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A notion of local U-statistic process is introduced and central limit the-
orems in various norms are obtained for it. This involves the development of
several inequalities for U-processes that may be useful in other contexts. This
local U-statistic process is based on an estimator of the density of a function
of several sample variables proposed by Frees [J. Amer. Statist. Assoc. 89
(1994) 517-525] and, as a consequence, uniform in bandwidth central limit
theorems in the sup and in the L, norms are obtained for these estimators.

1. Introduction. Let X, X, X5, ... be i.i.d. random variables taking values
in R, with common density function f and consider the kernel density estimator
of f defined for € R,

(LD fult,hn) = b)Y K (hy 't — X)) =071 Y K, (t — X)),

where {h,},>1 is a sequence of positive constants converging to zero at the rate
nh, — oo and the kernel K is an integrable (real) function of bounded variation
satisfying [g K (x) dx = 1 (Parzen [27]). It is easy to prove that, subject to smooth-
ness conditions on f, for each r € R,

Vhnttn (1) :=/nhy{ fu(t, hy) — Efy(t, h)} —a NO, |K |3 £ (D)),

whereas for any choice of | # t, the random variables /A, u, (t) and /h,u, (1)
are asymptotically independent. This means that /%, u,, cannot converge weakly
to a continuous bounded process on any nontrivial subinterval of R. Since the
bias Ef, (¢, h,) — f(¢) can always be dealt with under the usual conditions on K
and f, this tells us that f;, (¢, h,) estimates the density f at a much slower rate
than n~'/2. On the other hand, Frees [15] discovered the perhaps surprising fact
that the densities f,(¢) of some symmetric real functions g(X1, ..., X;;) of m > 1
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1106 E. GINE AND D. M. MASON

i.i.d. random variables can be estimated at each fixed 7 at the rate n—!/2

U -statistic estimator
(n —m)!
— > K, (1 — Xy, ..., Xi,)),
' ielm

wherei= (i1, ...,in)and I} = {(i1,...,in):1 <ij <n,ij #i if j #k}. Schick
and Wefelmeyer [32] consider the special case

, using the

m
gX1, . Xom) = ) ui(Xy),

i=1
which however is not necessarily a symmetric function. Using convolution kernels,
they also obtain the (in probability) rate of n~!/2 for the sup norm and the L norm
measure of the discrepancy between the estimator and the density (actually, they
obtain limit theorems in distribution). These results require smoothness conditions
on the kernel, the density and certain conditional densities.

Our aim is to extend the Schick and Wefelmeyer results to the Frees framework
and with g not necessarily symmetric. Moreover, we frame our results uniform
in bandwidth in the sup norm and the L, norm with p > 1 so that they can be
used with adaptive bandwidth estimators. Also, we do this not necessarily in one
dimension, but in R?. These extensions substantially increase the scope of applica-
bility of the results and, as a consequence, we can show how our results recover,
extend and/or improve upon, previous work by several authors. We shall not dis-
cuss removing the bias in general but only in some examples and very briefly. The
bias is not probabilistic and can always be treated by adding enough smoothness
to the kernel and the density (see, e.g., the two references just cited and Ahmad
and Fan [1]).

We shall begin by generalizing the setup in Giné, Mason and Zaitsev [21]
(concretely, that of Examples 1.2 and 1.3 there) and Mason [25] to U -statistics.
Throughout this paper, we let X, X;, i € N, be i.i.d. random variables taking val-
ues in a measurable space (S, 4); let g: S Rd, 1 <d < oo, be a measurable
function; let K :R? — R be an integrable measurable function that integrates to 1
(a “kernel”); and let 0 < a < b < 0o. Then, fort € R? and A € [a, b], we introduce
the local U -statistic

(n—m)!
(12) Un(t,)\') ::7‘ Z K)»hn(t_g(Xil""’Xinz))’
n! .
iell"
where, here and elsewhere in this paper, for functions H : R? > R and h > 0, the
notation

(1.3) Hy(t) :=h~"H(t/h'?), t e RY,

is in force. The term “local” just reflects the fact that the U-process (1.2) is of
a special kind, namely a convolution of an approximate identity Kjj, with an
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“empirical measure,” in this case ((n —m)!/n!) > m dg( Xi s Xipy) and therefore,
for each value of ¢, the largest contributions to the statistic come from the values
g(Xi,..., Xi,) closest to t.

Special cases of U, (¢, A), when X1,..., X, are i.i.d. R? valued, include the
interpoint distance studied by Jammalamadaka and Janson [23], with g(x, y) =

lx — yl,

1
hnUn(0,1) = m_z {| X, — Xip| < hy}

and the related short distance process studied by Eastwood and Horvath [12],

1
——— > Hd(X;,, Xi,) Ahy),  0<A<I,
nn—1) !

where d is a distance on RY, as well as the U-statistic estimator of the density of
the sum X +--- 4+ Xy,

(n —m)!
T D K= Xiy = = X)),

iel!

Our goal is to obtain central limit theorems for the following local U-statistic
process formed from U, (¢, A):

ul’l,)»(t) = \/E{Un(t»)“) - EK)nhn(t _g(Xla RN Xm))}a

(1.4)
teRe, ) €la,bl.

The case when m = 1 is a special case of the local empirical process studied in
Mason [25]. We shall confine our attention to the case m > 2, which we shall soon
see has a radically different asymptotic behavior than the case m = 1. Occasion-
ally, we may restrict the process to r € D C R?, where D may even consist of a
single point.

The limit theorems to be obtained for these processes will be in the sup and
in the L, norms, 1 < p < oo, uniformly in A € [a, b] (precise definitions in the
next section). The reason these results will be true will be essentially the same as
in Frees [15], namely: (1) the process (1.4) is equivalent to its linear part, that is,
all the terms in its Hoeffding decomposition of order higher than one tend to zero
in the appropriate way; (2) that this linearization, which is a smoothed empirical
process, is equivalent to the empirical process without smoothing, hence indepen-
dent of A and h,,; (3) that this empirical process, under appropriate and quite weak
conditions, satisfies the central limit theorem in the sup norm or in the L, norms.

The devil is in the details, and extending the Frees result from one point ¢ € R, to
uniformity in 7 € R? and in A € [a, b], makes for very different proofs and requires
a substantial amount of technique, some of it new.
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The statements of the central limit theorems, along with examples, are collected
in Section 2 and all the proofs are postponed to Section 3. In the process of es-
tablishing our results we shall develop some tools that should be of separate inter-
est. Among them include tight bounds for the absolute moment of the supremum
of the U-statistic process under a uniform covering number bound generalizing
a similar bound obtained by Einmahl and Mason [13] and Giné and Koltchin-
skii [17] (see also Giné and Guillou [16]) for the usual empirical process. All of
these results were motivated by Proposition 6.2 of Talagrand [35], which is an
expectation bound for VC classes of sets, where VC stands for Vapnik and Cer-
vonenkis. We also obtain moment and exponential inequalities for Banach space
valued U -statistics which, although not necessarily optimal, are very easy to ap-
ply and are well adapted to the problems treated in this article. In a sequel to this
paper (Giné and Mason [20]), we derive the corresponding functional laws of the
logarithm for u, ;.

2. Main results and examples. As is usual when dealing with empirical
processes, we take ((S x T)N, (84 ® T7)N, Pr) as the underlying probability space,
where (S, 4) is a measurable space, T = {—1, 1}, T is the family of all sub-
sets of T, and Pr = PN x (P")N, P a probability measure on (S, ) and P’
the uniform distribution on 7'. Then the random variables X; are the projections
(SxT)N S, X;(s1,11, 82, 12, ...) = s;, which are i.i.d. with law P. We will occa-
sionally use the random variables ¢; (sy, f1, 2, 2, ...) = t;, which obviously satisfy
Pr{e; =1} = Pr{¢; = —1} = 1/2. Note that the random variables {X;, ¢;:i, j € N}
are independent. The variables ¢; are often called Rademacher variables. Some-
times we will write X for X;.

All the asymptotic results on the process u,, ; in this article require the following
key assumption.

For eachi =1, ..., m, the random Variable g(X1,..., Xm), condi-
(CD) tionally on X; = x, x € S, has a density f;(t,x), t € R4, which is
jointly measurable in ¢t and x.

Note that, setting

m
2.1 =Y 7
i=1
the function
(22) fe@ =E[f@, X)l/m,  1€R’,
defines a density for the random variable g(X7y, ..., X;;). Another condition that

we will require for different values of p € [1, oo] is

(CDp) ||?(-,x)||p < 00 forall x € S and || f¢ll, < 00.
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Here and elsewhere, || - ||, denotes the L p(Rd) norm for 1 < p < oo and the
sup norm on R for p = co.

