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Let f(-, 1) be the probability density function which represents the so-
Iution of Kac’s equation at time ¢, with initial data f{, and let g, be the
Gaussian density with zero mean and variance o2, o2 being the value of
the second moment of fj. This is the first study which proves that the total
variation distance between f (-, ) and g5 goes to zero, as t — +o00, with an
exponential rate equal to —1/4. In the present paper, this fact is proved on the
sole assumption that f{) has finite fourth moment and its Fourier transform ¢
satisfies |¢o(&)] = o(|&]™P) as |&€| — +o0, for some p > 0. These hypothe-
ses are definitely weaker than those considered so far in the state-of-the-art
literature, which in any case, obtains less precise rates.

1. Introduction. This paper deals with the speed of approach to equilibri-
um—with respect to the variational distance—of the solution of the so-called
Kac equation. Kac (1956) introduced a model, also known as Kac’s caricature
of a Maxwellian gas, for the motion of a single molecule in a chaotic bath of
like molecules moving on the line. At time t = 0, the velocities are thought of
as approximately stochastically independent and identically distributed with com-
mon law po and finite second moment m,. Kac formulated suitable hypotheses
to prove that independence is preserved at later times. The Kac model provides
the pattern for the analysis of certain more physically realistic kinetic models, first
of all the Boltzmann equation for Maxwellian molecules. Many of the essential
features of these more realistic models are, in any case, preserved in the Kac sim-
plified setting. Accordingly, the specific probabilistic methods we will use for the
Kac model can be applied to the study of the asymptotic behavior of solutions of
equations of Maxwellian molecules with constant collision kernel supported by a
compact subset of R. Moreover, the very same methods can have wide applicabil-
ity to the approach to equilibrium of solutions of certain inelastic variants of the
above-mentioned models, introduced in connection with the study of the behavior
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of granular materials and the redistribution of wealth in simple market economies.
For background information on the physical aspects of Boltzmann’s equation [see,
e.g., Cercignani (1975) and Truesdell and Muncaster (1980)]. For inelastic variants
of classical kinetics models, cf. Villani (2006), and for economic applications, see
Matthes and Toscani (2008).

According to the Kac model, if g is absolutely continuous with density, fp,
then the velocity of each particle at any time ¢ has a probability density function
f(-, 1), which is a solution of the Boltzmann problem

27
—(v,t)=%/0 /R[f(vcose—wsine,t)

X f(vsin® +wcos,t) — f(v,t) - f(w,t)]dwdb

with initial data f(-,0%) = fy(-). Given any initial probability density function,
the Cauchy problem (1) admits a unique solution. See, for example, Morgen-
stern (1954) and McKean (1966).

The present paper aims at providing sharp bounds for the variational distance

£t = gollt = /H; 1f.0) —ge)dv (1 >0),

where g, denotes the Gaussian probability density function having zero mean and
variance o2, that is, go(v) = (o/2m)7 ! exp{—v2/202} for v in R, and

2) 02:=/Rv2dm)(v).

Its structure is as follows: Section 2 presents the main result along with a discus-
sion about the assumptions made for its derivation. Section 3 contains preliminary
notions and results to be used to prove the theorem formulated in Section 2. The
main steps of the proof are explained in Section 4, while more technical details are
deferred to the Appendix.

2. Presentation of the main result. Our main result is embodied in the fol-
lowing theorem.

THEOREM 2.1. Assume that the initial probability density function, fo, of
Kac’s equation (1) has finite fourth moment. Moreover, suppose

3) 60 () = /ﬂé FE o)y dx = o(lE]P)  (I&] = +o00)

for some strictly positive p. Then there is a constant C, depending only on the

behavior of fo, for which
) I ¢ —golli <Ce WP (1> 0),

where o is given as in (2).
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From Section 4 below, it follows that C can be taken equal to
2427+ 2"al)

1
+ —{sum of the coefficients of e~/ in the right-hand sides

V2
of (26)—(29), (31)} 4 2{right-hand side of inequality (36)},

where 77 :=9[2/p] and [s] stands for the least integer not less than s. Thus, C de-
pends only on the fourth moment my4 of fy, on o, p and L, := supseR{|§|p .

lpo (&)1}

2.1. Comparison with existing literature. For the sake of expository complete-
ness, it is worth situating the above theorem in existing literature. First, it should be
recalled that weak convergence of the probability (-, t) associated to f (-, t) holds
true, as ¢ goes to infinity, if and only if ©g has finite second moment [see Gabetta
and Regazzini (2008)]. According to the Maxwell pioneering work, the limiting
distribution is Gaussian (0, o2) with o2 as in (2). Furthermore, when m» = 400,
it has been proved that w(-, ) converges vaguely to the zero measure on R [see
Carlen, Gabetta and Regazzini (2008)].

