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LOCAL ANTITHETIC SAMPLING WITH SCRAMBLED NETS

BY ART B. OWEN
Stanford University

We consider the problem of computing an approximation to the inte-
gral [ = f[O, 174 J (x) dx. Monte Carlo (MC) sampling typically attains a root

mean squared error (RMSE) of O(n_l/ 2y from n independent random func-
tion evaluations. By contrast, quasi-Monte Carlo (QMC) sampling using care-
fully equispaced evaluation points can attain the rate O (n™ 1+€) for any ¢ >0
and randomized QMC (RQMC) can attain the RMSE O(n_3/ 2"‘5), both un-
der mild conditions on f.

Classical variance reduction methods for MC can be adapted to QMC.
Published results combining QMC with importance sampling and with con-
trol variates have found worthwhile improvements, but no change in the error
rate. This paper extends the classical variance reduction method of antithetic
sampling and combines it with RQMC. One such method is shown to bring
a modest improvement in the RMSE rate, attaining O (n=3/2=1/d+ey for any
¢ > 0, for smooth enough f.

1. Introduction. Many problems in science and engineering require multidi-
mensional quadratures. There we seek the value of an integral / = f[o,l]d f(x)dx.
The integrand f subsumes any transformations necessary to account for noncu-
bic domains, or integration with respect to a nonuniform density. Monte Carlo
sampling is often employed for these problems. Its basic form uses an estimate
I= (1/n) 3", f(x;), where x; are simulated independent draws from U[0, 114.
When f is in L2, then Monte Carlo has a root mean squared error (RMSE) at the
familiar O (n~1/?) rate.

Monte Carlo integration can be improved by the use of variance reduction meth-
ods. Well-known techniques include stratification, importance sampling, control
variates and antithetic sampling. These are described in texts such as Glasser-
man [10] and Fishman [8].

In stratification, the sample points x1, ..., x, are made more uniformly distrib-
uted than they would be by chance. This idea of choosing points more uniformly
than they would be by chance underlies quasi-Monte Carlo (QMC) sampling which
can be thought of as an extreme version of stratification. Deterministic QMC meth-
ods can attain an error rate of O (n~!1¢), while randomized versions can achieve
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an RMSE of O(n~3/2*#), both under mild smoothness conditions on f, for any
e>0.

It is interesting to investigate whether variance reduction techniques from MC
bring any advantages to the QMC setting. Chelson [3] and Spanier and Maize [27]
have investigated QMC with importance sampling. Hickernell, Lemieux and
Owen [12] have studied the combination of QMC with control variates. This paper
considers a combination of QMC with antithetic sampling.

Antithetic sampling improves Monte Carlo by exploiting spatial structure in f.
Each point x € [0, 1]¢ is coupled with another X, commonly obtained as ¥ = 1 — x
interpreted componentwise. In practice, we average f )= (x)+ f(xi))/2
at n/2 points x;. If f(x) is linear in x, then f (x;) =1 and I can be estimated
without error. When f(x) is nearly linear or nearly antisymmetric [i.e., f(x) —
I =1 — f(X)], then antithetic sampling can bring a great reduction in RMSE,
although the rate remains n~!/2. In local antithetic sampling, described below, the
point X is always close to x. Since smooth functions are locally linear in the Taylor
approximation sense, local antithetic sampling can be much better than antithetic
sampling for small d.

This paper considers several ways of combining antithetic sampling and ran-
domized digital nets. The main result is that one such method, a box folding
scheme, reduces the RMSE to O (n—3/2~1/4+¢) The improvement in rate is mod-
est and diminishes with d. But it compares favorably with ordinary antithetic sam-
pling which only changes the constant in the RMSE, and changes it for the worse
for some f. The other variance reduction methods from MC (control variates and
importance sampling) only act on the constant and do not improve the RMSE rate
when applied to randomized QMC.

The improvement we find is the same factor n~ /¢ from classic results of
Haber [11]. Haber gets an RMSE rate of O (n~1/2-14dy for cubically stratified
sampling and it improves to O (n~'/2=2/4) for a locally antithetic version of that
sampling.

The outline of this paper is as follows. Section 2 summarizes background in-
formation on scrambled nets, which are a form of randomized quasi-Monte Carlo
sampling. Section 3 introduces some new notions of d-dimensional folding op-
erations used to introduce local antithetic properties into digital nets, and pro-
poses three specific methods. Section 4 illustrates several reflection net sampling
schemes on a two-dimensional integrand studied by [25]. The root mean squared
errors seem to follow a n~2 rate. The next sections are devoted to showing that one
of the methods, box folding, attains an RMSE of O (n—3/2~1/4+#) Section 5 recaps
the variance for scrambled net quadrature of smooth functions. It corrects an error
in the proof of the omn=3/ 2(log n)@=1/2)y RMSE rate from [21]. It also extends
the proof there to a wider collection of digital nets and uses a weaker smoothness
condition than the earlier paper had. Section 6 builds on Section 5 to prove that the
RMSE of the box folding scheme is O(n=3/2-1/4 (log n)@=Y/2y in d dimensions.
More smoothness is required for this result than for the unreflected scrambled nets.
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Section 7 presents the box folding scheme as a hybrid of a monomial cubature rule
with scrambled net sampling. Finally, it discusses how one might make use of these
findings in higher dimensional problems of low effective dimension.

2. Background and notation. Scrambled nets are a particular form of ran-
domized quasi-Monte Carlo sampling. The monograph [17] by Niederreiter is the
definitive source for quasi-Monte Carlo sampling. Randomized quasi-Monte Carlo
sampling was surveyed by Lemieux and L’Ecuyer [15]. Scrambled nets were first
proposed in [19].

We use superscripts for components, so x, x; € [0, 179 have components x/
and xi] respectively for j = 1,...,d. The set {1,...,d} is abbreviated 1:d. If
u C 1:d, then its complement {1 < j <d | j ¢ u} is written as —u.

We often have to extract and combine components from one or more points in
[0, 1]9. When we extract the components x/ for jeucl1:d,weuse x" to denote
the result. When x, z € [0, 1]¢ and we want to combine x* with z7%, we write it as
x%:z7". Thus, x*:z * is the point y € [0, 1]¢ with y/ = x/ for j € u and y/ = z/
for j ¢ u.

