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In the last decade, sequential Monte Carlo methods (SMC) emerged as a
key tool in computational statistics [see, e.g., Sequential Monte Carlo Meth-
ods in Practice (2001) Springer, New York, Monte Carlo Strategies in Sci-
entific Computing (2001) Springer, New York, Complex Stochastic Systems
(2001) 109-173]. These algorithms approximate a sequence of distributions
by a sequence of weighted empirical measures associated to a weighted pop-
ulation of particles, which are generated recursively.

Despite many theoretical advances [see, e.g., J. Roy. Statist. Soc. Ser. B 63
(2001) 127-146, Ann. Statist. 33 (2005) 1983-2021, Feynman—Kac Formu-
lae. Genealogical and Interacting Particle Systems with Applications (2004)
Springer, Ann. Statist. 32 (2004) 2385-2411], the large-sample theory of
these approximations remains a question of central interest. In this paper we
establish a law of large numbers and a central limit theorem as the number
of particles gets large. We introduce the concepts of weighted sample con-
sistency and asymptotic normality, and derive conditions under which the
transformations of the weighted sample used in the SMC algorithm preserve
these properties. To illustrate our findings, we analyze SMC algorithms to ap-
proximate the filtering distribution in state-space models. We show how our
techniques allow to relax restrictive technical conditions used in previously
reported works and provide grounds to analyze more sophisticated sequential
sampling strategies, including branching, resampling at randomly selected
times, and so on.

1. Introduction. Sequential Monte Carlo (SMC) refer to a class of methods
designed to approximate a sequence of probability distributions over a sequence
of probability space by a set of points, termed particles that each have an assigned
non-negative weight and are updated recursively in time. SMC methods can be
seen as a combination of the sequential importance sampling introduced method
in [8] and the sampling importance resampling algorithm proposed in [9]. In the
importance sampling step, the particles are propagated forward in time using pro-
posal kernels and their importance weights are updated taking into account the
targeted distribution. In the resampling or the branching step, particles multiply or
die depending on their importance weights. Many algorithms have been proposed
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since, which differ in the way the particles and the importance weights evolve and
adapt.

SMC methods have a long history in molecular simulations, where they have
been found to be one of the most powerful means for the simulation and opti-
mization of chain polymers (see, e.g., [10]). SMC methods have more recently
emerged as a key tool to solve on-line prediction/filtering/smoothing problems in
a dynamic system. Simple yet flexible SMC methods have been shown to over-
come the numerical difficulties and pitfalls typically encountered with traditional
methods based on approximate nonlinear filtering (such as the extended Kalman
filter or Gaussian-sum filters); see, for instance, [1, 2, 11, 12] and the references
therein. More recently, SMC methods have been shown to be a promising alterna-
tive to Markov chain Monte Carlo techniques for sampling complex distributions
over large dimensional spaces; see, for instance, [4] and [13].

In this paper we study the large sample properties of weighted particle approx-
imations as the number of particles tend to infinity. Because the particles interact
during the resampling/branching steps, they are not independent, which make the
analysis of particle approximation a challenging area of research. This topic has
attracted in recent years a great deal of efforts, making it a daunting task to give
credit to every contributor. The first rigorous convergence result was obtained in
[14], who established the almost-sure convergence of an elementary SMC algo-
rithm (the so-called bootstrap filter). A central limit theorem for this algorithm
was derived in [15] and later refined in [16]. The proof of the CLT was later sim-
plified and extended to more general SMC algorithms by [5] and [7]. Bounds on
the fluctuations of the particle approximations for different norms were reported
in [16], [17] and [18]. [6] provides an up-to-date and thorough coverage of recent
theoretical developments in this area.

With few exceptions (see [7] and, to a lesser extent, [5] and [18]), these results
apply under simplifying assumptions on the way importance sampling and resam-
pling/branching is performed, which restrict the scope of applicability of the results
only to the most elementary SMC implementations. In particular, all these results
assume that resampling/branching is performed at each iteration, which implies
that the weights are not propagated. This is clearly an annoying limitation since it
has been noticed by many practitioners that resampling the particle system at each
time step is most often not a clever choice.

The main purpose of this paper is to derive an asymptotic theory of weighted
system of particles. To the best of our knowledge, limit theorems for such weighted
approximations were only considered in [11], who mostly sketched consistency
proofs. In this paper we establish both the law of large numbers and central limit
theorems, under assumptions that are presumably closed from being minimal.
These results apply not only to the many different implementations of the SMC
algorithms, including rather sophisticated schemes such as the resample and move
algorithm [19] or the auxiliary particle filter by [20], but they also cover resampling
schedules (when to resample) that can be either deterministic or dynamic, that is,
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based on the distribution of the importance weights at the current iteration. They
also cover sampling schemes that can be either simple random sampling (with
weights) or also residual sampling [11] or auxiliary sampling [20]. We do not im-
pose a specific structure on the sequence of the target probability measure; there-
fore, our results apply not only to sequential filtering or smoothing of state-space
contexts, but also to recent algorithms developed for a population Monte-Carlo or
for molecular simulation.

The paper is organized as follows. In Section 2 we introduce the definitions of
weighted sample consistency and asymptotic normality; we then discuss the con-
ditions upon which consistency or/and asymptotic normality of a weighted sample
is preserved by the importance sampling, resampling and branching steps. In Sec-
tion 3.2 we apply the result to the estimation of the joint smoothing distribution
for a state-space model. In particular, we establish a central limit theorem for a
SMC method involving a dynamic resampling scheme. These results are based on
new results on conditional limit theorems for a triangular array of dependent data
which are established in Appendix A.

2. Notation and main results.

2.1. Notation. All the random variables are defined on a common probability
space (€2, F,P). A state space X is said to be general if it is equipped with a
countably generated o -field 8 (X). For a general state space X, we denote by # (X)
the set of probability measures on (X, B(X)) and B(X) [resp. BT (X)] the set of
all 8(X)/8B(R)-measurable (resp. nonnegative) functions from X to R equipped
with the Borel o-field B(R). A subset C C X is said to be proper if the following
conditions are satisfied: (i) C is a linear space: for any f and g in C and reals «
and B, of + Bg € C; (ii) if g € C and f is measurable with | f| < |g|, then | f| € C;
(iii) for all ¢, the constant function f = c¢ belongs to C.

Forany u € $(X) and f € B(X) satistying [y u(dx)|f(x)| < oo, u(f) denotes
Jx f(x)u(dx). Let X and Y be two general state spaces. A kernel V from (X, 8(X))
to (Y, B(Y)) is a map from X x B(Y) into [0, 1] such that, for each A € B(Y),
x — V(x, A) is a nonnegative bounded measurable function on X and, for each
xeX, A V(x, A)isameasure on B(Y). We say that V is finite if V(x,Y) < oo
for any x € X; it is Markovian if V(x, X) =1 for any x € X. For any function
f € B(X x Y) such that fY V(x,dy)|f(x,y)| <oo,wedenoteby V(-, f)or Vf(-)

the function x — V(x, f) def Jy V(x,dy) f(x,y). For v a measure on (X, B(X)),
we denote by vV the measure on (Y, B(Y)) defined forany A € B(Y) by vV (A) =
Jxv(dx)V(x, A).

Throughout the paper, we denote by E, u a probability measure on (&, B8(&)),
{Mn}n=0 a sequence integer-valued random variable, C a proper subset of =.
We approximate the probability measure u by points Ey; € E,i=1,..., My
associated to nonnegative weights wy ; > 0.
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DEFINITION 1. A weighted sample {(§y;, on, ,)} | on E is said to be con-
sistent for the probability measure p and the (proper) set C if, for any f € C, as

_ P _ P
N — oo, QNl ZIAQ{ won.i fEn.i) — n(f) and QNI maxlj-‘iﬁi wy.; —> 0, where
My
Q=2 oN,i-

This definition of weighted sample consistency is similar to the notion of prop-
erly weighted sample introduced in [11]. The difference stems from the smallness
condition which states that the contribution of each individual term in the sum
vanishes in the limit as N — oo.

We denote by y a finite measure on (E, 8(E)), with A and W proper sets of E,
and o a real nonnegative function on A, and {ay} a nondecreasing real sequence
diverging to infinity.

DEFINITION 2. A weighted sample {(£y ;, wN,i)}iﬁiA{ on Z is said to be as-
ymptotically normal for (u, A,W, o, y, {an}) if

My
(D) anQy' Y on il fEn) — r()} 2 N{0,62(f)}  for any f €A,

i=1

My
_ P
2 alz\/Qszw%v,if@N,i) — y(f) forany f € W,
i=1
3) ayQy' max oy — 0.
1<i<My

Note that these definitions implicitly imply that the sets C, A and W are proper.