The asymptotics of the processes u, ; will turn out to be equivalent to that of
the processes

1
n

S (F@, X — E[f(t, X)),  teR,

i=1

(2.3) V(1) =

which are empirical processes. With some abuse of notation, we say that
2.4) v, converges in law in Loo(Rd)

if condition (CDoo) holds and the class of functions { f(z, ) :t€ Rd} is P-Donsker.
We refer to Dudley [10] or van der Vaart and Wellner [37] for the definition of
Donsker classes of functions. The condition (CDoo) is equivalent to the maps
t+— f(t,x) and t — Ef(z, X) being in £>°(R?), the abuse of notation consists
in replacing this last space by Lso(R?), which usually means something else,
and the precise meaning of (2.4) is that lim,_, . EH (v,)* = EH(G) for every
H : {5 (R%) > R bounded and continuous, where G = {G(7) :t € R?} is the cen-
tered Gaussian process with the covariance of f(-, X), more precisely a sample
continuous version, and H (v,)* is the (a.s.) smallest measurable function larger
than or equal to H (v,). Likewise, for 1 < p < oo, we say that

2.5 v, converges in law in L p(Rd )

if the condition (CD p) holds and the L p(Rd )-valued random variable f(-, X) sat-
isfies the central limit theorem in this space, that is, there is a centered Gaussian
process G with the same covariance as f (-, X) and with sample paths in L p(Rd ),
such that for every H : L p(Rd ) — R bounded and continuous,

lim EH(v,) = EH(G).
n—oo

Note that in each case, v, () is a random variable that takes values in L p(Rd ),
1 < p < 00, although in the case p = oo, with abuse of notation: v, (-) is really in
2%°(RY), the space of bounded functions on R4, and 7, is not necessarily measur-
able.

The following definition describes the type of central limit theorem we will
prove for the process u, .

DEFINITION 1. Let 1 < p < oo and assume (CD) and (CDp). The processes
up,) converge weakly in L p(Rd ), uniforr_nly ina < A < b, to the centered Gaussian
process G with the same covariance as f (-, X) if

sup |unp —Vallp — 0 in pr*
ré€la,b)
and v,, converges weakly in L p(Rd ) in the sense of (2.4) for p = oo and (2.5) for
p < 0.
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Convergence in pr* means convergence in probability of the measurable en-
velopes (the smallest dominating measurable functions).

Note that in the case p = oo, convergence of u,  to G in the sense of this
definition implies that the processes (¢, A) — u, 5 (¢) converge in law in £°(RY x
[a, b]) to the Gaussian process G (de la Pefia and Giné [7], Dudley [10], or van der
Vaart and Wellner [37] for this type of convergence). However, our notion gives
more. In fact if, for/ =1, ..., N, we have functions g; : ™ > R% gsuch that the
processes ”,(1[,)1 corresponding to g = g; converge weakly in Lo, (R%), uniformly
in a; < A < by, to a centered Gaussian process G; with the same covariance as
Fi(-, X), where F; is the f corresponding to g = g, then it is easy to conclude,
using the obvious multivariate extension of Definition 1, that the vector-valued
processes 7,1, A1......y defined by

.....

1
06 Wiy (1 oo I8) = () (1), ulY) (1N)),

. neRY, ...ty eRIN,
converge weakly in Loo(RU) X -+ X Loo(R) uniformly in a; < A; < by, [ =
1,..., N, to the centered vector-valued Gaussian process defined on RY x ... x
R,

(2.7) G(tr,....tn) = (G1(r1), ..., Gn(ty)),

with the same covariance/cross covariance matrix as F (-, X), where

F(t1,....ty, X) = (F1(11, X), ..., Fn(ty, X)),
(2.8)
fneRY, ...ty e RNV,

2.1. Central limit theorems. We still require another definition. We say that
a class of measurable functions & defined on a measurable space (S, §) is VC-
type (VC for Vapnik and Cervonenkis) with respect to an envelope F (meaning a
measurable function F such that | f| < F for all f € ¥) if the covering number
N(F,L2(Q), ¢), defined as the smallest number of L,(Q) open balls of radius &
required to cover ¥, satisfies

AlFlLy 0\’
(2.9) N(F,L(Q),¢) < — ) 0<e=<2|Flry0)

for some A > 3 and v > 1, for every probability measure Q on 4 for which
Q(F?) < oo. If (2.9) holds for #, then we say that the VC class # admits the
characteristics A and v.

THEOREM 1. Let p = 00, let (CD) and (CDoo) hold, and let K be bounded.
Assume:



LOCAL U-STATISTIC PROCESS 1111

(a) each of the classes
(2.10) K=K Yy —)):yeRY ah, <h <bh,}

is VC-type for a bounded envelope F, and all the classes K, admit the same
characteristics A and v;

(b) the density fq of (X1, ..., X) is bounded and the class of functions ¥ :=
{(F(t,-):t € R%} is P-Donsker and the identity map

®RY, |- D RY p)

is uniformly continuous, where 0% (u,v) = Var(f(u, X) — f(v, X));

(¢) hy, — 0andnh,/(1Vv log(Alan||L2(fg)/\/m))2 — 00. The processes uy, ),
then converge weakly in Loo(R?), uniformly in a < A < b, to the centered
Gaussian process with the same covariance as f (-, X).

REMARK 1. Theorem 1 has obvious applications to the construction of confi-
dence bands for f,. It is formulated uniformly in a < A < b so as to allow the pos-
sibility for A to be replaced by an estimator X”. Suppose that Xn = (X1,..., X))
is an adaptive bandwidth selector such that for all 0 < ¢ < 1 there exist 0 < ¢ <
d < oo for which for all large enough n

(2.11) Pric <ip<d}>1—c¢.

Then if assumption (a) of Theorem 1 holds for any choice of 0 < a < b < co we
can immediately conclude from (2.11) that the processes u,, 7 converge weakly
in L (RY) to the centered Gaussian process with the same covariance as f (-, X).
The analogous remark holds for Theorems 2 and 3 below. For a thorough discus-
sion of bandwidth estimators that satisfy (2.11) refer to Deheuvels and Mason [5].

REMARK 2. We note that if the classes of functions F; = {f;(,-):t € RY},
i=1,...,m,are P-Donsker, then sois # givenin (b) (e.g., Theorem 2.10.6 in van
der Vaart and Wellner [37] applied to the function ¢ (t1, ..., 1) =D /" ti/ Jm).
A sufficient condition for the class of functions ¥ being P-Donsker is that it be of
VC-type, since the function f being jointly measurable already ensures that this
class of functions is measurable (e.g., Definition 2.3.3, Example 2.3.5 and Theo-
rem 2.5.2 (Pollard’s CLT) in van der Vaart and Wellner [37], or Dudley [10], The-
orem 6.3.1). These two references contain many examples of classes of functions
which are of VC-type. We single out one of them which is particularly convenient
for condition (a) above. Let ¥ : R — R be a function of bounded variation on R (W
is the difference of two bounded nondecreasing functions). The proof of Lemma
22 in Nolan and Pollard [26] shows that if

(2.12) Kx)=¥(px)), xeRY,
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where p is either a real polynomial on R? or the arth power of the absolute value
of a real polynomial on R?, o > 0, then the class of functions

J<={K(y_l(t—-)):teRd,y > 0}

is VC-type. Moreover, since the function K (y‘l(t — x)) is jointly measurable,
this class is also measurable. Most kernels of interest satisfy condition (2.12), and
therefore, condition (a) in Theorem 1.

Sometimes one is interested only in weak convergence in L, (D) uniformly in
a < ) < b, where D is a subset of R? that may even consist of a single point. For
instance, this is the case for the interpoint distance process, where K (x) = I{|x| <
1}, S=R? and g(x,y) = x — y. The following, which is related to a result of
Eastwood and Horvéth [12], will be a corollary to the proof of the above theorem.
We say that a subset D of R? is star-shaped about 0 if x € D implies Ax € D for
allo<x<1.

COROLLARY 1. Let D be a measurable bounded subset of R? star-shaped
about 0 and with Vol(D) # 0, and set K = Ip/ Vol(D). Assume that g(Xq, ...,
Xm) has a bounded density f,, that E[ f (0, X)1? < 00 and that for all € > 0,

(2.13) lim lim supPr*{ sup [V, (u) —v,(0)| > 8} =0.
§—0 n—oo lu| <8

Let hy, — 0 be such that nh, — oo. Then, the processes luy, ) (0) converge weakly

in EOO((O,l]) to the process Ao Z, 0 < A < 1, where Z is standard normal and

o2 = Var(f(0, X)).

It makes sense to define Au, »(0) as zero for A = 0. With this convention, in
force from here on, we have weak convergence in £°°([0, 1]) in this corollary.

Condition (2.13) is satisfied, for instance, if the class Fs := { f (¢, ) : |t] < 8} is
P-Donsker for some § > 0, a condition weaker than the class # being P-Donsker.

Next we state the central limit theorems in the L, norm, uniformona <A <b.
We need to recall the definition of Young moduli of exponential type. As in de
la Pefia and Giné [7], page 188, Wi (x) :=¢e* — 1, but if & < 1, since e s only
convex for x > x4 := ((1 — a)/oz)l/“, we take as a function W, that is O at O,
convex and increasing, and of the order of ¢*" for x large the following:

(2.14) W, (x) =14 (x) —aexp((1 — a)/at),

where t,(x) equals exp(x®) if x > x4, and equals the tangent line to the function
y =exp(x¥) atx = x4 for 0 < x < x,. We also recall that then, for any nonnegative
random variable £ for which Ee¢/9" < oo for some a > 0,

(2.15) 1§, :=inf{c: EWq(§/c) < 1}.
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This is a (pseudo)norm and it dominates, up to constants that depend only on «
and p, all the L, (pseudo)norms. Simple standard computations show that

(2.16) Pr{&é > x} <bexp{—(x/a)*} forallx >0 — |&|ly, <Ca

for a constant C that depends only on « and b. Note also that W (1) is a constant
times u for 0 < u < Wy (xy) and it is the 1/«-th power of the logarithm of u +
aexp((l —a)/a) for u > Wy (xy).