2.1. Quasi-Monte Carlo. Like plain Monte Carlo, quasi-Monte Carlo sam-
pling estimates an integral I = fjy 110 f(x)dx by the average [ = %Z?: | f(xi)
taken over points x; € [0, 114, QMC aims to be better than random by selecting x;
to be even more uniformly distributed than random points typically are. To quan-
tify the nonuniformity of xy, ..., x,, consider the local discrepancy function

1 n
ey 8(x) = - > Lyero.x1 — Vol([0, x])
i=1

for x € [0, 11¢. The star discrepancy of x1, ..., x, is

(2) Dy (x1,..., X)) = sup [8(x)].
xe€[0,11¢4

When d = 1, then Dj; reduces to the Kolmogorov—Smirnov distance between the
empirical distribution of x; and the U[0, 1] distribution. The Koksma—Hlawka in-
equality [13] is

3) [ =1 < D*(xq,.... x|l f K.

where || f|lgk is the total variation of f in the sense of Hardy and Krause. It is
possible to construct x; so that D < Cy(logn)?='/n for n > 1. With such con-
structions, |f — I| = O(n~'%%) holds for all &£ > 0, under the mild condition that
Il fllnk < oco. Thus, QMC has a far better asymptote than MC.
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2.2. Digital nets. Digital nets attain their low discrepancy by being simulta-
neously stratified for many different stratifications of [0, 11¢. Those stratifications
are defined through hyper-rectangular subsets known as elementary intervals.

This section defines these elementary intervals and some digital nets and digital
sequences. Throughout we use b to denote an integer base in which to represent
real numbers, d to represent the dimension, k; to represent some nonnegative in-
teger powers of b and #; to represent some nonnegative integer translations.

DEFINITION 1. Let b > 2 and d > 1 be integers. Let x = (ki, ..., kg) and
T =(1,...,1q) be d-vectors of integers for which k; > 0 and 0 <7; < bki. Then
the set

is a base b elementary interval.

If one fixes « and varies 7, the sets B, ; provide a tiling of [0, 1)?. The tilings
of the three illustrations in Figure 1 are of this type.

The volume of B, ; is b=l where || = ki + - - - + kq. The closure of By -,
defined by replacing the half open intervals in Definition 1 by closed intervals, is
denoted EK,,. The center of B, ; and of EKJ is the point ¢, ; with ci,f = (t; +
1/2)/bki.

When one or more of the k; is 0, then the corresponding factors of B reduce
to [0,1). Let u € 1:d and let « be a vector of length |u| indexed by j € u, with
component k; for j € u. Similarly, let T have components ¢; for j € u. Then

Buce =[5 2 [T

Jjeu J¢u

will be used below. The center of B, . ; is the point ¢, . with

ti+1/2 .
] — %7 .] e u7
Cu KT T 1 b"i .
2 J ¢ u.
The elementary interval B, ; in Definition 1 has volume b Ikl Ideally it should
get nb~ !¢l of the sample points xi, ..., x,. If that happens for one vector «, we

have a stratified sample with one stratum for each t. Digital nets attain such strat-
ification for multiple « simultaneously.

DEFINITION 2. Forintegersm > g > 0,b > 2 and d > 1, a sequence of points
X1, ..., xm €0, D% isa (g, m, d)-net in base b if every base b elementary interval
in [0, 1)? of volume b9~ contains precisely b9 points of the sequence.
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The parameter ¢ defines the quality of the net, with smaller values implying
better equidistribution, and ¢ = 0 being the very best when it is attainable. The
minT system [24] identifies the best known nets (smallest g) given the values of
m, d and b. The net property is enough to ensure low discrepancy:

THEOREM 1. Ifxy,...,x, area (q,m,d)-net in base b, then
12N .
nXD;’k(xl""’xn)S(d—l)!(logb) (logn) 1+0(bq(10gn) 2)

forn > 1, where the implied constant in the error term depends only on b and d.

PROOF. This is from Theorem 4.10 of [17]. The multiple of (log n)4=1 can be
reduced somewhat when d =2 and b is even, or whend =3,4and b=2. [

Some constructions of digital nets are extensible. They let us increase n, keeping
the stratification property and retaining the earlier function evaluations.

DEFINITION 3. For integers g > 0, b > 2, and d > 1, an infinite sequence of
points x; € [0, 1) for i > 1 is a (g, d)-sequence in base b if every subsequence
Xpbmil, ..., Xppmypm, fOr integers m > g and r > 0, is a (¢, m, d)-net in base b.

It is convenient to work with the first n = Ab™ points of the sequence. Should
they prove inadequate, one can increase A or, more generally, use # = AT > .
The points of the new larger rule include all those of the previous rule. Thus,
(g, d)-sequences provide extensible integration rules. They automatically satisfy
the (A, g, m, d)-net property:

DEFINITION 4. Forintegers m > g >0,b>2, 1<l <bandd > 1, a se-
quence of points x, ..., xppm € [0, 1)d isa (A, g, m,d)-net in base b if every base
b elementary interval in [0, 1)¢ of volume b9~ contains precisely Ab? points of
the sequence and no b-ary box in [0, 1)¢ of volume »9~""~! contains more than b4
points of the sequence.

A relaxed (1, g, m, s)-net in base b is as above, except that A > b is allowed and
boxes of volume b?~~! may have more than b¥ points of the sequence.

2.3. Random digital scrambles. In scrambled digital net quadrature we take
a digital net a1, ..., a, € [0, 1]¢ and apply a randomizing transformation to this
ensemble to produce points xy, ..., x, € [0, l]d with two properties: each x; is in-
dividually U|[O, 11¢ distributed, and x1, ..., x, are collectively a digital net with
probability 1. The first property makes the sample average =1 " f(x;) an

n
unbiased estimate of /. The second property means that / inherits the good accu-

racy properties of digital nets.
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Some such randomized nets were presented in [19] where it was also shown that
scrambled digital sequences remain digital sequences with probability one. The
original motivation for randomizing nets was that it allowed independent repli-
cations for the purposes of estimating error. That randomization can improve the
error rate was at first a surprise, but is now understood as an error cancellation
phenomenon.

Randomizations of nets typically use the same random procedure on each point
a; in order to yield the corresponding x;, and so we need only describe the ran-
domization of a single point a € [0, 1]¢. Furthermore, the randomizations applied
to components a' through a/ are typically chosen to be statistically independent.
And so we only need to describe the randomization of a single point a € [0, 1].

It is beyond the scope of this article to explain how randomization of nets is
able to achieve the two defining properties. For that one can consult the proposal of
Owen [19], it’s derandomization by Matousek [16], and the survey of Lemieux and
L’Ecuyer [15]. We can, however, look at the mechanics of some randomizations.