As to the rate of convergence when m is finite, McKean gave significant re-
sults early on bounds for rates of convergence to equilibrium of solutions of (1),
both in terms of Kolmogorov distance and in terms of variational distance [see
McKean (1966)]. For recent developments concerning various weak metrics, see
Gabetta and Regazzini (2006b). In any case, a relevant feature of McKean’s way
of reasoning is that it was based on central limit problem methods. In this paper,
we use these very same methods also unlike what has happened in the last decades
when authors have prevalently adopted strategies of an analytical nature. See, for
example, the recent survey in Villani (2008).

Apropos of the variational distance, McKean conjectured that || f (-, 1) — g5 1I1
has an upper bound which goes to zero exponentially with a rate determined by
the least negative eigenvalue (equal to —1/4) of the linearized collision operator.
Compared to these statements, Theorem 2.1 represents the first satisfactory support
of the McKean assertion. Indeed, the problem of validating this conjecture has been
seriously tackled in recent years, but the bounds obtained are like

) Coe~/H=0)

¢ being an arbitrary strictly positive number with C, going to infinity as & goes
to zero. An expression of type (5) was first established in Carlen, Gabetta and
Toscani (1999) under hypotheses of three different kinds on fj: finiteness of
all absolute moments; Sobolev regularity in the sense that fp is supposed to
belong to H™(R) for any integer m; finiteness of the Linnik functional [ fo].
See Linnik (1959) and Section 8 of McKean (1966) for its definition. A further
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progress is made in Carlen, Carvalho and Gabetta (2005), where it is shown that
the above second group of hypotheses can be removed in order to obtain (5).

With a view to placing our work within the context of existing literature, the
following could be to the point.

2.2. Discussion about assumptions made in Theorem 2.1. To start with, our
moment assumption shows that the finiteness of all moments so far adopted
is actually redundant. Also, the finiteness of I[fp] is not needed since in
view of Lemma 2.3 in Carlen, Gabetta and Toscani (1999), [ e fo(x)dx <
|€1~1/TT fol. Hence, the tail assumption on ¢y, required in Theorem 2.1 turns out
to be weaker than finiteness of I[ fo].

As to the “independence” of conditions adopted in Theorem 2.1, it should be
noticed that initial characteristic functions

o 1/n
(0) po(&) =) an (ﬁ) (an >0Vnand ) a, = 1)
n=1 n>1

possess the moment property but do not meet the tail condition. Conversely, the
Fourier transform of

Sfo(x) W

has “good” tails but fi does not possess mth moment.

At this stage, one could wonder whether the assumptions made in Theorem 2.1
may be weakened in some significant manner preserving, at the same time, the
validity of the rate —1/4. Here, we explain some reasons—from (a) to (c)—why
weakening of those assumptions is essentially inconsistent with that rate. (a) Theo-
rem 4 of Carlen and Lu (2003) shows that there exist initial data fp, with my < 400
and [ |x|2+5fo(x) dx = +oo for every § > 0, for which || f(-,1) — go|l1 goes to
zero with nonexponential rates; where finiteness of some moment of order greater
than two is necessary to have bounds which decrease exponentially. (b) In any case,
the following simple example seems decisive in the present discussion. Consider
the class of initial densities

fop(x) =

(for some m > 1)

B
o lH_ﬁIL{|x|>1} (x eR)

with 3 < 8 < 4 and Fourier transform

P v pyeosiprill - p 3 _(pmem
Ap-D s @m)!2m — B)

Then fj g has finite Linnik functlonal and entropy, finite third moment but infinite
fourth moment. Moreover, o2 = B(8 — 2)~!. From arguments, we will repeat-
edly resort to in the following Section 4, the solution fg(-,#) of (1), with initial
datum fo g, satisfies

If(. 1) — goll1 = Cexp{—(1 —2ap)r}  (r=0)

vo,5(&) =
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for some strictly positive constant C and ag := ﬁ 02 ™ |sin6|P d6 > 3/8. This is

tantamount to saying that || fg(-, ) — g5 |1 goes to zero exponentially, but with
a rate which is slower than that provided by Theorem 2.1 under the assumption
of finiteness of the fourth moment. (c) It should be noted that assumptions about
finiteness of the entropy or of the Linnik functional could not compensate an even-
tual lack of finiteness for certain moments.

As a remark about the tail hypothesis for ¢g, one can observe that it is slightly
stronger than the hypothesis that there is some integer N such that the N-fold con-
volution of fj is bounded. This fact is of some importance since the latter assump-
tion often recurs with a role of sufficient condition for the validity of local limit
theorems in the usual Lindeberg—Lévy framework. See, for example, Sections 2
and 3 in Chapter 7 of Petrov (1975).