Given akernel K and 0 < a <b < o0, define

2.17) Kia,p) :={Kp:h €la, b]} U{0}.

For any two functions f and g in L, set
(2.18) apcre = [ 1F0 g0 dr
R4

THEOREM 2. Let2 < p < 00 and let (CD) and (CDp) hold. Assume:
(a) the kernel K is in L ,,(Rd) and

1
(2.19) /0 W50 (N (Kaby, dp, ) de < 00;

(b) the sum of conditional densities f defined in (2.1) satisfies

lim 2Pr{[f (. X) = EFC. X)]l, >1} =0
(2.20)
and /Rd[E(f(u, X) — Ef(u, X))z]p/zdu < 00;

(©) hy — 0and nh2 PP 5 oo,

Then, the processes u,,_ ) converge weakly in L p(Rd), uniformly ina < A < b, to
the centered Gaussian process with the same covariance as f (-, X).

The two conditions in (2.20) are implied by the stronger but sometimes more
convenient conditions E||f;(-, X) — Ef;(-, X)||3 < oo fori =1,...,m. This fol-
lows immediately from Minkowski’s inequality for integrals (e.g., Folland [14],
page 194). Also, note that for p = 2 the first condition in (2.20) is superfluous.

We should remark here that the conditions (2.20) are precisely the necessary
and sufficient conditions for the L p(Rd )-valued random variable f(-, X) to sat-
isfy the central limit theorem, that is, for the processes v, to converge in law
to G in L p(Rd), p > 2 (Pisier and Zinn [29]; see also Araujo and Giné [2],
pages 206-207).

For 1 < p <2 we need K2 and [ to satisfy certain moment assumptions, and
for this it will be convenient to have the following notation: for s > 0, p > 1, we
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define the Borel measure pt; on RY, L, (us) and de?S as
dus(t) =+t dt,  Lp(us) =LyR?, B, uy),

C’Zp,s(fa =If- g||Lp(Ms)’

the latter for functions f, g € L, (us).

(2.21)

THEOREM 3. Let 1 < p <2 and let (CD) and (CDp) hold. Assume K? and
fg arein Li(uy) for some s > d(2 — p)/p. Assume also:

(a) K isin L,(R?) and
1 -
(2.22) /O W (N (Kiap), dp V da s, €)) de < 003

(b) the sum f of conditional densities satisfies

(2.23) /R JEGF@.x) - ETa, X))2)P? dt < oo;

(¢) h, — 0andnh, — oo.

Then, the processes u,, ) converge weakly in L p(Rd), uniformly ina < A < b, to
the centered Gaussian process with the same covariance as f (-, X).

For p = 1, condition (2.23) is equivalent to [[EF"(, X)]'/2dt < oo.

As above, we should also mention that condition (2.23) is precisely the nec-
essary and sufficient condition for the L p(Rd )-valued random variable f(-, X) to
satisfy the central limit theorem, that is, for the processes v, to converge in law
to G in L p(Rd), 1 < p <2 (Vakhania [36] and Jain [22]; see also Araujo and
Giné [2], pages 206-207).

REMARK 3. All garden variety kernels satisfy the entropy assumptions of
Theorems 2 and 3. In fact, many such kernels are of the form K (x) = ¥(|x|),
where W is a function of bounded variation defined on [0, c0). To see this, assume
that for bounded nondecreasing functions M and N we can write W = P — N.
Further, assume that

o0 [ee)
/ = M () dr = My < 0o and / PN ()| dr = No < 00,
0 0

Define the class of functions P = {r > r¢=1W(rAl/4): 1 > 1}. We claim that this
class satisfies for some A > 0,

(2.24) N(P,d,e) <A™, 0<e<l.
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To verify this choose 1 < A < u. We see that

o
/0 |rd_l\D(rA1/d) — rd_I\IJ(r/J,I/d)l dr

< foord_l[M(rp,l/d) — M(rkl/d)]dr
0

+ /OOO rd_l[N(rul/d) — N(rkl/d)]dr

= Mo+ No)W ' —pH=co —uh.

Now as in the proof in Example 1.2 of Giné, Mason and Zaitsev [21] choose open
balls with centers at Ay = C/(C — ke) for k =0, ..., ko where kg is the largest
integer strictly less than C/e. This shows (2.24).

Now consider the class of functions on R? given by KX ={x — K Adx):
A > 1}, where K (A!/4x) = W (11/?|x|). Since by changing to polar coordinates

o0
fd K M) — K () dox = cdf P Y Y
R 0

where C; = dnd/z/ '(1+d/2), we see from (2.24) that for some B > 0
(2.25) N(X,.,di,e)<Bie™!, 0<e<l.

From this result along with boundedness of K we readily get that for all p > 1
there is a B, > 0 such that

(2.26) N(X.dpe) <Bpe™”,  0O<e<l.

It then follows easily that the class of functions K|, 5 formed from a kernel of the
form K (x) = W(|x|) obeying the above conditions satisfies the entropy condition
of Theorems 2 and, if K has bounded support or decreases exponentially in a posi-
tive power of |x/|, that of Theorem 3 as well. Some commonly used kernels defined
on R of this form are (1) K(u) = 1{u € [—1/2,1/2]}, 2) K(u) = %exp(—|u|),
(3) K(u) = —A=exp(—u?/2), and (4) K(u) = 3(1 — x?);. See, for instance,

NGz
Devroye [8].

2.2. Examples. In this subsection we show how the previous theorems apply

to a few instances of estimation of the density of a function of several variables
considered in the literature, as well as to the interpoint distance.

EXAMPLE 1 (Linear combinations). (Frees [15], Schick and Wefelmeyer [32])
Suppose that

(2.27) gx1, o X)) = Y ui(xp), xi €S,
i=I
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for measurable functions uy, ..., u,, from S to R? such that the randorE variable
u;(X) has a density f; for eachi =1,...,m. Then (CD) holds with f;(¢,x) =

filt —uj(x)) and f; = fi*---% fi_y % fiy1 %--- % fr. Thus,

ft,x)=) filt—ui(x)), teR% xeSs.

i=1

The process u, ; is then given by

— | m
1 (1) = \/ﬁ% 3 [mn (t - Zur(xm)
: r—1

ic/m

(2.28)

— EKynp, (f - Zur(xr))i|-
r—1

We will discuss some conditions under which the central limit theorems in
L p(Rd ), p € [1, oo], uniform in X, given above apply in this situation.

Let d = 1. If f is of bounded variation on R then so is the convolution of f
with any density, as is easy to check (in fact, more is true; see, e.g., Schick and
Wefelemeyer [33], Lemma 1). Hence fj is of bounded variation for each j if at
least two of the densities f; are. So, assuming the densities f; are of bounded
variation, then the classes F; = { f,'(t —):t € R%} are of VC type by Lemma 22
of Nolan and Pollard [26], as mentioned in connection with (2.12). Also, since
the map (7, x) — fi(t — x) is jointly measurable, these classes are Q-Donsker for
every Q (e.g., Dudley [10], Theorem 6.3.1, page 208). Hence, %; is P-Donsker for
eachi =1,...,m. As observed, for example, in the proof of Lemma 8, Schick and
Wefelmeyer [34], if f is a function of bounded variation on R, with f(—oco+) =0
and Ty is the total variation of its right continuous modification f(-+), then by
Fubini’s theorem applied to the product of Lebesgue measure with the measure
whose cumulative distribution function is f(-+), [ |f(x +s) — f(x)|dx < C|s|
for all s € R. With f = f; this gives

E(T:0.3) = T, 00 = [ (fite =) = fits =) fiw) du

< 2Tl filloll fillilt = s1.

Hence, since this holds for every i =1, ..., m, the identity map (R, |- |) — (R, p)
is uniformly continuous. So, if the densities f; are of bounded variation on R, then
condition (b) in Theorem 1 is satisfied (note that f, is of bounded variation, hence
bounded).

Let d > 1. Finding interesting conditions on the densities f; in order for condi-
tion (b) in Theorem 1 in the CLT to be satisfied is a little more cumbersome in this
case. Here are some conditions:
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(1) f;i is «-Holder continuous for some 0 < o < 1 and of bounded support, for
each 1 <i <m. In this case one can easily check the VC property.

(2) fi is of bounded variation on R? in the sense that it is the difference of
the (d-dimensional) distribution functions of two positive measures (necessarily
of the same mass). In this case the Donsker property follows from Dudley [10],
Corollary 10.2.8, page 327.

(3) The functions f; satisfy condition (2.12). This condition is directly imposed
on convolutions because (2.12) may not be inherited by convolution, except in
particular cases. Some important examples, like full d-variate normal densities,
satisfy it.