To analyze the sequential Monte Carlo methods discussed in the Introduction,
we now need to study how the importance sampling and the resampling steps affect
the consistent or/and asymptotically normal weighted sample.

2.2. Importance sampling. We will show that the importance sampling step
transforms a weighted sample consistent (or asymptotically normal) for a distri-
bution v on a general state space (E, B(E)) into a weighted sample consistent
(or asymptotically normal) for a distribution x on (..., B(E)). Let L be a Markov
kernel from (E, B(E)) to (:, B(E)) such that, for any f € B(E),

vLf
vL(E)

“ p=

We wish to transform a weighted sample {({y;, wn i)}lM’ﬁ targeting the distrib-

utlon v on (B, B(E)) into a weighted sample {(éN i ON, l)} _ targeting u on

=, B(E)), where My = aMy (a denoting the number of offsprings of each par-
ticle). The use of multiple offsprings has been suggested by [9]: when the impor-
tance sampling step is followed by a resampling step, an increase in the number of
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distinct particles will increase the number of distinct particles after the resampling
step. In the sequential context, this operation is a practical mean for contending
particle impoverishment. These offsprings are proposed using a Markov kernel
denoted R from (E, B(E)) to (B, B(E)). We assume that, for any & € E, the
probability measure L(&, -) on (é, i)’(é)) is absolutely continuous with respect
to R, which we denote L(¢,-) < R(&, -) and define

z def dL(§,) =
) W, &) = dR(s,-)(E)'
The new weighted sample {(é N.is cZ)N,,-)}f-ZA{ is constructed as follows. We draw
new particle positions {£y J-}?;I:N1 conditionally independent, given
(©6) Fivo = o (My, {(Eni on DN,
with distribution given fori =1,..., My, k=1,...,a¢ and A € fb’(é) by
(7) P(EN.ai-1+k € AlFN,0) = R(En.i, A),
and associate to each new particle positions the importance weight
(®) ON -1tk = ONiW(EN.1  EN ai—1)+k)»
fori=1,...,My and k=1,..., «. The importance sampling step is unbiased in

the sense that, for any f € JB(E) andi=1,..., My,

7}

9 > Elown,; fEnDIFN.j—1] =awyiLEni, [

j=ali—1)+1

where for j =1,.... My, Fy; ¥ Fn.o v o({Eyi}i<i<;). The following theo-
rems state conditions under which the importance sampling step described above
preserves the weighted sample consistency. Denote by

(10) CE(fel'(E, w),L(,If]) eC).

THEOREM 1. Assume that the weighted sample {(§n i, on, i)}?g is consistent
for (v, C) and that L(-, E) belongs to C. Then, the set C defined in (10) is a proper
set and the weighted sample {(éN,i, @N,i)}?g defined by (7) and (8) is consistent
for (i, C).

We now turn to prove the asymptotic normality. Define
~ def
AS (LG ISD €A RC W) e W),

(11)
WE (£ R, WIF]) eW).
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THEOREM 2. Suppose that the assumptions of Theorem 1 hold. Assume in
addition, that the weighted sample {(én i, wn i)} ]\i is asymptotically normal for
w, AW, o, v, {al‘/})’ ang? that the function R(-, Wz) belongs to W.

Then, the sets A and W defined in (11) are proper and the weighted sample
{(";‘N is ON, l)} _ Is asymptotically normal for (., AW,éG, v, {anh) withy (f) = &ef
o'y R(W?f)/(vL(E))* and

52(f) EoLLf — n(H/WLE))?
+a 'Y R{[WIf — w(H)] = R(. WILf — w(HD]Y/WL(E))>.

2.3. Resampling. Resampling converts a weighted sample {(éN,i,a)N,i)}iﬂi N

targeting a distribution v(E, 8 (E)) into an equally weighted sample {(§N,i, 1)}?1 N
targeting the same distribution v. The resampling step is an essential ingredient in
the sequential context because it removes particles with small weights and pro-
duces multiple copies of particles with large weights. Denote by Gy ; the number
of times the ith particle is replicated. The number of particles after resampling
My = Ziﬂi N Gn.,i is supposed to be an Fy o-measurable integer-valued random
variable, where ¥y ¢ is given in (6); it might differ from the initial number of par-
ticles My, but will generally be a (deterministic) function of it. There are many
different resampling procedures described in the literature. The simplest is the

multinomial resampling, in which the distribution of (G 1,..., Gn my) condi-
tionally to Fy o is multinomial:
(12) (GN.1e -GNy Fiv.0 ~ MUl(My {2y on i 123

Another possible solution is the deterministic-plus-residual multinomial resam-
pling, introduced in [21]. Denote by |x] the integer part of x and by (x) denote

the fract10na1 part of x, (x) def x — |x]. This scheme consists in retaining at
least |2 'm Nonil, i =1,..., My, copies of the particles and then reallocat-
ing the remaining particles by applying the multlnomlal resampling procedure
with the residual importance weights defined as (M Ny a)N i), thatis, Gy ; =

LQN MNa)Nv,J + HNJ, where

(HN 1y - Hy )| Fn o
(13)

My —1 53 M
- Qy Mywy N
~Mult<Z(QN1MNwN,i),{ A<,, u _INN w.i) } )
i1 Yty Myoy ;) Ji=1
If the weighted sample {(§y ;, a)N,i)}iAi"{ is consistent for (v, C), where C is a
proper subset of B(X), it is a natural question to ask whether the uniformly

weighted sample {(§N,,-, 1)}?1’\1 is consistent for v and, if so, what an appropri-

ately defined class of functions on E might be. It happens that a fairly general
result can be obtained in this case.
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THEOREM 3. Assume that the weighted sample {(§n ., wN,,-)}iAi"{ is consis-

tent for (v, C). Then, the uniformly weighted sample {(& N.is 1)}?2{ obtained using
either (12) or (13) is consistent for (v, C).

It is also sensible to strengthen the requirement of consistency into asymptotic
normality, and prove that the resampling procedures (12) and (13) transform an as-
ymptotically normal weighted sample for v into an asymptotically normal sample
for v. We consider first the multinomial sampling algorithm. We define

(14) ALl ren f2ec),

THEOREM 4. Assume the following:

@ {En.i,on, ,)} _\ Is consistent for (v C) and asymptotically normal for (v,
A, W, o, v, {an}); in addition, ay, MN —> B~ for some B € [0, 00).

(i1) MN is Fn o-measurable, where Fy o is defined in (6), and MN/MN i> L
where £ € [0, o0].

Then A is a proper set and the equally weighted particle system {(& N.is 1)}?11{ ob-
tained using (12) is asymptotically normal for (v, A, C, &, 7, {an}) with 6%(f) =
B! Var, (f) +o*(f) and y = p¢~"v

The analysis of the deterministic-plus-multinomial residual sampling is more
involved. To carry out the analysis, it is required to consider situations where the
importance weights are a function of the particle position, that is, oy ; = ®(En ),
where ® € BT (E). This condition is fulfilled in most applications of sequential
Monte Carlo methods and should therefore not be considered as a stringent lim-

(]

itation. For ¢ € R™, and v a probability measure on E, define vy ¢ the measure
v (f) = v 1) for f e BH(E).

THEOREM 5. Assume the following:

@) {CEn.i, P, l))} _| is consistent for (v C) and asymptotically normal for
(v, A, W, 0, v, {an}); in addition, ay, MN —> B~ for some B € [0, 00).

(i1) My is Fn o-measurable, where Fy ¢ is defined in (6), and MN/MN i> £
where £ € [0, o0].
(iii) ®~' € C, and v(Lv(®~1)® e NU {oo}) =0.

Then, the uniformly weighted sample {(€ N.is 1)} _y obtained using (13) is asymp-

totically normal for (v,A,C,&,7,{an}), where A is given by (14), &ef ey,

and

() E e o (f —veo(f)/veo®) ) +02(f)  for f €A
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REMARK 1. Because (Kv(dD_l)@)/Zv(QD_I)QD <1,forany f € A,
veol(f = veo(N)/veo M)’} = inf veol(f — o))

< inf v{(f — )} = Var (/).

showing that the variance of the residual-plus-deterministic sampling is always
lower than that of the multinomial sampling. These results extend [7], Theorem 2
to derive an expression of the variance of the residual sampling in a specific case.
Note, however, the assumption Theorem 5(iii) is missing in the statement of [7],
Theorem 2. This assumption cannot be relaxed, as shown in Appendix D.