There is, in fact, a new problem which deserves attention. Can the upper bound
we stated in Theorem 2.1 be improved? It will be shown in a forthcoming paper
that the answer is in the affirmative only if the kurtosis coefficient of g is zero,
which in any case, is a rather particular condition.

We conclude the section by stressing a useful consequence of both the above
discussed assumptions, which is preliminary to the proof of Theorem 2.1.

PROPOSITION 2.2. Let [xfo(x) =0, m3 = [ |x|? fo(x) < +00 and assume
that (3) is in force. Then there are strictly positive numbers A and « so that

}\’2 o
%) 90(E)] < (m)

holds true for all real &.

Determination of « and A are given in the course of the proof of the propo-
sition in Appendix A.l. Notice that the right-hand side of (7) is the character-
istic function of the difference X| — X, when X and X, are independent and
identically distributed random variables with common probability density func-
tion A%x* e ™1 .01/ T (@).

3. Preliminaries. This section contains further preliminary notions and re-
sults to be used to prove Theorem 2.1. It is divided into two parts: the first explains
the McKean probabilistic interpretation of Wild’s series; the second includes es-
timates of the discrepancy between the normal characteristic function (the deriv-
ative of the normal characteristic function, resp.) and the characteristic function
(the derivative of the characteristic function, resp.) of a sum of weighted inde-
pendent and identically distributed random variables. To the best of the authors’
knowledge, these estimates are new.
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3.1. Wild’s sum and its probabilistic interpretation. Let ¢(-, t) be the Fourier
transform of the solution f(-, ) of (1), that is,

Q(&, 1) ::/ X fx,ydx  (E€R,1>0).
R
Then following Wild (1951), one can express ¢(§, t) as
(8) pE. =Y e '(1—e )" g, 9o).

n>1
where
q1(&; 90) := @o(§)

1 n—1
Qn(§:90) = —= > @k(E: 90) ¥ dnkEip0)  (122)
k=1
and

1 2
81(5)*g2(§)2=2— g1(Ecosh) - g2(Esinb) do.
7 Jo

For the sake of computational convenience, it is useful to recall that g, coin-
cides, for any n = 2, 3, ..., with the Fourier transform of the n-fold Wild convo-
lution when fj is replaced by

fo(x) + fo(—=x)

) fo(x) == —————— (xeR.

On the one hand, the use of (9) simplifies computations required by the application
of certain classical central limit arguments. On the other hand, as to the solution
£ (-, 1) of (1) with initial condition fy, one gets

(10) fR|f<v,z)—f<v,z)|dvsze—f (t > 0).

One of the main achievements in McKean (1966) is the reinterpretation of (8)
as characteristic function of a random sum. See also the recent paper [Gabetta and
Regazzini (2008)]. To understand this statement, which plays a fundamental role
also in the present paper, consider the product space

Q:=NxG x[0,27[*°x R*>,

where G is the union (J,,~; G(n) and, for each n, G(n) is the set of all McKean
binary trees with n leaves [see McKean (1966, 1967)]. Each node of these trees
has either zero or two “children,” a “left child” and a “right child.” Examples of
trees are visualized in Figure 1.

Now, equip 2 with the o -algebra

F =N QYR AB(0,2r[*) ® BR™),
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FIG. 1. Shaded (unshaded) circles stand for leaves (nodes).

in which ./” and ¢ are the power sets of N and G, respectively, and Z(S) denotes
the Borel o -algebra in S. At this stage, define

v, T,0:= (gn)nzl» v i= (Un)nzl

to be the coordinate random variables of 2.

In each tree which belongs to G(n), fix an order on the set of the (n — 1) nodes
and, accordingly associate the random variable 6; with the kth node. See Fig-
ure 1(a). Moreover, call 1,2, ..., n the n leaves following a left to right order. See
Figure 1(b).

Define the depth of leaf j—in symbols, § j—to be the number of generations
which separate j from the “root” node. With these elements at one’s disposal, for
each leaf j of the tree g, one can introduce the product

8;
o )
Tj= Ho‘i )
i=1

where: ozg ) equals cos 6 if j is a “left child” or sin 6y if j is a “right child,” and 6

is the element of 6 associated to the parent node of j; oz(gj )_ | €quals cos 6y, or sin 6,
depending on the parent of j is in its turn, a “left child” or a “right child,” 8,, being
the element of 0 associated with the grandparent of j, and so on. For the unique
tree g1 in G(1), it is assumed that 771 = 1. From the definition of the 7;s, it is easy
to deduce that

v
(11) > n} =

j =
holds true whenever t belongs to G(v). For further details of McKean’s binary
trees [see, e.g., McKean (1967), Carlen, Carvalho and Gabetta (2000, 2005), Ga-
betta and Regazzini (2006a), Bassetti, Gabetta and Regazzini (2007)].