As a consequence of the above discussion, we have proved the following theo-
rem that improves on Theorem 1 in Schick and Wefelmeyer [32] in that the con-
vergence is uniform in A € [a, b], the kernel is not necessarily a convolution and
the window sizes h,, are allowed to decrease at a smaller rate. Their result includes
the bias part whereas ours does not, and we discuss this immediately below.

THEOREM 4. Let g be defined by (2.27) and let K satisfy condition (2.12). If
d = 1 assume that the densities f; of u;(X) are of bounded variation and if d > 1
assume that f; satisfy (1) or (2) or that f; satisfy (3) in the previous paragraph.
Let h,, — 0 and nh,/(log h;l)2 — 00. Then the processes uy_ ) defined by (2.28)
converge weakly in Loo(R?) uniformly in a < A < b to the centered Gaussian
process with the same covariance as f (-, x) = a f, (—u;i(x)).

Next we comment on the bias part in this theorem. What we do is standard
and can also be done for the rest of the results in this article, but we will refrain
from doing so. Suppose that the densities f; are in C¥(R¢) and that their partial
derivatives of order k or smaller are all bounded. Then the same is true for f, =
Jf1 %% fi, (this follows, e.g., from Proposition 8.10 in Folland [14] and Young’s
inequalities) and therefore f, admits a Taylor development of the form

fe(t+8) = £, ()

B :_ Z YT IRRRRY:y k. ’
r=1 r! S1H-Sg=r 851xl ce asdxd

0<s;<r

where H is uniformly bounded by a constant times the common bound for the
kth partial derivatives of f, (actually, by continuity, H — 0 as § — 0). Suppose
moreover that the kernel K satisfies the conditions

d
/|t|k|K(t)|dt<oo and /tfl---t;dl((t)dtzo fors; > 0,) si <k.

i=l
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Then, integration after change of variables and use of Taylor’s formula for f,(r +
(W) ') — fo (1) give

sup /i|EKp, (t —g(X1, ..., Xm)) — fo ()] = O(/nh¥/?).
rela,b]

Therefore, under these extra conditions on f; and K, if nth/ a_ 0, the conclusion

of the previous theorem can be modified to convergence in law in °(RY x [a, b))
of

{ ] Zmn( - Zm(x,-r)) - fg(r>}
r=1

Inl

to the same centered Gaussian process. If the partial derivatives up to order k of f;

are bounded and in L1, then f, € C"*(R?) (e.g., by iteration in Proposition 8.10,

Folland [14]), and the previous discussion applies with k replaced by mk.
Simultaneous estimation of convolutions. Here is an immediate application of

Theorem 4 to the simultaneous estimation of the densities of convolutions. Let

f be a density of bounded variation on R. We are interested in estimating the

convolutions f’"2 fxf...,f"N for N>2 Form=2,...,N, t, € R and
m < Am < by, introduce the estimators

T 1 tm_Zm—lxi
Mty Ay) = ——— » K[ — ==
I O 2om) VR 2 ( Amhn )

m'tn Il’ln
and set
") (tm) = N (s M) — E F7 (tr, Jom))

or, under extra conditions as in the previous remark, replace E fn*m (tm, Am) by
™ (tm, Am). [These estimators correspond to the functions g = g,, defined by
gm(X1, ..., xXm) =x1 + -+ + xp.] A direct application of Theorem 4 in com-
bination with the observations (2.6)—(2.8) gives that the vector-valued processes

@, (02), ... ul) (tn)) converge weakly in Log(R) X -+ X Loo(R) uniformly
na, <l < bm, m=2,...,N, to the centered Vector—valued Gaussian process

defined on R x --- x R, with the same covariance/cross covariance matrix as

Q2f(t—=X), ... NfFN Dy — X)),

We note here that Schick and Wefelmeyer [32] use a variation of the Frees [15]
local U -statistic estimator of convolutions of densities. Their estimator is based on
convolving kernel density estimators. Here is how their approach works in the case
of estimating the density of X; 4+ X», where X; and X, are i.i.d. real valued with
density f. Consider the kernel density estimator

Fa) = ()™ k(R (x — X)),

i=1
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where k is of bounded variation on R. Their estimator is ﬁl * ﬁ and can be ex-
pressed, with K =k x k, as

ok ) = 2h Yk (=)

i=1j=1 ”
n—1— 1 & x —2X;
= K 9
O+ 3 ( - )

where Un,h,, (x) is the Frees type local U -statistic estimator of f * f(x) defined
by

Uiy @) = (hann =)~ 3" K (x — X;i — X))

I<i#j=<n

The second term in the above expression for fa % falx) is asymptotically negligi-
ble and Theorem 4 applies to Uy, . This remark applies as well to simultaneous
estimation of convolutions of densities.

We can complement the above results for Loo(R?) with limit theorems for the
L, distance. We now do this for the cases p =1 and p =2.

THEOREM 5. Assume K satisfies condition (a) in Theorem 2 and let g(x1, ...,
Xm) = it ui(x;), ui:S— R? be measurable, where u;(X) has density f;. As-
sume f; is in Lz(Rd). Assume also h, — 0 and nh, — 00. Then

7 Zi’“hn( - Zm(x,-,)) — EKn, (t - Zm(&))}
r=1 r=1

converges in law in Ly(R?) uniformly in A € [a,b] to the centered Gaussian
process with the same covariance as Y 7| fi (- — u;(X;)).

This theorem follows because by Young’s inequality (e.g., Folland [14],
page 240), f; € Ly fori =1,...,m implies E [ f(t, X)*>dt < 0o. As in the pre-
vious theorem, a little more smoothness on f; and higher-order kernels allow for
elimination of the bias.

We can also recover the Schick and Wefelmeyer [32], Theorem 2 on the CLT
for the L norm, with weaker assumptions (note that condition (2.22) is vacuous
if [a, b] reduces to a single point).

If two densities belong to L(us) for some s > 0, then so does their con-
volution as can be seen by direct computation using the trivial observation that
1+ 1Ju+v]) <A+ |ul)(1+|v]), and it is also routine to check that if any finite
number of densities and their squares belong to L1 (us), so does the square of their
convolution. Moreover, by Lemma 1 to be proved below, if f and k are two non-
negative functions in L (us) for some s > d, then [(f * K)Y2(1) dt < oo. Hence
Theorem 3 gives:
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THEOREM 6. Let g(x1,...,xp) = Y 7t ui(x;), u;: S+ RY be measurable,
with u;(X) having density f;, for i =1,...,m, and let K be a kernel on R?.
Assume that for some s > d, K2, fi and fl.2 are in Li(ug), i =1,...,m, and

that K satisfies condition (a) in Theorem 3 for this s. Assume also h, — 0 and
nh,, — oo. Then

|I—\/’f| {K)Lh” (t - Z ur(Xir)> - EK)\.hn (t - Z ur(Xr)>}
" r=I r=1

m
Il’l

converges in law in L 1(RD) uniformly in X € [a, b]) to the centered Gaussian

process with the same covariance as Y 7| fi(- —u;(X;)).

In R, if the densities f; are bounded (they do not need to be) then the condition
imposed on f; is simply that [ |x|1+5f(x) dx < oo for some § > 0.

EXAMPLE 2 (Distribution of sample distances). Frees [15] considers estimat-
ing the density of the interpoint functional g(X1, X») = | X1 — X3| in two dimen-
sions, where X; are i.i.d. with a density f which is bounded and of bounded sup-
port. We further assume that f is o-Holder continuous for some 0 < « < 1, that
is, | f(u) — f(v)| <Clu—v|* forall u,v e RZ. Then, it is easy to see that f,, the
density of g,

2
fo(®) :/ /zf(xl +1¢c086, xa +1sin0) £ (x1, x2)t dx1 dxa d,
0 R

is bounded and has bounded support. Moreover, for x = (x1, x2) and with R the ra-
dius of a ball around zero containing the support of f, we have, for the conditional
densities f; of | X1 — X2/,

_ _ 2
f1,x)= fo(t,x) = f(x1 +tcosb, xy+tsinb)tdo, 0<t<2R,
0

and f;(t, x) =0 for larger values of t. Then f = f, + f, satisfies
1ft,) = fi(s, )] <8mRC|t — 5| + 47| fllclt — 51,

and therefore, with & = {f(t,-):|t| < 2R} and any probability measure Q,
N(F,Ly(Q),e) <C /81/ “ which, since the class ¥ is image admissible Suslin
by joint measurability of f, implies that the class # is P-Donsker. So, if we take
a kernel K satisfying (2.12), and h, — 0 with nh, /(log h;l)2 — 00, we get that
the processes defined for |[t| < R, A € [a, b],

n1/2

nn—1) > AKown, (¢ —1Xi — X)) — EKop, (1 — |X; — X)),

I<i#j<n
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converge in law uniformly in ¢ and A to the centered Gaussian process with the
same covariance as 2 f1 (¢, X). Moreover, the comments following Theorem 4 re-
garding replacement of (M) YEK ((Why) " e — |X; — X;|)) by fg(t) apply here
as well.