2.4. Branching. Branching procedures have been considered as an alterna-
tive to resampling procedure (see [16, 22, 23] and [6], Chapter 11); these proce-
dures are easier to implement than resampling and are popular among practition-
ers. In the branching procedures, the number of times each particle is replicated
(GN.,1, ..., GN, my) are independent conditionally to ¥y ¢ and are distributed in
such a way that E[Gn ;| Fn.0]l = rhNQ;la)N,i, i=1,..., My, where my is the
targeted number of particles, assumed to be a ¥y o random variable. Most often,
my is chosen to be a deterministic function of the current number of particles
My, for example, my = My or my = N (in which case we target a “determin-
istic” number of particles). Contrary to the resampling procedures, the number
of particles My after branching is no longer Fn o-measurable, that is, the actual
number of particles My is different from the targeted number 7y and cannot be

predicted before the branching numbers {G y ; }f‘i"{ are drawn. There are of course
many different ways to select the branching numbers. In the Poisson branching,
the branching numbers {G N,i}iAi ’6 are conditionally independent given ¥y o with

Poisson distribution with parameters {m NQ;,le i }I.Ai"{,

My
My | o= PO
(15) (Gn.i}i 211 Fv.0 ~ Q) Poisity ' on,i).
i=1
where ® denotes the tensor product of measures. Similarly, in the binomial branch-
ing, the branching numbers {G y, i},-Ai ' are conditionally independent given Fy o

with binomial distribution of parameters {(my, Qx,l wN,,-)}l-Ai"{ ,
My
M . _
(16) (Gn.i Y 1 Fv.0 ~ @ BinGiiy, Qy'on.i).

i=1
The third branching algorithm, referred to as the Bernoulli branching algorithm,

shares similarities with the deterministic-plus-residual multinomial sampling. In
this case, for each ith, |m NQI_\,la)N,iJ are retained; to correct for the truncation,

an additional particle is eventually added, that is, Gy ; = [my Q;,la)/v, il + Hn.i,
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where {Hy, ,-}f.‘i"i are conditionally independent given ¥y ¢ with Bernoulli distrib-

ution of parameter { (72 y 2y wn. )},

Gy, = lmnQy oyl + Hy i,

(17)
My

{Hyi 115 | Fyo ~ Q) Ber((iin 2y o).

i=l

As above, it may be shown that these branching algorithms preserve consistency.

THEOREM 6. Assume that the weighted sample {(§n i, wn, l-)}f.‘i’\i is consistent

for (v, C). Then, MN/nﬁN i> 1 and the uniformly weighted sample {(ng,,-, 1)}?1"{
obtained using either (15), (16) and (17) is consistent for (v, C).

We may also strengthen the conditions to establish the asymptotic normality.
For the Poisson and the binomial branching, the asymptotic normality is satisfied
under almost the same conditions as for the multinomial sampling (see Theorem
4); in addition, the asymptotic variance of these procedures are equal.

THEOREM 7. Assume the following:

@ {En.i, CL)NJ‘)}iAiA{ is consistent for (v, C) and asymptotically normal for (v,
A, W, o, vy, lay}); in addition, aX,ZMN —P> ﬁ_lfor some B € [0, 00).

(i1) my is Fy.o-measurable, where Fy ¢ is defined in (6), and M;lnﬁN —P> L
where £ € [0, o0].
Then the equally weighted particle system {(é N.is 1)}?1'\{ obtained using either (15)

or (16) is asymptotically normal for (v, A, C, &, 7, {an}), with A def {f, f*e
CNW}, G2(f) = pe~" Var,(f) + o*(f), and y = pt"v.

We now consider the case of the Bernoulli branching. As for the deterministic-
plus-residual sampling, it is here required to assume that the weights are a function
of the particle positions, that is, wy ; = ®(§n ;).

THEOREM 8. Assume the following:

@) {CEni, PE N,i))}iAg is consistent for (v, C) and asymptotically normal for
(v, A, W, g, v, {an}); in addition, a,f,zMN i> ,B_lfor some B € [0, 00).

(ii) mpy is Fn o-measurable, where Fy ( is defined in (6), and my /My —P> L
where £ € [0, o0],
(iii) ®~' € C, and v(Lv(®~1)d e NU {oo}) =0.
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Then, the uniformly weighted sample {(& N.is 1)}?2\{ defined by (17) is asymptoti-

cally normal for (v, A, C, &, 7, {an}), where A< (f e A, (1 + @) f2eC), 7 &

ﬁﬁ_lv, and

(v (@~ H D)1 — (Lv(dHd
(oD

&) dzefﬁe—‘v( Dy - vf)z) +o2(p),

f eA.
. Ev(® Hd)(1—(tv(@ Hd
REMARK 2. Since @D
the Bernoulli branching is always lower than the asymptotic variance of the

multinomial resampling. Compared with the deterministic-plus-residual sampling,
the two quantities are not ordered uniformly w.r.t. f.

D <1, the asymptotic variance of

3. Applications.

3.1. Fractional reweighting. It has been advocated (see, e.g., [24]) that it
could be advantageous when resampling to keep a fraction of the weight. The
success of this approach has been mainly motivated on heuristic grounds. The
results developed above allow to easily obtain an expression of the asymptotic
variance of this scheme. The procedure goes as follows. Let v be a distribution on
(Z, B(E)) and assume that the weighted sample {(§y ;, CD(SN,;‘))},-AQ targets v.
Let x € [0, 1]. In a first step, we modify the weight pattern, that is, we consider the
weighted sample {(§w i, ol-x éEn, ,-))}f.‘i ’\{ This weighted sample targets the distri-

bution v, () def v(®7F)/v(P7¥). In a second step, we resample the weighted sam-
ple {(En.i, @' (&N, ,'))}?g. Resampling produces an equally weighted sample de-
noted {(gN,,', 1)}?2\1' , also targeting v,. To state the results, we consider multino-
mial resampling, but similar results can be obtained for other forms of resampling
and branching. In a third step, we affect to the resampled particles the weights
P~ (§N,,-), that is, we consider the weighted sample {(EN’Z', P~ (§N,,-))}?Q{, which
obviously targets v.

Provided that {(§y;, P(&n, i))}?i’\l' is asymptotically normal for v, the following
result shows that {(£ N.i» PF (& N, ,-))}?i”{ is also asymptotically normal and provides
an explicit expression for the asymptotic variance.

THEOREM 9. Assume that {(§n ., @(éN,i))}illiAi is consistent for (v,C) and
asymptotically normal for (v, A,W, g, y, {an}). Assume, in addition, that a;,2 X
My —P> B and that ®*, d™* € C, &2 € W. Then, {(SN,,-, <I>K(§N,,-))}f‘i’{ is con-
sistent for (v, C) and asymptotically normal for (v, Ac, Wy, 0%, Vi, {an}), where

AcE(feA fReW, f20° € ClLW, & {f: 0% f € C}, v () & Bu(@)v(DF-)
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and
def

a2(f) E (@ W[O* (f — v(f))*]+02Lf — v(H)].

PROOF.  The proof follows by applying Theorems 1 and 2 [with R(§, dé) =
Se(d§), L(§,d§) = @7 (§)¢(d§) and o = 1] to show the consistency and as-
ymptotic normality of the weighted sample {(&y ;, ®'7* (éN,,-))}iAi ", then Theo-
rems 3 and 4 to prove the consistency and asymptotic normality of the equally
weighted sample {(§N7,~, 1)}?1 " and again Theorems 1 and 2 [this time with
R(E,d&) = 8:(dE), L(&,dE) = d*(£)8¢(d&) and o = 1] to prove the asymptotic
normality of {(Ey.;, @ (Ev. ). O

The asymptotic variance of the weighted sample {(§N’i, o (éN,,’))}?g after
“weighted” resampling is higher than the variance o2 of the “original” weighted
sample {(&n i, <I>($N,,~))}iﬂg . There is no obvious “optimal” choice for the expo-
nent «, and it is easy to find functions f for which “unweighted” resampling per-
forms better. For example, assume that {{y ;}1<i<m, 1s an i.i.d. sample from a
distribution with density f(x) o exp(—x2/2 — |x|) and take ®(x) =exp|x|; v is
the Gaussian distribution & (0, 1). Take f, » = 1{a < |X| <a + b} for a,b > 0.
Then, v(f4,») =0 and by straightforward calculation,

do(fap)
dk k=0

=pvl{a <|X|<a +b})<—v(|X|) n v(XIM{a<|X|<a +b})>’

v(l{a <|X| <a+b})

which can thus be negative or positive depending on the values of a and b.