To scramble the point a € [0, 1), we first write it out in base b as a =
2 agwb7k, where agy € {0, 1, ..., b— 1}. Some values of a have two represen-
tations, one ending in infinitely many zeros and the other ending in b — 1’s. In such
cases we use the representation ending in zeros. For this reason we do not scramble
the value a = 1, and so scrambled nets actually produce points x; € [0, 1)¢ from
points a; € [0, 1)?. This presents no problem. The standard net constructions yield
points in [0, 1) and Jio.ye f@x)dx = g 10 f(x)dx.

The scrambled version of a is the point x = Y 72, x(k)b*k for digits x«) €

{0,1,...,b — 1} obtained by random permutation schemes applied to the a,.
In practice, the expansion of x is truncated.
There are b! distinct permutations of {0, 1,...,b — 1}. In a uniform random

permutation of this set, each permutation has probability b!. The method in [19]
uses a great many uniform random permutations to scramble a. One permutation is
applied to the first digit yielding x(1) = 7y (a(1)). For the kth digit a), one of b¥~!
independent uniform random permutations is used to make x ), chosen based on
the value of [b*~1a].

The original randomization is computationally burdensome, requiring consid-
erable storage. Matousek [16] found an alternative and less costly scrambling,
by derandomization. We describe that and several other scramblings here. Some
more scramblings are described in [23] from which the permutation and scram-
bling nomenclature used here is taken.

DEFINITION 5. If b is a prime number, then a linear random permutation of
{0,1,...,b — 1} has the form w(a) = h x a + gmodb, where h € {1,...,b — 1}
and g €{0,1,...,b — 1} are independent random variables uniformly distributed
over their respective ranges.

Linear permutations are restricted to prime b because otherwise there are
nonzero h for which & x a + g is not a permutation. For example, consider b = 4
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and & = 2. Linear permutations have a generalization, via Galois field arithmetic,
to bases that are prime powers, but we do not use them here.

DEFINITION 6. For a prime base b, an affine matrix scramble takes the form

k
Xtk =Cr + Z Myjajy modb,
=1

where Cy and M; arein {0, 1,...,b—1}.

We will consider affine matrix scrambles in which the Cy are independent uni-
formly distributed elements of {0, 1, ..., b — 1}, independent of the elements My;.
Such scrambles always have x ~ U[0, 1] regardless of a and Mj;.

The matrix scrambles we consider differ in the structure of the matrix M. In
each case M is lower triangular and invertible. Invertibility is required so that
distinct points a lead to distinct points x. The structures that we consider for M
can be represented as

hi hy
g1 g M
831 832 h3 18 & M ,
841 842 843 hg g4 & &
4
4) "
h1 hp
h1 hy hs ’
hi hs h3y hy
where /’s are sampled from {1,2,...,b — 1} and g’s are sampled from {0, 1, ...,

b — 1}. Within each matrix, entries with the same symbol are identical and entries
with different symbols are sampled independently. The matrices in (4) describe
respectively, random linear scrambling of [16], /-binomial scrambling of [30] and
affine striped matrix (ASM) sampling from [23].

Random linear scrambling leads to the same sampling variance as the original
net scrambling in [19] (called “nested uniform scrambling”) but requires much less
storage. I-binomial scrambling also leads to the same sampling variance but does
so with still less storage.

The ASM scrambling is not variance equivalent to nested uniform scrambling.
In the case d = 1, ASM attains an RMSE of O(n~2), when f”(x) is bounded,
which is better than the rate O (n~3/?) from other scrambles, though not as good
as the rate O (n—>/2) that Haber’s method gets ford = 1.

Our strategy for improving randomized nets is to build in directly some d-di-
mensional versions of locally antithetic sampling. The local antithetic sampling
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strategy is implemented by adjoining to the scrambled net certain reflections of
sample points.

2.4. ANOVA. For a function f € L2[0, 1], the ANOVA decomposition is
available to quantify the extent to which f depends primarily on lower dimen-
sional projections of the input space. Informally it is like embedding a regular K¢
grid in [0, 114, running an ANOVA on that grid and letting K — 0o. The ANOVA
of [0, 1]¢ was introduced by Hoeffding [14], figures in the Efron—Stein inequality
[6], and was independently discovered by Sobol’ [26]. For more details and the
early history of the ANOVA decomposition, see [29].

We write f(x) =) ,c1.q4 fu(x), where f,(x) is a function of x that depends on
x only through x*. To get f,, we subtract strict sub-effects f, for v C u and then
average the residual over x . Specifically,

5) fu) = [ f@dx = 3 fu0.

vCu
The ANOVA terms are orthogonal in that | f, (x) f,(x) dx = 0 for subsets u # v.
Letting 07 = [ f,(x)*dx, we find that 02 = 3", 072-

2.5. Smoothness and mixed partial derivatives. This section introduces our
notion of smoothness for f and records some elementary consequences of the
definition for later use. The mixed partial derivative of f taken once with respect
to x/ for each j € u is denoted by 0“ with the convention that 9% f(x) = f(x).

DEFINITION 7. The real valued function f(x) on [0, 174 is smooth if " f(x)
is continuous on [0, 119 forall u € 1:d.

REMARK 1. There are |u|! orders in which the mixed partial derivative
0" f(x) can be interpreted. The continuity conditions in Definition 7 are strong
enough to ensure that all orderings give the same function.

LEMMA 1. If f is smooth, then 3" f,,(x) is continuous for allu C 1:d.

PROOF. The details are omitted to save space. The key is to prove by induction
on |u| that 8" [ f(x)dx ™" = [9" f(x)dx™". O

We also need a version of the fundamental theorem of calculus. For points a, b €
[0, 119, define their rectangular hull as the Cartesian product

d
rectla, b] = [ [[min(a;, bj), max(aj, b;)].
j=1
For d = 1, if f has a continuous derivative f’ on the interval rect[c, x], then
fx)= f(c) + f[c,x] f'(y)dy, with the interpretation that f[c’x] means —[[X,C]
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when ¢ > x. For general d and smooth f, we have

(©) o= Z / RGEIrD

.....

Here f[cu xu) denotes & frect cu xv) Where the sign is negative if and only if cl > x/
holds for an odd number of indices j € u. The term for u = & equals f(c) under
a natural convention.

More generally, let w C {1, ..., d} and suppose that 3“ f is continuous for u C
w. Then
) FO=3 [ 0y,
qu CM lt
ForvCu C{l,...,d},let 3" f denote the partial derivative of f* taken once

with respect to each x/ for j € v. Thatis, f*V is f differentiated with respect to
x/ twice for j in v and once for j in u — v.

