1.1. Combining
the last display and (32) proves the lemma. [

In Section 3, we showed that the proper scaling for E,T,, (or wav(: )) was
n~1/5 . The following lemma gives a bound on the moderate deviations under the
measure P.

LEMMA 4.2. Assume s < 1. Then for any § > 0,

P(E,T,, >n't%) = o(n=%/%).

PROOF. First, note that

(34) P(E,T,, >n'T%) < P(E,Tosn = n'"T0) + P(v, > 20n),

where v := Epv. To handle the second term on the right side of (34) we note that
vy, is the sum of n i.i.d. copies of v, and that v has exponential tails (by Lemma 2.1).
Therefore, Cramér’s theorem ([1], Theorem 2.2.3) gives that P(v,/n > 2v) =
O (e~*") for some &' > 0.

To handle the first term on the right side of (34), we note that for any y < s
we have Ep(E,T;)Y < oo. This follows from the fact that P(E,, T} > x) = P(1 +
2Wo > x) ~ K2°x7° by (3) and (9). Then by Chebyshev’s inequality and the fact
that y < s <1, we have

E (2217_11 Ek_lTk)V 2vnEp(E,T1)Y
_ 1/5+8 P\ k=1 Fw @
(35)  P(EyTopn>n ) < (/5 10) =T /50
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—SS/Z).
O

Then choosing y arbitrarily close to s, we can have that this last term is o(n

Throughout the remainder of the paper, we will use the following subsequences
of integers:

(36) ne=22  dii=ng —ngy

Note that n;y_; = /n; and so dy ~ n; as k — oo.

COROLLARY 4.3. For any k, define
Wk = max{E:f_lf‘ff") g1 < j < ngl.

If s <1, then

PROOF. Letég > 0. Then

E. Vng lTv(yik) Lk
P( E T,,(dk)—uk 51—8)
nk
E, T
(37) = P(T"' > s>
E Tvnk — MUk

< P(ET\® = n %) + P(EoT® — e < 7'y,
Lemma 4.2 gives that P(E,T, (d") >n 1/SH) < P(E, Tvnk = n}l{/v1+8) =

"k 1
o(n,_ o8/ 2) To handle the second term in the right side of (37), note that if § < 5

then the subsequence ny grows fast enough such that for all k large enough

n,lc/ S0 5 e=lp 1/ s+5 . Therefore, for k sufficiently large and § < 5-, we have

= —1.1/s+48 = 1/s—68
P(Ewr§ik> — e m ) < P(ELT — < nk/s ).

However, Ewﬁ,(,i") — ik < n,lc/s_(3 implies that M; < Evj_lf(dk) < n,i/s_s

l/v 1+36s

for at

least ny — 1 of the j < ny. Thus, since P(M; > n,, ) ~ Csny , we have that

P(EoT\™ —py <e” ') < m (1= P(My > 0!
(38)

8s/2
=o(e "k ).
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Therefore, for any ¢ > 0 and § < i, we have that

<E ng— 1T(dk) Lk

1—8) =o(n; /).
E T(dk) Wk k

. —68s/2
By our choice of ny, the sequence n k—Y1/

Cantelli lemma completes the proof. [

is summable in k. Applying the Borel-

COROLLARY 4.4. Assume s < 1. Then P-a.s. there exists a random subse-
quence jn, = jm(w) such that
Mj Zsz T(Jm)
m Vim—1"°
PROOF. Recall the definitions of ny and dy in (36). Then for any C > 1, define
the event

Dy.c —{Hje(nk 1, k-1 +di/2]: M; >C( Vit 1T(dk)+E T(dk))}

Note that due to the reflections, the event Dy ¢ depends only on the environment
from Vni_y—bg, 1O Vny — 1. Then since ng_1 — by, > ny—p for all k > 4, we have that
the events {DZk,C}Jgiz are all independent. Also, since the events do not involve the
environment to the left of 0, they have the same probability under Q as under P.
Then since Q is stationary under shifts of v;, we have that for £ > 4,

P(Dg.c) = Q(Dr.c) = Q(Fj €[1,di/21: Mj = C(E, T\ + Ey T<dk>))

Thus, for any C > 1, we have by Lemma 4.1 that liminf; . P(Dk,c) > 0.
This combined with the fact that the events {Dy c}72, are independent gives
that for any C > 1 infinitely many of the events Dy, ¢ occur P-a.s. There-
fore, there exists a subsequence k;,, of integers such that for each m, there exists
Jm € (ng,,—1, Rk, —1 + dx,, /2] such that

(dkm1 + Eva T(dkm ) _2m2(E "km 1T(dkm _ :u“km)v

Vnk V"k

M, = 2m>(Ey"" ' T

where the second equality holds due to our choice of j,,, which implies that p, =
Vjm—1 (d/\m

. Then by Corollary 4.3, we have that for all m large enough

—1 54 d d
M;, = 2m*(Eq™ lTv(nk';’j’) — i) = m*(Eo Tv(n,f'” ~ k) = m2E, T,
where the last inequality is because g, = Ey e 'T(dk’” Now, for all k large

enough, we have ny_1 + di/2 < di. Thus, we may assume (by possibly choosing
a further subsequence) that j,, < dy,, as well, and since allowing less backtracking
only decreases the crossing time we have

Mj, > m?E Ty > m? E, T . u



NONEXISTENCE OF QUENCHED STABLE LIMITS FOR RWRE 159

The following lemma shows that the reflections that we have been using this
whole time really do not affect the random walk. Recall the coupling of X; and

X ,(") introduced after (18).

LEMMA 4.5.

nll>rrolo Pw(TVn—l ;é T(n) ) =0, P-a.s.

Vn—1

PROOF. Let ¢ > 0. By Chebyshev’s inequality,
P(Py(Ty, , #T™ )>e)<e 'P(T,_, #T™).

Vn—1 Vn—1

Thus, by the Borel-Cantelli lemma, it is enough to prove that P(T,, | # 7_",,(:_)1) is

summable. Now, the event T, |, # 7_”,,(:3 , implies that there is an i < v,_1 such that
after reaching i for the first time, the random walk then backtracks a distance of
by,. Thus, again letting v = E pv, we have
_ 2(n—1)
P(Ty,_, #T\" ) < P(vao1 2200 — D)+ D" P'(Tiop, <o0)
i=0

= P(vy_1 > 20(n — 1)) 4+ 20(n — DP(T_;, < 00).

As noted in Lemma 4.2, P(v,—1 = 2v(n — 1)) = (D(e_‘s/”), so we need only to
show that nP(T_j, < 0o) is summable. However, [4], Lemma 3.3, gives that there
exists a constant C7 such that for any k > 1,

(39) P(T_j < 00) < e 7k,

Thus, nP(T_;, < 00) < ne—C7n which is summable by the definition of b,,. [

We define the random variable N; := max{k : 3n <t, X,, = v} to be the maxi-
mum number of ladder locations crossed by the random walk by time ¢.

LEMMA 4.6.
- X
lim M0, Peas.

PROOE. Let § > 0. If we can show that > 70, P(IN; — X;| > (Slog2 1) < oo,
then by the Borel-Cantelli lemma, we will be done. Now, the only way that N;
and X, can differ by more than §log?¢ is if either one of the gaps between the
first 7 ladder times is larger than 8log? s or if for some i < ¢ the random walk
backtracks 8 log? ¢ steps after first reaching i. Thus,

P(|N; — X,| > 8log? )
(40) _ )
<P@jell,t+1]:v; —vj_1 > 8log”t) +tIP>(T_[510gzﬂ <T)
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So, we need only to show that the two terms on the right side are summable. For
the first term, we use Lemma 2.1 and note that

P@Ejell,t+11:v; —vj_1 >8log’t) < (t + NP (v > §log* 1)

E (f + I)Cle—CQISlngt’

which is summable in ¢. By (39), the second term on the right side of (40) is also
summable. [

PROOF OF THEOREM 1.2. By Corol_lary 4.4, P-a.s. there exists a subse-
quence j,(w) such that M;, > szwT;;Z,”_)l. Define 1, = t,,(w) = %M jm and
Upm =up(w) =vj, 1. Then

Xtm — U . 2
P, bgT ¢[-6,8]1) < Po(Ny, # jm — 1) + Po(lvn,, — X4, | > 8log” ).
m

From Lemma 4.6, the second term goes to zero as m — oo. Thus, we only need to
show that

41) lim P,(N;, = jm—1)=1.
m—0o0
To see this, first note that
Pw(Ntm <jn—1= Pw(ijm,l > tiy)

= Pa)(ijmfl # T\;(J{;"_)l) + Pw(fv(,]n:n—)l = tm)'

By Lemma 4.5, P(L,(ijm_1 #+ Tv(j{'m)l) — 0 as m — oo, P-a.s. Also, by our defini-

tion of 7, and our choice of the subsequence j,,, we have

7 (jm) 7 (jm)
_ E,T); mE,Ty; 1
Pa)(Tv(ij)l > l‘m) < a)tv/mfl — OV —1 < - 0.
m— m Mjm m m—oo

It still remains to show lim,,_, oo Py, (N;, < jm) = 1. To prove this, first define the
stopping times 7, := min{n > 0: X,, = x}. Then

) o 1
Py(Ny, < jm) = Pa)(ijm > Iy) > P(:))jm I(ijm > ZMJm)

> Pézjm_l (Tv-;171 < TU]',,, )(l/m)Mjm .
Then using the hitting time calculations given in [14], (2.1.4), we have that

. 1 —w,.

