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ASYMPTOTIC BEHAVIOR OF WEIGHTED QUADRATIC AND
CUBIC VARIATIONS OF FRACTIONAL BROWNIAN MOTION

BY IVAN NOURDIN

Université Paris VI

The present article is devoted to a fine study of the convergence of renor-
malized weighted quadratic and cubic variations of a fractional Brownian mo-
tion B with Hurst index H. In the quadratic (resp. cubic) case, when H < 1/4
(resp. H < 1/6), we show by means of Malliavin calculus that the conver-
gence holds in L? toward an explicit limit which only depends on B. This
result is somewhat surprising when compared with the celebrated Breuer and
Major theorem.

1. Introduction and main result. The study of single path behavior of sto-
chastic processes is often based on the study of their power variations and there
exists a very extensive literature on the subject. Recall that, a real x > 1 be-
ing given, the x-power variation of a process X, with respect to a subdivision
T, ={0=th0<ty1<--<tyn,=1}0f [0, 1], is defined to be the sum

n—1

Z |th,k+l - th.k|K'
k=0

For simplicity, consider from now on the case where #, x = k/n,forn e N* and k €
{0, ..., n}. In the present paper, we wish to point out some interesting phenomena
when X = B is a fractional Brownian motion and when the value of « is 2 or 3.
In fact, we will also drop the absolute value (when k¥ = 3) and we will introduce
some weights. More precisely, we will consider

n—1
(1.1) Y h(Bim)(ABim),  k€{2,3),

k=0
where the function 4 :R — R is assumed to be smooth enough and where A By,
denotes the increment Bky1)/n — Bi/n.

The analysis of the asymptotic behavior of quantities of type (1.1) is motivated,
for instance, by the study of the exact rates of convergence of some approxima-
tion schemes of scalar stochastic differential equations driven by B (see [5, 10]
and [11]), besides, of course, the traditional applications of quadratic variations to
parameter estimation problems.
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Now, let us recall some known results concerning the k-power variations (for
Kk =2,3,4,...), which are today more or less classical. First, assume that the Hurst
index H of B is 1/2, thatis, B is the standard Brownian motion. Let u, denote the
k-moment of a standard Gaussian random variable G ~ .47(0, 1). By the scaling
property of the Brownian motion and using the central limit theorem, it is imme-
diate that, as n — oo:

1= K/2 K Law 2
(1.2) T D I (ABiyn) = el = A0, pae — 7).
k=0

When weights are introduced, an interesting phenomenon appears: instead of
Gaussian random variables, we rather obtain mixing random variables as limit
in (1.2). Indeed, when « is even, it is a very particular case of a more general
result by Jacod [7] (see also [13]) that we have, as n — o0:

1 l’l*l L 1
3 = 3" h(Biym)[n* (A Biyn) — puc] = 12 — 12 /0 h(By) dW;.
k=0

Here, W denotes another standard Brownian motion, independent of B. When «
is odd, we have this time, as n — 00:

n—1
f];)h<3k/n)[n”/2<ABk/ n)*]
(1.4)
Lawf h(By)(y e — pg oy AWy + e y1d By);
see [13].

Second, assume that H £ 1/2, that is, the case where the fractional Brownian
motion B has no independent increments anymore. Then (1.2) has been extended
by Breuer and Major [1], Dobrushin and Major [3], Giraitis and Surgailis [4] or
Taqqu [16]. Precisely, four cases are considered according to the evenness of « and
the value of H:

° If/cisevenandifHe(O 3/4), as n — oo,

L
(1.5) f Z[n“’(ABk/n)" — 1] = N0, 07,)-
e If x iseven and if H € (3/4, 1),as n — oo,
n—1
n'—2H Z[n"H(ABk/n)" — ] L2 «Rosenblatt r.v.”
k=0

e If x is odd and if H € (0, 1/2] asn — oo,

(1.6) \}_ ZnKH(ABk/n)K =, Oir)-
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e Ifxisoddandif H € (1/2,1),as n — oo,

n—1
S (AB) =S 10,07 ).
k=0

Here, oy > 0 denotes a constant depending only on H and x, which may be
different from one formula to another one, and which can be computed explicitly.
The term “Rosenblatt r.v.” denotes a random variable whose distribution is the
same as that of Z at time one, for Z the Rosenblatt process defined in [16].