DEFINITION 8. The real valued function f(x) on [0, 119 is doubly smooth if
a*'? f(x) is continuous on [0, 119 forallv Cu C 1:d.

3. b-ary reflections and folds. Antithetic sampling is implemented via reflec-
tions about the center point of [0, 1]¢. To induce various local antithetic properties,
we will use reflections of a point x about the center of an elementary interval con-
taining x.

The case d = 1 is simplest. The point x € [0, 1) belongs to the interval
[tb~*, (t + 1)b™F), where t = t(x) = |b*x|. The center of this interval is ¢ =
c(x)=(@+ 1/2)b_k. The kth order reflection of x is Ry (x) = 2cx(x) — x. The
value k = 0 corresponds to the simple reflection 1 — x.

If the base b expansion of x € [0,1) is x = Z?;Ix(g)b_( with each x() €

{0,1,...,b— 1}, using trailing 0’s when x has two base b representations, then
(8) JRk(x)—Zx(g)b + Z (b—1—x)b".
O=k+1

The reflection Ry leaves the first k digits of x unchanged and it flips the trailing
digits.

By convention, we take R (1) =limy_1 Rx(x) =1—1 /bk. Under this con-
vention we find that limg_, o, Ri(x) = x holds uniformly in x. The reflection is
nearly idempotent because Ry (Ri(x)) = x unless x = tb=k for an integer ¢ with
0 <t < b* —1. Note that a reflection of a reflection is not generally a reflection. For
instance, when x is not of the form b, then R7(R3(x)) flips digits 4 through 7
inclusive of x and leaves all other digits unchanged.

It is useful to consider transformations in which some components of x are
reflected, while others get an identity transformation. For simplicity, we adopt the
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special value k = —1, sometimes displayed simply as —, to denote the identity
transformation, so that R_1(x) = x for x € [0, 1].

DEFINITION 9.  For the vector k = (k1,...,kq) with k; € {—1,0,1,...}, the
reflection R, of x € [0, 1]¢ is defined by
©9) Re(x)=z€[0,119,  where z/ = Ry, (x).

Figure 1 illustrates some reflections R (1 2y and R (— ») for x € [0, 1)2 withb =2,
as well as a box fold described below. Geometrically, a reflection of x has some
components symmetric about the center of an elementary interval containing x and
all other components equal to the corresponding ones of x.

Recall that the center of the elementary interval B, ; is the point

H+1/2 ta+1/2
CK,T - bkl g e ey bkd .
For a vector « = (ki,...,kg) with k; > 0, the point x € [0, l)d belongs to the

elementary interval B, ; for T = tv(x, x) = |b*x |, with the multiplication and floor
operators taken componentwise. For such «, the reflection &R, (x) may be written

(10)

Rie(x) = 2CK,1'(K,x) —X.

Notice that R, (x) has some points of discontinuity whenever max; k; > 1 because
then €, r(¢,x) jumps when x crosses the boundary of certain base b elementary
intervals.

DEFINITION 10. Letxq,...,x, €0, 1)‘1 and let R, be a b-ary reflection. The
folded sequence £, (x1, ..., Xxy) is the sequence zy, ..., 22, € [0, 1)d with z; = x;
fori=1,...,nand z; = R, (xj_p) fori=n+1,...,2n.

F1G. 1. This figure illustrates some base b = 2 digital reflections as described in the text. The left
panel shows 8 elementary intervals, one of which contains a solid point with its R ) reflection.
The center panel shows 8 elementary intervals, one of which has a point with its R(3 _) reflection.
The right panel shows 4 elementary intervals, one of which includes a solid point x with the other
three points of its box reflection F(1,_y(F(— 1)(x)).
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If F . (Fier(x1, ..., %)) and Fr (Fi (x1, ..., X,)) are both well defined, then they
both have the same points, but possibly in a different order. In this sense, folding
is commutative. If r folds have been applied, then the sample size is 2" n, perhaps
including some points multiple times.

For folding to improve on a digital net, it should produce a local antithetic prop-
erty within elementary intervals of volume comparable to »#7~". To see why, con-
sider the alternatives, taking ¢ = 0 for simplicity. If reflections take place within
elementary intervals of volume ™" <« b~ then some elementary intervals of vol-
ume b~" have two nearly identical sampling points, while most have none. Con-
versely, reflections within elementary intervals of volume 5~ > b~ are not “lo-
cal enough” to get the best error rate. In particular, if » is constant while m — oo,
then one cannot expect an improved convergence rate, though the leading constant
might be better than without folding.

For k = (k1,...,kq) with k; € {—1,0,1,...}, let kT have components k;’ =
max{k;, 0} and put kT = Z?Zl k;r. Then for x € B+ ; of volume b""+|, Ry (x)
is in the closed elementary interval Eﬁ’r. For reflections of a digital net, we should
use k with || close to m — g. When the reflections get finer as m increases, then
the reflected scrambled nets will not ordinarily be extensible.

Here we present three methods for inducing local antithetic properties in some
(g, m,2)-nets. They are given in increasing order with respect to the number of
reflections required.

3.1. Reflection nets. The reflection net takes the form % (x1, ..., x,), where
X1,...,Xxpisa (A, g, m,d)-netin base b and « is a vector of d nonnegative integers
summing to ¢ — m. The reflection net is a (relaxed) (21, g, m, d)-net in base b.

Ford =2 and g =0, we use « = (k1, k2), where each k; =m /2, specifically,

1
(11) klzl%J and ky=m — k.

These reflections treat each component of x nearly equally, and reflect within ele-
mentary intervals of volume 1/n.

3.2. Box folded nets. The asymptotic error of scrambled net quadrature
from [21] is governed by the norm of the mixed partial derivative 3" f. The reflec-
tion net may be thought of as averaging the function f X)) =)+ f(R(x)))/2
over a sample of n values of a scrambled net. The function f(x) has a mixed par-
tial derivative almost everywhere, when f does. If j € u, then 3R, (x/)/dx/ = —1
at almost all points, and we find that mixed partial derivatives of f of odd order
largely cancel, while those of even order are averaged. For d = 2, the dominant
term in the error comes from 312! £, which is of even order and so does not cancel.
Therefore, we consider another scheme that averages

FO) =2+ F(Ruy, o) + F(RC ) ) + £ (Rt ) (X)),
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over n points, with k; and k3 as in (11). To construct these points, we apply two
folds as in Fk, ) (F(— kp)(x1, ..., xn)). The image F, —)(F(— k,))(x) is made up
of 4 points, symmetric about the center of a box containing x. One such quadruple
is shown in Figure 1.