In dimension 1,

S1t, x) = falt,x) = f(t +x)+ f(—1+x), t>0,

and a sufficient condition for ¥ to be P-Donsker is that f be of bounded variation
on R. Then, K of bounded variation on R and nh, /(logh, 12 — 00 ensure the
same CLT as above. Since

folx) = / FO+x) L) dy + / F =0 f ) dy
and

fo(0) =2 / £ dy,

as observed by Frees [15], we get a /i consistent estimator of [ f2(x)dx when
the extra smoothness conditions to make the bias tend to zero hold. See also Bickel
and Ritov [4] or Giné and Mason [19] and references therein for other \/n consis-
tent estimators of [ f2(x) dx.

EXAMPLE 3 (Local interpoint distance processes). (Jammalamadaka and Jan-
son [23], Eastwood and Horvéth [12].) In Corollary 1 we consider the processes

_

i . 1/d
hy Vol(D) > U{g(Xi. ... Xi,) € (M) /“ D)

m
—Pr{g(X1,..., Xm) € (M) 9D}

for D star shaped about 0. Of particular interest in the literature is the case corre-
spondingtom =2, § = RY, g(X1, X2) = X» — X1 and D the (open or closed) unit
ball about zero for some norm in R?. In this case the densities 71‘ (t,x),i=1,2,
are, respectively, f(x —t) and f(x +1¢), where f is the density of X. So, for the lo-
cal asymptotic equicontinuity condition (2.13) to hold we only need that the class
F ={f(+1):]t] <8} be P-Donsker for some § > 0. If f is Holder continuous
of order « € (0, 1], and Q is any probability measure on R, then

/(f(x+t)—f(x+s))2dQ(x)§C|t—s|2“, s, €RY.

It follows as in the previous example that ¥ is VC and measurable, hence
Q-Donsker for every probability measure Q. Thus, Corollary 1 implies the fol-
lowing slight strengthening and generalization of Theorem 1.1 in Eastwood and
Horvath [12].
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THEOREM 7. If D is a bounded measurable subset of R? star-shaped about
zero and with Vol(D) # 0, X; are i.i.d. random vectors in R? with a density f
which is a-Holder continuous for some o € (0, 1], and h,, — 0, nh,, — 00, then
the processes

1 X, — X; X1 — X,
L IgeD}—P{geD”,
PR, NolD) 2 [ { B Gy 17

(i1.i2)ely
0<Ac<l,
converge in law in £%°[0, 1] to the process Ao Z, 0 < X < 1, where Z is N(0, 1)
and o> =4[ f3(x)dx — (f f2(x)dx)?].

3. Proofs. In the sequel it will be helpful to introduce the following notation
and facts. For a kernel L of k > 1 variables we set

(n—k)!
3.1) Urgk)(L):TZL(X“”X”‘)
T delk
[so, U,(t, 1) = U,fm)(Kxhn (t —g(,...,-))) even if g is not symmetric in its en-

tries]. [When L is a constant function we define U,go)(L) = L.] Assume now that
L is a function of m > 1 variables, symmetric in its entries. Then, for 1 <k <m,
the Hoeffding projections with respect to P are defined as

3.2) meL(xy, ..., xp) = (le —P)x---x (5xk —P) x Pm—k(L)

and moL = EL(X1,..., X;n). Then, the Hoeffding decomposition states the fol-
lowing, which is easy to check:

m oy gL =S (M \y®
(3.3) U™ (L) EL_];(k)Un (i L).

For L € Ly(P™) this is an orthogonal decomposition and E (w3 L| X2, ..., X¢.) =0
for k > 1; that is, the kernels 7z L are canonical for P (or completely degenerate, or
completely centered). Also, mx, kK > 1, are nested projections, that is, 7y o my = my
ifk<¢,and E(ryL)? < E(L — EL)? < EL?.

The function K (t — g(X1, ..., X)) is not necessarily symmetric in its entries,
but we can symmetrize it as

_ 1
(3.4) Kn(t,xt, ..o oxm) o= — > Kp(t = 8o, -+, Xg,))-
m: oeln
Then, clearly, for each ¢ € R,
Un(t»}\) - EK)nhn(t _g(Xla 7Xm))

=U™ (Kp, (t,....)) — EKn, (t, X1, ..., Xm).
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Moreover, by applying (3.3) to u,;(t) we get

(33) =Y (’Z ) U Koy 25 ))-

3.1. A general proposition for the CLT. _Let us consider the first term in the
expansion (3.5). Note that, by definition of f and f,,

m

mw Kp, (1, X) :ZEKAhn(t — (X1, ... Xic1,x, Xigt, ooy Xm))
i=1
_mEK)»hn(t _g(X17 ’Xm))

= [ Ko, 6 =) (Fluw, ) = EF, X)) du

= ](T(r —u,x)— Ef(t —u, X))Kyp, (u)du.

Hence,
nmUP (i Ko, (¢, )
(3.6) = %;/(?(t—u,X,-) — Ef(t —u, X))Kn, (u)du

- / Tt — ) Ko, (1) dit = (T % K ) (1),

which is a generalized version of the smoothed empirical process that has been
recently investigated by several authors (e.g., Rost [31] and references therein).
We shall see that it controls the asymptotic behavior of the process u, . In the
next proposition we show it has the same asymptotic behavior as the empirical
process over the class of functions {7(t, ),t e R }.

PROPOSITION 1. Let 1 < p < o0. Assume:

(1) condition (CDp) holds;
(i1) lim5_>01imsupn_>ooPr*{suplulss V(- —u) =V, > e} =0 for all
e>0;
(iii) the sequence ||V, ||%, n € N, is stochastically bounded.

Then, whenever h, — 0 we have

(3.7)  lim sup |/nmUD (21K s, (-, ) — Fn(-)”p =0 in pr*.

a<i<b

PROOF. Letws(v,) = SUP|,| <5 V(- —u) =v()|l p, § > 0, denote the Lp(Rd)
modulus of “continuity” of v, which is defined because of (i). Then it follows
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by Fubini in the case p = oo and by Minkowski’s inequality for integrals (e.g.,
Folland [14], page 194) in the case 1 < p < oo that

1Vn % Kan, = Vnllp < ws (W)l K, 1 +2||Un||p/ | | K, ()| du

|u|>6

< ws @K1+ 217, [ K @) du.
|u|>8/(Ahp) /4
Now, the result follows from this, K € L;(R?) and (ii) and (iii), in view of (3.6).
O

COROLLARY 2. Let 1 < p < o0. Assume (CDp) and hypothesis (b) in Theo-
rem 1 for p = 0o, in Theorem 2 for 2 < p < 0o and in Theorem 3 for 1 < p < 2.
Then the processes Vv, converge weakly in L p(Rd) to the centered Gaussian
process G with the covariance of f (-, X). If moreover h, — 0, then the limit (3.7)
holds.

PROOF. (a) Case p = oco. In this case, the hypothesis of the class & being
P-Donsker is just another way of saying that U,, converges in law to G in L., (R?),
and this obviously implies (iii); finally, (ii) holds by the uniform continuity of the
identity map (R?, |- |) — (R?, p) together with the usual asymptotic equicontinu-
ity condition (e.g., Dudley [10], pages 117-118).

(b) Case 1 < p < co. As mentioned in Section 2, the hypotheses (b) in Theo-
rems 2 and 3 are precisely the necessary and sufficient conditions for the process
G, X) to satisfy the CLT in L, that is, for v, to converge in law to G in L.
Moreover, (iii) is a direct consequence of this convergence. Finally, condition (ii)
holds by the uniform tightness implied by weak convergence together with the
Fréchet—Kolmogorov characterization of compact sets of L p(Rd ) (see, e.g., Dun-
ford and Schwartz [11], Theorem IV.8.21, page 301). [

In view of (3.5) and Corollary 2, to complete our CLT program for u,, ;, that is,
the proofs of Theorems 1, 2 and 3, it only remains to show that the hypotheses in
the statements of these theorems also imply
(3.8) sup |nU® (e Kon,)|,—0  inpr, k=2,...,m.

a<i<b
Proving this constitutes the main part of our proofs, and requires new inequalities
for U-processes that we develop in the next subsections.

3.2. Inequalities for U-processes. In the next two subsections we collect the
inequalities we need to prove the limits (3.8). First we consider the case of
U -processes indexed by VC classes of functions and obtain a moment inequal-
ity that generalizes the scope of that of Einmahl and Mason [13] and Giné and
Koltchinskii [17] for empirical processes. Next, we consider U -statistics taking



LOCAL U-STATISTIC PROCESS 1125

values on separable type 2 Banach spaces such as L, p > 2, and derive exponen-
tial inequalities for them. The inequality that we get in this situation is particularly
neat. Then, based on the method recently used by Giné, Latata and Zinn [18] to
prove inequalities for U-statistics, we derive both moment and exponential in-
equalities for other Banach spaces, such as L, 1 < p < 2. These are less clean
than in the type 2 case, but are still usable. Neither of our exponential inequalities
captures the Gaussian tail behavior that the statistic should have for small values
of x; nevertheless, their application yields very strong results in the situations en-
countered in this article.