Now, let us proceed with the results concerning the weighted power variations in
the case where H # 1/2. In what follows, & denotes a regular enough function such
that & together with its derivatives has subexponential growth. If x is even and H €
(1/2,3/4), then by Theorem 2 in Leén and Ludeiia [9] (see also Corcuera, Nualart
and Woerner [2] for related results on the asymptotic behavior of the p-variation
of stochastic integrals with respect to B) we have, as n — 00:

n—1

1 Law 1
A7) —= Y hByw) [ (ABem)* — el = oh« / h(By) dWj,
vn k=0 0

where, once again, W denotes a standard Brownian motion independent of B.
Thus, (1.7) shows for (1.1) a similar behavior to that observed in the standard
Brownian case; compare with (1.3). In contradistinction, the asymptotic behavior
of (1.1) can be completely different from (1.3) or (1.7) for other values of H. The
first result in this direction has been observed by Gradinaru, Russo and Vallois [6]
and continued in [5]. Namely, if « is odd and H € (0, 1/2), we have, as n — oc:

Ho1e H L2 e (1
(1.8) n1=US " h(Biyn) WM (ABy/n)* 1 — — 5 /(;h(Bs)ds.
k=0

Before giving the main result of this paper, let us make three comments. First,
we stress that the limit obtained in (1.8) does not involve an independent standard
Brownian motion anymore, as was the case for (1.3) or (1.7). Second, notice that
(1.8) agrees with (1.6) because, when H € (0, 1/2), wehave (k +1)H —1 <« H —
1/2. Thus, (1.8) with & =1 is actually a corollary of (1.6). Third, observe that the
same type of convergence as (1.8) with H = 1/4 had already been performed in
[8], Theorem 4.1, when in (1.8) the fractional Brownian motion B with Hurst index
1/4 is replaced by an iterated Brownian motion Z. It is not very surprising, since
this latter process is also centered, self-similar of index 1/4 and has stationary
increments. Finally, let us mention that Swanson announced in [15] that, in a joint
work with Burdzy, they will prove that the same also holds for the solution of the
stochastic heat equation driven by a space—time white noise.

Now, let us go back to our problem. In the sequel, we will make use of the
following hypothesis on real function /:
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(Hm) The function 4 belongs to %™ and, for any p € (0,00) and any 0 <i <m,
we have sup, (o 1 E{|hD(B))|P} < o0.

The aim of the present work is to prove the following result:

THEOREM 1.1. Let B be a fractional Brownian motion with Hurst index H.
Then:
1. If h:R — R verifies (Hg) and if H € (0, 1/4), we have, as n — 00:

n—1
_ 12 1
(1.9) n* U h(Beyn)[n*? (ABiyn)? — 11— %fo h"(By,)du.
k=0
2. If h:R — R verifies (Hg) and if H € (0, 1/6), we have, as n — 00:
n—1
n S [h(Biyn)n® (ABijn)* + 3h' (Biyw)n™ ]
k=0

(1.10)
L? 1 ! "
> 4| " (B, du.
0

Before giving the proof of Theorem 1.1, let us roughly explain why (1.9) is
only available when H < 1/4 [of course, the same type of argument could also
be applied to understand why (1.10) is only available when H < 1/6]. For this
purpose, let us first consider the case where B is the standard Brownian motion
(i.e., when H = 1/2). By using the independence of increments, we easily compute

n—1
E{Z h(By/n) 0 (AByjn)? — 1]} =0
k=0

and

n—1 2 n—1
E{ (Z h(Biym)[n*™ (ABr/n)* — 1]) } = 2E{Z h2<Bk/n)}

k=0 k=0

1
wan{f hZ(Bu)du].
0

Although these two facts are of course not sufficient to guarantee that (1.3) holds
when « = 2, they however roughly explain why it is true. Now, let us go back to the
general case, that is, the case where B is a fractional Brownian motion of index
H € (0,1/2). In the sequel, we will show (see Lemmas 2.2 and 2.3 for precise
statements) that

n—1 n—1
EVY " h(Beym)n*™ (ABrn)* — 1]} ~ g Y E[h (B,
k=0 k=0
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and, when H € (0, 1/4):

n—1 2
Ei (Z h(Biyn)[n*? (AByjn)* — 1]) }

k=0

n—1
~ fen ™ N E[ (Biyw)h (Boyn)]
k,0=0

*%H“HE{ /] h”(BuW(Bv)dudv}.
0,117

This explains the convergence (1.9). At the opposite, when H € (1/4,1/2), one
can prove that

n—1 2
E{ (Z h(Bi/n)[n* " (ABin)* — 1]) } ~ o},nE{/ol hz(Bu)du}.

k=0

Thus, when H € (1/4,1/2), the quantity Y{=4 h(Bi/n)[n*" (ABr/n)? — 1] be-
haves as in the standard Brownian motion case, at least for the first- and second-
order moments. In particular, one can expect that the following convergence holds
when H € (1/4,1/2): asn — o0,

1 ] 2H 2 Law !
7 Bl 8B =112 o | #esoaw,,

(1.11)

with W a standard Brownian motion independent of B. In fact, in the sequel of
the present paper, which is a joint work with Nualart and Tudor [12], we show that
(1.11) is true and we also investigate the case where H > 3/4.