3.3. Monomial nets. A greedier reflection strategy folds together all of
RO,m)s R(1,m—1), R2,m=2)s s R(m,0)-

When these m + 1 folds are applied to a (0, m, 2)-net in base b, the resulting
points correctly integrate any f that is a sum of piece-wise linear functions linear
within elementary intervals of volume 5™ or larger. Such “monomial nets” extend
the local antithetic property of Haber’s stratification schemes to all elementary
intervals of volume ™", not just those from one vector . The cost is that the
sample size is multiplied by 2”"+!| going from ™ to 2(2b)™. When b = 2 the cost
is 2n? function evaluations instead of n. For b > 2, the cost grows superlinearly
in n, but more slowly than the square of n:

2(2b)m — 2(2b)10gb(n) — 21+10gb(n)n — 2n1+10gb(2).

4. Example from Sloan and Joe. To illustrate the three locally antithetic
strategies for nets, we consider an integrand studied by Sloan and Joe [25],

glx) = x2 exp(xlxz), X = (xl, xz) € [0, 1]2.

This function is bounded and has infinitely many continuous derivatives. We can
expect it to have all the smoothness that any of the reflection techniques discussed
above might be able to exploit. Also, there are no symmetries or antisymmetries
that would make reflection methods exact for this function.

This function has mean I = fol fol g(x", x¥) dx'dx?* = ¢ — 2, and variance
o2=0GB—¢)(Te—11) /8. Using Mathematica, one can find that the ANOVA mean
squares for the main effects are

ofiy = 3((10 — e)e — 15 + 2Ei(1) — 2Ei(2) + log(4))
and
ofy=B—e)e—1)/2,

where Ei is the exponential integral function, Ei(z) = — [~
variances (sensitivity indices) of the ANOVA terms are

t~le=! dt. The relative

2 2

2
g, o o
200729, 42 =08561 and 22
o

- 5% =0.0710.

This function has a meaningfully large bivariate term accounting for about 7.1
percent of the variance, and so it is not a nearly additive function.
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For this paper, we consider a scaled version of g, namely,

x2 exp(x 1)cz)
-2 ’

With this scaling, [ f(x) dx = 1 and so absolute and relative errors coincide.

All of the integration techniques we consider here are based on the construction
of (0, m, 2)-nets given by Faure [7]. The bases used were b = 2, 3, 5, 7. The points
were either unscrambled, ASM scrambled, or given a random linear scrambling.
Nested uniform and I-Binomial scrambling were not tried because they have the
same variance as random linear scrambling. For each base and scrambling method,
reflection nets, box nets and monomial nets were tried.

The monomial nets did not perform very well, most likely because of the super-
linear (in n) sample size that they required. In some instances they were slightly
better than the original (0, m, 2)-nets, but not nearly as good as the other methods.
For the other methods, over values of n up to the first power of b larger than 2000,
the base 2 methods were almost always the best. Accordingly, we work with b =2
and then extend the computations out to n = 2!”7. For methods with reflections, the
sample sizes go out to 2!8, while for box folds, the sample sizes go to 2'°.

Figure 2 shows the error for this function with the methods described above.
For deterministic methods, the absolute error is shown. For randomized methods,
the root mean squared error from 300 independent replications is shown. The up-
per left panel shows, from top to bottom, the error for unscrambled, random linear
scrambled and ASM scrambled Faure points. The Faure points lie very close to
the O (n~") reference line, with no apparent evidence of a logarithmic factor. The
matrix scrambled points are close to the O (n—3/?) reference line. The ASM scram-
bled points seem to follow O (n=3/2) at first, then approach the O (n~2) reference
before leveling out.

The upper right panel shows the same three methods, with a reflection incorpo-
rated. The curve for ASM scrambling keeps crossing the n =2 reference line. The
curve for random linear scrambling lies just below the n~3/? reference. The curve
for reflection without scrambling has a prominent flat spot for n < 32,768. Then it
gets much better at 65,536.

The lower left panel shows the three methods with box symmetry. Here the
curve for random linear scrambling lies between the references for n=3/% and n=2
and ends up roughly parallel to the latter. The curve for ASM scrambling ends up
below the n~2 reference line. The curve for the box symmetrized Faure sequence
follows the one for random linear scrambling, but has an error that is not monotone
inn.

For each kind of symmetry, the ASM scrambling seems to give the best results
on this function. The lower right panel shows all three ASM methods. From top
to bottom at the right of that panel they are for the original points, reflected points
and boxed points.

From this example it is clear that reflection strategies have potential to bring
improvements and may even yield a rate better than O (n~3/%). There are also some

x= ! x?) elo, 112

(12) fx) =
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Unreflected Reflected

1e+00
1e+00

1e-06 1e-03
1e-03

1e-06

1e-09
1e-09

N N
S T 4
2 2
T T T T T T T T
1e+00 1e+02 1e+04 1e+06 1e+00 1e+02 1e+04 1e+06
Box reflected All ASM
o o
o (=]
+ +
2 2

1e-03
1e-03

1e-06

1e-06

1e-09
1e-09

1e-12
1e-12

T T T T T T T T
1e+00 1e+02 1e+04 1e+06 1e+00 1e+02 1e+04 1e+06

FI1G. 2.  Shown are absolute errors for the Faure sequence and sample RMSEs from 300 replica-
tions for scrambled versions, in the quadrature example of Section 4. The lower right panel is for
ASM scrambling: unreflected (solid), reflected (dashed) and box (dotted). The other panels depict
unscrambled (solid), linearly scrambled (dashed) and ASM scrambled (dotted) results. All panels
have reference lines proportional to labeled powers of n.

prominent flat spots and reversals in the errors. In the next sections we investigate
box reflections and show that it can improve the error rate.

5. Variance for scrambled digital nets. The error rate analysis for box re-
flection of scrambled digital nets builds on the analysis for unreflected scrambled
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nets. This section recaps some needed material for completeness, widens the gen-
erality, and corrects an error in the original proof.

We begin by recapping a base b Haar wavelet multiresolution of functions on
[0, l)d. For more details, see [20] and [21].

First define the univariate mother wavelets for x € R:

Yex) =021 prjme — b1 )20,  ¢=0,1,....,b—1.