3.3. U-processes indexed by VC classes. In this subsection we consider
classes of measurable functions & defined on (S™, ™) taking values in [—1, 1],

and we assume that 0 € #. The object is to obtain a bound for E ||U,§k) e )l
where ¥ is of VC-type, and where we use the notation || W (f)||# = sup sc |V (/)
for any functional W defined on the class ¥ . This bound will require measurabil-
ity on the class ¥ described in de la Pefia and Giné [7], page 138: the class ¥
should be measurable in the sense that for every k = 1,...,m and every choice
of a;,,.. i € {—1, 1}, the mapping f Zlff aj,.,.... ,-kPm_kf(Xil, ..., Xj,) is mea-
surable for the completion of 4”. This holds, for instance, if (a) if there exists
Fo countable such that this sup equals the sup over ¥y, or (b) if the o-algebra §
is countably generated and contains the singletons, and the class ¥ is image ad-
missible Suslin, for instance, if it is parametrized by a complete separable metric
space T in such a way that the evaluation map (¢, x1, ..., xXn) = fr(X1, ..., Xm)
is jointly measurable (Dudley [10], Section 5.3; van der Vaart and Wellner [37],
Section 2.3.1; Pollard [30], page 196). These conditions allow us to randomize
by independent random signs and use Fubini. If either of these two conditions is
satisfied, we say that the class F is measurable.

The following moment inequality will be instrumental in finishing the proof of
Theorem 1. The proof of this inequality has several points in common with the
proofs of similar inequalities for m = 1 in Einmahl and Mason [13] and in Giné
and Koltchinskii [17]; however the present proof does not rely on the square root
trick or on the contraction principle for Rademacher processes.

THEOREM 8. Let ¥ be a measurable collection of functions S™ +— R sym-
metric in their entries with an envelope function F and let P be any probabil-
ity measure on (S,48) (with X; i.i.d. P). Assume F is bounded by M > 0 and
F is VC with respect to F with characteristics A and v, as in (2.9). Then for
every m € N, A > €™, v > 1, there exist constants Cy := C1(m, A,v, M) and
Cr=Cy(m, A, v, M) such that

o\ K/2
nk/zEHU,Ek)(ﬂkf)Hf < Cla(logAHFllaLz(P )) ’

3.9
k=0,1,...,m,
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assuming
2\|F m
(3.10) nol>C, log(m),
o
where 0% is any number satisfying

(3.11) | P" f2|ly <o < P™F2.

PROOF. Without loss of generality we assume F < M = 1. The theorem is
true for all m and k = 0 by Holder’s inequality, since U,&O) (mof) = Pf, so we
assume the statement to be true for all m € N and k — 1, for some k > 1, and prove
it for k (and for all m € N ). We shall omit symbols when no confusion is possible,
so, for instance, we write || - || for || - ||#. We shall not keep track of constants;
in particular, constants that depend on a subset of m, A, v, M, will generically be
denoted by C (so, the value of C may change from line to line). By Theorem 3.5.3
in de la Pefia and Giné [7], the definition of 73 and Jensen’s inequality,

E Z(nkf)(xil’---axik) SCE Zgh"'8ik(nkf)(Xi|’---,Xik)
¥ ¥
<CE|> e &;,(P"* ) (Xip ..., X)) |
Ik

Here X;, ¢; are all independent, the X’s have law P and the ¢’s are random signs
(Rademacher variables). Since for any probability measure Q on S¥,

Q(P"H(f-9) =0 x P"H(f - ),
it follows from the VC property of ¥ that

(AHV PmkF2||L2(Q))U
T 9

NP KF L,(0),7) <

0<t<2|VPTEEY, o),

that is, P""~* ¥ is VC-type with characteristics A and v and envelope v/ P~k F2,
This gives, by the entropy integral for Rademacher chaos of order k (de la Pefia
and Giné [7], Corollary 5.1.8, upon noting that exponential Orlicz norms dominate
L, norms up to constants),

\IXTV2E D iy i (PR O(Xiy LX)

If
VIUR ko o AJUP (pm—k F2yN\ k/2
|, ( )
T

0

log T,
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where E. denotes expectation with respect to the Rademacher variables only. [To
apply Corollary 5.1.8 exactly to our process we need that, for X1, ..., X, fixed,
the Rademacher chaos process

fe > e e (PPN OXiy, . X)), fEF,
Ik

be separable, and this follows by separability of the unit cube of R/ for the
Euclidean norm.] Then, by Fubini,

(3.12) IFY2E|UP ()] < CB,

where

VITR ol AJUE (pm—k F2y\ k/2
<log ) dr.

T

(3.13) B= E/O

Decompose the integral B into two parts,

VIOt A UR (pm—k p2)\ k72
0)) ::E[/ (log . ) dt I,,}
0

’

where
L, =1{UP (P"*F2) > 4pm F?)

and

U (= 2] AJU® (pm-kF2y\k2
(In :=E|:/ (log > dt I;],
0 T

so that B = (I) + (II). The (/) term is handled by the Arcones [3] exponential
inequality (de la Pefia and Giné [7], Theorem 4.1.13), which gives

Pr{U® (P"*F?) > 4P™ F?)
(3.14)
In(P™F?)?
2k2PmF4 4 cPmF?

OnPMF? }

<4 — S

| <dem|-

for a constant ¢ that depends only on k. In the last inequality we have used F < 1.
Since, by change of variables,

VIu ek pi o A UE (Pm—k F2)\ k2
/ (log ) dt
0 T
! [k
< A/ (logu_l)k/zdu U,E )(Pm—kFZ)’
0
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and P*(UP (Pm=kF2)) < Pm F2 it follows by Holder’s inequality and (3.14) that

9| FlI7,pm } _D

3.15 I <C|F m — —_—
(3.15) (1) = CIP s exp| ~ g 2 N

As for (II), we note

VITO P DDI 7 2 A F | ypm \F2
I (o =25252)
0 T

(3.16) (Hh<E dt I,f}

Now by integration we see that for any 0 < ¢ < C

[ dogc 21 = Saoe( oy |x = cog(c et
which when (log(C/c))~! < k! gives the inequality
(3.17) fo c(log(C/x))k/z dx < 2c(log(C/c)k/?.

Thus since on I

(3.18) 2AIF | apm N |UL (PP )] = A= e > &,
we get from (3.17), (3.18) and (3.16) that

2A0F |y pm) )kﬂ]
JIuP (Pt £y2)]

Since the function ﬁ(—logx)k/z, 0 < x < 1, is concave on (0,e*] and
A > ¢™ > €&, this last bound is by Jensen’s inequality

2A(FllL,pm) >k/2
VEIUL (Pm=k £y2)]

We are going to show that there exists a C > 0 such that

1 B Al F L, pmy \*?

_ = 2 LA
[ﬁ+ nk/2+a (log . ) ]
We shall consider two cases. In case 1, E||U,§k)((Pm_kf)2)|| < o2, In this case,
since the function /x (—logx)¥/2, 0 < x < 1, is increasing on (0, e¥], we get the
trivial bound from (3.15) and (3.19) that

N < 2E[\/ |UL (Pm=k £)2)) (log

3.19)  <2JE|UR (Pt f)2)| <1Og

(3.20) B=<C

2A||F||L2(P’”))k/2

D
B<—+20|(l
_\/ﬁ—i_ a(og o

which of course implies the bound (3.20) (note that A||F||,pm)/o > e™).
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Next consider case 2, E|| U,gk)((Pm_k f )2)|| > 2. To handle this case we must
bound E ||U,§k)((Pm_k £)?)|. It is here that we will use the induction hypothesis.
By Hoeffding’s decomposition (3.3) we have

k

@2 E|uPaeminh| <] (’j) E|UY @ (P D).

r=0

The term corresponding to » = 0 is simply | Pk(pm—*k f )2|| < o'2. Consider now
the new class

G ={(P" PP feF)
of functions of k variables. For any probability measure Q on S¥,
O((P"F )2 = (P"Kg)?)* <40 x P"H(f — g%,

and thus the class § is VC-type with constants A and v and envelope 2/ P~k F2
as in (2.9). Also observe that since

_ — 2
IPE(P X O < IIP™ 21 < d0® < 4|V P KF2| ] iy =4I FII7,pm),

we verify that (3.11) holds. Also we trivially see that (3.10) is satisfied, that is,

4no?>no’>C, 10g<M> =C 10g(%>_
o o

Finally noting that A > ¢ > ¢* and 2+/ P"—%F2 <2, we are permitted to apply
the induction hypothesis for 1 <r < k (r =0 has already been dealt with) to get
with M =2,

) m—k 2 —r2 AllF | Lypm) '
(322)  E[UD (e (PP )] < Crk, A, v, 29n /220 (log ZLILEM ) T
(e

Since by the hypotheses (3.10) and (3.11) on o [note (3.11) and F < 1 imply
o2 < 1] we have

1 A F m r/2
(3.23) — 730 (10g m> < "2\ < 07262,
n o

it follows from the bounds (3.22) and (3.23) that

(3.24) ('r‘) E|UD . (P"* D <Co?,  1<r<k

As for r = k, we randomize and use the entropy bound for Rademacher chaos,
just as we did at the beginning of the proof, using the fact that § is VC-type. This