3.2. State-space models. In this section we apply the results to state-space
models (see, e.g., [2], Chapters 3, 4 and [3] for an introduction to that field). The
state process {Xi}x>1 is a Markov chain on a general state space X with initial
distribution x and kernel Q. The observations {Y;}x>1 take values in Y that are
independent conditionally on the state sequence {Xy}(>1; in addition, there ex-
ists a measure A on (Y, B(Y)), and a transition density function x — g(x, y), re-
ferred to as the likelihood, such that P(Yx € A| Xy =x) = [, g(x, y)A(dy), for all
A €Y. The kernel Q and the likelihood functions x — g(x, y) are assumed to be
known. These quantities could be time-dependent. The (joint) smoothing distribu-
tion ¢, k(¥1:k, ) is defined as

(18) Oy k(V1ks f) défE[f(Xl:k”Yl:k:)’l:k]» feBXb),

where for any sequence {a;}1<i<k, a1:k def (ai, ..., ar). We shall consider the case
in which the observations have an arbitrary but fixed value yj.; and denote g (x) =
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g(x, yx). In the Monte Carlo framework, we approximate the posterior distribution
¢y .k using a weighted sample {(Sl(f)l,a)N DM <k<my, Where “;‘1(\;()1 e xk. “;‘I(f)l are
referred to as path particles in the literature; see [6].

We will apply the results presented in Section 2. It is first required to de-
fine a transition kernel L;_; satisfying (4) with v = ¢y r—1, (E,B(E)) =
XK1, BXK1Y), = ¢k and (B, B(E)) = (Xk, B(X)), that is, for any f €
B (X),

[ [y k—1(dx1k—1) Lk—1 (X1:6—1, dX1:%) f (X1:4)
[ [ @y h—1(dx1:k—1)Li—1(dx1:6—1, X¥)

In the second step, we must choose a proposal kernel Ry_ satisfying

19 oxu(f) =

(20) Li—1(X1:k—1, ) < Rx—1(X1:—1, ") for any xj4_; € Xk~

We proceed from the weighted sample {(§y (k 1) (k 1))} | targeting ¢, x—1 to

{(& I(f )l, ) )} | targeting ¢X ¢ as follows. To keep the dlscusswn simple, it is
assumed that each particle gives birth to a single offspring. In the proposal step,
we draw {S N )l };_| conditionally independent given #, 15, Y with distribution given,
forany f € IB%+(Xk) by

E[fENDIFN "] = Ry (657 1)

(2D
k—1
=f---ka71(51(v,,- Vdxig) £ (),
where i = 1,..., My. Next we assign to the particle SN s i=1,..., My, the
importance welght a)(k) = w%‘ ; D k—l(EN ; D S(k)) with
- dLr—1(X1:%-1,°) , -
(22) Wi—1(X1k—1, X1:0) = (X1:k)-

dRp—1(X1:%-1, ")
Instead of resampling at each iteration (which is the assumption upon which most
of the asymptotic analysis have been carried out so far), we rejuvenate the particle
system only when the importance weights are too skewed. As discussed in [25],

Section 4 a sensible approach is to control the coefficient of variations of weights,
defined by

My
2 def 1 ~ (k) ek 2
[cvPP < e S (Myay; /R - 1)%
N =1
The coefficient of variation is minimal when the normalized importance weights
@%‘}i/fz“‘), i=1,..., My, are all equal to 1/Mp, in which case CVE\I;) = 0. The

maximal value of CVX,C) is /My — 1, which corresponds to one of the normalized
weights being one and all others being null. Therefore, the coefficient of variation
is often interpreted as a measure of the number of ineffective particles.
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When the coefficient of variation CV(k) > i falls below a threshold «, that

is, we draw [ N, l A N.My conditionally independent given 57 (k) =Fy k=Dy,

o ({51(\/](, ),, >0 } ) with distribution

~(k ~(k k . .
23) PV =jIE) = ey /RN, i=1l. My j=1,... My

and we seté(k) é(k) v.; and d)g\l,{)l =l1fori=1,..., My. IfCVX,C) < Kk, We copy
k

the path particles: for i=1,..., My,
k k k) ~(k k z(k k
@) (60l = @fvi, OV <)+ EL. DICVE > ).

In both cases, we set 37 ) _ “'(k) vo({(& ](f )l a)g;)l)} . We consider here only
multinomial resamphng, but the determlmstlc plus- res1dua1 sampling or branching
alternatives can be applied as well.

THEOREM 10. For any k > 0, let Ly and Ry be transition kernels from
(Xk, i)’(Xk)) to (Xk+1, B (Xk+1)) satisfying (19) and (20), respectively. Assume
that the equally weighted sample {(51(\11,),'7 1)}?2\1’ is consistent for {¢y 1, LI (X,

®y.1)} and asymptotically normal for (¢y 1, A1, W1, 01, ¢y 1, {M}V/Z}), where A
and W1 are proper sets, and define recursively (Ay) and (W) by

Fel?X 0, 1), Lic1(, f) € A1, Re—1 (-, W2 £7) € Wy_1},

L e LXK, dy ). Rt (o W2 If]) € Wi1 ).

Assume, in addition, that, for any k > 1, Ry (-, sz) € Wy. Then for any k > 1, (Ax)
and (Wy) are proper sets and {(51’5,’1., wlfv,i)}?i[\{ is consistent for {¢y i, L! X,y .0}

def
{

and asymptotically normal for (¢y i, Ax, Wi, ok, Yk, (M ]1\,/2}), where the functions
o and the measure yy are given by

of(f) =& Varg, , (f)

n 02 (L1 fr.k) + Vi1 Rt W1 fy ok — Re—1 Gy Wit fy )}
{@y k—1Lk—1(Xk)}?

Vk—1 Rkt (W2, )
[@y k—1Lk—1(XE)]?’

where £y x & f — ¢y x(f), W is defined in (22), and

Ve (f) = ekdy ik + (1 — &r)

def _
ek = Uy k—1 Li—1 X2yt Rt (WE_ ) > 1+ k%),

PROOF. The proof follows by induction. Assume that for some k > 1, the
weighted sample {(E(k 1) (k 1))} is consistent for {¢, r—1, LI(X, Dy k—1))
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and asymptotically normal for (¢, x—1, Ac—1, Wi—1, 0k—1, Vk—1, {M}V/z}), By The-

® 500 )My
=

orems 1 and 2, (éN,i’wN,i is consistent for {¢X,k,L1(X, ¢y 1)} and as-

ymptotically normal for (¢, «, A, Wy, 64, Vi, {M 11\,/ 2}), where Ay, Wy, 6, Vk, are
defined from Ay, Wk, ok, vk, using Theorem 2. And by Theorems 3 and 4,
(éj(f )i, l)fi’\{ is consistent for {¢, i, LI(X, ¢y.x)} and asymptotically normal for
(P.k» Aks Wi, Ok, i, {M,lv/z}), where Ar, Wy, 6%, 7, are defined from Ay, Wy, 6y,
7%, using Theorem 4. The asymptotic normality of (€ 1(\5 )l., d)%c)l)f‘i’i and (& 1(\;( )i, 1)?2{,
combined with
2 D\ P
[CVT? = My Z( Qﬁ’) 11— (=1 and e =1{701) —1>«2},
i=1 N

complete the proof. [J

APPENDIX A: CONDITIONAL LIMITS THEOREMS FOR TRIANGULAR
ARRAY OF DEPENDENT RANDOM VARIABLES

In this section we derive limit theorems for triangular arrays of dependent
random variables with a random number of terms. Let (2, ¥,P) be a prob-

ability space, let X be a random variable, and let § be a sub-o field of F.

Define X+ % max(X,0) and X~ % —min(X, 0). Following [26], Section IL7,

if min(E[XT|4], E[X|4]) < oo, P-a.s., the generalized conditional expectation
of X given § is defined by E[X|4] = E[X"|4] — E[X |4], where, on the P-
null-set of sample points for which E[X"|§] = E[X|§] = oo, the difference
E[XT|4] — E[X~|4] is given an arbitrary value, for instance, zero. Let {MNn}N=0
be a sequence of random positive integers, {Uy, i},-"iN] be a triangular array of ran-
dom variables, and {Fx ;}o<i<m, be a triangular array of sub-sigma-fields of .
Throughout this section, it is assumed that (i) My is Fy o-measurable, and (ii)
Fni-1 € Fyjiandforeach Nandi=1,..., My, Uy ; is Fn ;-measurable.