The familiar (b = 2) Haar wavelet decomposition only needs one mother wavelet
because it has Y9 = —yr1. The general setting considered here requires more than
one mother wavelet. Next, for nonnegative integers k and t < b¥ define dilated and
translated versions for x € [0, 1),

Ykee(x) = B2 (b x — 1),

— pk+1D/2 -1)/2

k
1 pity e — b L k)=

=p "N, (x) = B*TV2W (2.

The functions N and W are indicators of relatively narrow and wide intervals
respectively, where the base b is understood. Each y;. is a narrow rectangular
spike minus another one that is b times as wide, but 1/b times as high.

The wavelets for d > 1 are tensor products of functions of the form ;.. For
uC1:d,letk be a |ul|-vector of integers k; > 0 for j € u. Similarly, let T be a
|u|-vector of nonnegative integers ¢; < b*i for j € u. Notice that for « to be well
defined a set u must be understood, and T depends similarly on both u# and «.
To avoid cluttered notation, we do not write « (1) or t(u, k). The d variate Haar
wavelets in base b take the form

Viery ) = [ | ¥kjae; (29,
Jjeu
with Y300 (x) = 1 by convention.
The multiresolution of f € L?[0, 1)? is

fx)= ZZZZ(‘puktg’ I ) Wukeg (x),
u Kk oty

Wakrg. ) = / Ve (0) £ () dx,

where each summation is over all possible values for its argument, beginning with
all subsets u of {1,...,d]}.
It is convenient to write f(x) =", >, Vuc(x), where

Ve (X) = ZZ(WW(U/’ f)lpu/cry(x)-
Ty

The function v, (x) is a step function constant within elementary intervals of the
form B, ;.

If x1,...,x, are obtained by making a nested uniform (or random linear or
I-binomial) scramble of points ay, ..., a, € [0, l)d in base b, then the variance of
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[=n""Y7_) fxi)is
(13) - Z ZFM Kau K

|u|>0 K

where
2 2
Oy ke =_/-vu,,((x) dx,

and the “gain coefficients” are given by

nb ])Iul Z Z 1_[ blLb el = bkt ]J - lLbkfa,jJ=Lbkfaf/J)'

i=li'=1jeu

UKk —

From the “multiresolution ANOVA,” 62 =", >, auz’,(. Therefore, the variance of
ordinary Monte Carlo sampling has the form (13) with all I, , = 1. The variance
reduction from randomized nets arises from I',, , < 1 for some u and « without
allowing I';, , > 1 for any u and «. In particular, if ay, ..., a, are a (A, g, m, d)-net
inbase b, then ', , =0if m —q > |u| + |«|.

THEOREM 2. Letay,...,a, bea (0,m,d)-net in base b > 2. Then
b min(d—1,m) b b—1
0<Tyu,=< <—> < (—) <e=2.718.
’ b—1 b—1
Letay,...,a, bea (A,0,m,d)-net in base b > 2. Then
0<T,,<e+1=3.718.
Letay,...,a, bea (A,q,m,d)-net in base b > 2. Then

d—1
Ofruxqu( b ) )

b—1

PROOF. The first part is from [20], the second is from [21], and the third is
from [22]. O

Theorem 2 shows some upper bounds on gain coefficients for nets. Sharper,
but more complicated bounds are available from intermediate stages of the proofs,
particularly the ones in [22]. Still sharper bounds are available in [18] and in [31].

5.1. Scrambled net variance for smooth functions. There is an error in the way
that the O(---) terms are gathered in Lemma 1 of [21]. This section repairs the
proof of the O (n~3log(n)¢~") result for the variance of scrambled net integrals of
smooth functions. In the process, a more general result is obtained, using a weaker
definition of smoothness than in the original paper, and covering nets with nonzero
quality parameter and relaxed versions of (A, g, m, d)-nets.

The proof follows the lines of [21]. Lemmas 2 and 3 here replace Lemmas 1
and 2 there, respectively.
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LEMMA 2. Suppose that f is a smooth function on [0, 1]¢. For b > 2 and
ucC{l,...,d}, let « and t be |u|-tuples of nonnegative integers with components
kjandt; < b*i for j € u. Then

— 1\
A Wt = () BT up o)

X€By k¢

PROOF. From the definitions,

(f, wukry>
= <fu’ 1ﬁlmry)

_ (kD /2 / Fu () Very (x) dx

(15) =b_(|K|+|”|)/2/fu(x) [165 (Nt (x7) — b7 Wiyr, (x7)) dix.

JjEu

Next, f;,(x) depends on x only through x“. Applying (7) to f,,, we may write
(16) =3[0 ety
CU

v
vCu uict X ]

If v # u, then the corresponding term in (16) does not depend on x,_, and is
therefore orthogonal to Ni;ije; (x)) — b_Iij,j (x7) for Jj € u — v. Accordingly,
we may replace f, in (15) by the v = u term from (16). Also, the integrand in (15)
vanishes for x ¢ B,,.. Putting these together, we find that b(|"|+|“|)/2(f, Yukry)
equals

//[C” x4] aufu(cu_lg‘[ yM) dyu 1_[ bkj+1(NkjtjCj (XJ) - b_l ijfj (x])) dx

UKT? jeu

< sup / 3" fu(c, sy dy"
x4 €Byer 1V [Clir X"]
x [ TTHH Nk, (1) = b7 Wi (69 di
Jj€u

=@2=2/b)" sup

xX"eByxr

f 3" fulCyey 1y dy"
[0t 7. x]

By Lemma 1, 9“ f;, is continuous, and so by the mean value theorem, there is a
point z € By, with

J

= Vol(rect[c, ., x“])|0" fu(2)]

: 0" fu(Ccr = y*) dy"
ZK'E Xt

< 27 p= Ikl 3" £, (2)].
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The factor b~ /¢! is the volume of a |u|-dimensional elementary interval containing
both ¢ _ and x“. The factor 2~1*! arises because c“, . is at the center of this
elementary interval and x” is in some sub-interval defined by c¢”, _ and one of the
corners of that elementary interval. Finally,

(s Yurry) | < (1= 1/b)Mp=CIRIFD2 qup (54 £, (2)]. -
2€Byr

UKT

LEMMA 3. Under the conditions of Lemma 2,
b—1\3M
(a7 o <2752 ) e £

PROOF. The supports of ¥,y and ¥, are disjoint unless 7 = 7’, and so

Ve () =Y 3 Yy ) Viry Y Wucry OO Yy ().
Ty oy
Now

o2, =/v3K(x) dx

_ZZZ f Wu/cry <f wu/cty /wuk‘[y(x)wuk‘[y (X)dx

v
_ZZZ fw“KTV f‘//ukry l_[(l J_L —
jeu
b—1 p3lkl—lul u
5( - ) > sup 9% £ (2)|? ZZHIIC,_C _
T 2€Bukr 1% )/ jeu
b — 1)\ 2Mul b—1b—1 Jut]
< < 5 ) b—3|K|_|u|(Z sup |8ufu(Z)|2) (Z Z |1Cj:c,‘ —b_1|>
T €Dyt c=0¢'=0 J
u| b—-1 3l —3|«| u 2
=2 (—) b=y~ sup 0" fu(@)]
b 7 2€Bukr
b— 13
52'“'(—b ) b0 full . -