RATE OF CONVERGENCE FOR KAC’S EQUATION 193

It is easy to verify that there is one and only one probability measure P; on
(2, %) such that

P{v=n,t=g,0€ A,ve B}
(12) .
if g ¢ G(n),

07
- { e (1—e )" pu(u™(A)uF (B), if g € G(n),
where:

e p,(g) is the probability that a certain random walk on McKean graphs passes
through the particular graph g in G(n), n = 1,2, .... Such a random walk is
described in McKean’s papers already mentioned.

e 1™ is the probability measure on ([0, 27[*°, Z([0, 27 [*°)) that makes the 6,,’s
independent and identically distributed with continuous uniform law on [0, 27 [.

e 1g° is the probability measure on (R, Z(R*)) according to which the v,’s
prove to be independent and identically distributed with common law wg.

At this stage, we have all the elements needed to state the following noteworthy
fact.

The solution f(-,¢) of (1) can be viewed as a probability density function for
the random variable

%
(13) Vi=) mj-v;
j=1

for any positive ¢.

This is tantamount to saying that ¢(-, t) is the characteristic function of (13)
[see McKean (1966), Gabetta and Regazzini (2008)].

It is worth mentioning that according to Py, the v,,’s turn out to be conditionally
independent given

B:=Ww,1,0).

Moreover, since (v,),>1 and B are independent, then in view of a standard dis-
integration argument, there is a conditional probability distribution P} on (€2, .#)
given B, according to which V; can be thought of as a sum of weighted independent
random variables. See, for example, Chapter 6 in Kallenberg (2002) for existence
and uniqueness results. Accordingly, Ef will denote expectation with respect to P;.
It turns out that

E*[V]:( 71~>- vfo(v)dv
LVt ng J /R

and via (11),

Ef[V,Z]zfl;vzfo(v)dv+< > ni-rrj>~(/vao(v)dv)2.
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Hence,
E(Vi]=e - / vfo(v) dv
R
and
E (V2] = /R o2 fo(v) dv,

which states that the initial mean energy is preserved for any positive ¢.

The conditional independence of the v,’s suggests that the study of the lim-
iting behavior of the solution of (1), as ¢ goes to infinity, could be conducted in
accordance with the ideas underlying the central limit theorem. So, the (truncated)
moments of the summands 7 jv; play a fundamental role with respect to both con-
ditions for convergence and precise estimation of the rates of convergence. Since
these moments depend essentially on sums of powers of ;’s, the following iden-
tities, proved in Gabetta and Regazzini (2006a), deserve attention:

Vo] TQap v —1)
Et|:Z|7Tj| |V]—m

j=1

and
v
(14) E [Z |n,~|’”} = ¢t
j=1
where
1 2r
(15) IRES —/ |sin@|™ do.
2w Jo

3.2. Measures of discrepancy between characteristic functions of sums and nor-
mal characteristic function. To pave the way for the application of some classi-
cal probabilistic results to the study of the rate of convergence of the solution
of (1), it is essential to fit a few well-known statements, on characteristic function
of sums of independent random variables, to the setup determined by the pecu-
liarity of the sum V; in (13). In the remainder of this subsection, X1, X2, ..., X,
will stand for independent and identically distributed real-valued random vari-
ables on (Q, Z, I5), with common nondegenerate distribution fig. Moreover, as-
sume that fio is symmetric and has moment of fourth power. Denote the kth mo-
ment and the absolute kth moment of fig by m; and my, respectively. Notice that
mi; =m3 =0. Set ¢o(§) = [ e dfig(x), and let ¢y, ..., c, be real constants
such that

n
Zc?:l.
j=1
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Then define V,, to be the sum of Y7, ..., Y,, with

1 .
Yj:=—Cij (_]=1,...,I’l)

NG

and let ¢, be the characteristic function of V,,. Finally, set

n
4._ M4 Z 4
ms
2]:1

LEMMA 3.1. The following inequalities

(16) ( [ /: (i (E) — e—fz/zﬁds)l/z <0.62/T7/)r,
(17) (/ A ‘i{¢n<s> _ et zdé)l/z <38/r7/2T

—AldE

are valid for A =a/ I';,, a being any positive number not greater than 1/2.

Clearly, this proposition is reminiscent of the Berry—Esseen inequality. In fact,
the proof of Lemma 3.1, deferred to Section A.2 of the Appendix, is based on the
exposition of that inequality to be found in Chow and Teicher (1997).