Vi —1 Vim—1
P,"NT < Ty )=1-— =
Jm—1 Jm

v.fnl—l’v.im_l

Therefore, since M, < R we have

Vip—1:Vj, — 1>

1 —w,, | (I/m)M;, 1 (1/m)M;,,
Po(Ny, < jm) = (1 Tt ) > (1 - —) 1,
1

Vijm—1-Yjm Jm

thus proving (41) and, therefore, the theorem. [
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5. Nonlocal behavior on a random subsequence. There are two main goals
of this section. The first is to prove the existence of random subsequences x,, where
the hitting times 7, are approximately Gaussian random variables. This result is
then used to prove the existence of random times ¢, (w) in which the scaling for
the random walk is of the order %, instead of log? t,, as in Theorem 1.2. However,
before we can begin proving a quenched CLT for the hitting times 7, (at least
along a random subsequence), we first need to understand the tail asymptotics of
Var, T, := E,,((T, — Ey, TV)Z), the quenched variance of T;,.

5.1. Tail asymptotics of Q(Var, T, > x). The goal of this subsection is to
prove the following theorem.

THEOREM 5.1. Let Assumptions 1 and 2 hold. Then with K. > 0 the same
as in Theorem 1.4, we have

42)  Q(Vary, T, > x) ~ Q((EoT)* > x) ~ Koox /2 as x — 00,

and for any ¢ > 0 and x > 0,
- 51
(43) Q(Var, TU(”) > xn®s, M, > n(l_s)/s) ~ Koox /%= as n — oo.
n

Consequently,

(44) O(Var, T, > n'/*, My <n1=9/%) =o(n ™).

A formula for the quenched variance of crossing times is given in [5], (2.2).
Translating to our notation and simplifying, we have the formula

45)  Var, Ti := Eo(T1 — EoT1)> =4(Wo+ W) + 8 Tiy10(W; + W7).
i<0

Now, given the environment the crossing times 7; — T are independent. Thus,

we get the formula

v—1 v—1
Var, T, =4Y (Wi + W) +8 Y Ty j(W; + W)
j=0 j=0i<j
v—1
=4 (Wj+ W)

(46) =

+8Ro,v—1 (Wl + WEI + Z Il -1 (W; + Wiz))

i<—1

+8 Y Mg, (Wi + WP).

O<i<j<v
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We want to analyze the tails of Var,, T, by comparison with (E,,T,)?. Using (14),
we have

v—1 2 v—1 v—1
(EwTv)2=<v+ZZWj> =vi4dv Y Wi+4d Wi+8 Y WiW;
j=0 j=0 j=0 O<i<j<v
Thus, we have
(Ea)Tv)2 — Var, T,

v—1

(47) =12 +4w—D Y W;+8 > Wi(Wj — iy, — iy ;W)
(48) —8Rg.,_1 <W_1 + W2, + > i1 (W; + Wi2))

i<—1
(49) =: D" (w) —8Rp.,—1 D~ (w).

Note that D™ (w) and DT (w) are nonnegative random variables. The next few
lemmas show that the tails of D" (w) and Ro,v—1D7 (w) are much smaller than the
tails of (EwTv)Z.

LEMMA 5.2. Forany e > 0, we have Q(D™ (w) > x) = o(x57¢).

PROOF. Notice first that from (14) we have v + 4(v — 1) Z‘J’;(l) W; <
2vE,T,. Also we can rewrite W; —IT; 1 j — 14 jW; = W12 ; wheni < j — 1
(this term is zero when i = j — 1). Therefore,

v=3 v—1
Q(D*(w) > x) < QVE,T, > x/2) + Q(8 YN WiWigaj > x/Z).

i=0 j=i+2

Lemma 2.1 and Theorem 1.4 give that Q(2vE,T, > x) < Q(2v > logz(x)) +
O(E,T, > m) = o(x™37¢) for any ¢ > 0. Thus, we need only prove that

Q(Z}’:—g ?;il+2 WiWiy2, j > x) = o(x 1) for any ¢ > 0. Note that for i <,
we have W; = Wy ; + Ilp; W_1 <Ilp;(i + 1+ W_y), thus,

v—=3 v—1
Q(Z Z WiWi+2,j>x>

i=0 j=i+2

v=3 v—-1
< Q((V +WoD) Y HoiWiga, > X>

i=0 j=i+2
(50) < Qv >1log®(x)/2) + Q(W_1 > log*(x)/2)

logz(x)—3 logz(x)—l

X
1 P\ Io,iWiys,j > ——),
(51 + D > ( 0.iWit2,j > logé(x)>

i=0  j=i+2



NONEXISTENCE OF QUENCHED STABLE LIMITS FOR RWRE 163

where we were able to switch to P instead of Q in the last line because the event
inside the probability only concerns the environment to the right of 0. Now, Lem-
mas 2.1 and 2.2 give that (50) is o(x ~5¢) for any & > 0, so we need only to con-
sider (51). Under the measure P, we have that I1p; and W;,, ; are independent,
and by (9) we have P(W;;5 ; > x) < P(W; > x) < K1x~°. Thus,

X X
P(MgiWig > — V= Ep|P(Wiiy > — |y,
( 0.iTit2. 1og6(x)> P[ ( 42 1og6(x)n0,l-‘ 0”)]

< K1log® (x)x T Ep[IT§) ;1.
Then because Ep H(S)’i = (Ep,o")i+1 =1 by Assumption 1, we have

log2 (x)—3 log2 (x)—1

> P(Ho,iWi+2,j > Jg ) < Kyilog"t® (x)x™*
i=0  j=i+2 log”(x)
=o(x57E). O
LEMMA 5.3. Forany ¢ > 0,
(52) Q(D™ (w) > x) = o(x*%%),
and thus for any y <s,
(53) EoD™ (w)” < oo.

PROOF. It is obvious that (52) implies (53) and so we will only prove the
former. For any i, we may expand W; + Wl.2 as

2
Wi + Wiz = Z Ik, + (Z Hk,,') = Z Ik, + Z H%,i + ZZZ Mg, I

k<i k<i k<i k<i k<il<k

=) T, (1 + i +2) Hl,i)-

k<i I<k
Therefore, we may rewrite

D™ (0) =W_1+ W2 + > i1 (W; + W)

i<—1

= Z an,,l (1 4+ Hk’,' + 221_[17,').

i<—1lk<i I<k

(54)

Next, for any ¢ > 0 and n € N define the event
Ecn={I;; < e Uit yv_p<i<—1,Vj<i —n}

= (1 ) (M=t}

—n<i<—1j<i—n
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Now, under the measure Q, we have that [T _; < 1 for all kK < —1, and thus on
the event E. , we have using the representation in (54) that

D™ (w) = Z Z Ik, —1 (1 + Iy i + 22 Hl,,‘)

i<—1k<i I<k

< Y (an,i(ni+1,1+nk,l)

—n<i<—1 \k<i

+2 > Y mi+2 Y ecknl,l)

i—n<k<il<k l<k<i—n

+ Z (Zedc-f—ZeCka,[ +2 Z eCkl'Il,l-)

i<—n \k<i k<i l<k<i
(55) < ¥ <(2+n)W,- +2 > ecke—“"—l“))
—n<i<-—1 I<k<i—n
e+ y 2¢CE+D
i<—n I<i
- (2+ ) Z Wit 28—6(211—1) N e—c(n—l)
n ;
- L5 =D+ (e - 12
. 2e°
+ > e”Wl-(l—Fec_l)
i<—n
(1 + %) 3e¢ — 1 :
<2 Wi “W;.
<@2+n) Z l+(ec_1)3(ec+1)+ec_1vze !
—n<i<-—1 i<—n

Then using (55) with n replaced by Llogzxj = b, we have

Q(D™(®) > x) < Q(EC ) + Liee(162) /(e 13 (e +1)>x/3)