THEOREM A.1. Assume that E[|Uy ||Fn,j—1] < 00 P-a.s. for any N and
any j=1,..., My, and

My
(25) supP(ZE[IUN,jIIf‘”N,j_l]zx) - 0 as A — 0o

N j=1
My p
(26) Y _ElUN,;11{|Un ;| = €}|1FN,j—11—> O  for any positive e.
j=1

. . P
Then, maxi<j<my | 25—y Un,j — X =1 ELUN,j|FN,j-11] — 0.
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PROOF. Assume first that for each N andeachi =1,..., My, Uy,; >0, P-
a.s. By [27], Lemma 3.5, we have that, for any constants € and n > 0,

My
P[ max Uy,;> e] <n +P|:ZP(UNJ > €|Fn,i-1) = 77}-

1<i<My =

From the conditional version of the Chebyshev identity,

My
(27) P[ max Uy;> 6] =7 +P|:ZE[UN,i1{UN,i > e} Fn,i-11= 776}-

I<i<My o

Let € and A > 0 and define UN,,‘ def UniH{Upy; < 6}1{2;:1 ElUn,j|FNn,j-1] <
A}. For any § > 0,

i i
P( max |Y Uyj— Y E[Un;IFn,j-1] 225>
1<i<Mpy|* .
i _ i _
§P< max Y Uyj— > ElUn,j|IFn,j-1] 23)
1<i<Mpy|* .
j=1 j=1
i _ i _
+P| max ZUNJ—UN,j—ZE[UN,j_UN,j|?N,j—1] >3
1<i<Mp =1 j=1

The second term in the RHS is bounded by

My
P<1§I?§a/)1(/lzv Un,i> 6) +P(/Z::l E[UN,j|FN,j-11= l)

My
+ P(Z ElUn,jH{Un,; > €}|FN,j-1]1 = 5)-
j=1

Equations (26) and (27) imply that the first and last terms in the last expression
converge to zero for any € > 0 and (25) implies that the second term may be ar-
bitrarily small by choosing for A sufficiently large. Now, by the Doob maximal

inequality,
-5)

My
<572 E|:Z E[(Uy,j —E[Un,; |?’N,j—1])2|$1v,0]]
j=1

i
Y Un.j —ElUNj|FN.j-1]
j=1

P| max
1<i<My
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This last term does not exceed

My My
S_ZE[Z ELUy. ,-|5¢‘N,o]} <8 % E[Z ElUw,; |?N,0]}
i=1 j=1

My

< 8§ %€ E|:Z E[UN?]' |?N,j—l]:| < 8§ 2%€.

j=1
Since € is arbitrary, the proof follows for Uy ; > 0, P-a.s., for each N and
j=1,..., My. The proof extends to an arbitrary triangular array {Uy j}?i’\{ by
applying the preceding result to {U;\;’j}?i"i and {Uy ;}1<j<my- g

LEMMA A.2. Assume that for all N, Zlﬂi’vl E[U,%,’il?N,i,l] =1, fori =
1,...,MnN,ElUn i|FN,i—1]=0and for all e > 0,
My
(28) S EIU}  HIUy.i| = €} Fn.0] — 0.
i=1

Then, for any real u, E[exp(iu Zj@l Un,j)IFN 0] — exp(—u2/2) —P> 0.

PROOF. Denote 01%, ; def E[U 1%, ;1 Fn,i—1]. Write the following decomposition
(with the convention le’.:a =0ifa > b):
. M M
ot Y NUn; _ e*(uz/Z) Yo

M
Ny Un v —W2 /0] )\~ @ DTN oF
— Ze j=1YN,j (e NI _ o Nsl)e J=l+19N,j |

=1
Since le_:ll Uy,j and Z?’IZJ",H a,%,’j =1- le:l a]%,’j are ¥y ;—1-measurable,

My My
E|:exp (iu > UN,,) — exp(—(u2/2) > 01%,’]) ‘?’N,o]
j=1

j=1

(29) Mx

< > E[|Elexp(uUn )| Fy,i—1] — exp(—u’af 1/2)||Fn.0]-
=1

For any € > 0, it is easily shown that

My
E|:Z|E[3XP(WUN,1) —1+ %MZG;%/JI?N,Z—l]H?N,O}
=1
(30)
My
< telul® +u* Y E[Uy MUy | = €}|Fn ol.
=1
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Since € > 0 is arbitrary, it follows from (28) that the RHS tends in probability to 0
as N — oo. Finally, for all € > 0,
’?N,Oi|

My
1
E|:Z E[exp(—uzal%,’l /2) — 1+ Euza]%,,,m'N,,_]}
ut My ut My
ZE[UNﬂJ“No] (E +ZE[U§;]1{|UN]|>€}|JLNO]>

=1
j=1

(28) shows that the RHS of the previous equation tends in probability to O as
N — 00. The proof follows. [

THEOREM A.3. Assume that for each N and i = 1,..., My, E[U]%/,ﬂ
Fni-1]1 < oo and

My
G Y {EWUx;|Fn,i-1] — E[Un.i|Fn.i-1D?) L5602 forsomeo? >0,
i=1
My

P
(32) ZE[UI%’,il{IUN,iIze}|$N,i—1] —0 for any € > 0.
i=1
Then, for any real u,

My

. P

(33) E[exp(zu D {Uni— E[UN,iI?N,i—l]}> ‘?N,o} —> exp(—(u*/2)0?).
i=1

PROOF. We first assume that E[Uy ;| ¥n ;i—1]=0foralli =1,..., My, and

0% = 1. Define the stopping time Ty = def max{l <k <My: Zj 1o*N j = 1}, with

the convention max @ = 0. Put UN k=Upnyx for k <y, UN r=0forty <k <
My and UN,MN+1 = —Zj 10N, J)l 2YN, where {Yy} are N (0, 1) independent
and independent of Fn m, - Put

MN—I—l B My
(34) ZUN,_ Z Un,j—Unmy+1+ Y. Unj.
j=tn+1

We will prove that (a) {U N,j }1< J<My+1 satisﬁes the assumptions of Lemma A.2,
(b) Uy My+1 LN 0, and (¢) ZJ —oy+1UN,j LN 0. If ;v < My, then for any
€ >0,
12
2 2
0=<1- ZUN,]' SON,ty+1
j=1

My
2 2 2
< max oy ;<€ + Y E[Uy WUy |=e€}|Fn 1l
1<jshy N oo



LIMIT THEOREMS FOR SMC 2361

Since € > 0 is arbitrary, it follows from (32) that 1 — Z;’L 1 a]%,’ j —P> 0, which

implies that E[UI%L My+1 |FN.0] —P> 0, showing (a) and (b). It remains to prove (c).
We have

My My ™ P
(35) > 01%,11-:201%,’]»—1+<1—Za§,’j>—>0.
j=tn+1 j=1 j=1
For any A > 0,
My J 2 My J
E( 3 UN,,l[ 3 ag,ifxb :E( 3 a;wli 3 afv,,.gx})
j=twn+1 i=ty+1 j=tn+1 i=tn+1

The term between braces converges to 0 in probability by (35) and its value

is bounded by A, which shows that ¥ Uy (X7, , 0%, <2} — 0.
Moreover,

My J My
P( > UN,jli > o,%,’i>k}750)§P< > o,%,,i>x),
Jj=tn+1 i=ty+1 i=ty+1

which converges to 0 by (35). The proof is completed when E[Un ;[¥n,i—1] = 0.
To deal with the general case, it suffices to set Uy ; = Uy,; —E[Upn ;| ¥nN.i—1] and
to use the following technical lemma. [

LEMMA A.4. Let § be a o-field and X a random variable such that
E[X?|4] < oco. Then, for any € > 0,
4E[IXPH{IX] = €}1] = B[IX — E[X|§]°L{IX — E[X|§]| = 2¢}I§].
PROOF. LetY =X — E[X|4]. We have E[Y|4] = 0. It is equivalent to show
that, for any §-measurable random variable Z,
E[Y1{Y] = 2€}I§] < 4EIlY + ZPH{|Y + Z| = €)I§].
On the set {|Z] < €},
E[Y?1{|Y| > 2€}19] < 2E[((Y + 2)* + Z2)I{|Y + Z| = €}I§]
<2(1+ 2/ ELY + 2)*{]Y + Z| = €}[§]
<4E[(Y + 2°HIY + Z| = €)I§].
Moreover, on the set {|Z| > €}, using that E[ZY|$] = ZE[Y|$%] =0,
E[Y?1{|Y| > 2€}§] <E[Y* + Z* — €°[§]
<El(Y +2)* = €|§] <E[(Y + 2)°1{]Y + Z| = €} §].
The proof is completed. [



2362 R. DOUC AND E. MOULINES

APPENDIX B: PROOF OF THEOREMS 1 AND 2

PROOF OF THEOREM 1. For j=1,..., My, weset Fn ;= Fn.oVo(Eni}1<k<)),
where Fy ¢ is given in (6). Checking that C is proper is straightforward, so we turn
to the consistency. We show first that, for any f € C,

1 My s
(36) m;ww, JFEn.) > vL(p),

where § N,j and @y ; are defined in (7) and (8), respectively. The unbiasedness
condition (9) implies

My . My
@) Y Elow,j fEN DIFN j—1]=Q2y' > wniLEn.i, f).
j=1 i=1

Because the weighted sample {(y ;. a)N’,-)}l.AiAl’ is consistent for (v, C) and for f €

C. the function L(-, f) € C, Q' ©M¥ wy i L(En.i f) —> vL(f), it suffices to
show that

My
3D @) >t FEn.j) —Elan,; FEn )IFn 11} —> 0.
Jj=1

PutUy, ;= (aQN)_lch’jf(gN’j) forj=1,..., MN and appeal to Theorem A.1.
Just as above,
MN My
T -1 p
ZEHUN,ijN,j—l] =Qy ZwN,iL(éN,i, /) —> vL( fD),
j=1 i=1

showing that the sequence {Zyz’vl ElIUN,j[|FN,j—1]}n>0 is tight [Theorem A.1,

equation (25)]. For any € > 0, put Ay def Zﬁ/[:NI EllUn,j[1{|Un,j| = €}|Fn,j-1].