4. Proof of Theorem 2.1. From now on, F*(x) will stand for conditional
probability P;{V; < x}. Moreover, integral over a measurable subset S of  will be
often denoted by E[-; S]. The notation m; and 7y for [ v¥ fo(v) and [ |v|* fo(v),
respectively, will also be as a norm resorted to.

To prove the theorem, first recall definition (9) and inequality (10) to guarantee,
through a plain application of the triangle inequality, that it is enough to verify the
validity of inequality

(18) [170.0 = go w1 = C.e

for some suitable C.. Working with f (v, t), instead of f(v,t), has the advantage
that the existing odd moments of f(-,#) vanish. In view of this, for the sake of
notational convenience, it will be assumed that condition

(H) fo and, consequently, f (-, ¢) are even functions

is in force. Clearly,

d
10, ) — g1 < Et[ ‘d—F*w) — g, )
v

o

]
1

(19) )
‘ SR n) — 1)
v
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Now, notice that Proposition 2.2 is applicable to fy, thanks to the hypotheses of
Theorem 2.1 and (H). Therefore, once A and « have been fixed as in the above
mentioned proposition, one can define U C 2 as

(20) U:={v<n}U {]‘[n,_o} {Zn;‘zS}
j=1

7 being equal to [9/2a] and § = (2"~ !. Next, check that U belongs to .% and
rewrite the last term in (19) as
]

El‘|: d
‘—F*(ov)—gl(w k

d
]—F*(ov)—glw)
v

[
El
dl)

21

U]-i—E[ d
"Ll av

’—F*(Gv) —g1(v)

. Uc}
1
In order to obtain estimates of these terms, observe that
(22) P,(U) < (1 +2"al)e” /4"
is valid for all nonnegative ¢. Indeed,

n
Plv<it=) e'(1—e ! <ie™ <ie /Y.
k=1

Moreover, as a consequence of the fact that Pt{]_[;zl 7j=0lv=m,t=g}is 0
for all (m, g) in N x G, one gets

v
j=1

Finally, one can put m = 4 in (15) to have o4 = 3/8, and combine the Markov
inequality with (14) to obtain

Pt[Zn > 3} —e~ (/D1 — o= (/4

from which (22) follows.
On the one hand, from ||%F* (ov) — g1(v)||1 <2 one deduces the following
upper bound:

(23) Et|:

d *
—F(ov) —g1(v)|| ;
dv 1

U} <2P,(U) < 2(7 + 2"al)e~ /91,

On the other hand, since U¢ can be viewed as a “good” set, it is to be expected
that || %F* (ov) — g1(v)|l1 is very small on U€. To check this fact, one can resort
to Proposition 4.1.
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PROPOSITION 4.1 [Beurling (1939)]. Ler f be in L' (R), that is,
lef(x)ldx < 400

with Fourier transform ¢ in the Sobolev space H'(R), that is:

o [rlp@)|?dE < +o0;
e there exists an essentially unique function \ such that [ |V (§) |2 d§& < 400 and

/ 0(6)¢' (€)dE = — / VEPEdE (¢ CO(R)).
R R
Then

1/2
(24) ﬁnfnl5||so||H1<R>:=(lew(s)|2ds+fR|w<s)|2ds) :

For the sake of completeness, a proof of this proposition—briefly sketched in
Beurling (1939)—will be given in Section A.1 in the Appendix.

Under the assumptions of Theorem 2.1, the restriction to U¢ of the conditional
characteristic function & — ¢*(§) := Jp e'$*dF*(x) belongs to H'!(R)—see Re-
marks A.1 and A.2 in the Appendix—and this, in view of Proposition 4.1, yields

[0l ] < [ ovare i) o]

‘—UF*(av) —81(v)
where A = w*(%) — e 82 and A = %A. Now,

o[l e o
ce[([,ora) " [( ], ) o

e[ sra) "]

e[ wra) "]

4

2ma (T mH

(25)

with

A=APB) =

Thanks to the Lyapunov inequality one has

o 1
As 1/4 s~ 41/4=2F (1, ..., 7y)
2m4 (Z]=1n_/) Vv 1, s Jby

’
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therefore, one can apply Lemma 3.1 to obtain

N ma A
Al*d <0.62,/I'(7/2)— - ) ="
</;ISISA}I | S) N a/ )04 Z J

and
172 my
(f |A/|2ds) <38/r(1/2— - 7.
HEYY ot
At this stage, take expectation E, and recall (14) with m =4 (a4 = 3/8) to obtain

both
r 1/2 ma

(26) E (/ |A|2d§> ]50.62,/r(7/2)_4.e—(1/4>r
L \J{jg1=4) o

and
r 1/2 ma

27) E, (/ IA/|2d§> ]53.8,/r(7/z>_4.e—<1/4)r.
L\J{ig1=4) o

After determining upper bounds for integrals of the type of |, {IE|<A}> OnE gets
down to examining the remaining summands in (25). The Minkowski inequality

yields
12
{I§1=A}

< <-/{ISIZA} Iw*(5/0)|2d§>1/2 . (f{lEZA} |e52/2|2d§>1/2

1/2
</{|€|ZA} lA/|2d$>
i</?*(%'/<7)