X

—by<i<—1

ci, (e — Dx
+Q<Z e'W; > 73(3&‘— 1)).

i<—1
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Now, for any 0 < ¢ < —Eplog p, Lemma 2.1 gives that Q(IT; ; > e <U~i+D) <
Ac_,=0:(=i+D) for some 8, A, > 0. Therefore,

PR)€
Q(EC ) < Z Z Q(Hj,i >e—c(i—j+1))
—n<i<—1j<i—n
(57) 5
Ape 0%
n € _ O(e—écn/Z)

<
P(R)(e’ — 1)

Thus, for any 0 < ¢ < —Ep log p, we have that the first two terms on the right side
of (56) are decreasing in x of order 0(e%Px/2)y = o(x™5%). To handle last two

terms in the right side of (56), note first that from (9), Q(W; > x) < P(R) P(W; >

x) < %x‘s for any x > 0 and any i. Thus,

X X
Q( 2 W">3<2+bx>>S 2 Q(W">3<2+bx>bx>

_bxflf_l _bxflf_l
=o(x ™),
and since 372, e~1/2 = (/2 — 1)~!, we have

ci o, (e —Dx
Q(Ze W,>796C_3)

i<—1

<0 (i —ci W_; > (9 - _1 c/2 D Z —cz/2>

00 c c/2
3 (e —D)(e?=1)
= 1Q(W" T 93 xe”/2>

K (9ec - 3)? —s — —csi)2 —s
< ¢ —0 ‘
= PR — 21y i:Zle (™) _

COROLLARY 5.4. Foranye >0, Q(Ry -1 D™ (w) > x) = o(x*1%).
PROOF. From (11), it is easy to see that for any y < s there exists a

K, > 0 such that P(Rp,,—1 > x) < P(Ryp > x) < K,x™7. Then letting ¥_| =
o(...,w_p, w_1), we have that

O(Ro-1D™(@) > ) = Eo| 0( Roser > 5|71 |

<K, xVEg(D™ (w))”.

Since y < s, the expectation in the last expression is finite by (53). Choosing y =
s — 5 completes the proof. [
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PROOF OF THEOREM 5.1. Recall from (49) that
(58)  (EoTy)’ = D¥() < Var, Ty < (EoTy)* +8Ro,p—1 D™ ().
The lower bound in (58) gives that for any § > 0,
O(Var,, Ty > x) > Q((E,T,)? > (1 +8)x) — Q(DT(w) > 8x).
Thus, from Lemma 5.2 and Theorem 1.4, we have that
(59) liminfx"/?Q(Var, T, > x) = Koo (1 +8) 72,
Similarly, the upper bound in (58) and Corollary 5.4 give that for any § > 0,
O(Var, T, > x) < Q((EwTi)? > (1 = 8)x) + Q(8Ro,i—1 D™ () > 8x),
and then Corollary 5.4 and Theorem 1.4 give
(60) limsupx*/2Q(Var, T, > x) < Koo (1 — 8) /2.

X—> 00
Letting § — 0 in (59) and (60) completes the proof of (42).

Essentially the same proof works for (43). The difference is that when evalu-
ating the difference (E,, 7_",)("))2 — Var,, _v(") the upper and lower bounds in (47)
and (48) are smaller in absolute value. This is because every instance of W; is re-
placed by Wy, +1i = Wi and the sum in (48) is taken only over v_; <i < —1.
Therefore, the following bounds still hold:

61)  (EoT™)* — D" (@) < Var, T? < (E,T™)* + 8Ro.,_1 D~ (w).

The rest of the proof then follows in the same manner, noting that from Lemma 3.3,
we have Q((Ewl_},("))2 > xn?/s, My > n1=9)/5) ~ Koox_s/zi, asn—oo. [

5.2. Existence of random subsequence of nonlocalized behavior. Introduce the
notation:

Hin,w = EL))FI le(in)’
(62)

ai,n,

2 » = EZ)[—] (Tv(,n) — Mi,n,w)z = Varw(Tv(’,n) - Tl)(,ri)l)

It is obvious (from the coupling of )_(,(”) and X;) that u; . E;))"_lTvi as
n — oo. It is also true, although not as obvious, that aizn » 18 increasing in n to
Var, (T,;, — T,,_,). Therefore, we will use the notation ;0 ¢ = E:ff‘lTvi and

o—foo, w = Vary(T,;, — T,,_,). To see that crfn, » 18 increasing in n, note that the
(1)

expansion for Var, 7, is the same as the expansion for Var, 7, given in (46)
but with each W; replaced by W,_, 1 ; and with the final sum in the second line
restricted to v_p,, <i < —1.

The first goal of this subsection is to prove a CLT (along random subsequences)
for the hitting times 7;,. We begin by showing that for any ¢ > 0 only the crossing



NONEXISTENCE OF QUENCHED STABLE LIMITS FOR RWRE 167

times of ladder times with Mj > n(!=9/5 are relevant in the limiting distribution,
at least along a sparse enough subsequence.

LEMMA 5.5. Assume s < 2. Then for any ¢,8 > 0, there exists an n > 0 and
a sequence c, = o(n~") such that for any m < oo

n
2 2
Q(Z i m.wlym;<p-o/s > én /S) <c,.

i=1

PROOF. Since o? <o?

im.w = Of 000 1t 18 enough to consider only the case m = oo
(that is, the walk without reflections). First, we need a bound on the probability of
ofoo’w = Var, (T, — T, ,) being much larger than Ml.z. Note that from (58), we

have Var, T, < (E,T,)*> + 8Ro,,—1 D~ (w). Then since Ry ,—; < vM;, we have
for any «, 8 > 0 that

Q(Var, T, > n*?, M, <n%)

nlg g n2/3—oz
< E,T, > —, M) <n“ D~ .
_Q( >«/§ 1 n)+Q(u (w) > 3 )

By (15), the first term on the right is o(e /5). To bound the second term on
the right, we use Lemma 2.1 and Lemma 5.3 to get that for any o < 8

B

n2,8—(x

n2ﬂ—a
) <0W> log2n) + Q(D_(a)) > —)

SvD™ >
Q( (@) 1610gn

= O(n—(S/Z)(3ﬁ—a))_
Therefore, similarly to (15), we have the bound
(63) O(Var, T, > n*®, My <n®) = o(n= /PGP~

The rest of the proof is similar to the proof of Lemma 3.1. First, from (63),

n
2 2/s
Q(Z ai,OO,wlMiEn(l—S)/s > én /3>

i=1

n
2 2/s
= Q(ZOi,oo,wlafoo,wfnm1—8/4)/5 > sn?/ )

i=1
+nQ(Var, T, > n2d=e/d/s < n(l_g)/s)

n
= 2 2/s —&/8
= Q(X} Gi,oo,wlal.z,oo,ws,ﬂ(l—s/@/s > dn ) +o(n ).
1=
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Therefore, it is enough to prove that for any §, ¢ > 0, there exists n > 0 such that

n
2 2/s -
Q<2; Ui,oo,wlafoo,anzﬂfs/zt)/s > dn ﬁ) =o(m™").
l=

We prove the above statement by choosing C € (1, %), since s > 2, and then us-
ing Theorem 5.1 to get bounds on the size of the set {i <n:Var,(T,, — T,, ,) €
(nz(l_eck)/s, nz(l_gck_l)/s]} for all k small enough so that eC* < 1. This portion
of the proof is similar to that of Lemma 3.1 and thus will be omitted. [J

COROLLARY 5.6. Assume s < 2. Then for any § > 0, there exists an n' > 0
/
and a sequence c,, = o(n~"") such that for any m < 0o

Q(__

n
2 2
Z(Gi,m,w - /’Li,m,w)
i=1

28112/5) <c,.