THEOREM 3. Let x| through x, be the points of a randomized relaxed
(A, q,m,d)-net in base b. Suppose that as n — oo with A and q fixed, that all
of the gain coefficients of the net satisfy I'y, < G < 0o. Then for smooth f,

d—1
V) = 0(%).
n
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PROOF. If |«|+ |u| < m — g, then the digital net property of x, ..., x, yields
'y = 0. Otherwise, we have I',,, < G, and so

V) < — Z > o2

" u1>0 k|> (m—g—lul)+

b—1\3M
> X 2'“'(7) 10" full2b =

[u|>0 [k |>(m—q—|ul)+

(18) < — Z oo b,

" u1>0 k1> (m—g—lul)+

G
<
T n

where
b— 1\
G = G2'”'< b) max 9" .

Because we are interested in the limit as m — 0o, we may suppose that m > d +q.
For such large m,

o0
_ _ -1
Yo pWo Y bzr<r+lu| )
lic|>(m—q—ul)+ r=m—q—|u|+1 uf -1

where the binomial coefficient is the number of |u|-vectors « of nonnegative inte-
gers that sum to . Making the substitution s =r —m + g + |u|,

Z p—2Ikl

lic|>(m—q—|ul)+

_ b—2m+2q+2|u| ib—% (S +m— ql_ 1
lu| —
s=1

22 p2g+2lul oo

DA o PR PN
St etmoa-D

)\‘2 b2q+2|u| o0 u|—1 |M| -1 ) )
<Y p ( . )SJ m—gq— Hl=1=J
—r12<|u|—1>!§1 2\ ) mmah

1—j oo
b2(q+|u| 1) Z m— ‘1—1)|"| J Zb 2s=1)gJ
Jlul —1—

j=0

|u|b2(q+|u| 1) lu|— lzb 2(s— 1) Jlu|—1
s=1

(19) = O(n_zlog(n)“"_l),
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because the infinite sum converges, m < log;, (n) and |u| < d. The theorem follows
upon substituting the bound (19) into (18). [J

6. Scrambled net variance with box folding. This section investigates the
effects of reflection schemes on scrambled net variance. Reflections are written as
R, where p is a d vector of integers r; > —1. As before, we let « denote a scale
for the multiresolution analysis.

In Section 5.1 the coefficients ( f, ¥,«ry) are bounded in terms of mixed partial
derivatives of f taken once with respect to each component x/ for j € u. Reflec-
tion is a piece-wise differentiable operation. The function &R, (x) is discontinuous
at x if x/ = tb~"J holds for some j with r ; > 0 and some positive integer t < b'/.
In the interior of the pieces, reflection of x/ reverses the sign of the derivative with
respect to x/. This sign reversal can be exploited to produce a cancellation effect
that reduces a bound on ( f, Yy ).

To simplify some expressions, we define the composite function f* by f#(x) =
f(Rp(x)). At almost all points x € [0, 119 the chain rule gives

(20) I fP(x) = (—1)ENPY (R, (x)),

where sgn(p) = 2?21 1,}20 counts the number of reflections in p. The factor
0" f(R,(x)) in the right-hand side of (20) is the partial derivative of f, evalu-
ated at the point z = R, (x), and not the partial derivative of f o R, evaluated at
x, which appears on the left-hand side.

DEFINITION 11. In d dimensions, a box folding scheme is an average of 2¢
reflections as described below. Start with p = (71, ..., r4), where each r; > 0. For
£=0,...,29 -1, let p¢ be the d vector of integer components ry; € {r;, —1} with
r¢j = rj if and only if the jth base 2 digit of £ is one. Then the box fold scheme is

1 21171 1 n

~ 1 4~
I=7 2 -2 == f,
¢ iz

S
where f(x) =24 Z%d:?)l fre(x).

Sometimes it is more convenient to index the reflections by 2¢ subsets v C
{1,...,d}. Let v = v(€) denote the subset where j € v if and only if the jth binary
digit of £ is a one. Taking p, to mean p, where v = v(£), we may write f (x) =
279Y" ,c1.q [ (x). From the definition of v, we find that sgn(p,) = (—1)I’l.

To get ANOVA components of f , we need the ANOVA components of f*.
Lemma 4 below shows that reflection commutes with the operation of taking
ANOVA components.
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LEMMA 4. Let f be an szunction on [0, 11¢. Let fP(x)= f(R,(x)), where
p is a d vector of integersrj > —1 for j =1,...,d. Letu C{1,...,d}. Then

(2D [ @) = fu(Rp(x)).
PROOF. The proof follows by induction on |u|. [

The bounds for (f, Y¥u«ry) in Section 5.1 made use of differentiability of f,
which we cannot assume for f©. The derivation as far as equation (15) does follow
for ¥ and so (f*, Yruxry) equals

@2) bR [ 2 TT65 Ny, () = b W () .

Jj€EuU .
The next step in the derivation of bounds for ( f, ¥, ) required 0 f at points of
Bz, and 8% f* does not necessarily exist.

The setting is simplest if the scale « is finer than the reflection p. Suppose that
u={l,...,d} and that k; > r; for j =1, ..., d. This specifically includes cases
with r; = —1 that designate no reflection for component j. Then, for smooth f,
0" f, is uniformly continuous on the interior of B, . Letting ¢, be the center of
B, as before, we find that

(f* Yuey)
:/Au " 3" fr(Cpe 1y dy" Vukry (X) dx

UKT?®

— (1)) f /[ "l Rp(5)") dy" ey () i
Cll xll

UKT?

23) = | /[ "R (3 dy Yieey (1),
Cukt,X
where at the last step weuse u =1:d and —u = &.