We need to show that Ay —P> 0 [Theorem A.1, equation (26)]. For any positive
C.§ € E,RE, WIfIH{W|f|=C}H) = R(E, W|f]) =L(&,|f]). Because the func-
tion L(-,|f]) belongs to the proper set C, the function R(-, W|f|I{W|f| > C})
belongs to C. Hence, for all C, € > 0,

ANl{(aszN)—l [max o, fe/C}

<i<My

My o
<Qy' > o, [a—l Y RGn.i. WIFIHW|f| = cn}
i=1 k=1

L VR(WIFI{W | £] = C)).
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By dominated convergence, the RHS can be made arbitrarily small by letting

C — 00. Combining with Q;l maxi<j<My @ON,i i) 0, this shows that Ay tends
to zero in probability, showing (26). Thus, Theorem A.1 applies and (36) holds.

Under the stated assumptions, the function L(-, ) belongs to C, implying that
y P
N

the constant function g = 1 satisfies (36); therefore, () ~! ZM ON,j —>

j=1
vL(E). Combined with (36), this shows that, for any f € C,
My y b
Qy' Yo fEn) — nf).
j=1

. . ~_ ~ P
To complete the proof, it remains to prove that €2 Nl max, _; gz ON,j —> 0.

Since (aQN)_ISNZN —P> vL(é), it suffices to show that (aQy)~! x
max; oy, j —P> 0. Forany C > 0,

_ - _ P
(x2y) ! max wNJl{W(SN,jKC} < C(axfy) I max oy, — 0,

1<j<My I<i=My
My
-1 ~ —1 ~
@Qy)™ max oy Ly, hocy = @RV ONLye, -0
1<j<My j=1

LovL(w > ¢)).

The term in the RHS of the last equation goes to zero as C — oo, which concludes
the proof. [J

PROOF OF THEOREM 2. Pick f € A and assume, without loss of generality,
that 12(f) = 0. Write &' Y0\ @i £ (Gn.i) = (@Qn/Gn) (AN + B), with

MN My
Ay = (@Qy) ™! > Elow, fENDIFN,j-1]= Qy' > wniLéEni, ),
= i=1

My
By = (@Qy) ! Z{@N,jf(SN,j) —Elaw,; fEN DIFn,j—11)-
=1

Because a2y / Qn L (see Theorem 1), the conclusion of the theorem follows
from Slutsky’s theorem if we prove thatay (Ay + By) 2) N(O, az(Lf) + nz(f)),
where

(38) () € o~y RUWS — R, WHTP,
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with W given in (5). The function L( f) belongs to A and vL(f) = u(f) x
vL( )=0. Because {(SNl,a)Nl)} _ 1s asymptotically normal for (v, A, W, o, y,

{an}), anAn 2, N(O, az(Lf)). Next we prove that, for any real u,

. - P
Elexp(iuay By)|Fw 0] —> exp(=u?/2)n°(f)),
where 772( f) is defined in (38). For that purpose, we use Theorem A.3, and we
thus need to check (31)—(32) with

def ~ = . ~
Un.; = (@Qn) tanaw. fEn. ), j=1,...,My.

Under the stated assumptions, for f € A, the function R(-, W2 f?) belongs
to W. Because the W is proper and the function R(-, W2 f2) € W, the relation
(L(-, /Y ={RE, Wf))}2 < R(-, W2 £2) implies that the function {L(-, f)}* also
belongs to W. Because {({w i, a)N,i)}?i’\i is asymptotically normal for (v, A, W, o,
v, fan}), (2) implies

iy 2 1 43 el 2 2.2y P 1 222
Y ElUR 1PN j-il=a T oy REN. WD) — o'y ROW? £2),
j=1 Qy o

i 2 1 43 el 2 2 P 1 2

Y (ElUNj|IFN 1D =a” Q—ZZwN,i{L(gN,i,fn — o 'Y {RWS)Y.
j=1 N i=1

These displays imply that (31) holds. It remains to check (32). For € > 0, denote

Cy € (YN BV Aoy, 12| Fiv,j—1]). For all C > 0, it is easily shown that

2 My
a
Cy < —2- 3wy REn:. W2 FPL{{WS| = C))
afdy o

1{ ay maxj<;j<My WN,i

€ My
> — U | Fy i1l
« _C}ZE[ N, jIFN, 1]

j=1

Since aNSZX,I maxi<j<My @ON,i —P> 0 and the function R(-, W2f2) e W, the RHS
of the previous display converges in probability to y R(W?2 f21{|Wf| = C}), which
can be made arbitrarily small by taking C sufficiently large. Therefore, condi-

tion (32) is satisfied and Theorem A.3 applies, showing that ay(Ax + By) £>
N, o> (Lf) + 1* ().

Consider now (2~). Recalling that ﬁN /(a2y) —P> vL(é), it is sufficient to
show that, for f e W,

2

(39) (aQ @en? 2 ZwNJf(sN ) = @y R,
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where h & sz. Define Uy,; = (aQN)*zalzvcb[z\,’jf(éN,j). Under the stated as-
sumptions, for any fe W, the functions R(-, |h|) and R(-, i) belong to W. Because
{En.i,onN, l)} _1 1s asymptotically normal for (v, A,W, o, y, {an}),

My az My

(40) Y ElUNjI|1FN.j-1]= —25 Qz S W} RGn.i Ih) —> a~ 'y R(IAD),
j=1 N i=1
MN 2 My

(41) ZE[UN,J-WNJ_I]—O(QZ 3w} i RGEni h) —> a 'y R(h).
j=I1 N i=l

We appeal to Theorem A.1. Equation (40) shows the tightness condition (25). For

€>0,setCy = Z?i”l E[|UN,.,-|1{|UN’].|Z€}|57N,_,-_1]. Since R(-, |h|) belongs to W,
the function R(-, |h|1{|h| > C}) belongs to W. For all C > 0,

2 My

Ll
Cy < —ZZwN,R(SN,,IhII{IhI>C})
QN! 1
MNCU12V- €
+1{max7”z—} 0} REn.i. 1h]).
i (@Qy)2 N; N

Proceeding as above, Cy 0. Thus, Theorem A.1 applies and condition (2)

is proved. Consider finally (3). Combining with 2y/(@2y) —> vL(E) (see

proof of Theorem 1) and MN = oMy, it is actually sufficient to show that

def

—2.2 . ~2 P
Cy = (af2y) aNmaxlijMNa)N’j—>0.F0ranyC>0,

. 2 My
Cn < C242 maxXi<i<my wNz Z
N="aN W23 N W, ja En p=cr

Applying (39) with f = 1, the RHS of the previous display converges in probabil-
ity to y R(W21{W > C}). The proof follows since C is arbitrary. [

APPENDIX C: PROOF OF THEOREM 3 AND 4
PROOF OF THEOREM 3. Asabove, wesetfor j =1, ..., MN, Fn,j=FnoV

0({§N,k}15k§j), where Fy o is given in (6). It is easily shown that the resampling
procedures (12) and (13) satisfy, for any f € B(E),

MN B My
My D ELfCGNDIFNi—1]= Q! > oni fEND,

i=1 i=1
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whatever the choice of the labels of the particles are (and that in both cases, these
quantities are independent conditionally to ¥y o).