PROOF. For any ¢ > 0,

Q(v_

n

2 2
Z(Gi,in,w - Mi,m,w)
i=1

> Snz/s>

- 8
(64) = Q(Z Giz,m,wlMiSn(lfe)/s > §ﬂ2/3>
i=1
- 8
(65) +0 <Z u“iz,m,wlMiSn(lfs)/s = 5”2/S>
i=1
= 8
(66) + Q(Z |Ui2,m,w — /’Liz,m,a)llM,->n(1—8)/5 > gnz/s>.
i=1

Lemma 5.5 gives that (64) decreases polynomially in n (with a bound not de-
pending on m). Also, essentially the same proof as in Lemmas 5.5 and 3.1 can be
used to show that (65) also decreases polynomially in n (again with a bound not
depending on m). Finally, (66) is bounded above by

Qi <n:M; >n179/5) > p2)
_ _ 5
+nQ(Var, T = (B, TP | 2 307057,
and since by (13), Q(#{i <n:M; > n(179/5) > p2e) < nQUI=ATI) _ gy

we need only show that for some ¢ > 0 the second term above is decreasing faster
than a power of n. However, from (61), we have |Var, T\ — (E,T\"™)2| <
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Dt (w) + 8Rg.,—1 D™ (w). Thus,

r = )
nQ(|Varw Tv(m) — (EwTv(m))z} > gnZ/s—z(,;)

)
<1 0Q(D @) +8Ros1 D7 (@) = 520 7).

and for any ¢ < % Lemma 5.2 and Corollary 5.4 give that the last term above
decreases faster than some power of n. [

Since Ty, = >_"_(T,;, — T,,_,) is the sum of independent (quenched) random
variables, in order to prove a CLT we cannot have any of the first n crossing times
of blocks dominating all the others (note this is exactly what happens in the local-
ization behavior we saw in Section 4). Thus, we look for a random subsequence
where none of the crossing times of blocks are dominant. Now, for any § € (0, 1]
and any positive integer a < n/2, define the event

Ssna = {#i < 5”:M12,n,w € [n**,2n/%)} = 2a, “i,n,w <2m?sVj < sn}.

On the event 45, 4, 2a of the first §n crossings times from v;_1 to v; have roughly
the same size expected crossing times 4 » «, and the rest are all smaller (we work
with ,u » instead of w; , o so that comparisons with 0 » are slightly easier).
We want a lower bound on the probability of 45 4. The dlfﬁculty in getting a
lower bound is that the lh,n, », are not independent. However, we can force all the
large crossing times to be independent by forcing them to be separated by at least
b,, ladder locations.

Let {5 .4 be the collection of all subsets I of [1,dn] N Z of size 2a with the
property that any two distinct points in / are separated by at least 2b,,. Also, define
the event

Ajni= {Min’w € [n?/5, 2n%/%)}.

Then we begin with a simple lower bound:

0(Ss.n.0) = Q( U (m Aiw ) {Min’qum}))

I€dsna NEI jell,8n\I
(67)
> Q(ﬂAi,n N {u?,n,w<n2“}>.
I1€dsn.a iel jell,8n\I

Now, recall the definition of the event G; , . from (33), and define the event
Hipe={M; <n""9/5 forall j €[i — by,i)}.

Also, for any I C Z let d(j, 1) :=min{|j —i| : i € I} be the minimum distance
from j to the set /. Then with minimal cost, we can assume that for any I €
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Isna and any ¢ > O that all j ¢ I such that d(j, ) < b, have M; < n=e)/s,
Indeed,

Q(ﬂAi,n N {u?,n,w<nz/s})

iel jell,sn\I

(g LT P AR Wl

iel jell,6nl:d(j,1)>by

(68) — Q( U {ﬂ%,n,w > n2/s, M; < n(l—é‘)/s})

J¢1.d(j.1)<by

= 1_[ Q(Ai,n N Hi,n,s)Q(ﬂ Gi,n,e m {Min,a} < nZ/S})

iel iel jel1,8n):d(j,1)>by
—4ab, Q(E,T, > n'/s My < n(l_s)/s).
From Theorem 1.4 and Lemma 3.3, we have Q(A; ;) ~ Koo(1 — 275/~ We
wish to show the same asymptotics are true for Q(A; , N H; ,, ¢) as well. From (13),
we have Q(HY, ) < b, Q(M; > n'!=9/%) = o(n~'+2)_ Applying this, along with
(13) and (15), gives that for ¢ > 0,
Q(Ain) < Q(Ain N Hipe) + Q(My > n""27)Q(H, )

+Q(EoTy >n'l*, My <n'79F)

=0(A;.NH;pue)+ 0(n_2+38) + o(e_ns/(ss))‘

Thus, for any & < 3 L there exists a C; > 0 such that
(69) Q(Ai,n N Hi,n,s) = Cen_

To handle the next probability in (68), note that

Q (ﬂ Gine N (U e < nZ/S})

iel jell,6n1:d(j,1)>bn

< ﬂ {/’Ljnw<n2/€) (UGlnS)
Jj€ll,6n] iel
(70)

> Q(Eo Ty, <n'’*)—2a0Q(GS, )

= Q(E,T,, < n'/%y — ao(n=112).

_pe/(65)

Finally, from (15), we have 4ab,, Q(E,T, > nl/s My < n1=9/5) = go(e ).
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This along with (69) and (70) applied to (67) gives

Q(&S,n,a)
> #(1s.0.0)[(Cen ™D (Q(EQ Ty, <n'%) — ao(n™2)) — ao(e ™).

An obvious upper bound for #(4s ,.4) is (gZ) < (?2'2)2,0 To get a lower bound

on #(Is n.a), we note that any set I € 5, , can be chosen in the following
way: first choose an integer i; € [1,dn] (5n ways to do this). Then choose an
integer iy € [1,8n\{j € Z:|j — i1| < 2b,} (at least n — 1 — 4b, ways to do
this). Continue this process until 2a integers have been chosen. When choos-
ing i, there will be at least én — (j — 1)(1 + 4b,) integers available. Then
since there are (2a)! orders in which to choose each set if 2a integers, we
have

(8n)24 R ,
> #(Usna) > = | | (6n — (G — DA +4by))
(2a)! Qa)! ;]
N (8n)2e (1 _(2a-Da +4b,,))2“
~ (2a)! on '

Therefore, applying the upper and lower bounds on #({s . 4), we get

(8C,)% Qa — (1 +4by)\*
Q@sz(mﬂQ— - )
x (Q(EuT,, < nl/sy — ao(n_1+28))
2a

Recall the definitions of dj in (36) and define
(71) ar = |loglogk] v1 and & := ak_l.

Now, replacing §,n and a in the above by &k, d; and ay, respectively, we
have

Q(J(Sk,dk,ak) =

QWJWO_QW_MH4%dM
Qay)! Skdx

x (Q(EoTy, <dy") — aro(d; ' T%))

)

(72) ,
Sidy )= &/(6s)
— 7( k) o(e %

(2ag)!
2ay,
- (5/( Ce)

Qap)! (I4+o0M)(Lsp (1) —o(1)) — o(1/k).
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The last inequality is a result of the definitions of &, ax, and di (it’s enough to
recall that d > 22k71, ay ~ loglogk, and §; ~ ), as well as Theorem 1.1.

¢ GkCel%  (Cee/2)*%
Qap)! NeZTT

Thus, since a; ~ loglogk, we have that % = 0((8’Ezcjk))2!ak ). This, along with (72),

1
loglogk

Also, since 8 = a; I we get from Stirling’s formula tha

gives that O (85, d;,a,) > % for all k large enough.

We now have a good lower bound on the probability of not having any of the
crossing times of the first 6xdyx blocks dominating all the others. However, for the
purpose of proving Theorem 1.3, we need a little bit more. We also need that
none of the crossing times of succeeding blocks are too large either. Thus, for any
0 < 8 < cand n € N, define the events

cn cn
. 1 7 . 1
US,n,C = E Min,w = 2n /s}’ US,n,c = : E Hinw=n /s .
i=én+1 i=én+b,+1

LEMMA 5.7. Assume s < 1. Then there exists a sequence cy — 00, Cx =
o(logay) such that

o
Z Q(/Sék,dk,ak N Uék,dk,ck) = oQ.
k=1

PROOF. For any § < c and a < n/2, we have

brl
Q(/Szﬁ,n,a N US,n,c) = Q(/S(S,n,a)Q(US,n,c) - Q(Z Min,w > nl/s)
i=1

1/s
(73) > Q(85.n.a) Q(Ey Ty, <n'/s) — an(EwTv > ”b )

n

> Q(85..a) Q(Eo Ty, <n'/%) —o(n=1?),

Ven =

where the last inequality is from Theorem 1.4. Now, define ¢y =1 and for k > 1
let

I . 1/s 1
Cp = max{c eN: Q(EwTVcdk < dk ) > @} v,
Note that by Theorem 1.1 we have that c;( — 00, and so we can define ¢; = c}c A
loglog(ay). Then applying (73) with this choice of c; we have

o0
Y 05 dpar N Uspdpcr)
k=1

1/ —1/2
iy &) —o(d 1] =00,

> > [0(8s.dpar) Q(E T,
k=1
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and the last sum is infinite because d, /2 is summable and for all k large enough
we have

1/
Q({g(sk,dkvak)Q(EwTvckdk = dk s) = klogk =

COROLLARY 5.8. Assume s < 1, and let c; be as in Lemma 5."7. Then P-a.s.