1130 E. GINE AND D. M. MASON

gives
E|UP (P )2
=< C|I’];|_1/2E |If|_1/228i1 . ‘8ik(Pm_kf)2
Iy
(3.25)
¢ 100 (kb AJUP (pm—k )\ k/2
n
= IR f (log ) dt
[Ik11/27 Jo .
B
= an/z’

where B is as defined in (3.13) and we use
(G DT S [ A (G ST B

From (3.15), (3.19), (3.21)=(3.25) and E||U" (P * £)2)|| > 02 we get (3.20).
Since log[A|| F ||1,(pmy/o1> 1, hypothesis (3.10) on o gives

1 A|lF m \ /2
N (log A\ F |l ycpmy/o)/ o

and therefore it follows from inequality (3.20) that with perhaps a different value

of C,
B A|F my \ K72
B<C,|— +0o?%(log AlF N Lyepm )™
nk/2 o

Taking squares and solving this inequality, we get that there exists a constant C
(easy to evaluate) such that

(log Al Flloem /@) ANFyem "2
P + o log — Y .
But, again by condition (3.10) on ¢ as in (3.23),

(log A||F |1, pmy/o)*/?
nk/2

B=c|

<Cot <o,

and therefore

’

A|F my \ K/2
BfCa(log | Fllz, P ))
o

which, by inequality (3.12), proves the theorem. [J

REMARK 4. An analogue of the previous theorem holds if we replace the
function (log(Al|F|lr,0)/T) by H(||FllL,(0)/T) with H an increasing regularly
varying function of exponent 0 <« < 2/m, very much as in Theorem 3.1 in Giné
and Koltchinskii [17].
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3.4. U-statistics taking values in separable Banach spaces.

3.4.1. The L, case,2 < p < oo. We shall begin by establishing an exponen-
tial bound for the tail of the norm of a U-statistic taking values in a separable
type 2 Banach space B. Let us recall that a separable Banach space B is of type 2
if for any finite number of points x; € B and independent Rademacher variables ¢;
(independent random signs), we have E|| Y7, gixi||? < CYi, lxi |12, and the
smallest such constant C is the type 2 constant of B. It is well known that the
L, spaces are of type 2 if (and only if) p > 2. If Z; are independent, centered
B-valued random vectors with a square integrable norm and B is of type 2, then

n
2. Zi
i=1

(Araujo and Giné [2] or Ledoux and Talagrand [24]).

2 n
<C> E|z]|?

i=1

(3.26) E

THEOREM 9. Let H be a function of k variables, P-canonical, symmetric,
with values in a type 2 Banach space. We have, for all x > 0,

X 2/k
2| = el (m) )

(3.28) k> sup ||H(xt,...,xp)ll

Y HXip,.... X))

iel}

(3.27) Pr{

where k is a number satisfying

and Ao and D are constants that depend only on k and the type 2 constant C of B.

PROOF. (This inequality was mentioned on page 252 of de la Pefia and
Giné [7] and its precise statement and proof were left to the reader.) Here is the

proof.
Let
1
S":n—l/z Z H(Xi1,~~-,Xik),
K(k) 1<ij<--<iy<n
and let
1 1k (1) (k)
Sy =17 Yoo e et HX LX),
K(k) I<ij<--<ig<n

where « is as in (3.28), Xi(j) are i.i.d. with law P, and eij are i.i.d. Rademacher
variables independent of the collection of variables {X l-(J ) 1.
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By decoupling (Theorem 3.1.1 of de la Pefia and Giné [7]) and convexity (e.g.,
Theorem 3.5.3 on page 140 of de la Pefia and Giné [7], as it applies to a nonnega-
tive, nondecreasing convex function W), there is a constant Cy such that

(3.29) 1Sa I llwy < Crlll Syl lwy -

By hypercontractivity of Rademacher chaos (Khinchin’s inequality for Rade-
macher chaos), for example, Theorem 3.2.2 on page 113 of de la Pefia and Giné [7],
for all r > 2,

E IS/ |I" < r* 2 (E. S0 12/,

and by the type 2 inequality applied one sequence {8ij },j=1,...,k, atatime, we
get

(EellS, 1) < C72,

where C is the type 2 constant of the Banach space, and therefore,
E|ISL|" < Ckr/2, k2.

This inequality yields, by Taylor expansion of the exponential, that for some ¢ > 0,
EcWoi(clIS; ) < 00

and therefore that there exists a constant A1 = A1(C, k) depending only on C and
k, such that

EcWo (IS, 11/21) < 1.
Integrating with respect to the X’s,
EV (IS, 11 /21) < 1, that is, [[[1S, lllw,, <21,
which, combined with (3.29), gives
1Sn 1w,/ < Ckri = ho,

a constant. Of course this implies, by the definition of the Orlicz norm W, that
there is a constant D (k, C) such that

Pr{[|S, || > x} < De~ /207" .

3.4.2. The L, case, 1 < p <2. Our aim now is to obtain a useful exponential
inequality for B-valued U -statistics, when B is not necessarily a type 2 Banach
space. We will generalize to B-valued U -statistics (via decoupling followed by
iteration) the following sharp inequality for sums of independent random vectors:
there is a constant L < oo such that if B is a separable Banach space, Z;, i € N, are
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independent mean zero random vectors taking values in B and r > 2, then, setting
Sl'l == i=1 Z

(3.30) E[S,|" < L’[r’/2<E||Sn||2>’/2 +rE max ||Z; ||’].
<i<n

This inequality was obtained by Pinelis [28], and it also follows easily from the
sharper inequality in Giné, Latata and Zinn [18], Proposition 3.1. Next we extend
inequality (3.30) to B-valued U -statistics.

THEOREM 10. Let B be a separable Banach space, let H:S¥ — B be a
bounded P-canonical random vector symmetric in its entries and let X;, X i(] ) be
i.i.d. S-valued random variables, 1 <i <nand j=1,...,k. Define k and x, to
be any pair of numbers such that

k= sup  [IH(xp, ..., x0)ll
X1yees XK ES
(3.31) 1
1 k
and an(E S H(X, ... x9) ) :
ielk

Then there exists a constant C depending only on k such that, for all n € N and
r=2,
,
)] (k)
E|> H(X;’,....x;”)

ielk

(3.32)
SCr[ kr/2 r+r(k+l)r/2 k—Dr r+rerr]

Moreover, there exists a constant Do depending only on k such that, for all n € N
andr > 2,

(3.33) SD(’)[ kr/2 ”+r(k+1)r/2 (k—Dyr r+rerr]

E|\> HXi....,Xi)

ielk

where k and x, are defined as in (3.31).

PROOF. Inequality (3.30) gives the result for kK = 1. Assume the result is true
for k and for every Banach space, and let H be a function of k 4+ 1 variables
satisfying the conditions in the statement of the theorem. Before starting the in-
duction, we describe some simplifying notation. We will denote by <’ inequality
up to a multiplicative constant C” with C depending only on k. Also, we will write
H; = H if the coordinates of the multi-index i € {1, ...,k + 1} are all different,
and Hj = 0 otherwise, and we will drop the arguments of H or Hj, so ) ; H; will

mean Y e(q, . k+1)" Hi(Xi(ll), . X(k+1)) Finally, for A C {1,...,k+ 1}, E4 will

Tk+1
mean integration with respect to the variables X l.(r) only, forr € Aandi <n.
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Applying (3.30) conditionally on the variables X fj ), j=1,...,k, we obtain

2)’”}

E|Y Hi| <'Ei.., k[r /2 (Ekﬂ Z( Z H)
i Ik+1 M1,
(3.34) .
+Ei. k| r Expimax| Y H
Lk+1 iy, i
In order to deal with the first term in (3.34), for each xi,...,x; € S fixed we
consider the random variable Zik " Hi(xy,...,x, X l-(k“)) as a function from S¥

into the Banach space L,(€2, X, P; B) of B-valued random variables whose B
norms are square integrable, with norm
(k+Dy . (k+1)y2y1/2
|F(x1,...,xk, Xlk+1 )‘* = (Ek-i—l”F(xl,---,xk, Xlk+1 )” ) .
To apply the induction hypothesis to the statistic »_; ; (3, ., Hi) in this Ba-
nach space with the norm | - |, we first note that, if we denote by ¥ and x the
corresponding quantities associated with this statistic, then

<nk

20 1)2
i ) = Xn-

ZH xl,...,xk,X(k+1))

tk+1
2\ 172
k
2>r/2

r

and

Xn=< .....

Hence, the induction hypothesis gives

z(nz )

[k+1 Mlseen ik

3 (zm)

Ik+1

zlk(zH)

i1 ,,,,, k41

rPEL ok (Ek—H

=r"?E| &

</ rr/Z[ kr/2 5 r+r(k+1)r/2n(k_1)rlzr+rkr[€r]
pk+Dr/2 r+r(k+2)r/2nerr+r(k+1/2)rnr’(r‘

Now, if n < rl/z, then r&+1/2ryr < p&+Dr and if n > r1/2, then r*t1/2ryr <
r&+2Dr/2pkr oo that
)r/Z

(k+2)r/2nerr + r(k—i—l)rKr‘

> u)

g1 M1seees Lk

(3.35) . 5
f/r( +r/ X;Z +r



LOCAL U-STATISTIC PROCESS 1135
Finally, we apply the induction hypothesis conditionally on the variables X l.(k+1) to
the second term of (3.34) by considering that term to be a U -statistic with values
in the Banach space £;°(B) := {(v1, ..., v,) :v; € B}, with norm |(vy, ..., v,)| =
maxj<i<p ||v;]l. In fact, with this definition,

ZH

max
ik+1

1 k k+1 1 k
S x P X)L (x D x O, x kD)

5menslk

and if we denote by k¥ and 7, the corresponding parameters, we have, for each
value of Xl.(kH), j=1,...,n,

€= max |(H(xi,....x0 X)L H L e, X)) | <«
X1yeny X €S
and
2\ 172
Xn ( .k max Z H; ) §nk/<.
k1 i1,...

