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We consider stochastic differential equations driven by Wiener processes.
The vector fields are supposed to satisfy only local Lipschitz conditions. The
Lipschitz constants of the drift vector field, valid on balls of radius R, are
supposed to grow not faster than log R, while those of the diffusion vec-
tor fields are supposed to grow not faster than /log R. We regularize the
stochastic differential equations by associating with them approximating or-
dinary differential equations obtained by discretization of the increments of
the Wiener process on small intervals. By showing that the flow associated
with a regularized equation converges uniformly to the solution of the sto-
chastic differential equation, we simultaneously establish the existence of a
global flow for the stochastic equation under local Lipschitz conditions.

Introduction. Let Ag, Aj,..., Ay be N + 1 vector fields on the Euclidean
space R? and (wy)r=0 be an R" -valued standard Brownian motion. Consider the
following Stratonovich stochastic differential equation:

N
0.1) dx; =Y Ai(x) o dw, + Ag(x)dt,  xo=x,

i=1

where w! denotes the ith component of w,. If the coefficients are sufficiently
smooth, for example, if Ay,..., Ay are C? and Ap is C!, then the stochastic dif-
ferential equation (0.1) has a unique solution (x;). In this case, (x;) solves also the
following Itd stochastic differential equation:

N
(0.2) dx; = Aj(x)dw] + Ag(x)dt,  xo=x,
i=1
where
. 1L oaa;
0.3 Ap= Ao+ = A,
©0.3) 0 °+2§j§ ox;
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Under global Lipschitz conditions on the coefficients Ao, Ay, ..., Ay, Kunita [7]
proved that the Itd stochastic differential equation (0.2) defines a global flow of
homeomorphisms. On the other hand, subject to the assumptions that the coef-
ficients Aj,..., Ay are C2, bounded and with bounded derivatives of first and
second order, and that Ag is C!, also bounded with bounded derivative, Moulin-
ier [10] proved that almost surely the solutions (x;') of the regularized ordinary
differential equations

N
0.4) dx;l = ZA,-(x[‘)w?” dt + Ao(x?)dl‘, xg =x,

i=1
where
(05) U)? =2" (W(k+1)2ﬂ1 — wk27n) fort e [k2_", (k + 1)2—n[’ k > O,

converge to (x;), uniformly with respect to (¢,x) in each compact subset of
R, x R, This provides another approach to the existence of global flows. For
related work, we refer to [1, 2, 4, 9] and [11].

The main aim of this paper is to remove the global Lipschitz conditions from
the hypotheses needed to arrive at these conclusions. Based on moment estimates
for the one-point and two-point motions with explicit dependence on the Lipschitz
constants, we still obtain the smooth approximation to the solution of (0.1). Con-
sequently, we will prove the following result:

THEOREM A. Let Ay, ..., Ay be in the class C* and Ag in the class C'. Sup-
pose that (i) the growth of the coefficients Ay, ..., Ay and their first and second
order derivatives is dominated by /1og|x| and (ii) the growth of Ay and its first
order derivatives is controlled by log|x|, as |x| — oo. Then the Stratonovich sto-
chastic differential equation (0.1) defines a global flow of homeomorphisms, that
is, for each t > 0, the map x — x;(x) is a homeomorphism of R? almost surely.

The moment estimates we propose in order to derive this theorem are in the
spirit of Imkeller and Scheutzow [5] and Imkeller [6]. Their starting point is a
specification of the constant ¢, (p > 1) in an inequality of the type

E( sup IXz(X)—xt(y)I”>§cp lx =y, x,y R’
0<t<1

In [5], under global Lipschitz conditions on the vector fields, it is seen to be essen-
tially given by ¢, = exp (cp?), with a universal c. Here, we shall work with similar
ideas. The essential novelty is the following observation. Assume that only local
Lipschitz conditions are given, which on large balls of radius m centered at the ori-
gin are given by L,,. For each m, replace the original vector fields by vector fields
with global Lipschitz conditions and Lipschitz constant essentially equal to L,,.
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Then the global two-point motions (x;(x), x;(y)) are related to the two-point mo-
tions (x/"(x), x;"(y)) associated with the modified vector fields through the key
equality

o
lx: (x) —x: ()P = Z lx/" () = X" DIP Lpn—1<v, () v Yy (v)<m)s
m=1

where t € [0, 1] and Y7 (x) = supg, <1 [x/(x)], x € R?. So, the two-point motions
of the global flow will be controlled by the two-point motions of the modified flows
and the growth behavior of the one-point motions of the global flow. This idea is
exploited in Section 1 below (Theorems 1.7 and 1.8). Section 2 is devoted to giving
moment estimates of the same type for regularized ordinary differential equations
obtained by discretizing the increments of the Wiener process on dyadic time in-
tervals. Again, this is done for one- and two-point motions separately. But the
discretization procedure will produce a bad term ¢** (see Theorem 2.6), where o,
is an exponential function of Lipschitz constants. In order to get the desired re-
sult, in Section 3, we truncate the vector fields and simultaneously discretize the
Wiener process. In this way, the bad term ¢** can be handled. We show, using our
moment inequality techniques, that the flows of the regularized ordinary differen-
tial equations converge to the flows of the original stochastic differential equation,
under local Lipschitz conditions (Theorem 3.4). The Lipschitz constants on balls
of radius R centered at zero are of order log R for the drift vector field and /log R
for the diffusion vector fields. These conditions constitute hypothesis (H). Hence,
Theorem 3.4 implies Theorem A in the usual way (see, e.g., [4]).

We should mention that the existence of global flows of homeomorphisms for
one-dimensional stochastic differential equations was established by Yamada and
Ogura [12], under local Lipschitz and linear growth conditions on the coefficients.
For the multidimensional case, the situation is quite different; in fact, if we de-
note by 7, the lifetime of the solution (x;(x)) to the stochastic differential equa-
tion (0.1), the linear growth (or even boundedness) of coefficients is not sufficient
to ensure that

(0.6) P(z, = +o0, forall x e RY) =1.