. k
there exists a random subsequence ny, = ni, (w) of nx = 22" such that for the
sequences Oy, , B, and vy, defined by

Oy =Nk, —1,
(74) Bm =Nk, —1 + 8k, di,, »
Ym =Ny —1 + Chpy iy, s

we have that for all m

2
) max 2y s S,
ie(om,Pm] " kum i=a,+1 "
and
Ym /
S
Z Wi, d,, w_
Bm+1

PROOF. Define the events
. 2/s 2/s
8 = (#li € (e, e + Skdi): 12 g € 1d7° 2477 )y = 2a)

2 .
N3 g < 24 Vj € (i1, i1 + Sidel},

ng—1+crdy /
/ 1/s
Uy = { Y Hidew <24
ng—1+0rdi+1

Note that due to the reflections of the random walk, the event & ,/{ NnU ,é depends on
the environment between ladder locations ny_1 — by, and ni_1 + cidy. Thus, for
ko large enough {47, N Uz’k},fo:k0 is an independent sequence of events. Similarly,
for k large enough 4; N U/ does not depend on the environment to left of the origin.
Thus,

P8, NUp) = Q8. NU) = Q85 diar. N Usi )

for all k large enough. Lemma 5.7 then gives that Y22, P (85, N Uj;) = oo, and
the Borel-Cantelli lemma then implies that infinitely many of the events 85, N Uy,
occur P-a.s. Finally, note that § ,/Cm implies the event in (75).
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Before proving a quenched CLT (along a subsequence) for the hitting times
T, we need one more lemma that gives us some control on the quenched tails of
crossing times of blocks. We can get this from an application of Kac’s moment
formula. Let Ty be the hitting time of y when we add a reflection at the starting
point of the random walk. Then Kac’s moment formula ([3], (6)) and the Markov
property give that E;‘)(Ty)j < JjUE} fy)j (note that because of the reflection at x,

EX(Ty) > Ejf)/(fy) for any x’ € (x, y)). Thus,
ES- (1) < o' (1) < jU(ES " T,

(76) . Vi—1—by A i
< JUEw " Tv,-_l + Mi,n,w)]-

LEMMA 5.9. Foranye < %, there exists an n > 0 such that
0@i<n,jeN:M;>n"=9F EN-V(TW) > jaipl | Y=om™).

PROOF. We use (76) to get
0@3i <n,jeN:M; >n=5 EN-1(TM) > ji2iul )
<Q@Fi<n:M;> p=8)/s poit=bn Tu,«,l > Winw)
<nQ(My > n"7O8  E Ty > n179/5)
=nQ(M; > n"=9) Q(Es " Ty > n1=9/5),

where the second inequality is due to a union bound and the fact that u; , ,, > M;.
Now, by (13), we have n Q(M; > n!=9/%) ~ Csn?, and by Theorem 1.4,

n(1=e)/s

Q(E(l:)_b” TO > n(l—ﬁ)/s) S an(EwTv > ) ~ Koob}l+Sn—1+£

n
Therefore, Q@i < n,j € N:M; > n=9/5 EJNTY > j12ipl, ) =
0(n—1+38). O

THEOREM 5.10. Let Assumptions 1 and 2 hold, and let s < 1. Then P-a.s.

. k
there exists a random subsequence ny,, = ny, (o) of ny = 22" such that for oy, B
and yy, as in (74) and any sequence x, € [vg,,, vy, |, we have

. Txm - Ewam
(77) lim_ Pw<7 < y) = (),
Um,w
where
Bm
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PROOF. Let ng, (w) be the random subsequence specified in Corollary 5.8.
For ease of notation, set a,, = ax,, and d,, = dj,,. We have

~ 1 v
max  pu2- §2d3/s§~— Z pr. =
i€(@m,Bml i,dy,® a i,dy,® m
i=apm+1
and
Ym
5 1/s
Z 'ui,dm w — 2dm
i=Bn+1

Now, let {x,,}>>_, be any sequence of integers (even depending on w) such that
Xm € [vg,,, vy, ]. Then since (Ty,, — EyTy,,) = (Ty,, — EoTy,,) + (T, — T

E.m Ty,,), it is enough to prove
Txm —T - Ezlam Txm Doy

— E,T,
@7 Vam_ &) 0 and Ve — 7~ N(O, 1),
/U, Um,w

. Dy . C .
where we use the notation Z, —> Z to denote quenched convergence in distrib-
ution, that is lim,_ o Pp(Z, < z) = P,(Z < z), P-a.s. For the first term in (78),

note that for any ¢ > 0, we have from Chebyshev’s inequality and v, ., > %/ * that

Var, T, Var, T,
Pw( > s) < " <
~2/s)

Vam
32/s

Thus, the first claim in (78) will be proved if we can show that Var,, T,,, = o(dp

For this, we need the following lemma.

oam

Ty,

(78)

vaim B Ew TVClm

Um,w 82Um,a) Y o

LEMMA 5.11. Assume s <2. Then for any § > 0,

P(Var, T,, > n*/s*%) = o(n=95/%),

PROOEFE. First, we claim that
(79) Ep(Var, T1)? < oo for any y < %
Indeed, from (45), we have that for any y < % <1,

Ep(Var, T1)Y <4 Ep(Wo+ Wg) +8” " Ep(TT},, o(W; + W7)Y)
i<0
m .
=4 Ep(Wo+ W3)" +8 ) (Eppy) Ep(Wo+ W5,
i=1
where we used that P is i.i.d. in the last equality. Since Ep ,og < 1 for any y €
(0, 5), we have that (79) follows as soon as Ep(Wy + Wg)” < 00. However, from
(9), we get that Ep(Wy + WOZ)V <oowheny < 3.
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Asin Lemma 4.2 let v = Epv. Then,
P(Var, T,,, > n**t%) < P(Var, Topn = n**T%) + P(v, > 20n).

As in Lemma 4.2, the second term is @ (e“sl”) for some 8’ > 0. To handle the first
term on the right side, we note that for any y < % <1,

_ Ep(5i2) Vary(Ti — Te—1)?
= ny 2/s+8)

2vnEp(Var, T1)Y
ny@/s+8)

P (Var,, Tag, > n*/57?)
(80)

Then since Ep(Vary, T1)Y < oo for any y < %, we can choose y arbitrarily close
to 5 so that the last term on the right of (80) is o(n=%/*. O

As a result of Lemma 5.11 and the Borel-Cantelli lemma, we have that
Var,, Ty, = o(n,%/ S*%) for any 8 > 0. Therefore, for any & € (0, %), we have

Var, T,,, = o oz,%/ SH) = o(n,%’i s_+18) = 0(3/ ) (in the last equality we use that

di ~ ny to grow much faster than exponentially in k).

For the next step in the proof, we show that reflections can be added without
changing the limiting distribution. Specifically, we show that it is enough to prove
the following lemma, whose proof we postpone.

LEMMA 5.12. With notation as in Theorem 5.10, we have

Tx(mdm) _ Ec‘l’;dm Tx(dm)

81 im_ Py ( < y) — o (y).

Um,w

Assuming Lemma 5.12, we complete the proof of Theorem 5.10. It is enough
to show that

(82)  lim P,™ (T £T,)=0 and lim Eo™(Ty, — T9M) =0,

m— 00 Xkm
Recall that the coupling introduced after (18) gives that 7, — TX(,;]’”) > 0. Thus,

Pczam (Tx(jm) ;ﬁ TXm) = Pa‘jam (Txm — T(fm) > 1) < Ez)am (T)Cm _ Tx(jm))

X

Then since x,, < vy, and vy, = ng,—1 + ck,,dm < ny,+1 for all m large enough,
(82) will follow from

. Ynyp_q - = (dy) \ _
(83) kli)n;o E," "' (Ty,,,, TvnkkH) =0, P-as.