LEMMA 5. Suppose that f is a doubly smooth function on [0,1]%. Let p =
(r1,...,rq) with integers rj > 0. Take |p| = Z?:l rj,and let fbe defined by the
box folding scheme of Definition 11. For b>2 andu ={1,...,d}, letk, T and y
be d-tuples of nonnegative integers with components kj > rj, t; < bki, and cj<b
respectively, for j =1,...,d. Then

~ (b —1\"% _
(24) (s Yacey)| < b 'P'(T) b G 2 g

PROOF. Because « is on a finer scale than all of the reflections p,, equation
(23) holds for each of them. Therefore,

~ 1
(Fuer) =57 [ /[] S (=)0 £ (Rp, (7)) dy Yy (x) dix.

vCl:d



2340 A.B. OWEN

For y € [0, 119, letk = k(y) € [0, 11 be the center point through which the reflec-
tion R, with p = (r1, ..., rq) operates on y. That is, k/ =b7"i(|b5iyl | +1/2).
Because « is finer than p, the same center k applies for all y € [c,«, x]. Then the
Jjth component of R, (y) is 2k/ — y/ if j € v and is y/ otherwise. Therefore,

(=D £ 2k — y)¥:y7Y) = Vol(rect[y, 2k — yD3™ " fu (2),

vCu

where z = z(y) € rect[y, 2k — y]. The volume of rect[y, 2k — y] is at most b~!°!
and so following the argument from Lemma 2,

(fs Yurry) < (1 — 1)~ p1Plp=ClelruD/2 ) gun £y O

The factor b~ °! in (24) underlies the improvement that a box reflection can
bring. For a scrambled (4, ¢, m, d)-net in base b, if we choose p so that |p| =m —
g, then the coefficients f VYurry) With « finer than p are O (b~ 3lkl/2=1rly instead
of O(b~3%1/2), Coarse terms with |« | + |u| <m — q do not contribute to the error,
so the dominant error terms have |k |+ |u| = m — g + 1. In the next theorem we will
deal with those terms by taking |p| = m — g. Choosing |p| = m — g, the largest
contributing coefficients are O (b—3IK1/2=1ply = O (h=3m/2= ™) = O (n=3/?) instead
of 0(1f3lKl/2) = 0(b™3"/%) = 0(n=3/?). Following the derivation in Section 5.1,
the terms GL!K are then of order O (b=3") = O (n—?) instead of O (h~—2") = O(n_z)
and so each of them contributes O (n~*) to the variance instead of O (n~3). The
variance under box folding does not generally end up as O (n~**¢) though, be-
cause there are also contributions from terms x where « is not finer than p.

THEOREM 4. Let x| through x, be points of a randomized relaxed (A, q,m,
d)-net in base b. Suppose that the quality parameter q remains fixed as n tends
to infinity through values Mb™ for fixed A and that none of the gain coefficients of
the net is larger than G < 0o. Then for doubly smooth f, under box folding by

=(r1,...,rq) where
r._{L(m—q)/dJJrl, J<(m—gq)—d|l(m—q)/d]
P Wm —q)/d], otherwise,
we find that
~ (logn)?~!
o)
as n — oo.

PROOF. First we consider coefficients ( f s Vuky) for the highest order subset
u={1,....d}. Let w=wk)={j €ul|k;j >r;}. If w= &, then Zjeukj <
Zjeu(rj —1)=m —q —d. Then |«| + |u| = m — ¢q, so that Iy, = 0 by the
balance property of the digital net. Therefore, we restrict attention to w with |w| >
0. Lemma 5 treated the case with w = u and with « finer than p.
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For x in the support of ¢, , the function f is differentiable with respect to x/
for j € w. We may apply equation (7) to each f*v, keeping only the 9" term
because the others are orthogonal to ¢, . The result shows that 29 ( f Yukry) 18

[ X ey dx

vCl:d

_/ 2 /C 3wfu"”(x*w :Y") dy" Yuery (x) dx

UC] :d WKT?

(25) -/ Z / X AT A Yy ()

wtcr vzgw

after decomposing v into its intersections v and v, with w and —w respectively.
The summation inside of (25) may be written as

> DY f(Rp, 0, T Ry 0, DY)

1w

= Vol(rect[y", 2ky; — y*1"" fu(Rp, 1, (1)~ 1 2"),

where for j € w, kv| =b"i([biy/] +1/2) and z¥ € rect[y" , 2k, — y"]. Be-
cause Vol(rect[y", 2kvw] -y <b” LjewT) , we find that box reflection results in

a coefficient ( f s Yukry) With an upper bound on the order of 5~ Ljew’ smaller
than the bound for { f, Yy ).

This coefficient reduction is b~ 2icw’/ = o (b~mwl/dy = o (n~Iwl/dy Because
we only need to consider nonempty w, the reduction is O(n~'/?). The effect
is to reduce the bound for a . by O(n~%/?) and then the same counting ar-
gument as in Theorem 3 shows that the contribution of f, to the variance is
O((logn)d_l/n3+2/d).

Now consider variance contribution of f, for v C {1,...,d} with 1 <|v| <d.
The sum (1/n) >}, fv (x;) is a box fold of a scrambled relaxed (Abd Pl g, m,
|[v])-net in base b for estimating the mean of the fully |v|-dimensional function
g(x¥) = fu(x¥:07") obtained by ignoring the —v components of x. Accordingly,
it makes a variance contribution that is O((log n)lvl—1 / n31+2/1Yly The variance of
the sum cannot be of higher order than O ((log n)d_l/n3+2/d). ]

7. Discussion. In this paper we have seen that scrambled net quadrature can
be profitably combined with antithetic sampling to reduce variance. This result
then fits in with the work of [12] who combined quasi-Monte Carlo with control
variates and [27] and [3] who both looked at quasi-Monte Carlo in combination
with importance sampling. The best numerical results were for ASM scrambling
combined with box reflections, but we have no theoretical results for that combi-
nation.
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The foldings of scrambled nets studied here may also be viewed as a hybrid
of digital nets and a monomial cubature rule. The 2¢-fold symmetry used by box
folding takes each sample point in the net and uses it to generate the points of a
cubature. It is one of many cubature rules that might be made to work with digital
nets. For background and catalogues of cubature rules, see [4, 5] and [28].

The conclusions of Theorems 3 and 4 both hold if A and g are allowed to fluc-
tuate as n increases, so long as both remain below finite upper bounds.

A larger improvement from local antithetic sampling may be possible if we
can identify s < d input variables that are much more important than the others,
and apply reflections only to them. In some cases we can even re-engineer the
integrand to make a small number of variables much more important than they are
in the nominal encoding. For an example of such a technique with an integrand
with respect to a high dimensional geometric Brownian motion, see [1] and [2].
Many more examples are presented in [9].
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