In the case where the diffusion coefficients are in C2%% and the drift is €'+? with
8 > 0, using local flows of derivatives of solutions, Li [8] proved (0.6) for the
stochastic differential equation (0.1), as well as for its dual equation (see [7] for
this notion), under the same growth condition on the local Lipschitz constants as
ours in Theorem A; therefore, by Theorem 6.1 or Theorem 7.3 in [7], she obtains
a global flow of diffeomorphisms. Note that even for Itd stochastic differential
equations, smoothness of coefficients with § > 0 was needed to apply Theorem 6.1
of [7]. For a study of stochastic differential equations under non(local) Lipschitz
conditions, we refer to [3].
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1. Moment estimates for one- and two-point motions. Let (x;(x)) be the
solution of the Itd stochastic differential equation (0.2). The growth of the moments
of (x;(x)) in the spatial parameter will crucially depend on the growth behavior
of the diffusion coefficients Ay, ..., Ay. In order to capture well the growth of
the local Lipschitz constants for estimating moments of the two-point motions
E(|x;(x) — x;(¥)|?), we shall distinguish between the following hypotheses:

(HT) there are constants C and C, > 0 such that

N
YA =C JAy@)] < Ca( + [x]);
i=1

(H2) there are constants C3 and C4 > 0 such that

N

YIAIWPE=CEA+IxP), Ao = Ca(l + |xD).

i=1
Let us remark at this point that our setting could be extended to the case of in-
finitely many vector fields and, correspondingly, an infinite-dimensional Wiener
process, by noting that (H1) and (H2) only concern Euclidean norms and could
be stated for Hilbert—Schmidt norms instead. In what follows, universal positive
constants appearing in the inequalities are denoted by C and allowed to change
from instance to instance.

1.1. Precise LP-estimates for the one-point motion. Define Y,(x) =
SUPg<s<; 1% (x)[. We shall first give the explicit estimate of || ¥} (x)][, as a function
of p.

PROPOSITION 1.1.  Under condition (H1), we have for any p > 1,
(1.1) Y1) < (14 CC1y/p)e® (1 + |x)).

PROOF. Fix x € R%. For 0 <t < 1, put ¢(t) = |[Y;(x)|l, and M; =
1N=1 fot Ai(xs(x))dwﬁ,. By the inequality of Burkholder, Davis and Gundy
(see [5]), forany 0 < T <1,

7 N p/2
E( sup |Mt|”) < C\/pT’EK/O ZlAi(xs(x))|2ds> ] <cch/pr,
i=1

0<t<T

or

sup |M;|?
0<t<T

<CCi/p.
P

Using (0.2), we get the inequality

T
@(T) < |x| + CC1/p + czfo (1+ ¢(s)) ds.
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Dividing both sides by the term 1 4 |x| and applying Gronwall’s lemma to the
function ¢(T) + 1/(1 + |x]|), we get %ﬂx)\ <1+ CClx/ﬁ)eC2 and estimate (1.1)
follows. [J

The preceding moment inequality implies the following exponential inequality:

COROLLARY 1.2. Suppose that (H1) holds. For R > 0, there exists §o =
80(C1, C2, R) > 0 such that

(12) sup E(e®T0) < 400,
|x|<R

PROOF. By (1.1), there is a constant 8 such that || Y1 (x)||, < 8/p (1 + |x]).
Let § > 0. We have

+00 ¢op 2p +00 ¢pp2p )4 2p
B0y _1 4 Y VBGOSR SBRpI s
p=1 p- p=1 p:
By Stirling’s formula, pp—[; ~ J;pr as p — +oo. Hence, if |x| < R, then the above
expression is dominated by
+00 5 5 C
Cl1 28 1+ R | = ,
( +p§( pred+ ))) 1 —2882¢(1 + R)?

which is finite if § < 1/(28%e(1 + R)?). So we get (1.2). [
In the following proposition, we shall investigate estimates under (H2):

PROPOSITION 1.3.  Under condition (H2), there are constants B and 3, > 0
such that for all p > 1 and x € R?,

(1.3) V1), < Bre?P (1 4 |x]).

PROOF. Let M and ¢ be defined as in the proof of Proposition 1.1. Un-
der (H2), we have

sup | M|
0<t<T

, < cclﬁ[foTa + (pz(s))ds}l/z.

Therefore, in this case, the inequality

T 172 T
(1.4)  o(T) <|x|+ CClﬁ[/o (1 —i—(pZ(s))ds] + Cz/o (1 —i—goz(s)) ds
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follows. To apply Gronwall’s lemma, we must square the two sides of (1.4), which
results in

@ (T)<3(|x| +(C?C p+2C2)/ (1+¢ (s))ds)

It follows that
> (T)+1
(14 xD? ~
from which we deduce (1.3). O

<3exp{3(C2Cip +2CHT},

In the same spirit, we can treat the time variation of the one-point motion mo-
ments.

COROLLARY 1.4. Under hypothesis (H1) or (H2), for any p > 1, there exists
a constant Cp, > 0 (which depends on Cy and C,, or on C3 and Cy, resp.) such
that for x e R, 5,1 > 0,

(1.5) E(Jx,(x) — x5(x)|*P) < Cplt — s[P(1 + |x?P.

PROOF. We have, for s <, x € RY,

N ) ro
xi(xX) —xs(x) =) Ai(xu(x))dwi,Jr/ Ao (xy (x)) du.

i=1Y%

Hence, there exists a constant 8, > 0 such that

p
E(jx, (x) — x,(x)|*") < B, { [(/ DA (xu ()] du) }

+E[</st |A0(xu(x))|du)2p“.

So, we see that for some sufficiently large constant C), > 0, the right-hand side
of the above inequality is dominated by

Cp(t — )7 (1 + E(Y1(x)*P)).