To prove (83), we argue as follows. From Lemma 3.2 we have that for any ¢ > 0

Q(Eu* " (Ty,,,, =T\ ) > &) <miyy Q(EwTv _E T s )

Vn v
k+1 Nf+1 k41

—8'b
=10 (g e 7).
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Since ny ~ di, the last term on the right is summable. Therefore, by the Borel—
Cantelli lemma,
(84) lim E ' (T, —T@W)=0,  Q-as.

v
k—o00 k1 Vnjt1

This is almost the same as (83), but with Q instead of P. To use this to prove (83),
note that for i > b, using (19), we can write

Eclg_l TU[ - E(‘z))i_lfv(,-n) = Ai,n(w) + Bi,n(w)W—I»

where A; ,(w) and B;,(w) are nonnegative random variables depending only

on the environment to the right of 0. Thus, E (T, — T”(ri ":1) = Ag () +
By, (w)W_1 where Ay (w) and By, (w) are nonnegative and only depend on the
environment to the right of zero (so Ay and By, have the same distribution un-
der P as under Q). Therefore, (83) follows from (84), which completes the proof

of the theorem. [

PROOF OF LEMMA 5.12.  Clearly, it suffices to show the following claims:

'a Jm T Jl’l‘l m T Jm
£ _ T — BTG

(85) =0
Um,w
and
3 (C?m) 2 (Jm) Vam 7 (d~m)
T, - T —E,"T,
(86) VBm Vo w VBm :Dw Z ~ N(O, 1)

Um,w

To prove (85), we note that

-

where the last inequality is because x,, < v,,, and vy o > Ezmc?,%/ ¥, However, by
Corollary 5.6 and the Borel-Cantelli lemma,

= (dn) _ () _ VB 7 (dm)
Txmm _ TU/3 nrln _ Ewﬁm Txmm 2
szvm,w - 82&md’31/5 ’

~(dm) 7 (dm) Ym 2
Z 8) < Varw(Txmm _TUﬁ:: ) < Zi:ﬂm+l o

Um,w

¥Ym Vi
2 = 2 3 \2/s
Z Ui,d~m,w - Z Mi,zim,a) + o((¢k,, dm)"").
i=Pm+1 i=Bm+1

The application of Corollary 5.6 uses the fact that for k large enough the reflections
ensure that the events in question do not involve the environment to the left of zero,
and thus have the same probability under P or Q. (This type of argument will be
used a few more times in the remainder of the proof without mention.) By our
choice of the subsequence ny , we have

m?

Ym ) Ym 2 -
S
¥ s ( X ma) =

i:ﬂn1+l i:ﬂn1+l
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Therefore,
=(dn) 7 (dm) VB 7 (dm)
Toom) — yém) _ g P,
lim Pw< m 2Fm " 28)
m— o0 Unm,w
_4dy + o((cry dm) )
< lim ) =0, P-as.
m— 00 82&m m/S

where the last limit equals zero because ¢ = o(logay).
It only remains to prove (86). Rewriting, we express

S . Bn
g = g = ES"TGw = 37 (T = T2) = g, )
i=0ay,+1

as the sum of independent, zero-mean random variables (quenched), and thus we
need only show the Lindberg—Feller condition. That is, we need to show

,Bm
1
(87) lim —— 2. =1,  P-as,
m— 00 Um.w i=§+l i,dp,w
and forall e > 0
li 1 i EVi-1 T(t:’m) 21
5 U i:azﬂ o O = i Ny o ]
(83)
=0, P-as.
To prove (87), note that
m 2 _ 2
1 % o2 =1+ Zi:a’n+l(ai’d~ln’w 'ui,tzm,a))
i,&m,w -

Umo g, 41 Um.

However, again by Corollary 5.6 and the Borel-Cantelli lemma, we have
Zﬁ'gga,n+1(02~ — Vg-zg C0) = 0((6kmc?m)2/s). Recalling that vy, , > Ezmcz,%/s we

i,dy,w
have that (87) is proved.
To prove (88), we break the sum up into two parts depending on whether M; is
“small” or “large.” Specifically, for ¢” € (0, %), we decompose the sum as

B
1 vt Tl 2
®9) — > EN[(T -y )1

Um, g, 41

_d 1 o
|T‘)(idm)_ui,d.m,w|>8/\/Um,(u)] Mifdi% /s

Bm
1 it
+— Y BN -y,

1

a)) f(gm) ~

U@ g1 T ™ =i Gy >0
=—C@m

(90)

x 1 (g /s -
My=ds
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We get an upper bound for (89) by first omitting the indicator function inside
the expectation, and then expanding the sum to be up to ng, > B,,. Thus, (89) is
bounded above by

1 Bm ) 1 i )
_ 5 ) < i ~
v Z ai’drn9w1Mi§dfsz]7£,)/‘v ) Z Gi,dn1,w1Mi§d,;175/)/‘Y'
mo ;g +1 MO i p 1

However, since d; grows exponentially fast, the Borel-Cantelli lemma and
Lemma 5.5 give that

n
2 _ 2/s
O 2 Oty g = 0.

i=ng_1+1
Therefore, since our choice of the subsequence ny, gives that vy, , > %/ °, we
have that (89) tends to zero as m — 0.

To get an upper bound for (90), first note that our choice of the subsequence ny,,
gives that &, /Uy o > €N/ am M4, d forany i € (s, B ]. Thus, for m large enough,
we can replace the indicators inside the expectations in (90) by the indicators of the
events {7_"1,(1.”1’") > (1 +evam)u,; an »J- Thus, for m large enough and i € (o, Bl
we have

. =(d 2
EV1—1 T(dm) — . - 1 -
o [0 = 1ig, o) T =1 ol > 8 P00

< EY (T —pig, )"

i,dp,w Tv(;im)>(1+8\/a)l"i'(]m w]
(92) . |
=il P T > (L e an) i g, )
~ i
Vi1 (7 (dm) ; — Du?-
+ 1+e«/apw (Tw >x“i,dm,w)2(x l)ui,dm,wdx'

We want to use Lemma 5.9 get an upper bounds on the probabilities in the last
line above. Lemma 5.9 and the Borel-Cantelli lemma give that for k large enough,

E ! (Tlfid"))j < 2jj!'uzj,dk,a)’ for all ny_1 < i < ny such that M; > d,gl_s/)/s. Mul-

. RN
tiplying by (44 4,,»)”/ and summing over j gives that E:f,"leT”ik [Gide.o) < 2.
Therefore, Chebyshev’s inequality gives that

= _ gl .
P(:))z—l (Tl)(,dk) > xﬂi,dk,w) <e x/4EZ;_1€TUi /(4Mz,dk,w)

<2e M4,

Thus, for all m large enough and for all i with o, <i < B, < ng,, and M; >
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5,511 =&/ ¥ we have from (92) that

i — T Jm - 2 ~
E 1[(T”(f )_'u"’dm"") IITu(fi’”)—uvg |>€M]
25 2. 2e~(HeNam)/4 |

i,dpy,w /l"f‘é‘\/&_m

<eg 2e /42 (x — l)uizg dx

am L w

= (26%am + 16(4 + ey ay)) e HeVam/4 )2 i
Recalling the definition of v, , = Z?ﬁam 41 ,ulz FRURAC have that as m — oo,
(90) is bounded above by o

(282[1;” + 16(4 + &y &m))e_(l+£@)/4ﬂid~n1,w Mi>d~r(nlfs/)/x

1 ,Bm

lim
m— 00 Um,w i=ay,+1

< mlem(282&m F16(4 + \/ay))e"TeVa/4 = o,
This completes the proof of (88), and thus of Lemma 5.12. [

PROOF OF THEOREM 1.3. Note first that from Lemma 4.2 and the Borel-
Cantelli lemma, we have that for any ¢ > 0, EwTv,,k = o(n,(clﬂ)/é), P-a.s. This is
equivalent to

log EwTvnk - 1

(93) lim sup P-as.

k—oo logng T s

We can also get bounds on the probability of E,,T,, being small. Since E ! 1) >
M;, we have

P(E,T,, <n"™95) < P(M; <n1™95 Wi <n) < (1= P(My > n179/%))",
and since P(M; > n1=9/%) ~ Csn=1%¢; see (13), we have P(E,T,
n(1=8)/sy < e Thus, by the Borel-Cantelli lemma, for any ¢ > 0, we have

<
n —

that £, T,,, > n,(cl_g)/ * for all k large enough, P-a.s., or equivalently

log E,,T,, 1
(94) liminf —o 2" >, P-as.
k—oo  logny s

Let ny,, be the subsequence specified in Theorem 5.10 and define 1, 1= EyTyy, -
Then by (93) and (94), lim,_, oo 1222 = 1/s.

logng,,
For any ¢, define X; := max{X, :n <t}. Then for any x € (0, o0), we have

X*
Pa)(ﬂ < x) - P(X;k < xnkm) = Pw(Txnk = tm)
ni " "

(Txnkm - Ewankm Eankm - Ewankm >

Um,w Um,w
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Now, with notation as in Theorem 5.10, we have that for all m large enough
Vg, < Xng, < vy, (note that this also uses the fact that v,/n — Epv,

Tyn, —EoTxn c(Dw .
P-a.s.). Thus, W —% Z ~ N(0, 1). Then we will have proved that
limy, 5 00 Py fk’z =1 for any x € (0, 00), if we can show
E,T, —E,T,
(95) lim T R LT ) P-as.