2 1/2 ) 1/2
= </{|5>A} d§ dé) " (/{|5>A} e /2|2d$> '

Combining a well-known inequality, proved, for example, in Lemma 2 of VIIL.1 in
Feller (1968), with max,>o xke—ax? = [k/(2ec)]¥/?, one obtains

1/2 a2 Y
—&2 _o [ M4 4
e dé) < 16e (—) E 7T
</{|$|2A} ot )

and

and
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where ¢ can be chosen equal to (5/¢)/% +8+/2¢~2. Then from the last inequalities
together with (14), it follows,

1/2 ) 9/2
(28) E,< / e—52d5> < 16¢ —2< "f;‘) e~
{IE1>A} o
and
172 ) 9/2
29) E,(/ 526—52 a’é) §c(i‘f4> e~/
{I§1=A} o

From Remark A.2 in the Appendix,

[</{I$|2A}lw*(s/0)|2d€)l/2+ </ [E1=A}

=va[([~ |¢*<s/o)|2dé)l/2

(el a)

< 2~5</A+OO I<P*(€/0)|d%‘>l/2 Aye +2lp*(A/0)].

Now one can resort to the classical argument used to prove the Berry—Esseen
inequality—see, for example, Lemma 12 in Chapter VI of Petrov (1975); the ap-
plicability of this result (with b = 1/2) is guaranteed by the inequality

gfﬂ (5/0)

2d§>1/2] e

(30)

A< o>
T 2ma Yo P

Thus,

J21o*(AJo)] < Ve~ VIDA < 3024/0)2 A4 = /2 <24/e)< ) 2 ™

and, therefore,

(31) En/2l0*(A/o) <f(24/)( ) /4y,

There is one more thing to analyze, that is,
1/2

(32) (jA +°°|¢*<é/o)|ds)l/2 ﬂUc—( T
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In view of Proposition 2.2, the right-hand side turns out to be not greater than

oo Y 52 o« 72
[A E<x2+(<njs>/o)2> dg} e

+00 1 o 1/2
= Aa/ < ) dn] -1gc.
[ Ao N[l (1 + 77?772) v

Moreover, inequality

(33)

v
(34) [Ta+7in» =2n™
j=1

is valid on U¢, with & := 1/a! —2"~1.§ = 1/27!. See Section A.3 in the Appendix.
Then

[ +00 1 a  ql12

Ao / < ) dn:| -1c
Apo \[Tj= (1 + 7702 v

(35) '

< Aa/ <_ _) } =C b .
[ Afro \EN? " g /

The definition of 72 in (20) yields equality (2«7 — 1) /8 = 1. Moreover,
9/2 4 4
¢ o) (%) _ 4ﬁ< my >(2ﬁ!)9/(4n)k9/2

WA c23/2
(36) v m? _ 3 \94 2 \9/4
< 4*/5(6234}2)(%!)9/(4”)25/4[(?) + (m) (Lp)9/2p]
with
M:exp{— 372 ( V20 )2}
643 + (L,)*P)2\8[2/plo3 +40r / T2/ plms
Hence, (35) and (14) yield
+00 1/2
(37) e ([ e e/onas) age| < et

and, to complete the proof of the theorem, it is enough to combine (23), (26)—(29),
(31) and (37).

APPENDIX

For the sake of completeness, we gather here certain propositions required in
the text, as well as a few proofs skipped in the previous sections. The subject
is split into three subsections. The first subsection includes proofs for Proposi-
tions 2.2 and 4.1. The second contains adaptations to the specific setting of the
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present paper of well-known results pertaining to asymptotic expansions in the
central limit theorem. Finally, the last one completes the proof of Theorem 2.1
provided in Section 2.

A.l. A preliminary lemma is needed.
LEMMA A.1. For any probability measure v on (R, Z(R)) with the Fourier—

Stieltjes transform (&) := fe’fx dv(x), such that:

o [xdv(x)=0,
o [x?dv(x)=:¢% < +o0,
o V(&) =0(E|™), (€] = +00),

one has

37.[2 %- 2
(38) "”(5)'56Xp{‘64(3+L>2(2ﬁ;|g|+n> | cem.

where L := sups |E4 (8)).

PROOF. From the tail assumption on ¥ and the definition of L, it is plain that
| (€)| < min{1; LE~*}. Thus,
+oo [,

[werds < [ v <2(1+ | S4ds)=§<3+m.