Finally, let us remark that, of course, convergence (1.9) agrees with conver-
gence (1.5). Indeed, we have 2H — 1 < —1/2 if and only if H < 1/4 (it is another
fact explaining the condition H < 1/4 in the first point of Theorem 1.1). Thus,
(1.9) with i = 1 is actually a corollary of (1.5). Similarly, (1.10) agrees with (1.5),
since we have 3H — 1 < —1/2 if and only if H < 1/6 (it explains the condition
H < 1/6 in the second point of Theorem 1.1).

Now, the rest of our article is devoted to the proof of Theorem 1.1. Instead of
the pedestrian technique performed in [6] (as their authors called it themselves),
we stress the fact that we chose here a more elegant way via Malliavin calculus. It
can be viewed as another novelty of this paper.

2. Proof of the main result.

2.1. Notation and preliminaries. We begin by briefly recalling some basic
facts about stochastic calculus with respect to a fractional Brownian motion. One
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may refer to [14] for further details. Let B = (B;)s¢[0,1] be a fractional Brown-
ian motion with Hurst parameter H € (0, 1/2) defined on a probability space
(2, o/, P). We mean that B is a centered Gaussian process with the covariance
function E(BgsB;) = Ry (s, t), where

(2.1) Ry(s,t) = 3@ + 527 — |1 — 5?1,
We denote by & the set of step R-valued functions on [0, 1]. Let $ be the Hilbert
space defined as the closure of & with respect to the scalar product

(Ljo.11, Ljo.s1)g = R (2, 5).

We denote by | - | the associate norm. The mapping 1jp ;; — B; can be extended
to an isometry between §) and the Gaussian space #€|(B) associated with B. We
denote this isometry by ¢ = B(¢).

Let . be the set of all smooth cylindrical random variables, that is, of the form

F=f(B@1),..., B(¢n)

where n > 1, f:R" — R is a smooth function with compact support and ¢; € .
The Malliavin derivative of F with respect to B is the element of L?(2, §)) defined

by
Dstza(B(qﬁl),...,B(¢>n))¢,-(s), s [0, 1].
i=1 "7t

In particular DgB; = 10,,1(s). As usual, D2 denotes the closure of the set of
smooth random variables with respect to the norm
IFI, =BIF?]+E[D.FI3].

The Malliavin derivative D verifies the following chain rule: if ¢ : R” — R is con-
tinuously differentiable with a bounded derivative, and if (F;);=1,... , is a sequence
of elements of D!-2, then o(F1,..., Fy) € D2 and we have, for any s € [0, 1]:

n

d¢
Dso(F1,....Fy) =) —(Fi,..., F,)DsF;.
i=1 O
The divergence operator [ is the adjoint of the derivative operator D. If a random

variable u € L%(2, §) belongs to the domain of the divergence operator, that is, if
it verifies

|[E(DF,u)g| <cyllFll2 forany F € .,
then 7 (1) is defined by the duality relationship
E(FI(u))=E(DF,u)g,

for every F € D2,
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2.2. Proof of (1.9). In this section, we assume that H € (0, 1/4). For simplic-
ity, we note
Sk/n =Lk, (k+1y/m)  and  &x/n = 1[0,k /n)-

Also C will denote a generic constant that can be different from line to line.
We first need three lemmas. The proof of the first one follows directly from a
convexity argument:

LEMMA 2.1. Forany x >0, we have 0 < (x + 1)2H —x2H <.

LEMMA 2.2. For h, g:R — R verifying (Hp), we have

n—1

Y E{h(Bi/n)g(Beyn)n* (ABy/n)* — 11}
2.2) k=0

Bl—

n—1
n= 2N E(R (Bijn)g(Beyn)} + o(n* 2.
k,£=0

PROOF. For0<{,k <n— 1, we can write
E{h(Bin)&(Be/n)n* (ABy/n)?)
= E{h(Bi/n)g(Beyn)n* ABi/nl (k/n))
= E{h'(Biyn)g(Beyn)n*™ ABijn} ek n, Sk/n) s
+ E{h(Bi/n)& (Beyn)n*™ ABijnY(eesn, 8kjn)s + EXh(Bi/n)g(Ben))-