We now obtain (1.5) for an eventually different C}, by using (1.1) or (1.3). [0

1.2. Precise LP-estimates for the two-point motion under global Lipschitz con-
ditions. Here, we shall work under the following global Lipschitz condition:
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(L) there exist constants L and L, > 0O such that
N
1A ) — AP < LY jx -y,
i=1

|Ao(x) — Ao < Lalx —y|l,  x,yeR

Set Y7 (x, y) = supy,<7 |x:(x) — x;(y)|. We shall give the explicit dependence on
Ly and L; for L?-estimates of Y (x, y).

PROPOSITION 1.5. Under hypothesis (L), we have for any p > 1, all x,y €
RY,

(1.6) E(Y1(x, y)?) <27 |x — y|PeC P +15P,

PROOF. Let o(T) = ||[Yr(x, y)|lp- As in the estimates above, we have

T ) 1/2 T
(17) <p<T>s|x—y|+CL1ﬁ[fo w(s)ds] +Lo [ p)ds

Squaring the two sides of (1.7) results in

T
A0 22— yP 4 L+ 1Y) [ Fods). Tl

It follows that for an eventually different constant C > 0,
p(1) <21x — y|CHIPHE,
from which we obtain (1.6). [

REMARK. In squaring the two sides of (1.7), the control on the Lipschitz
constant Ly was lost. In order to recapture it, we shall now consider only

E(lx; (x) — x:(DIP).

PROPOSITION 1.6. Assume (L). Then for any p>2, all x,y € R¢ and t €
[0, 11,

(1.8) E(1x (x) — x,(0)[?7) < |x — y[?Pe2P*Lit2pLla,

PROOF. Leté& = |x;(x) — x; (y)|2. By It6’s formula, we have

N
dE =2 (x5 () = x: (), Ai (% () = Ai (5 (1)) dw]

i=1

+ 20, (x) — (), Ao(x: (x)) — Ag(x; (1)) dt

N
+ Y 1A (x (x)) — A (e ()P dt.

i=1
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The It6 stochastic contraction dé; - d&; is dominated by

N
43 () — x0(). A (i (1) — Ai (x () <4LTEL.

i=l

Again, by It&’s formula,

N
dgl =2p Y P (e (0) — X (), A (e (0)) — Ai (x5 () dw!

i=1
+ 2pétp_1<xt(x) —x:(y), Ao(xt(x)) — AO(xt(,Y))) dt
N
- —1
+ P&l YA (e (1) — Ai(n ()Pt + %

i=l

P72 dg, - dg,,

which is less than
dM, + 2pLy +2p*L)E! d1,

where M, is the martingale part of &/ . Taking expectations, we get

t
EE) <Ix —y[* + 2pLy + 2p2L%)fO E(P)ds.
Now, Gronwall’s lemma gives
E(E) < v — y2re? bt 2°L -y eqo,1,

which is nothing but (1.8). [

1.3. Precise L?-estimates for the two-point motion under local Lipschitz condi-
tions. 'We shall next assume that the vector fields Ao, Al, ..., Ay are only locally
Lipschitz. We shall describe growth conditions in m for the Lipschitz coefficients
L,, valid on Euclidean balls of radius m that lead to L”-moment estimates for the
two-point motion of the flow. For this purpose, set

N
(1.9) L2 =Y sup [A;))?,  Lwa= sup A,

where A} denotes the Jacobian of the mapping x — A;(x). Then for any x, y €
B(m) :={z € RY; |z| <m}, we have

N
YA ) — AP < Loy lx — 1%, |Ag(x) — Ao(Y)| < Lo lx — y|.

i=l
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Now, consider a family of smooth functions ¢, : R? — R satisfying 0 < ¢, < 1
and

om(x) =1 for x| <m,
(1.10) om(x)=0  for|x|>m+2,
sup sup ¢, (x)| < 1.

m xeRd

Define Ay, i = pmA; fori=1,..., N and A, 0= (pmfio. Then we have

(L1 sup |A;n,i<x)|252( sup A0+ sup ||A;(x>||2),

xeR4 |x|<m+2 |x|<m+2

(1.12) sup |A, o) < sup [Ag(x)|+ sup [AH()].

xeR4 |x|<m+42 |x|<m+2
Set
N
. 5 -
L2 =" sup A, ;(OI%  Lpua= sup [|A}, o)l
i=1x€R? xeRd

Let (x;"(x)) be the solution of the following stochastic differential equation:

N
dx" =" Api(x")dw] + Apo(x)dt,  x§' =x.

i=I

Applying (1.8), we get for p > 2,

(1.13)  E(x"(x) — x"(0)?P) < |x — y[2Pe2P Lnat2rln 4 <0, 1].
We have
400
x (x) = x I = D 150 (x0) = x; D IP U m— 121, 600v 11 () <m)
m=1

+o00
=Y 11" (x) = X O Lm—1 =¥, oV Y, () <m)-
m=1

According to (1.13) and the Cauchy—Schwarz inequality, we obtain

E(|x;(x) —x:()17)
(1.14)

400 - -
<lx—yl* Z eP2L31,1+PLm,z\/P(Y1 ) VYi(y)=m—1).
m=1
With the aid of this inequality, we are able to formulate growth conditions on the
Lipschitz constants ensuring global moment estimates for the flow. In the following
theorems, this will be done consecutively under (H1) and (H2).
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THEOREM 1.7. Assume (H1). Let p > 2. Suppose that L, 1 <am, Ly 2 <
Bm?. For R > 0, let 8y be given according to Corollary 1.2. Suppose that
(1.15) p*a’ + pB < 8/2.
Then for any R > 0, there exists a constant C, g > 0 such that
(1.16)  E(lx;(x) —x;(MI”) < Cprlx —yl?  forx,ye B(R),t€[0,1].
In particular, if for some ¢ > 0 and constants B, B2, we have
Ly <pim'™, Lo <pom®™,

then for any p > 2, there exists C,, > 0 such that (1.16) holds.

PROOF. LetCp = SUP|y <R E(e‘SOle(x)). Then form > 1 and x, y € B(R),

JP(NIGOV V1(5) = m — 1) < /2Cre— =172
On the other hand, by (1.11) and (1.12), we have
Ly | S2NCP+20%(m+2)%,  Lpa<pm®+(C2+28)m +3C2+48.