Um,w

For m large enough, we have ny,, , xng,, € (vg,,, vy, ). Thus, for m large enough,

Ew Txnkm B Ew Tnkm < EVﬁm Tva
Um,w o  Um,w
1 ( VB d
= Ewm( 1)m V(m) + Z Md
/Um,w Vi ym i Ldm,w
Since oy, < By < Vi < ng,+1 for all m large enough, we can apply (83) to get
: VBm (dm) Vam _ _(L?m) —
Jim B (T, = T50) < Jim Eo™ (T, =T ) =0.

Also, from our choice of ny, we have that Zy"’ Bt1 M < 2dm/ and vy o >

a d2/ ¥ Thus (95) is proved. Therefore

zda)

. X 1
lim Pa,< m §x) = 3 Vx € (0, 00),

m— 00 nkm

and obviously lim,,_,

X . . . .
w (5 k”" < 0) =0 since X, is transient to the right P-a.s.
due to Assumption 1. Finally, note that

X=X, X;f—vwy, vy, —X; _maXig (Vi —vie)) | VN — X
log? 1 log? 1 log?r ~ log? ¢ log?r

However, Lemma 4.6 and an easy application of Lemma 2.1 and the Borel-Cantelli
lemma gives that
X=X
lim ——— =0, P-a.s.
—>0o0 log t

This completes the proof of the theorem. [

6. Asymptotics of the tail of E,T,. Recall that E,T, =v + 22;;(1) W;=
v+23i<jo<j<vlij, and forany A > 1 define

o=o0a=inf{n>1:Tlp,—1 > A}.
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Note that o — 1 is a stopping time for the sequence Ilg ;. For any A > 1, {o >
v} = {M| < A}. Thus, we have by (15) that for any A > 1,

(96) Q(E,T, >x,0 >v)=Q(E,T, >x, M1 < A)=0(x"%).

Thus, we may focus on the tail estimates Q(E, T, > x, 0 < v) in which case we
can use the following expansion of E,,T):

E,y=v+2 Y Mj+2 > I
i<0<j<o-—1 0<i<j<o-—1

+2 Z Hi,j+2 Z Hi,j

o<i<j<v i<o—1<j<v
o7
o2

=v+2W_Roo 242 Woj
j=0
v—1

+2 Z Ri,v—l +2We_1 (14 Ra,v—l)-
i=0
We will show that the dominant term in (97) is the last term: 2Ws_1(1 + Ry, ,—1).
A few easy consequences of Lemmas 2.1 and 2.2 are that the tails of the first three
terms in the expansion (97) are negligible. The following statements are true for

any § > 0 and any A > 1:
(98) O >68x)=P(v>¥8x)=0(x""),
QQW_iRog—2 > 8x,0 <v) < Q(W_; > +/6x)
+ P(2R0.5—2 > V/8x,0 <)

99)
< Q(W-1 > Véx) + P(2vA > /5x)
=o(x™),
o2 o—1
Q(ZZ Wo,j > dx,0 <v> < P(22jA>8x,a <v>
(100) = =

< P(W?A > 8x) =o(x~%).

In the first inequality in (100), we used the fact that IT; ; < Tl ; forany 0 <i <v
since Iy ;—1 > 1.

The fourth term in (97) is not negligible, but we can make it arbitrarily small by
taking A large enough.

LEMMA 6.1. Forall § > 0, there exists an Ay = Ag(8) < o0 such that

P<2 > Rivo1> 5x) <8x7S VA > Ao(9).

opA<i<v
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PROOF. This proof is essentially a copy of the proof of Lemma 3 in [8].

P<2 > Rl-,v1>5x>gp( > Ri> x)

opA<i<v oA<i<v

> 8
=P<ZIGA§,~<VR > X—Zl )
i=1
> 34
5;P(16A<,'<,,R >x;l 2).

However, since the event {04 <i < v} depends only on p; for j < i, and R;
depends only on p; for j > i, we have that

36
2 R;. sx | <Y Poa < P(R; 2).
< Z v—1 > x) Z (o0pa <i<v) < >xn2z

opA<i<v

Now, from (11), we have that there exists a K > 0 such that P(Rg > x) < K{x™*
for all x > 0. We then conclude that

—s 00
( Z R - l>3x)<Kl< > SZP(GA§i<U)i2s
oA<i<v i=1
36

—s 00
(101) —ki(Z;) xE [Z 10A<l-<vi2f]

i=1

38\
5K1<—2> T EpDP M g, 0l
/4

Since Epv®t! < 0o and limg_ o P(o4 < v) = 0, we have that the right side

of (101) can be made less than §x~* by choosing A large enough. [
We need one more lemma before analyzing the dominant term in (97).

LEMMA 6.2. Eg[W] _15,<v] <00 forany A > 1.

UA

PROOF. First, note that on the event {o4 < v}, we have that I1; ;,_1 <
p,o,—1 forany i € [0, 04). Thus,

Woi—1=Wo,o0—1 + ooy 1 W1 < (04 +W_DIlp5,—1.
Also, note that Iy 5, —1 < Aps,—1 by the definition of o4. Therefore,

EQ[WS 110A<V]<EQ[(GA+W_])SAS,OUA 11(7A<U]'

0A—
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Therefore, it is enoggh to prove th?t poth E Q[Wi 1p3A7116A<U] and Egloy x
'Ocsz—l 1,,<v] are finite (note that this is trivial if we assume that o has bounded
support). Since W_; is independent of p;A_ 115, <v we have that

EQ[Wi]p;A,110A<U] = EQ[Wi1]EP[P(syA71loA<u]7
where we may take the second expectation over P instead of Q because the ran-
dom variable only depends on the environment to the right of zero. By Lemma 2.2,
we have that Eg[W? ] < co. Also, Ep[,ogA_ll(,A@] < Ep[af‘pgA_llgA@], and
so the lemma will be proved once we prove the latter is finite. However,

0 o0
Eplo}py,—1log<v]l = ) Eplk p}_1loy=k<v] < ) K Epl[p{_;li<v],
k=1 k=1
and since the event {k < v} depends only on (pg, p1,...0r—2) We have that
Eplp;_lk<v] = Epp*P(v > k) since P is a product measure. Then since
Epp® =1, we have that

o0
Eplo}p), _1loy<v] <Y kP >k).
k=1

This last sum is finite by Lemma 2.1. [

Finally, we turn to the asymptotics of the tail of 2Ws_1(1 + Rs,—1), which is
the dominant term in (97).

LEMMA 6.3. Forany A > 1, there exists a constant K 4 € (0, 00) such that
lim x*Q(Ws—1(14+ Rsv—1) >x,0 <v)=Kj.
X—> 00

PROOF. The strategy of the proof is as follows. First, note that on the event
{oc <v} we have Wo_1(1 4+ Rs) = Wo_1(1 + Rsv—1) + Wo_1I15,—1R,. We
will begin by analyzing the asymptotics of the tails of Ws_1(1 + Rs) and
Wo 1115, v—1R,. Next, we will show that Wy _1(1 4+ Ry, y—1) and Ws_1I15 ,—1 R,
are essentially independent in the sense that they cannot both be large. This will
allow us to use the asymptotics of the tails of W;_1(1 4+ Ry) and Wy_1I15 ,—1 R,
to compute the asymptotics of the tails of Wo_1(1 4+ Rs,v—1).

To analyze the asymptotics of the tail of W,_;(1 + R,), we first recall
from (11) that there exists a K > 0 such that P(Rg > x) ~ Kx™*. Let F,_1 =
o(...,ws—2, ws_1) be the o -algebra generated by the environment to the left of o.
Then on the event {o < oo}, R, has the same distribution as Rg and is independent
of £5_1. Thus,

XIHEOXSQ(WU—l(l + Ry)>x,0 <V)

. y X lrod
(102) = lim EQ[x*Q(l Ry > 0 < v’fa_l):|

o—1

=KEo[W! 15,1
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A similar calculation yields

lim x*Q(Wy_1sy—1Ry > x,0 <V)
X—>00

_ s X -
(103) = lim_ EQ[x Q(Rv S v‘fH)]
=Eo[W,_ 115,150 ]K.
Next, we wish to show that

(104)  lim x*Q(Wo—1(1 + Ry,v—1) > ex, Wo_1Il5—1 R, > €x, 0 <v) =0.
X—>00

Since Iy,,—1 < % on the event {o < v}, we have for any ¢ > 0 that

X Q(Wo—1(1 + Ryp—1) > ex, Wo_1Il5 ,_1 Ry > €x,0 <V)
<x*Q(Wo—1(1+ Ry v—1) > ex, We_1R, > Asx,0 <V)

s £x
=x"Eg| Q(1+ Rop-1 > %o
Wa—l

(105)

xQ(R > A2 k2 )1 }
v W o—1 o<v

o—1

xQ(R > A X ‘3’7 >1 i|
v Wa—l o—1 o<v |s

where the equality on the third line is because R, ,_; and R, are indepen-
dent when o < v (note that {o < v} € ¥,_1), and the last inequality is because
Rs -1 < Rs. Now, conditioned on ¥,_1, R, and R, have the same distribu-
tion as Ry. Then since by (11) for any y <'s, there exists a K, > 0 such that
P(14+ Ry > x) < K,x77, we have that the integrand in (105) is bounded above by

K%e‘z” Wf’i]lg@xs_z”, Q-a.s. Choosing y = 5 gives that the integrand in (105)
is Q-a.s. bounded above by K Es‘s W;_llg<v which by Lemma 6.2 has finite
2

mean. However, if we choose y = s, then we get that the integrand of (105) tends
to zero Q-a.s. as x — o0o. Thus, by the dominated convergence theorem, we have
that (104) holds.