Thus,
n =M E(h(Biyn)g(Bey)n*" (AByym)? = 11)
= E{h" (Bik/n)8(Be/n) 1 (Sk/n) N Ek/ns Sk /n) s
23) + E{h(Bk/n)& (Beym)I Sk/n)Hee/n, Sk/n)s
= E{h" (Bi/n)8(Be/n)}ek/n: Sk/n)
+ 2E{h (Bi/n)8 (Beyn) Y€k /n: Skyn)ss(€e/ns Skjn)
+ E{h(Bi/n)g" (Be/n)}e/n. Sk/n) -
But
0 (ek/ns Sym)e = 302 ((k+ D — k2 — 1),
(Besns Sy = an 2 ((k + DM —k2H — 10—k — 1P + |0 — k*H).
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In particular,
|(ek/n, 5k/n>523 - %n_4H|
Do (e + D2 = k2H)? —2((k + D?H — k1))

<3 M ((k+ D — k) by Lemma2.1.

(2.5)

Consequently, under (Hj):

n—1
n* 3 E{" (Beyn) 8 (Beyn) Y&k Skyn) — 30 1))
k,£=0
n—1
<Cn' AN ((k+ D) — kM) = Cn.
k=0

Similarly, using again Lemma 2.1, we deduce

[(ek/ns Sk/n)s{€/ns Skn)s| + ee/ms Siyn) |
< Cnm (|G D2 = 2| |l = kPH = e =k —1P7)).

Since, obviously

n—1
(2.6) Y=k —je—k— 1] < cn®f T,
k,£=0

we obtain, again under (Hj):

n—1

nf Z (I2E{h"(Biyn)8' (Be/n)Y(€k/ns Sk/n) 9 (€/ns Sk/n) 5|
k,e=0

+ |E{h(Be/n)g" (Beym)Heesn. Sm)3l) < Cn.
2—2H)‘
O

Finally, recalling that H < 1/4 < 1/2, equality (2.2) follows since n = o(n

LEMMA 2.3. For h, g:R — R verifying (Hy), we have

n—1

Y E{h(Bem)g(Beym)n* (ABrsw)* — N[In*" (AByyn)* — 11}
en 1
= 2en M S E(h" (Biym)g (Boym)} + o(n* ™).
k, =0
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PROOF. For0</¢,k <n—1, we can write
E{h(Bi/n)g(Beyn)[n*" (ABiyn)* — 1In*" (ABysn)*}
= E{h(Bi/n)8(Be/n)[n* (ABiyn)* — In* ABy /I (8¢/n))}
= E{I' (Bk/n)g(Beyn)n*™ (ABijn)* — 1n*™ AByuMewns Sesn) s
+ E{h(Bi/n)& (Beyn)[n* (ABiyn)* — UIn* AByjuleein, Sepn)s
+ 2E{h(B/n) g (Beyn)n*™ ABijn ABen} (Sk/ns Se/n) sy
+ E{h(Bi/n)8 (Beyn)[n* (AByjn)* — 11}
Thus,
E{h(Bin)8(Be/w)[n*" (ABiyn)* — 1™ (ABysn)* — 11)
= E{l (Bt/n)g(Bey)[n*™ (ABisa)* — 110> 1(8¢/n) ek /ns 86/n)5
+ E{h(Bin)8 (Beyn)[n* (ABiyn)* — Un* 1 (8e/n)}(ee/n. Se/n)s
+ 2E{h(Bi/n)8(Beyn)n*™ ABijnl (8¢/n)}(Skc/n. 8¢/n)s:
=n*" E{h" (Bi/n)§(Beyn)[n* (ABiyn)* — 1}ekn. Se/n)s,
+ 202 E{h (Biyn)g' (Beyn)[n*™ (ABy/n)* — 11}
X {&k/ns8e/n)5(€e/n> Oe/n) s
+4n* E{0 (Biyn)g(Beyn) ABijn} ek /s 8¢/n) 58k /s Se/n)
+4n* T E{h(Bi/n)g' (Boyn) ABiyn} (et /ns 8¢/n)5 8k /ns 8¢ /n) s
+ 20 E{h(Biyn) g (Beyn) MOk /ns Se/n) 3
+n* " E{h(Bin)g" (Beyn)[n* (ABiyn)* — ee/n. Se/n) 5

6
A i
2> Ao
i=1

We claim that, for 1 <i <5, we have ZZ?:O |A2 enl = o(n**)_ Let us first
consider the case where i = 1. By using Lemma 2.1, we deduce that

0 (e n, 8o = S((@+ DM — 2 — 10—k 121 1 |0 — k)
is bounded. Consequently, under (Hy):
|A1i,e,n| < Cl{&k/ns0e/n) 5l

As in the proof of Lemma 2.2 [see more precisely inequality (2.6)], this yields
Z,_elzo |AI£,Z,n| < Cn. Since H < 1/4, we finally obtain ZZ}LO |A,1(’e’n| =
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0(n2_4H) Similarly, by using the fact that n2# (€¢/n>8¢/n) 5 1s bounded, we prove
that Y310 147 , | = o(n>~*).