Therefore, there exists a constant y, > 0, independent of m, such that

2L2 1+pLmp <% e(p o2+ pB)m? (2a2+c2+4,3)m

Now, using (1.14), we get
E(|x; (x) —x:(0)I?)

400
<yp/2Cklx —yIP Y o30m=172/2 (p*a*+ppym® 20’ +Co+4p)m
m=1
It is clear that if p?a® + pB < 80/2, then the above series converges, so that (1.16)
follows. [J

REMARK. One can specify the R-dependence of the constant C, g by looking
at the proof of Corollary 1.2. It is seen that there is a subtle trade-off between R and
the parameter 8 appearing in the bound for the Lipschitz constants L, » which, in
our setting, is expressed through the value of 69 = 89(C1, C2, R).

Under (H2), the growth of the diffusion vector fields has to be counterbalanced
by a slower growth of the local Lipschitz constants. We shall formulate them im-
plicitly through conditions on the L,, 1 and Lm 2.

THEOREM 1.8. Assume (H2) and the existence of constants 1, B2 such that
1.17)
Then for any p > 2, R > 0, there exists a constant C, g > 0 such that
(1.18)  E(lx;(x) —x;(0)I?) < Cp.rlx — y|? forx,y € B(R), t €0, 1].

<PBilogm, Ly <pBrlogm.

m 1 =
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PROOF. Let g > 2. By (1.3), ay g = SUP|y <R E(Y|(x)?) is finite. Then for

( 1(x) >m ) = OQ],R( l)q .

On the other hand, under condition (1.17),
epzizm,lﬂ’iml <(m+ 2)ﬁ1p2+p/32_

Therefore, if we take 4 > f; p* + Bop + 2, the series

Y o - D
m —_—

m>2

converges. Now, using (1.14), we obtain the desired result (1.18). [

2. Moment estimates for regularized ordinary differential equations. Let
n > 1 be an integer. Define (w})e[0,17 by wj =0 and

(21) wf =2" (w(g+1)2—n — wm—n) fort e [£2_”, (Z + 1)2—n[

Let x;'(x) be the solution of the following ordinary differential equation:

N
(2.2) dx]' =Y Ai(xHwy ' dr + Ag(x))dt,  xj =x.

i=1
The aim of this section is to prove moment estimates for one- and two-point mo-
tions of these regularized ordinary differential equations, uniformly in the dis-
cretization parameter n. For this purpose, we shall use the techniques presented
in the previous section, involving the specification of Lipschitz constants.

2.1. Uniform moment estimates for the one-point motions. Define Y, (¢, x) =
Supg<<; x5 (x)]. Set

d
0A;
23) Bix=) —

j=1

A,{ fori=1,...,Nandk=0,1,..., N.
0x;

For the first uniform boundedness result, we shall work under growth assumptions
very close to (H1) of the previous section.

PROPOSITION 2.1. Assume that
N
(2.4) Y IA@PE<CE, JAo()] < Co(1 + |x])
i=1
and

(2.5 |Bir(x)| < C3(1 + |x]) foralli,k.
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Then there exist positive constants o1 and o, independent of n and p, such that

(2.6) E(Y,(1,x)?) < (1+ |x)Pal e

PROOF. For t € [0, 1], define t,, = k27" if t € [k27", (k + 1)27"[ and t,j =
t, + 27", We then have, for fixed but arbitrary ¢ € [0, 1],

N .t

xfzx—FZ/o

) !
Ai(x2)w ' ds + / Ao(xy)ds
n 0

+ Z/O (Ai(xl) — Ai (x )" ds

t
=x+ My,(t) —|—/0 Ao(x)ds + R, (1),

accordingly. Consider Y;(s) = A,-(x?n) fors <t,and Y;(s) = (t — tn)Z"A[(xt’”l) for
t, <s <t.Then M, (t) = zNzl fé’f Y;(s) dwi. We have

I tn t
/O Y (s)2ds =/0 Vi ()P ds +27" (1 — 1,)72%" | A ()| < /O |4 (x2)[* ds
and by Burkholder’s inequality,
4 N

r/2
() E(M,1)|?) SC\/pT’E|:</(;n Z|Y,-(s)|2ds> }5 ccly/pr.
i=1

Observe that for fixed n, t — M, (¢) is not a martingale. Only k — M,,(k27") is
a Fjo-n-martingale. Let r € [£27", (£ 4+ 1)27"*[. According to (i) and by Doob’s
maximal inequality, we have
(ii) E( sup |Mn(k2_”)|p) <2eE(|M,(t,)|?) < 2eCCf\/pl’.
0<k<t
Here, e is Euler’s constant, resulting from the simple estimate

p
<L> <2e, p>1.
p—1

Now, for s € [k27", (k + 1)27"],
N

(i) My (s) = Myu(k27") 4 (s —k27") Y Ai 6y ) (Wi 1100 — o) 2"
i=1
Then [M,(s)| < My (k27")| + C127"/T, (k27"), where

N
2.7) Cu(s) =2"2Y [wi, —wi |.

i=l
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Therefore,
(iv) sup [Mu(s)| < sup [M,(k2™")|+Cy sup (27"/2T,(k2™").
O<s<t 0<k=<t 0<k=<t

Now using Lemma 2.2 below, we have for p > 2,
v) E[ sup (2—"/21“(1(2—"))1’} <Y 27"PRE(T,(k27")P)
k

0<k=<t
<2"-27"R(CN)PpP < (CN)P/pP.