Now, since Ry = Ry, y—1 + [1s,,—1 Ry, we have that for any ¢ > 0,

O(Wo—i(1+Rs) > (1+e)x,0 <Vv)
= Q(Wcr—l(l + Ro,v—l) > &X, Wa—lno,v—le >EX,0 < V)
+ Q(Wo—1(1 + Ryp—1) > x,0 <)+ Q(Wo—1Il5v_1R, > x,0 <V).
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Applying (102), (103) and (104), we get that for any ¢ > 0,
liminfx* Q(Wo—1(1 + Rg,v—1) > x,0 <)

aoe) %
>KEgWy_11o<0](1+6)7" — KEQIWy_ 1T ,_1o<].
Similarly, for a bound in the other direction, we have
Q(We—1(1+ Rs) > x,0 <)
> Q(Wo—1(14 Rsv—1) > x, or Wo_1Il5v_1R, > x,0 <V)
=Q0(Wo—1(1+Rsp—1) >x,0 <v) + QW5 _1Tl5,_1R, > x,0 <V)
— O(Wo—1(1+ Rov—1) > x, Wo_1Il5y—1 Ry > x,0 < V).
Thus, again applying (102), (103) and (104), we get

limsupx® Q(Wo—1(1 + Ro,v—1) > x,0 <)

X—>00

= KEQ[Wg_lla«)] - KEQ[Wg_lnfy,v_110<v]-

(107)

Finally, applying (106) and (107) and letting ¢ — 0, we get that
xli)ngost(Wa—l(l + Ry v—1) >x,0 < V)
= KEQ[ngl(] - Héﬁu71)10<v] =: K4,
and K4 € (0, 00) by Lemma 6.2 and the fact that 1 — I, ,—1 € (1 — %, . O
Finally, we are ready to analyze the tail of E,T, under the measure Q.
PROOF OF THEOREM 1.4. Leté§ > 0, and choose A > A((§) asin Lemma 6.1.
Then using (97), we have
O(E,T, >x)=Q(E,T), >x,0 >v)+ Q(E,T, > x,0 <V)
< Q(EyT, >x,0 >v)+ Qv > déx)
+ QORW_1Rps—2>éx,0 <V)
o2
+ Q(ZZ Wo,j > éx,0 < v) + Q<2 Z Riv—1> 8x)
j=0 o<i<v

+ Q(ZWafl(] + Rov—1) > (1 —48)x,0 < V)-

Thus, combining equations (96), (98), (99) and (100) and Lemmas 6.1 and 6.3, we
get that

(108) limsupx® Q(E,T), > x) <3+ 2°K4(1 —48)7°.

X—>00
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The lower bound is easier, since Q(E,T, > x) > QQRWy_1(14+Rs,—1) > x,0 <
v). Thus,

(109) liminfx* Q(E,T, > x) > 2°K 4.
X—>00

From (108) and (109), we get that K :=lim SUPA_, o 2° K4 < 00. Therefore, let-
ting K :=liminfs_  2° K4, we have from (108) and (109) that

K < l/irn_l)iorcljfoQ(EwTv > x) <limsupx®*Q(E,T, >x) <8+ K(1 —48)"".

X—> 00

Then letting § — 0 completes the proof of the theorem with Koo = K =K. [

Acknowledgment. We thank the referee for a very thorough and careful read-
ing of the paper and for the useful suggestions.

REFERENCES

[1] DEMBO, A. and ZEITOUNI, O. (1998). Large Deviations Techniques and Applications, 2nd
ed. Applications of Mathematics (New York) 38. Springer, New York. MR1619036

[2] ENRIQUEZ, N., SABOT, C. and ZINDY, O. (2007). Limit laws for transient random walks in
random environment on Z. Preprint. arXiv:math/0703660v3 [math.PR].

[3] FiTzsiMMONS, P. J. and PITMAN, J. (1999). Kac’s moment formula and the Feynman—Kac
formula for additive functionals of a Markov process. Stochastic Process. Appl. 79 117-
134. MR1670526

[4] GANTERT, N. and SHI, Z. (2002). Many visits to a single site by a transient random walk in
random environment. Stochastic Process. Appl. 99 159-176. MR1901151

[5] GOLDSHEID, I. Y. (2007). Simple transient random walks in one-dimensional random environ-
ment: The central limit theorem. Probab. Theory Related Fields 139 41-64. MR2322691

[6] IGLEHART, D. L. (1972). Extreme values in the GI/G/1 queue. Ann. Math. Statist. 43 627—
635. MR0305498

[7] KESTEN, H. (1973). Random difference equations and renewal theory for products of random
matrices. Acta Math. 131 207-248. MR0440724

[8] KESTEN, H., KozLov, M. V. and SPITZER, F. (1975). A limit law for random walk in a
random environment. Compositio Math. 30 145-168. MR0380998

[9] KoBus, M. (1995). Generalized Poisson distributions as limits of sums for arrays of dependent
random vectors. J. Multivariate Anal. 52 199-244. MR1323331

[10] KozLov, S. M. and MOLCHANOV, S. A. (1984). Conditions for the applicability of the cen-
tral limit theorem to random walks on a lattice. Dokl. Akad. Nauk SSSR 278 531-534.
MR764989

[11] PETERSON, J. (2008). Ph.D. thesis. Awarded in 2008 by the University of Minnesota. Available
at arXiv:0810.257v1 [math.PR].

[12] RASSOUL-AGHA, F. and SEPPALAINEN, T. (2006). Ballistic random walk in a random en-
vironment with a forbidden direction. ALEA Lat. Am. J. Probab. Math. Stat. 1 111-147
(electronic). MR2235176

[13] SoLomoN, FE. (1975). Random walks in a random environment. Ann. Probab. 3 1-31.
MRO0362503


http://www.ams.org/mathscinet-getitem?mr=1619036
http://arxiv.org/abs/math/0703660v3
http://www.ams.org/mathscinet-getitem?mr=1670526
http://www.ams.org/mathscinet-getitem?mr=1901151
http://www.ams.org/mathscinet-getitem?mr=2322691
http://www.ams.org/mathscinet-getitem?mr=0305498
http://www.ams.org/mathscinet-getitem?mr=0440724
http://www.ams.org/mathscinet-getitem?mr=0380998
http://www.ams.org/mathscinet-getitem?mr=1323331
http://www.ams.org/mathscinet-getitem?mr=764989
http://arxiv.org/abs/0810.257v1
http://www.ams.org/mathscinet-getitem?mr=2235176
http://www.ams.org/mathscinet-getitem?mr=0362503

188 J. PETERSON AND O. ZEITOUNI

[14] ZEITOUNI, O. (2004). Random walks in random environment. In Lectures on Probability The-
ory and Statistics. Lecture Notes in Math. 1837 189-312. Springer, Berlin. MR2071631

DEPARTMENT OF MATHEMATICS SCHOOL OF MATHEMATICS
UNIVERSITY OF WISCONSIN UNIVERSITY OF MINNESOTA

480 LINCOLN DRIVE 206 CHURCH ST. SE

MADISON, WISCONSIN 53705 MINNEAPOLIS, MINNESOTA 55455
USA AND

E-MAIL: peterson@math.wisc.edu FACULTY OF MATHEMATICS

WEIZMANN INSTITUTE OF SCIENCE
REHOVOT 76100

ISRAEL

E-MAIL: zeitouni @math.umn.edu


http://www.ams.org/mathscinet-getitem?mr=2071631
mailto:peterson@math.wisc.edu
mailto:zeitouni@math.umn.edu

	Introduction and statement of main results
	Introductory lemmas
	Stable behavior of expected crossing time
	Localization along a subsequence
	Nonlocal behavior on a random subsequence
	Tail asymptotics of Q( VaromegaTnu> x)
	Existence of random subsequence of nonlocalized behavior

	Asymptotics of the tail of EomegaTnu
	Acknowledgment
	References
	Author's Addresses