Now, let us consider the case of A , , fori =5, the cases where i = 3, 4 being
similar. Again by Lemma 2.1, we have that

n* (Seyny Seyn)e = 3k — 4+ 127 4k — € — 1127 =21k — ¢)*1)
is bounded. Consequently, under (Hy):
1A g0l SCUk— L4+ 17 + |k — € — 1127 =21k — 7).

But, since H < 1/2, we have

n—1
Yo (k= e+ 17 41k — e — 1127 =2k — ¢*H)
k,£=0
—+00
= > (p+ 1M +p— 11" —2/pP*")
p=—00
x[n—=DAm—-=1-p)=0V(=p)]
<Cn.

This yields Zk 1—0 | k enl =Cn= o(n*~*), again since H < 1/4.

It remains to consider the term with A® % ¢~ By replacing g by g” in identity (2.3)
and by using arguments similar to those in the proof of Lemma 2.2, we can write,
under (H4)'

n—1

Z AL =0 S E(W (Biyn)g" (Beyn) Y ek Sk/n) 5 (€e/ns Seyn)s,
k,£=0 k,£=0
+ o(n?>~4).
But, from Lemma 2.1 and equality (2.4), we deduce
08 (et /ns Skm) 5 Em. Sepn) g — 1o 2|
< Cn—SH((k F 2 ) 2H 4 1)2H ng).
Thus,

ntH Z {<8k/n,8k/n>%(8€/n’ 5@/;1)523 _ %n_8H| <cn'—2H :0(n2_4H),
k, =0

since H < 1 /4 < 1/2. This yields, under (Hy):

n—1

Z AR pn=1en"" 3" E(h (Biyw)g” (Bym)} + o(n* ™4,
k,£=0 k,£=0

and the proof of Lemma 2.3 is done.
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We are now in position to prove (1.9). Using Lemma 2.3, we have on one hand:
2

n—1
E{n* =13 h(Bryw) [n* (ABin)* — 1]

k=0
n—1
=n*1"2 " E{h(Bi/n)h(Be/n)
k, =0
(2.9) 2H 2 2H 2
x [n* (ABiyn)® — 1[n*" (ABgyn)* — 11}
n—1
=1en"2 > E{h(Bi/n)h" (Be/w)} + o(1).
k, =0
Using Lemma 2.2, we have on the other hand:
n—1
1
E{n*" 1S " h(Biym)[n* (ABijn)* — 11 x — Y h"(Bn)
k=0 an
n—1
(2.10) = Y E{h(Bin)h" (Beyn)n* (ABr/)* — 11}
k,0=0
1 -2 = /" "
=—n"? Y E{h"(Biw)h" (Beyn)) + o(1).

16 k,£=0
Now, we easily deduce (1.9). Indeed, thanks to (2.9)—(2.10), we obtain, by devel-

oping the square:
n—1

n—1 2
E{ (nzH_l > By (ABa)® = 11— -3 h”<Bk/n>) } — 0,

k=0 k=0

2
as n — 00. Since ﬁzz;(l) h/’(Bk/n)L>}1f()l h"(By)du as n — oo, we finally

proved that (1.9) holds. [
2.3. Proof of (1.10). In this section, we assume that H € (0, 1/6). We keep
the same notations as in Section 2.2.

We first need two technical lemmas.

LEMMA 2.4. For h, g:R — R verifying (Hz), we have
n—1
n3f > E{h(Bi/n)8(Be/n)(ABi/n))
k, =0

n—1
==3n"" 3" E{(h (Bi/n)g(Be/n)}

(2.11)
k,e=0
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n—1

— an " B (Biyn)g(Beyn)} + o(n* ).
k,£=0

PrROOF. For0</{,k <n — 1, we can write

> E(h(Br/n)g (Bejn) (A Biyn)’)

=’ E{h(Bi/n)g(Besn)(ABiyn) 1 (8k/n)}

=n " E(W (Biyn)g(Be/n) (ABi/n)* Y ek n, Sk/n)sy
+ 13 E{h(Bi/n) & (Beyn) (A Biyn)*Y(€e/ns Sk/n)s)
+ 20" E(h(Biyn)g(Besn) ABin)