As i has finite integral, v turns out to be absolutely continuous with density f
given by

1 .
_ —iéx
f@ =5 fR W (§)e X d.

Furthermore, f belongs to L?(R), as an immediate consequence of the Plancherel
identity and the fact that v itself belongs to L?(R). Then

2 _ 1 2 1
/Rf <x>dx—§/Rw ©)de =G+ 1),

Now, Young’s inequality for convolutions [see, e.g., Proposition 8.8 in Folland
(1999)] entails

1
sup [ f * F(0)] < / FPydx < —G+L).
xeR R 37

At this stage, invoke formula (6.73) on page 172 of Saulis and Statulevicius (1991)
to obtain

) 97.[2 %- 2
— R).
@) sexp{ 96(3“)2(2@;'5'”) } EeR) .
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PROOF OF PROPOSITION 2.2.  Define ¥(£) := |¢o(£)|%* with k = [2/p] and
notice that ¥ is a real-valued characteristic function such that, if ¥ is any random
variable with such a characteristic function, then

EY =0, EY? = 2ko?, E|Y]? < 102k *m;.

As to the last inequality, see Petrov (1975), page 60. According to the argument
used to prove the Berry—Esseen inequality [see, e.g., Petrov (1975), page 110], one
gets

4k 5

i 52

2425 2,0
Wo@I =1 - 32ko"8"=1-—

provided that || < V20? . Hence, under this very same restriction,

40/k73
4k 2k
o) <\[1 - —022 <1 -0
3 3
and
2
1- z—kazgz <
3 — )\2 + %-2

whenever A > 2137 After examining what happens to internal values of &, one
can observe that

o)l =o0(&1"" (& — +00).

Then
)\’2
lwg”‘#‘kﬂfT
where the last inequality holds for any A # 0 and
/12 7
2> L+ ~L“4+4LA - VI
with L := supgcp |E%0(£)]. At this stage, the proof would be complete if L!/4

V202

were less than N It remains to analyze the case in which L

A2 > (24/L)/3, then

1/4 5 _N20%
= 40/kmms

L+~L?2+4L)\
VIR oV

In view of the tail condition, it turns out that the maximum value M of |y(§)] is

smaller that 1 on / := [48{%’; , ﬁL1/4]. Thus, in order that
3

22

(39) [Yo(§)| < m



RATE OF CONVERGENCE FOR KAC’S EQUATION 203

be valid on 7 it is enough to choose A% > % Now, if

3Zﬁ2Mﬁ} 3+ f

)\'2: [, )
max{zkaz 3 M| =202

then (39) is valid for every £, and one can take o = 2k toget (7). U

PROOF OF PROPOSITION 4.1 (Beurling). From the Cauchy-Schwarz—
Buniakowsky inequality,

V14 x?
/le(X)Idx:/le(X)lﬁdx
172 dx 112
2 2
< [rwrardad [ S

=ﬁ{/R|f<x>|2dx+/R|xf<x>|2dx}l/2.

At this stage, an application of the Plancherel theorem yields

Val [1rwPax +/RIXf(x)|2dX}l/2

_ S ) 1 SLLE
_ﬁ{zn/R|‘”@)| d“3+2nlet//(é)| ds} < Hlelne o

Hence, for any pair of probability density functions, f; and f>, having finite
expectations and Fourier transforms ¢; and ¢, in H L(R), one gets

172
[ 110~ proldx < {/ 016~ 22O ds + [ 191(©) - wé(é)lzdé} .
R R R
This inequality is explicitly mentioned in Zolotarev (1997).

A.2.  This section aims at providing proofs for inequalities (16)—(17). To this
purpose, a further preliminary result is needed anyway.

LEMMA A.2. For || <1/(2I'y), one has

(40) (@n(€) — e 2 < oTigte 52
and
(1) g[%@)—e /2 < o1+ £2)[gPe 872,

One can take ¢c1 = 0.33 and ¢p = 0.76.
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PROOF. Setting ¢, ; for the characteristic function of ¥, ; (j =1,2,...

one has
</~’n,j(§)=</~>o<ig> 1__ S +R(])(§.)
/M2
with
() 4 I my 4.4
Ry E(Y;
| ($)|_24 (rhet= 20 e
and
ma\ /4
lcigl < (=) lejél <ITug1<1/2.
my
Moreover,

A e R R
which entails 335/384 < ¢, ;(§) <1, and
log @, (&) = log{1 + (—c36% + RY (©)))
=122+ R ) + (1382 + RY ©))p;(®),
where p;(§) := p(—%c?éz + Rij)(é)) and

2(2) = {z‘z[log(l +2)—zl,  z>-1,2#0,

—1/2, z=0.
Hence,
log @, (&) = log{ I ¢n,j(s>} = log@n,;(€)
= j:]
—lg2y Z RY ) + Z 1262+ RY©)p®).
Set

Ria(§) =Y R (®).
Jj=1
Ron(®) =Y (=136 + R (6))*p; (&),

J=1

Ry (§) := R1,n(§) + R2,n(8).