Pick f in C. Since C is proper, | f|1{|f| > C} € C for any C > 0. Because
{¢En.i, a)N’i)}iAiA{ is consistent for (v, C), and C is a proper set of functions,

My
Myt Y BT EN DI ey ey Fic]
i=1

(42)

My
_ P
= Q" Y onil FEND N peyi=c) — v(IfLgr1=0))-
i=1

We now check (25)—-(26) of Theorem A.l. For any i =1, ..., My, put Uy ; def

My f(En ) . Taking C =0 in (42),
My My i >
Y ENUN,i 1 Fn.ic1]= My Y Bl f En )l Faimt] — v(I f]) < o0,

i=1 i=1

whence the sequence {Z?i"{ EllUn.il|Fn.i-1]1}n>0 1s tight. Next, for any positive
€ and C, we have for sufficiently large N

My
> E[lUN iy =6} FNi-1]
i=1

1 .
= == 2 EllS GV 6y sty FNi-1]
N =1

My
~_ = P
= ]WN1 ZE[|f(fN,i)|1{|f|(§N,i)zc}|?N,i—l] — M(|f|1{|f|z(j}).

i=l

By dominated convergence, the RHS of this display tends to zero as C — oo.
Thus, the LHS of the display converges to zero in probability, showing (26). [

PROOF OF THEOREM 4. Let f € A and rewrite the sum M;l Zlﬁg fEnD -
v(f) = An + By, where Ay = Qy' S onif f(En.i) — v(f)} and By =
My M8 fEn ) — BLFGw.i) | F,i—1]). We first prove that

. P
(43) Elexp(iuay By)|Fy.0] — exp(—(u?/2) Var, (f)).

We will appeal to Theorem A.3 and, hence, need to check (31)—(32) with Uy ; def
aNMl;lf(gN,i). First, because {(§y;, wN,,-)}?iA{ is consistent for (v, C) and since



LIMIT THEOREMS FOR SMC 2367

for f €A, f2eC,

My
Z{E[Uﬁ,jl?zv,j—l] — (ElUN,j|FN, j—1D*}
=1

. My My 2
= aNMﬁ1 (Q;II ZwN,ifz(SN,i) - {QX,I ZwN,if(SN,i)} )

i=1 i=1
L B = wHP),

showing (31). Pick € > 0. For any C > 0, there exists N¢ sufficiently large such
that, for all N > N,

My
Y E[Ux. 1juy, =) Fn.j-1]
j=1

My
<ayMy> Y ELf*En HUIfEn I = CHFn j-1]

i=1

My
=al My > oni F2EnDUIfEND = C).
i=1

Since f 2 belongs to the proper set C, the function f 21| f| = C} also belongs to
C and the RHS of the above display converges in probability to v( f21{| f| > C}).
(32) follows because C is arbitrary. Condition (1) follows by combining (43) with

ayAx 25 N(0, 2(f)). Conditions (2) and (3) are trivially satisfied. [J
APPENDIX D: PROOF OF THEOREM 5

PROOF OF THEOREM 5. Pick f € A. To apply Theorem A.3, we just have

to check (31) and (32) where Uy,; = ay My fGn.). Set Ay & YN EUZ |

Fn.i—1]1 — (BIUn i1 Fn.i—1])?}. Note that

ay (X, 1
Ay =—=3 (Z(MNQX; CUN,i))
My \iS

My My 2
x ianN,ifz(sN,i) — (Z@N,if@zv,i)) }

i=1 i=1
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MyQton i . . )
AﬁNN NONA) With this notation,

where the weights @y ; are given by oy ; = —r——2———
' ' Z,‘;] (MNQXJICUNJ)

Ay may be rewritten as

2 My
a ~ —
Ay =3 (MyQy on i) 2 En)
My i

d} My SN (MR o i) £ EN.))?
My Mﬁl Zf‘i”MMNvale,i)

’

and Lemma A.5 shows that Ay —> B¢ v o{(f — ve.o(f)/ve.o(1))?], since
f 2 ¢ C. Conditions (2) and (3) are trivially satisfied and the theorem follows. [

LEMMA A.5. Under the assumptions of Theorem 5, for any f € C,

1 M p (Lv(d 1)
(44) i ;< Ny wn.i) fEni) — v(fm)
PROOF. Forany K > 1, denote
) K
(45) Bx £ [K, 00U | J1j — /K, j + 1/K].
j=0

Because the weighted sample {(§n;, CID(SN,,-)}Z.AQ is consistent for (v, C) and
LMNQQIa)N,,-J < MNlea)N,,-, we have, for any f € C,

My

MG S My @y on il f En)11{ev(@ Doy, € B)
i=1

1 M
< an > on il fEnD (@ P (En,) € By}
i=l1

L v 1@ N e Bk}).

The RHS of the previous display can be made arbitrarily small by taking K suffi-
ciently large because [ FEV(@ D (&) € {00} UN}(dE) = 0. For any given
K > 0, since ®~! belongs to C and {&y ;. a)N,i}iﬂg is consistent for (v, C),

3 ix

7ol _ My (- - P _

My’ = (QNIZwN,,-@D I@N,i)) — (@),
i=1

Because @ is a proper set, for any f € C and K > 0, the function

def Lev(@~HD ()]

—1 c
@ Do [ OUE @ Heo eBy)
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also belongs to C and the consistency of the weighted sample {§y ;, wn i} f‘i \ there-
fore implies

My
MY Lev(@ YD (En) ) f En )10 (@TH P (En i) € B}
i=1

(@Y p

= (ﬁ)QNl Za)N,igK(gN,i) —> v(gkK).
MyS2y i=1

For any K > 1, it can be easily checked that if b € B} and ¢ € [1 — 1/K2, 14+

1/K?], then |b] = |bc|. By applying this relation for each i € {1,..., My},

with b & o@D (Ey,) and ¢ & My Q5! /ev(@~1) and using that MyQy'/

v(@ 1 i> 1, we therefore obtain

My
~_ ~ _ P
My Y IMyQy @Gn0) ] f EnDLEv (@) (En.) € B} — v(gk).
i=1
The proof of (44) follows by letting K — co. [J

The condition v{£v(®~1)® € N U {oo}} = 0 in Proposition 5 and Lemma A.5
is crucial. Assume that {{x ;}1<i<y 1S an i.1.d. p-distributed sample where p is
the distribution on the set {1/2,2} given by u({1/2}) =2/3 and pn({2}) = 1/3.
Let v be the distribution on {1/2, 2} given by v({1/2}) = 1/3 and v({2}) = 2/3.
The weighted sample {(§y,i,&n.i)}1<i<n [i-€., where we have set ®(§) = £&] is

a consistent sample for v: for any function f € B({1/2,2}) € (£:{1/2,2} — R,

|f(1/2)] <ooand |f(2)] < oo},

it En,i f (6w,
YN e
_p A2 fA/29)p/2) +2f2)p2)
(1/2)p(1/2) +21(2)
=1/2) f(A/2) +1/3f(2) =v(f).
In this example, £ = 1 and obviously v(®~!) = 1. Moreover,
v{® € {oo} UN} =v{{1/2,2} NN} =v({2}) =2/3 #0.

We will show that the convergence in Lemma A.5 fails. More precisely, setting
f (&) =&, we will show that

MN — N QN N,i - MN — NZ?QVI&VJ N,i

(46)
L. 473 (27)/3,
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where Z is a Bernoulli variable with parameter 1/2. This would imply that

M;l Zlﬂij‘{ My “’QN; 1f(n,i) does not converge in probability to a constant. The

LLN and CLT for i.i.d. random variables imply that

My
_ _ p
MNIQN = MNI ZENJ —> 1,
i=1
[1{MNQ;,1 < 1}} B [1{(MN)1/2(M];19N —1) >0}} D [ Z ]
HMyQy' =1} ] L{Mn)V2 My 'y — 1) <0} 1=z
where Z is a Bernoulli random variable with parameter 1/2. Since wy; =

P(En,i) =8&ni€{1/2,2} and f(§) =§,

1{1 oY 3} : %LM xlon il fEn)
S <8y My<Zi— N3éy WN i N,i
2 2 My =

I 31 2 W
1|3 < @' My < 3|5 Y1293 MulLie =2)
i=1

1 M 2
1{— < ro 1}—21{51%,- :2}
2 Qy My io

M
My 3] 4 N
Ni<— < - — 1 =2
+ { _QN<2},‘,N;:1 {éni=2}

D, 22)/3+4(1—2)/3=4/3— (2Z)/3.
The proof of (46) is concluded by noting that My Q;,l o

APPENDIX E: PROOF OF THEOREMS 6, 7 AND 8§

PROOF OF THEOREM 6. Let f € C. We set for j =1,..., My, Fy ; def

Frn.oVo(Gy.iY_,). where Fi o is defined in (6), and U, ; & i3 Gy f En.))-

Note that
My My
S ENUNil|Fn,i-1l=my" Y EIGNi|Fni-11lf En,)l

i=l1 i=1
My P
= Q5" Y wnil fEnDI — v( f]) < oo,
i=1

showing that the sequence {Zf‘g EllUn,i||Fn.i—1]} is tight. For any € > 0 and
C > 0, using that {iiiy' Gy | f(En.i)| = €} C Uity G = €/CYULIf(En.0)| =
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C}, we obtain Zf‘i’{ ElUN,iI{|Up il > €}|Fn,i-1]1 < An(e, C) + By(C), where