=n " E{R" (Bi/n)§(Be/n) ABijn Hekn Sm)
+ 213 E{R (Bijn)g' (Beyn) ABic/u ek ms Sk/n) (80 ns Sk/n)sy
+ 30 E{h' (Biyn) g (Beyn)Y ek n, Sk/n)

(2.12) + 1> E{h(Bi/n)8" (Beyn) ABiynHee ns Sk/n)s,

+ 30" E{h(Bi/n)g' (Beym)Y (e /ns St/n)s

= E{h" (Bi/n) 8 (Beyn)}ek/n: Skjn)
+ 303 E{h" (B /n) &' (Beyn)Y(ek/n, 8k/n>%<86/n7 Sk/n) 6
+ 303 E{W (Biyn)g” (Beyn) ek /ns 8k /n) 6 (8 ns 5k/n)~%~J
+ 30" E(R' (Biyn)g (Beym)Y(exns Sy sy
+ n3HE{h(Bk/n)gW(B€/n)}(Sﬁ/rn 5/</n)§’~j

6
+3n" E{h(Bi/n)8' (Beyn) Y€/, Skyn)s = D By g p-
i=1

We claim that ZII:TZl:O |B,’;?€7n| =on*3H) fori =2,3,5,6. Let us first consider
the cases where i =2 and i = 6. Using Lemma 2.1 and equality (2.4), we have
[(se/ns Skl <=2 ((k+ DM =27 4|16 —k = 12H — e — k)

and

[{€k/n» 8k/n>5§|2| (€¢/n> Ok/n) s
<Cn H ((k4+ 12" — 127 |6 —k — 1127 — 1 —k*H)).
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This yields, under (H3):

n—1

S B2l <Cnl™H =03y since H <1/6 <1/2,
k=0

n—1

S BRI =Cn'TH =om* ) since H <1/6 < 1/4.
k=0

Similarly, we prove that ZZ;IZO |B,’;’g’n| =o(n>3H) fori =3 and 5.
It remains to consider the terms with B,iv ¢.n and Bl?, ¢.n- From Lemma 2.1 and
equality (2.4), we deduce

2.13) [(&k/ns Bk/n)sy + %n_2H| <n 2 ((k 4+ 12 — 2H),
(2.14) |<8k/n’ 81{/”)% + %n_6H| < Cn_6H((k 1) _ kZH).
Thus, since H < 1/6,
n—1
n'! Z [(€k/ns Sk/n) e + %n—ZH‘ < nltH — o(n23H),
k=0
n—1
N Newm, Sen)s + g0 0| < Cn' 7 = 0(n® ).
k=0

This yields, under (H3):

n—1 n—1

Y Biy,=—3n"" > E(h (Biyn)g(Beyn)} + o> M),
k,£=0 k,£=0

n—1 n—1

Y Blya=—in" > E (Beyn)g(Bym)} + o),
k=0 k, =0

and the proof of Lemma 2.4 is done. [

LEMMA 2.5. For h, g:R — R verifying (Hg), we have

n—1

n®H Z E{h(Bk/n)g(BE/n)(ABk/n)3(AB£/n)3}
k,6=0

n—1

=%n_2H Z E{h'(Bx/n)8 (Be/n)}
k(=0

n—1

(2.15) + 150 Y E{W (Biyn)g” (Byn))
k.6=0
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n—1

+ 20N E(h (Biyn)g (Beyn))
k,£=0

n—1

+&n ST E(h (Biyn)g" (Beyn)} + o(n* o).
k,£=0

PROOF. For0</{,k <n—1, we can write
n6HE{h(Bk/n)g(BE/n)(ABk/n)3(ABE/n)3}

= n®" E{h(Bi/n)g(Be/n) (ABi/n)* (ABesn)*1(8¢/n))

= n®" E{l (Bt/n) g(Be/n)(ABi)* (ABesn) Hek/ns Se/n)
+ 1 E{h(Bi/n)& (Be/n)(ABijn)> (ABy/n) Y&t ns 8e/n) s
+ 30" E{h(Bi/n)(Be/) (ABk/n) (ABesn)*} Bk /ns 8e/n)s
+20* E{1(Bi/n)&(Be/n) (ABiyn)’ ABuyn)