So, combining (iv), (ii) and (v), we finally obtain

<CCip.
p

The remainder term R,, is more delicate to estimate. Using the vector fields defined
in (2.3), we may express R, by

N t N . N t s .
Rat)= Y /0 [/ Big (< )i da}ds—i—ZfO [/ Bio(x"yi™ da:|ds.
ik=1 Sn i=1 Sn

Let R,,1 and R, > be the two consecutive terms on the right-hand side of the pre-
ceding equation. Using hypothesis (2.4), for o € [s,, s[, we obtain

(2.8) sup | M, (s)|”

0<s<t

N . o
W < x4 € 273 | +C2/ (1 + ")) ds.

i=1 Sn
Hence, Gronwall’s lemma implies, with universal constants C, C», that
(2.9) L+ X2 < (|2 |+ 1+ C127" 2Ty (s0)) e .
Using (2.9) and hypothesis (2.5), we have

. t t
(2.10)  [Ru2(1)] < C3e?? [/0 (Ixf |+ DTy (sp) ds + C /0 Ty (s,,)st]
By independence of x?ﬂ and I';, (s,,), we have

(2.11) E((|x] |+ 1)PTy(s0)?) < E((1 + Y (s, x))”)E(Tu(s0)").
Combining (2.10) and (2.11) and again using (2.14) in Lemma 2.2, we get

sup |Rp,2(s)]

0<s<t P

(2.12)
t
< (3¢ (CN@/O (L4 [1Yu (s, %)l p) ds + C1C2N2p).

In the same way,

sup |Rp,1(s)]

0<s<t

(2.13) g

t
< C3e“2 (C2N2p/ (1+ 1Y (s, %)) ds + C103N3p3/2),
0
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where C3 is another universal constant and C results from Lemma 2.2. Now define
Y (1) =Y, (2, x)|l . Combining (2.8), (2.12) and (2.13), we finally obtain

Y(t) +1<|x|+14+CCi/p+ C32(CIC*N?p + C,C3N3p*/?)

+ C3¢“2(CN/p+ C*N?p) /0[(1 + ¥ (s))ds.

From the structure of the bound just obtained, we see that there are two constants
a1, a2 > 0, independent of n and p, such that (1) < (Jx| + 1)x1e*?? holds. The
result (2.6) follows. [

LEMMA 2.2. There exists a constant C > 0 such that
(2.14) IT.(s)llg <CN./q foralls €[0,1[,n>1, g > 2.

PROOF. Let s € [k27", (k + 1)27"[ be given. Let y; = 2"2(w{ 1, » —

wiz,n ). Then y1, ..., yn are independent standard Gaussian random variables. For
any 1 <i <N,
+00 2 ds 24/2 4+
E(|y:|? =2/ sle™/? =—
By well-known properties of the Gamma function, the above quantity is dominated
by Cq4/?, with a universal constant C > 0. Now,

00
S(q+1)/2—le—s ds.

N
ITa()llqg <D ll¥illLe <CN/g.
i=1
We thus obtain (2.14). O

We next discuss the case where condition (2.4) is replaced by
N
215 Y JA@PE=SCTA+x), A < Ca(l+ x]).

i=1

(2.15) combined with (2.5) resembles (H2) of the previous section.

PROPOSITION 2.3. Assume (2.15) and (2.5). Then for any p > 2, there exists
a constant Cp, > 0 such that
(2.16) sup E(|x; (x)|?) < Cp(1 + |x]") forany n > 1.

0<t<l1

PROOF. We resume the computation carried out in the proof of the previous
proposition, taking into account the linear growth of coefficients Ay, ..., Ay. Let
te [Q, 1] be fixed and set M,,(t) = lNzl fé A; (xg’n)u')f” ds. By the previous com-
putations, we see that for some constant C, > 0,
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t
(i) E(M()|P) < Cpfo (1+E(x" ")) ds.

Moreover, for o € [s,, s,‘f [, we have

o N . o
|xg|5yx;?n|+cl<f (1+|x§’l)ds)zng;’}+C2/ (1+ |xg|) ds.
Sn i=1 Sn

So Gronwall’s lemma gives, with some universal constants Cy, C3,

XE] 1< (a4 1) " CrCr I D

It follows that
(2.17) 2+ 1< e2(|xf |+ 1)) o sy, 57T

Replacing (2.9) by (2.17) in the estimate of R, (¢), we have, with another universal
constant C3,

t
Ry (1)) < C3eC fo (5 [+ 1)eC1 60T, (5,) ds.

t
|1 ()] < C3¢ /0 (x5, [+ 1)1 0T, (50)2 ds.
By a direct calculation,
(ii) E(e2PC1Tn()) <N 4p°CiN/2

Now, using the independence of |xg | and I'(s,), (ii) and (2.14), we see that there

exists a constant C;, > 0 such that
t

(iii) E(|R,(1)|?) < Cp/o (1 —|—E(|x§"1 ]p))ds.
Therefore, (i) and (iii) imply that

t t
E(|x/'|P) < C,,(lep +/0 (1 +E(|xfn|p))ds —l—/o (14+E(x}P)) ds).

Finally, we consider ¥/ (r) = supy<,<; E(|x{|”) + 1. The inequality just derived
implies that

t
V() <Cp(x|P+1)+ 2C,,/0 Y(s)ds.
So, a final application of Gronwall’s lemma yields another constant C), such that

sup E(|x/|?) < Cp(1 +|x|7). .
0<t<l1

Using the same techniques, we may also derive uniform moment estimates for
the time fluctuations of the approximate ordinary differential equations.
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PROPOSITION 2.4.  Assume (2.15) and (2.5). Then for any p > 2, there exists
a constant C, > 0, independent of n, such that

(2.18) E(|x"(x) — x""(0)|7) < Cp(1 + [x|P) |s — 1]P/2.

Finally, we derive a result describing a bound for the maximal growth of the
one-point motions of the regularizing ordinary differential equations, uniformly
inn.

THEOREM 2.5. Assume (2.15) and (2.5). Then for any p > 2, there exists a
constant Cp, > 0 such that
(2.19) E(Y,(1,x)?) <Cp (1 + |x|P) foranyn > 1.

PROOF. Let y > 0 be a parameter such that 0 <y < 1/2 and ¢ > 2 be an

integer such that 2qy > 1, 2q(% — y) > 1. Then it is known from the regularity
lemma of Garsia, Rodemich and Rumsey that

1 _ 2
sup |1//(t)|2q§qu// [P (s) — ¥ (1) qudt.