My
An(e,O) E iyt S I £ (En)IEIGN 1y G i = €/ CY | Fi.ii]

i=1

My
By (C) € iy Y EIG w1 Fyioi1lf En)IULf x| = C).

i=1

Note that E[Gy,i1{iiiy' Gy, > €/C}HFy.i1] < (C/eyiny' E[GY ;| Fn.i-1]. In
addition, it can easily be checked that for the Poisson, binomial and Bernoulli
branching,

=12 ~1 ~ ol 2
my E[Gy | FNi-1]1 = Qy oni +my(Qy oN i)

59;10)1\1,,-(14—1%1\752;1 sup a)N,i),

1<i<My

which implies, using that {(§x ;, a)N,i)}iAg is consistent for (v, C),

My
~_ _ _ P
An(e.O) = (/) (1y + 95" swp ons) Y@ awal fEn.l >0,

I<i<My i=1

On the other hand, since By(C) = Qy' YN o il £ En.)IUIf En.)l = C),

the consistency of the weighted sample {(EN,,-,a)N,,-)}iAi "{ implies By (C) L
v(| fI11{| f] = C}. Since C can be chosen arbitrarily large, the two previous re-

lations show the negligibility, ¥°™ E[|Un ; [1{|Un.;| = €}|Fy.i—1] —> 0. Theo-
rem A.1 therefore shows that, for any f € C, nﬁx,l Z,AQ{ Gnif(éni) —P> v(f).

Applying this relation to f = 1 shows that My /ity LA

PROOF OF THEOREM 7. We appeal to Theorem A.3 and, hence, need to check
(31) and (32). Set Uy ; = aNnﬁx,lGN,,-f(éNv,-). Let f e A such that v(f)=0.
Therefore,

My
S {EIU} 1 Fn,i-1] — (BIUN,i | Fy,i-1])*)
i=1

My
=a}iny’ Y f2(En) VarlG | Fa.i1l.
i=1
The conditional variance is given by Var[Gy ;|Fn.i—1] = ﬁlNQ;wNvi for the
Poisson branching and Var[Gy ;| Fn i—1] = mN Qﬁle,i (1— Qﬁle,i) for the bi-

nomial branching. Note that alz\,iﬁ;,l Zlﬁg fz(SN,,-)QX,la)N,i i> ,Bﬁ_lv(fz) and,
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. _ p .
for p > 2, using that QNI SUP|<j<pmy ®N.i — 0. Therefore, in both cases,

aNmNZZf (&) Var[G x| Fiv i—1] —> BE™" Var, (f).
i=l

We now check the tightness condition (32). For any € > 0 and C > 0, using that
lanriy G .il f(En.)| = €) S {aniy' Gni = €/CYU{| f(§n,0)] = C}, we obtain
SN ElUNi PH{|Un il = €}|Fw.i-1] < An (e, C) + By (C), where

An(e, O)E adm N22|f<sN,)| E[G% Maniiy' Gy, = €/CYFni-1],

Bn(C) < a}im NZZE[G NFN i1 fEN DI f Eni)l = C).

We first prove that for any € > 0 and C > 0, Ay (e, C) L5 0. If G is either a
Poisson or a binomial variable, then E[G>] < E[G] + 3(E[G])? + (E[G])>. Thus,

My
An(e,C) <ayimy’(C/e) Y EIGy | Fn.i—11f*(En.)
i=1

My

<aymy (C/e)Y lmnQy wn.i
i=1

+ 30Ny on )+ Ny on )31 EN)

My
< a3 (ClOQ Y wni fAEn.D)
i=1
+ <3am—1 +an2y! max oy ,-)<C/e)a?v9;2
N N oj<ismy
My
x > wy i fREND,
i=1

and the proof of Ay (e, C) LN 0 follows upon noting that a13\,n~1;,2 = OP(aX,I),
aniiy' = Oplay"), anQy' maxi<j<py wn.; = op(1) and

My My
'Y oni f2En ) - v(fD) and GO 0k f2END) — v ().

i=I i=l
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We finally consider By (C). As above, if G is either a Poisson or a binomial vari-
able, then E[G?] < E[G] + (E[G])?. Therefore,

By(C) < ajiiy'Qy 1ZwN,f En.DH| f(EnD] > C)

+ay 2y’ Zw%v,ifz@zv,i)lﬂf@zv,in > C}.

i=1

P

Since  aZiy' = Op(1), sz—leNwN,-f2<sNi>1{|f<sNl->| ) —
P

v(f*{|fl = C)H and a3y Z, oy PENHOHIfEND = C —
y(f 21| f1 > C}), the RHS can be made arbitrarily small by taking C sufficiently
large. O

v

PROOF OF THEOREM 8. Let f in A such that v(f) =0. Note that

N My
Mﬁl Z fCni)= (ﬁiNMEl)ann?&l Z Gn,if(En,i)s
i=1 i=1

where Gy ; is defined by (17) with wy ; = ®(£y.;). We have that My /iy — 1
by Theorem 6. To apply Theorem A.3, we just have to check (31) and (32), where
Un,i = aniity' Gy i f(En,i) and {Fy k) defined by Fy o= 0{(5N,i),-AiA{} and for
alll <k <My, Fnix=FnoVo{(Un.i)i<i<k}. Lemma A.6 shows that

My

Ay = Y {ELUR |Fn.i-1] — (ELUN.i|FNn,i-1]D?)
i=1

My
47) = ayiy’ {Z«mw;lw,i) — <n%NQ,‘Vle,i>2)f2(sN,i)}
i=1

-1 _ -1
_P”%lv(w”(q’ YO)(1 — (bv (D7) D))

2
(1) (f=vh) )

It remains to check (2) and (3). By Theorem 3, the weighted sample {(§ N.is 1)}?2\{
is consistent for (v, C), which implies

My
ay My* > fEND =5 Bu(f),
i=1

and, thus, (2) is satisfied. (3) is trivially satisfied. [
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LEMMA A.6. Under the assumptions of Theorem 8, for any function f such
that ®f € C,

My
(48) Q2al S ok fEnD) — BU(@ (D)),
i=1
<ev<<1>—1)d>>q)

My
i Yy o) 6. > (1

i=1

(49)

PROOF. We first consider (48). Note that

My
Qylay Y oy fEn)

i=l

My
= My @AMy Y N i @EN.D fEND,
i=1

and the proof follows since My Q' L5 v@h, aX My! N B, and

My
Q' Y on i ®ENDf(En) —> V(@)
i=1
The proof of (49) with ¢ = 1 can be done along the same lines as in Lemma A.5.
To prove (49) with g = 2, some adaptations are required. We define by W the set
of functions f such that ®f € C and, for f € W, we set y(f) = Bv(®~Hv(Pdf).
Since (nﬁNQEIwN,,-) < rhNQEIa)N,,-, (48) shows that, for any f e W,

My
ayimy? D Ny on i) f En) 11 (@ Doy, € Bk}

i=1

My
<ay Q5 Y oy 1 fEN DI (@)D Ey ) € Bk}
i=1

L (1 Iev@ e e B )),

where By is defined in (45). We will now prove that, for any f € W,
My
adimy? Y iy on i) gk En.i)
i=1
BN ((Zv(CD_I)QD)Z )
@@ Ho)28K )

(50)
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where gx &ef f1{tv(@Hd e B%}. For that purpose, we establish that, for p =
0,1,2and f €W,
My
Av S ayiy Y i@y on )P v Q' on i 1P gk (6n.i)
i=1
P (Lev@ hHe>r
— V((ﬂv(clrl)@)z—f’ gK)‘

We may write

MN( iy Q5 @ (En.)]

2-p
Ay = (l/ﬁ]:,lQNEV(CD_l))Z—PaIZVQ;g; gv(q)—l)(I)(%'N’i) ) wIZV,igK(éNsi)'

—1
Since W is a proper set, for any f e W, (%)Z—pgl( ew,

My

(@ HdEy
a]QOI_VzZCv( YO En,i)]
i=1

2-p
2 .
(@ NHd(EN,) ) wy,i8K (€N.i)

R (wv(cb—l)duz—l’ )
(@ Hoy2zr 8K )

The proof of (49) follows since rity' Qnev(d~) .1 and Ui Qy oy ;] =
Lev(®~Nwy ;] on the event {|iyQy' /Ev(@) — 1] < 1/K?, v(@ Dy €
C
K}; D
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