=n" E{R" (Bi/n)8(Be/n)(ABijn) AByjn}ek/n, 313/71)%
+ 21" E(R (Biyn)g' (Be/n) (ABisn)  ABesud ek ns 8e/n) sy €e/ns Se/n) s
+ 6n% E{h (Biyn) g (Beyn) (A Biyn)* ABesn ek /ns 8¢/n) s (Skjn» Se/n) sy
+ 30 E{1 (Biyn) 8 (Be/n) (ABiy) Yewns Seyn)
+ n6HE{h(Bk/n)g/,(BE/n)(ABk/n)3ABZ/n}(Sﬁ/m 8Z/n>52§
+6n°" E{1(Biyn)g' (Ben) (ABiyn)* ABesn} (€t /ns Styn) 6 (Sk/ns 8¢/n)s
+ 30 E{h(Biyn) g (Be/n) (ABiy) Ve, 8en)s
+ 6”16HE{h(Bk/n)g(Bﬁ/n)ABk/nABZ/n}<5k/n» 5(/n>%
+9n* E(h(Bi/n) & (Be/n) (ABin)*} Sk /ms Sen)s

=n" E{h""(Bx/n)g(Be/n) (ABiyn)*Yewn. S¢/n)%,
+ 30 E{h" (Bi/n) &' (Be/n) (A Bin)> Hern, 86/n>%<£€/n7 S¢/n) e
+ 9% E{h" (Bi/n) & (Be/n) (A Bi/n)* Hek /s <3Z/n)~%~J (8k/n>Se/n) s
+ 30" E{R (Biyn)g" (Beyn) (ABi/n) Y ek/ns Se/n) 580 /ns 8€/n)525
+ 1207 E{R (Bijn) g (Beyn) (ABiyn)*)

X (€k/ns Se/n)9{€e/ns 80/n) 5 Ok/ns Oe/n) 6

+ 1207 E{B' (Bijn)g' (Beyn) ABic/n}ns 80 /n) s (ks 5£/n),%J
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+3n* " E{R' (Bi/n)g (Be/n) (ABi/n) Yek/n, S¢/n)

+ 1" E{h(Bi/n)&" (Bejn)(ABi/n)* Yee/n, 8€/n>%

+ 9" E{h(Bin)8” (Be/w) (ABijn)*}ee/n. 8/n) 8 Sk /ns Se/n) 5
+ 180" E{h(Bi/n)8' (Boyn) ABijnHeesn. 8¢/n) s (Skm. Se/n)
+ 30" E{h(Bi/n) g (Be/n) (ABin) Yee n, Sesn) s

+ 6n" E{R' (Bijn)g (Be/n) ABic/n} (ke ns 8¢ /n) s (ks 5@/}1)527)

+6n°" E{h(Bi/n)g(Be/n)(ABiyn)*} 8k /ns Sen))

+ 9 E{h(Bie/n)8 (Be/n)(ABi/n)*Hok/ns Se/n)s-

To obtain (2.15), we develop the right-hand side of the previous identity in
the same way as for the obtention of (2.12). Then, only the terms containing

(&k/n» Sk/n)%(eg/n, 8@/,,)2, for o, B > 1, have a contribution in (2.15), as we can
check by using (2.5), (2.8), (2.13) and (2.14). The other terms are o(n>~%%). De-
tails are left to the reader. [

We are now in position to prove (1.10). Using Lemmas 2.4 and 2.5, we have on
one hand

n—1 2
E{ (n”’—l > [A(Biym)n* ™ (ABrm)® + %h/(Bk/m—H]) }

k=0

n—1

k,£=0
(2.16)
x [h(Beym)n®™ (ABoyn)® + 30 (Beyn)n™ ")
n—1
=& 2 > E{h" (Bi)h" (Beyn)} + o(1).
k,£=0

On the other hand, we have, by Lemma 2.4:

n—1

) 3 )

El"3H 1§:[h(Bk/n>n3H<ABk/n>3+Eh/wk/n)n H}
k=0

—1
0 B (B,
X o > h"(Byy )}

14

3H-2 n—1

n
2.17) -y E{h(Bk/n)h”%Be/n)n”(ABk/n)3
k,£=0
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3 _
+ Eh/(Bk/n)hW(BE/n)n H}

n—1

1
=6—4n—2 > E(" (Beym)h" (Byn)} + o(1).
k,£=0

Now, we easily deduce (1.10). Indeed, thanks to (2.16)—(2.17), we obtain, by de-
veloping the square:

n—1

3

E: (n”’—l Z[h(Bk/m”(ABk/nf + Eh/(Bk/nm—H}
k=0

2
1 I’l—l
+3 Zh”’(Bk/n)> } —0
=0
as n — oQ.

2
Since —ﬁ ZZ;& h"' (Bi/n) L —éfol h"(B,)du as n — oo, we finally proved
that (1.10) holds.

Acknowledgment. I want to thank the anonymous referee whose remarks and
suggestions greatly improved the presentation of my paper.