0<r<1 |t — s|1+2ay

Therefore, we have

1l E n N 2gp
B s wcoir) <cg, [ B O,

0<r<1 |t_s|(1+2qy)p

But, by (2.18), this bound is dominated by C, (1 + |x Ip)z‘f since

1 p1
/ / |t — s|9P=U+290P g dgr < 1.
0J0

So we get (2.19). O

2.2. Uniform moment estimates for the two-point motions. For vector fields
satisfying global Lipschitz conditions and regularizations as considered here, Bis-
mut [1] or Moulinier [10] proved that E(|x/ (x) — x/(y)|?) < Cp |x — y|? for all
x,y € RY, where C, is independent of n. However, the dependence of C, on the
Lipschitz contlnulty properties of the vector fields is not specified. In what follows
we shall make this functional dependence explicit.

THEOREM 2.6. Assume that for x, y € R?,
N
(220) > |Ai(x) — Ai(I* < Lilx — y, |[Ao(x) — Ao(W)| = La|x — y|

andforalll1 <i<N,1<k<N,
(2.21)  [Bix(x) — Bix(y)| = K1lx — yl, |Bio(x) — Bio(y)| < Ka|x — y|.
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Let C be the constant appearing in Lemma 2.2. Define
on =2p((2p — DL + Ky ) (4C2N22N 8P N2 LT) 2927 Lo
+27"22p(2p — 1)L1 Ly + Ko) (2CN2N P N2LT) o202 "L,
Then

E(|x!(x) — xF()?P) < |x — y[?Pe?PL2 % < |x — y|PPe?PL2e1,

PROOF. Forn, x, y, t fixed, we have
N t .
X0 =) =x =3+ 3 [ (A @) — A )i ds
i=1

t
+ /O (Ao(x"(x)) — Ao(x" (y))) ds.

Set& = |x/'(x) — &"(y)|*. Then

N .
dg =2 (x; (x) = X7 (), Ai(x] () — A (' ()] die
i=1

+2(x/ (x) — x/' (), Ao(xy (x)) — Ao(x/' () dt.
Set
Qi (1) = (x; (x) —x;' (y), Ai (x/' (x)) — Ai (x/ () fori=0,1,...,N.

Then d& has the decomposition d&; = 225\’:1 Q,-(t)lbt"’idt 4+ 2Q¢(t) dt. For
p > 2, we have

N
a5 =2p 3" /7 Qi dr +2pE! ™" Qo(t) di
i=1

N
(2.22) =2p > &7 0wy dr +2pgl " Qo) dt
i=1
N 1 1 1
+2p > (ET Qi) — &) Qi) dt.
i=1
Let M; =2p ZlNzl fé 5[—1 Q,-(s,,)u')?’i ds. Then E(M,) = 0. Moreover, we have

(2.23) 217/0 1E271 Qo (s)| ds §2pLz/O £l ds.
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To estimate the third term R(t) =2p YN | [5(&F 10i6s) - sf;‘lQ,-(sn))wf:J ds

appearing on the right-hand side of (2.22), we compute the derivative of &/ _lQi (s).
We get

E710i) = (p— DEFE Qi) + 5771 0[(s).
Computing Q;(s) and using our Lipschitz continuity hypotheses, we get

N
1059 < (K1 + LDE D 1| + (L1 Ly + K2)&s.
k=1

Therefore,

1P ()|
(2.24)

N
<(2p—DLi1Ly+ K2)&P + (2p — )L} + K/)£?P Z ™|
To estimate the contribution of ésp , first note that for o € [s,, s,j [, we have
o N .
#2020 = 0 — x|+ ([ 1w — a1 St
Sn i=1

g
Lo [ 1500 — xi (vl du.
Sn
Now apply Gronwall’s lemma. This leads to

27 Ly N el 2L
[x](x) —xJ ()] < |xvn(x) —x&(y)| Lo T i g, | 27
Therefore, for o € [s,, 5,7 [,
(2.25) EP < sp ‘62])2*”/2]41l—‘n(sn)ezpzfan.
- n

Hence, by (2.24),

N ot s . ]
R@DI<2pY P=10;(0)) |1 | do d
R()| < pi:lfo fSn|<sa 0:(0)) |[i/| do ds

t ps N N
szp{((zp—l)L%JrKl)f/ gg’(Zm”l)(Z )dads
09— \;2

k=1

+(2p —DL1Ly + K>) // g’(gj )dads}
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which, according to (2.25), is dominated by

—n t n
2p{((2p—1)L%+K1)e2P2 Lz/ DT, (50) 222" LATuG0) g
0 n

+2(2p = DL Lo+ Ka)e? " [ 6T o) ) as}.
Next, we employ the independence of &, and I, (s,,). Therefore,

E(E7 T, (50)> eZpZ”’/leFn(sn)) — E(£2)E(T) (51)° ezpzfn/lern(sn))‘
By estimates derived above, using Lemma 2.2, we have

E(T, (Sn)ZeZpZ_”/leF,,(sn)) < AC2N2ON 8PP N2T'LY
and
E(I‘n (sn) 82p2_"/2L|Fn(sn)) < 2CN2Ne8p2N2_”L%‘
Summarizing, the definition
an =2p(2p — DL} + K1) (4C2N22N 8PN L) 2027

= +2722p((2p — L1 Ly + K2)(2CN2N 8PN 1) 202" L2

implies the following inequality for E(|R(#)|):
E(R®))) <oy /(;tE( S’;)ds.
Substituting all the estimates obtained so far in (2.22), we obtain
EE) <|x—y|?P + 2pL2/0[E(§‘sp)ds + ay /(:E(ssl;)ds.

Finally, let v, = supy,, E(&§]). For T > 0 and any 0 <¢ < T, the above in-
equality then leads to

T t
EE) < |x — y* +2pLs /0 Vo ds +an /O Vs ds,

also expressible as ¥ < |x — y|2? + (2pLo +ay) fOT Yy ds. So Gronwall’s lemma
implies that for any 0 <t < 1,

E(gtp) < |)C _ y|2p eZpLzea,,.