SOR
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Then letting p* := —p(—49/384) < 0, 55, one gets

|R1n<§>|<Z|R§”@>} A Thed,

j=1
|R1,(§)] = 0.002

and
|Ran(§)] <20% Y [Lcte* + (RY 6))°] < 0.29Td¢%,
j=1
IRz, ()] < 0.02,
hence
(42) IR, (§)] <0.33Tg%,
(43) IR, (§)] < 0.022.

Now, from the well-known Bernstein form for the error term in Taylor’s formula
[see, e.g., Theorem 9.29 in Apostol (1974)], one obtains

d ‘ 1my
’ng4 @) % Hep?
and
@)) 3
]d Rln@)\ R (é)\_6 e,
Next,
= zn(@‘

n

49
_(384p1+ p) jZ

=1

( e+ ©) (-3 s+—€R<“<s>)‘

with pf := d%/)(z)|z:—49/384- Hence,

d 4 3
dsR2n<fs)\ 0.60% (1 + £2)j¢|

and
(44) ‘%Rn@)' <0.80%(1 + 82

Finally, combination of (42), (43) and (44) with the elementary inequality |e* —
1] < |z]el! gives

~ _£2 _ 2
|Gn(§) — e /%1 <0.330g%e 5 /2
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and

d 2
- _E2
‘dg[wn(é) e ]

d
< e'Rﬂ@'[@Rn(sn + ‘ER”@)

}e—sz/z
<0764 (1 + ) |EPe 572, 0

PROOF OF INEQUALITIES (16)—(17). Take A =1/2I",,. From Lemma A.2,

A ) 12 4 NV
([ 1@ —eerpas) <ossri( [ st as)
_A A

<0.62,/T(7/2)r%

and

(/Z ‘ %[@ &) — e 577

1/2

2d$) v <o0.76T% (/Z £6(1 4282 + &%yt dg)

<3.8/T(7/2)T4 O

A.3.  We gathered here certain facts which are needed in order to complete
the proof of Theorem 2.1.

REMARK A.1. The restriction to U€ of the conditional characteristic func-
tion ¢* belongs to L!(R).

Recalling the definition of the conditional distribution of (13), given §, one can
write

Y 1
0" =[] volr; (B) - &) =0(§T8>’
j=1
where the latter equality, in view of the tail assumption (3), holds as |§| — +4o0.
REMARK A.2. Assume that the real-valued random variable Z satisfies

E(Z?) = 1 and its characteristic function ¢ belongs to L'(R); then ¢ is an ele-
ment of H'(R) and inequality

+00 , 2 —+00
/a (¢ (€)2dE < |p(a)] + f 0(5)| dé
holds for any a.

To prove this fact, take b > a and integrate by parts to obtain

b b
f (¢'(6))* dE <lp(@)¢ (@) + lpb)g' (b)] +/ lo@)l - l¢" (&) dE

b
< lo(@)] + lo®)] +/a p(6)] dE.
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To complete the argument, observe that the law of Z is absolutely continuous
[since g is in L'(R)] which, in turn, implies that |¢(b)| — 0 as b — +o00 in view
of the Riemann—Lebesgue lemma.

PROOF OF (34). Notice that
Vv Vv
[Ta+=iw =3 Ext,...owpn™
=1 k=0

holds true in view of the definition of elementary symmetric function E. See, for
example, Section 1.9 of Merris (2003). From the definition of U, it follows that v
is strictly greater than 77 on the complement of U. Hence,

]_[(1+ﬂ2n ) > En(nl, ..., n2n™,
j=1

and to complete the proof, it remains to show that E; > g(n) is valid for any 7.
With the aim of verifying such an inequality, recall (11) to write

v " | . ,
- (Zn;> - Y
j=1

ile--iy!

i1+ iy=m
(45) ) 5
>m!Ey (i, ..., 7)) (m eN)
and use this fact to prove the desired claim by induction. It is trivially true for
n = 1. For n > 2, the Newton identities with My, := 1}:1 njzh, h=1,2,..., give

=

. h—2 .

j=1
>1 ( ! 2"—2§>+(—1)’1—1 M —i—}f(—l)jE‘M :
=1 h < JMn—j

[by the inductive hypothesis]

1 1 Sh—2 —
E((h — 1)' 5) g [from (45)]

%

v
o

To verify the last inequality for 2 = 3,4, ..., one can recall that (Zh_2 +h—1)is
not greater than 2/~1. [
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