REFERENCES

[1] BREUER, P. and MAJOR, P. (1983). Central limit theorems for nonlinear functionals of
Gaussian fields. J. Multivariate Anal. 13 425-441. MR716933

[2] CORCUERA, J. M., NUALART, D. and WOERNER, J. H. C. (2006). Power variation of some
integral fractional processes. Bernoulli 12 713-735. MR2248234

[3] DOBRUSHIN, R. L. and MAJOR, P. (1979). Non-central limit theorems for nonlinear function-
als of Gaussian fields. Z. Wahrsch. Verw. Gebiete 50 27-52. MR550122

[4] GIrRAITIS, L. and SURGAILIS, D. (1985). CLT and other limit theorems for functionals of
Gaussian processes. Z. Wahrsch. Verw. Gebiete 70 191-212. MR799146

[5] GRADINARU, M. and NOURDIN, I. (2007). Weighted power variations of fractional Brownian
motion and application to approximating schemes. Preprint.

[6] GRADINARU, M., Russo, F. and VALLOIS, P. (2003). Generalized covariations, local time
and Stratonovich Itd’s formula for fractional Brownian motion with Hurst index H > %
Ann. Probab. 31 1772-1820. MR2016600

[7] Jacop, J. (1994). Limit of random measures associated with the increments of a Brownian
semimartingale. Preprint (revised version, unpublished manuscript).

[8] KHOSHNEVISAN, D. and LEWIS, T. M. (1999). Iterated Brownian motion and its intrinsic
skeletal structure. In Seminar on Stochastic Analysis, Random Fields and Applications
(Ascona, 1996). Progr. Probab. 45 201-210. Birkhiduser, Basel. MR1712242

[9] LEON, J. and LUDENA, C. (2007). Limits for weighted p-variations and likewise functionals
of fractional diffusions with drift. Stochastic Process. Appl. 117 271-296. MR2290877

[10] NEUENKIRCH, A. and NOURDIN, I. (2007). Exact rate of convergence of some approximation

schemes associated to SDEs driven by a fractional Brownian motion. J. Theoret. Probab.
20 871-899. MR2359060


http://www.ams.org/mathscinet-getitem?mr=716933
http://www.ams.org/mathscinet-getitem?mr=2248234
http://www.ams.org/mathscinet-getitem?mr=550122
http://www.ams.org/mathscinet-getitem?mr=799146
http://www.ams.org/mathscinet-getitem?mr=2016600
http://www.ams.org/mathscinet-getitem?mr=1712242
http://www.ams.org/mathscinet-getitem?mr=2290877
http://www.ams.org/mathscinet-getitem?mr=2359060

(11]
(12]
[13]

[14]

[15]

(16]

WEIGHTED QUADRATIC AND CUBIC VARIATIONS OF FBM 2175

NOURDIN, I. (2007). A simple theory for the study of SDEs driven by a fractional Brownian
motion, in dimension one. Sém. Probab. XLI. To appear.

NOURDIN, I., NUALART, D. and TUDOR, C. A. (2007). Central and non-central limit theo-
rems for weighted power variations of fractional Brownian motion. Preprint.

NOURDIN, I. and PECCATI, G. (2008). Weighted power variations of iterated Brownian mo-
tion. Electron. J. Probab. 13 1229-1256.

NUALART, D. (2003). Stochastic integration with respect to fractional Brownian motion and
applications. In Stochastic Models (Mexico City, 2002). Contemp. Math. 336 3-39. Amer.
Math. Soc., Providence, RI. MR2037156

SWANSON, J. (2007). Variations of the solution to a stochastic heat equation. Ann. Probab. 35
2122-2159. MR2353385

TAQQU, M. S. (1979). Convergence of integrated processes of arbitrary Hermite rank.
Z. Wahrsch. Verw. Gebiete 50 53-83. MR550123

LABORATOIRE DE PROBABILITES ET MODELES ALEATOIRES
UNIVERSITE PARIS VI

BOITE COURRIER 188

75252 PARIS CEDEX 05

FRANCE

E-MAIL: ivan.nourdin@upmc.fr


http://www.ams.org/mathscinet-getitem?mr=2037156
http://www.ams.org/mathscinet-getitem?mr=2353385
http://www.ams.org/mathscinet-getitem?mr=550123
mailto:ivan.nourdin@upmc.fr

	Introduction and main result
	Proof of the main result
	Notation and preliminaries
	Proof of (1.9)
	Proof of (1.10)

	Acknowledgment
	References
	Author's Addresses