We thus have the desired result. [
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3. Limit theorem without global Lipschitz conditions. The expression
(2.26) for «, is quite complicated. But it gives the explicit dependence of our
uniform moment estimates on the Lipschitz constants for the vector fields of the
underlying stochastic differential equation. We shall exploit this fact in the present
section to derive a theorem about the convergence of the ordinary differential equa-
tion regularizations given in the preceding section to the solution of the stochastic
differential equation. The explicit form of the dependence allows us to relax the
global Lipschitz conditions to suitable local ones. For this purpose, the techniques
explained in the first section will be applied. Let us first formulate convenient local
Lipschitz conditions.

Let Ay, ..., Ay be C%-vector fields on R? and Ap be a Cl-vector field. Suppose
for x,y € B(n),

N
Y 1Aix) — AP < Ly ylx — yP,
i=1

3.1
[Ag(x) — Ao(Y)| < Ly 2lx — yl,

with positive constants L, 1, L, 2. Choose a family of smooth functions
¢n :R? — R satisfying 0 < ¢, < 1 and

on=1 on B(n), ¢, =0 on B(n +2)°,
(3-2) / Vi
Sup ”(pn”OOS 1$ Sup”‘pn”OOSC<+OOa
n n

where || - ||oo denotes the uniform norm. Introduce the vector fields

An,,‘:(pnAi fOI‘iZO,l,...,N.

Put
~ N ~
(3.3) Ly =) sup |4, ;). Lyz= sup [|A] ()l.
i—1xeRd xeR4
Define
d9A,;
h=> <A, fori=1,... Nandk=0,1,....N
a 0x;j
and set
(34)  Kp,1=sup sup [[(BR) (), K2 =sup sup [[(B}y) (x)]l.
i,k xeR4 i xeRd

For n e N, let (z} (x)) be the solution of the ordinary differential equation

N
(3.5) dz! =2An’i(z;")u}f” dt+ A,0(z))dt, 70 =x,
i=1
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with 1™ as defined in (2.1). We can apply Theorem 2.6 to obtain the estimate
(3.6) E(|12} (1) = 2 ()I7) < | = yI?7 P Fn2 &,
where
Gn =2p(2p — DE2| + Ky 1) (4CPN22N SN2 Ly 2027 L
(3.7) +27"22p(2p = DLu1Ln2 + Kp2)
X (2CN2Ne8pzNz_nZ'zfsl )62”2_@”’2.

Now, suppose that with positive constants ﬁi, 1 <i <4, we have

L, < PBilogn, Lu < Brlogn,
(3.8) . .

Kni < Bslogn,  Kn2 < palogn)™”.

Under these conditions, it is easy to see from the definition of &, that there exists
a constant C,, independent of n, such that

(3.9) @n <Cp(Li +Kn1+1).
Therefore, (3.6) implies that

T 72
E(|2) (x) — 2/ (0)*P) < |x — y|*P eCr e?PLn2CrthuatEn),

Our aim is to obtain an estimate which is uniform relative to n. For this purpose,
we shall again use the cut-off functions ¢,, introduced in (3.2). For the sake of
simplicity, we shall formulate conditions only on the coefficients Ag, A1, ..., An.
Form > 1, set

N
Ci,l =Z(sup IAi(x)IZ), Cmo= sup |Ap(x)],

i=1 \xl=m [x|<m

Tt = SUD ( sup ||B,-’k<x>||2>, Tz =sup sup [[Blo()ll-

i,k£0 \|x|<m i |xl<m
We shall work under the following hypotheses:
Ci’l < y1logm, Cn2 <yrlogm,
(H) Ly | <Bilogm, Lo < prlogm,
Im1 <81 logm, T2 < 82(logm)3/2.

Recall that A, ; = ¢, A;. Under hypothesis (H), we have

N
Y Anil* <yilogn+2),  |Anol < y2log(n +2),
i=1

N
YA, P <201+ Bolog(n +2), (|4, oll < (v2+ B2) log(n +2).
i=l
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Since B}, = Z‘;Zl g%;‘gon A,-Ai + <p,%B,~k, hypothesis (H) moreover implies that

< % 3/2
(B} Il < 81log(n +2), 1B || < 8 (log(n +2))*2,

for some constants & 1 and SQ. Therefore, hypothesis (H) implies conditions (3.8),
so that (3.9) is validated. Now let m > 1. Consider

Am,n,i:(PmAn,i fori =0,1,..., N.

We have
N
(B.10) D |Amnil> <yilogmAn+2),  |Amnol < y2logm An+2),
i=1
N ~ ~
Gl Y NAL 7 < Bilogm An+2), AL, ol < Bilogm An+2)
i=1
and
(3.12) (B[ <8 1logm An+2), (B <8x(log(m An+2))"%.

Let (z]"(x)) be the solution of
N .

(3.13) dzf"' = Z Am,n,i(z;"”)u')?’l dt + Am n0(zf"") dt, zy" =x.
—

Using (3.10)—(3.12) to estimate &, in (3.7), we have for m <n,
m < Cp((B1 + 71) log(m +2) +1).

‘We conclude that

E(|Z;nn(x) . Z;nn(y)|2p) < eCpeZPﬁzlog(m+2)eCp(;31+81)10g(m+2) Ix — y|2p

3.14) - -
— eCp(m + 2)2Pﬁ2+Cp(ﬁ1+51)|x _ y|2P‘

Extrapolating in m by means of the techniques presented in Section 1, we obtain
the following moment estimate for the two-point motion, uniformly in the regular-
ization parameter:

THEOREM 3.1. Under the hypothesis (H), for any p > 2 and R > 0, there
exists a constant Cp g > 0, independent of n, such that

(3.15) E(|z} (x) —zfWIP) <Cpr lx =P forx,y € B(R).
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PROOF. Itis clear that (H) implies the growth conditions (2.15) and (2.5). Let
Y (x) = supg, < |27 (x)|. We have

27 (x) = 2 DIP =Y 12 () = 2 DI L= 1 2v, )V Y () <)

m>1

= > 12" @) = " DI 1Y, ()Y () <) -

m>1

Let g > 2. By (2.16), there is a constant Cy g > 0 such that for all |x| < R and
Iy <R,

1
P(Y,(x)VYy(y)=m—1) < Cor—t

Using (3.14), we have

E(12/" (x) — 2" )P Lm—1<¥, )V ¥ () <m})
- - = 1
c Ph+CrBrdn 2 [o 1 P
Se p(m+2) PP ! Cq,qu/2|x y| :
Now taking ¢/2 > pf> + 1Cp(B1 + 81) +2 gives (3.15). O

The following proposition states a similar uniform moment estimate for the time
fluctuations of the solutions of the regularized equations:

PROPOSITION 3.2. Assume hypothesis (H) is satisfied. For any p > 2 and
R > 0, there exists a constant C, g > 0, independent of n, such that

(3.16) E(|z'(x) — 2" ()|P) < Cp.r |t — s|P/?, x| <R,s,te[0,1].

PROOF. The coefficients A, ; and B]j satisfy (2.5) and (2.15). Therefore, we
can apply Proposition 2.4 to obtain (3.16). [J

We are finally in a position to prove the convergence of the ordinary differential
equations’ regularizations (z}') to the solution of the stochastic differential equa-
tion (x;) in the L? sense, uniformly in space and time. To state this result, we first
establish it in a weaker sense.

LEMMA 3.3. Let R>0and p > 2. Then
(3.17) lim sup sup E(|z}(x) —x/(x)|”)=0.

n=+00 | x|<R0<r<1

PROOF. Let Y,(x) = supp<,<; |zf(x)| and Y(x) = supg<;<p |x:(x)|. Let
m > 1. We have

E(z} (x) — x,(0)1?) = E(lz} (x) = x: ()P iy, (x)v ¥ (x) <m})
+E(I2} (x) — x: ()P 1y, o)vy (x)>m})-
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Due to (1.4) and (2.16), the second term is majorized by

CoE((Y, ()P +Y ()?) iy, vy 0)>m)) < C Ri-
p n — ¥D \/ﬁ
To obtain (3.17), it is therefore sufficient to prove that
3.18 li E(|z2)'(x) — r1 =0.
(3.18) ,dim ;EPR 05;21 (12} (x) = X%, )P Ly, oyvy (o) <m})

Letn > m+2. By uniqueness of solutions, on the subset {w; Y, (x) <m}, 2} (x) =
x/"(x) for all ¢ € [0, 1], where x;""(x) is the solution of the following ordinary
differential equation:

N
dx™ =" (oAD" O] dt + (pmAQ) (XM (X)) dt,  xf™ =x.
i=1

On the other hand, let 7,,(x) =inf{t > 0, |x;(x)| > m}. Then x;x,, (x)(x) satisfies
the following It6 stochastic differential equation:

N
dx"(x) =Y (pm AN ()" (1)) dw]

i=1

1 o(emAj) i
+(¢on+§§)—8’;,’ (gamA{)) dt,  x§'(x)=x.
ij J

It follows that on the subset {Y (x) < m} or {7,,(x) > 1}, we have x;" (x) = x;(x)
for all ¢ € [0, 1]. Therefore,

E(|z} (x) — x: )P Ly, vy coy<my) = E(x" (x) — x" O Ly, vy (0 <m))

<E(lx" (x) —x/" (0)|7).

We are now in the classical situation. Therefore, Moulinier’s result from [10] can
be applied to obtain (3.18). The proof of (3.17) is thus complete. [J

We finally strengthen the previous result to moment convergence, uniformly in
space and time.

THEOREM 3.4. Assume hypothesis (H). Then any p > 2,

(3.19) lim E( sup sup |z (x) —xt(x)|p> =0.

n—>+00  \g<r<I |x|<R

PROOF. Let p > 2 be given. By (3.15), (3.16) and the Kolmogorov modifica-
tion theorem, there exists 8 > 0 such that for |[x| < R, |y| < Rand t,s € [0, 1],

(3.20) 1Z0x) — "I < Fy- (Ix —ylP + 11 —s1F),  n>1,
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where {F};; n > 1} is a family of measurable functions bounded in L” for any p. In
the same way, according to Corollary 1.4 and Proposition 1.6, there exists F € L?
such that

(3.21) I (x) — x| < F - (|x — yP + 12 — 51P).

Let &, = supp<, < Supjy<g E(Iz/ (x) —x;(x)|?). By Lemma 3.3, lim;,—, 4 o0 &, = 0.
Let 0,, > 0. Then there exist N, < C (%)"Jrl points xi, ..., xy, in the ball B(R)
and 1, ..., ty, € [0, 1] such that

Ny
[0,11 x B(R) C | Jlti — 0. i + 00l x {x; |x — xi| <oy}
i=1

Let (t,x) € [0,1] x B(R). There exists one i such that |t — t;] < 0, and
|x — x;| < o0,. We have, according to (3.20) and (3.21),
|27 (x) = x (0| < |2 () — 25 ()| 4 |2 (i) — x4 (e | 4 |37, (i) — x0 (x))|
<2(Fy + F)of + |2 (xi) — x, (x)].
It follows that

sup sup |z} (x) —x;(x)|P < Cp{(F,f’ + FP)aPP + sup |z (x;) —Xz,»(xi)‘p}

0<t<1|x|<R 1<i<N,

< C,,{(F,f’ +F)fP+ Y | ) — x, (x,-)\"}
1<i<N,
with a constant C;, depending only on p. Therefore, for another such constant
C » >0, we have

E( sup sup |z} (x) —xt(x)|p> < épaf” + Nye,

0<t<1|x|<R

. 1 d+1
SCPO',fp-i‘C(—) “Ep.

On

gl/2@+D

Now taking o, = gives the result (3.19). U

Due to hypothesis (H), Theorem 3.4 finally implies Theorem A, following a
procedure in Chapter V of [4].
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