So, induction gives

Z H; < " kr/2 ”_|_r(k+1)r/2 (k—1)r— r+rerr]

r’ Lk max
li+1

< Kr[r(k+2)r/2nkr+r(k+3)r/2n(k—l)r+r(k+l)r]'

1/2 1/2

and n > r'/“ we see that

(k+2)r/2nkr, r(k—i—l)r)’

By considering the cases n <r

pU3)r/2, (k=1)r < max(r
from which it follows that
,

(3.36) r"E; <'«"[r (k+2)r/2 kr_i_r(k—&—l)r].

.....

Now, the first part of the theorem follows by substituting the estimates (3.35)
and (3.36) into inequality (3.34). The proof of the theorem is completed by not-
ing that (3.33) follows from (3.32) via de la Pefia’s [6] decoupling inequality (see
Theorem 3.1.1 in de la Pefia and Giné [7]). O

We note that this theorem could have been proved, with only formal changes,
for H; depending on the subindices i. Giné, Latata and Zinn, unpublished, have a
moment inequality for B-valued canonical U -statistics of order 2 without bound-
edness assumptions that contains (3.32) for k = 2. Our proof is inspired by theirs.
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We shall apply (3.33) to the special case when B =L p(Rd), 1 <p<2,and
H(xy,...,xx) = mKn(-, x1,...,xx), to obtain the following. Recall the defini-
tion (2.21) of .

COROLLARY 3. Let K, fo and s > 0O satisfy the conditions of Theorem 3 for
1 < p < 2. Then there exist y > 0 and D > 0 such for alln > 1 and x > 0,

I3k e K Xiys oo Xl 1/k
@an wfREARE S sy en(~(er—) )
Dnk=1/h I1Kp.2.s

where | Kl p2,s = 1 Klp vV 1 KLy (us)-

For the proof, first, note the following easy bound for || || K, | plloo, namely,
we can choose some A > 0, so that

(3.38)  k:=AL|K|p,/h TP = sup ImKnCoxt, x|

X150y XL ES
To see this, just observe that 7k Kp(t, x1, ..., xx) is a linear combination of terms
of the form hy(t, x;,, ..., x;,) with (i1, ...,i¢) € I,f and 0 < £ <k, where ho(t) =
P™K}, and, for £ > 1,
hz(tvxl.lv"'axl.[) - Pm_z?h(tvxl’7xE’X€+1’va)
1
— pm Zﬁ Z Kh(l‘ — 8o (X1, ..y x0, Xet1s e Xm))
oell”
and g6 (y1,-.., Ym) = &(Yoys .-+ Yo,). Then Jensen’s inequality for expectations

and averages and a substitution yield
[ e, dn < [1Ku@1 de =01 [ KoL ar.

We shall also need a good bound for E || 215 K, Xiys .-, Xi)llp in order
to estimate yx, in (3.31). Such a bound will be based on the following lemma, which
is an extension of ideas and results in Chapter 7 in Devroye [8] and Section 3 of
Devroye [9].

LEMMA 1. Let 1 < p <2.If f and k are two nonnegative functions on R?
such that f,k € L1(us) for some s > d(2 — p)/p, then, for any 0 < b < oo,

sup | (kn % £)P2()dy < C(IF 1L un Ikl L, uoy )P
he(0,b]

for some constant C that depends only on d, p and s.
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PROOF. Let g =sp/(2 — p) and note that v(y) := (1 4 |y|)™? is integrable.
Then, by Jensen with respect to the probability measure v(y)dy/||v] 1, we have

/ (k% )PP () dy = / v+ NP2 )0(y) dy

/2
s||v||}"’/2(f<1+|y|)S<kh*f)<y)dy) .

Since (1 + [u+v]) <A+ |u))(1+|v]) and 1 + |hu| < (1 Vv )1 + |u]) for h > 0,
we also have

f(l LD G % () dy

< /f(l Fly — 2D+ Dk (y — x) £ () dx dy

<AVl oIkl Ly ) -

The lemma follows from these inequalities. [J

LEMMA 2. IfK € Lz(Rd) and h > 0, then, for | <k <mandt € RY,
(K * fo) (@)
—

Let now K, fg and s > 0 satisfy the conditions of Theorem 3 for 1 < p < 2, and let
0 < b < 00. Then there exists C < 0o, such that, for | <k <mandall0 <h <b,

2\ 12
- CIIK Il Ly(u,)n*/?
= n1/2

(3.39) E@mKu(t, X1, ..., Xp)? <

(3.40) (E

anfh(s Xila L) Xik)

Iy

p

PROOF. Using the fact that 7y is a projection in L, (Pr), and applying convex-
ity of the square function to the symmetrization of Kj, we have

t—g(X1,..., Xm)
hl/d

_ 1
EmKn(t, X1,..., X)? < EEKZ(

1
= (KD f) @),
that is, (3.39). Next, by orthogonality,

— ki — )
E(Y mKn(. Xip,....Xi) | = mE(ﬂkKh(f,Xla---,Xk)) :
Ik )
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Then the Minkowski inequality for integrals (e.g., Folland [14], page 194) and the
above results yield

2\ 172

p)

<E
2\ 172
(E(thk?h(wxil,---,xik)) )
¥ r

1/2 1/
s(’"'”) (/ ((K2>h*fg>f’/2(r>dr) g

The result (3.40) follows now from Lemma 1. [

an?h(’ Xilv LR} Xik)
i

PROOF OF COROLLARY 3. It follows from Lemma 2 and from (3.38) that we
can take, for some A, > 0,

s = Ao P K p2s/Vh and = ALK pos/h TP,
Assume that 0 < & <1 and r > 2. Then we have the bounds
20 = Ao )| K |l p 2. P2 Nl < Al K| p st n* 1/,
rED2E e = ALK p 2sr TV T TP < ALK s 0" N
and
rfie =r* AtlIKllp2s /B VP < AIK D, n* ! Vi,
By (3.33), this says that for some D > 0, for all » > 2,

r

E|Y mKnC Xip, oo Xi) | < (DIK | p2sr*n = Vh)

Ik p
and thus
r/k ry 1/k
E\> " mKnC Xif, ... Xi)| < (E S i KnC Xiyo o Xi) )
1 p 1K p

_ k
< (DIK || p2sr*n*=1 /)"

= (3*DIK | pasn* " NR) T 1 37

The same bound holds for » = 1. From this moment bound we easily get that for
all k > 2,

. <[II Y mfh(-,x,-l,...,X,-k)||p]1/k> o
€X <
P 3kD||K||p,2,snk_1/\/E -0 37r!

=y < o0.
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The desired result (3.37) follows now from Markov’s inequality and a renaming
of D. [J

Notice for future use that by (3.37) we get via (2.16) that for some C > 0,
H vl X Ky Xigs oo X llp

< CDIKlp2s
nk

Wik - v nh

3.5. Completion of the proofs of the CLT. 'We are now ready to prove (3.8) for
1 < p < oo, which will complete the proofs of Theorems 1, 2 and 3 (Section 3.1).
We begin with the case p = co.

(3.41)

PROOF OF THEOREM 1. Let
Kon ={K((y — g(-))/hl/d) cyeRY ah, <h < bhy}.

Since N (Kg u, LQ(Q), g) = N(K,, LZ(Q o gil), ¢) for every probability mea-
sure Q on R", it follows from condition (a) in Theorem 1 that the classes X, ,
are VC-type with the same A and v and with envelopes F},(g). Moreover, since
the map

Dl X1, X)) > K (v — g(x1, .., X))/ 1Y)

is jointly measurable, these classes are image admissible Suslin, hence measurable.
So, we can apply Theorem 8 to them. Since by Minkowski’s inequality

y_g(le---aXm)>
(Mhy)'/d

-2
()"hn)zEK)Lhn(yvxla 7Xm) = EK2<

_/ ((kh )1/d>fg(w)dw< I felloo | K 113070,

we can take 02 = Ch, with C = b|| f,llsc I K|13/l7x K ||%. Hence, Theorem 8
gives that there is a constant Cy such that, for all » and &,

1 _
E{sup thnanKMn(t,Xi,,...,X,-k)
Ik
< Cuv/ha[1V 10g(Al| Fyll Ly (£ /¥ )]
Hence, if nh, /[1 V log(A| F, ||L2(fg)/«/hn )2 > oo, thenforallk =2,...,m

C[1V10g(All Full Ly £y /~ )]
342) E s UP (K 72
( ) a;;g HI (7Tk Ah;1)||oo— n("_l)/zh}z/z

:teRd,afkfb}

— 0,

proving (3.8) in the Lo, case. [J
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PROOF OF COROLLARY 1. By the Hoeffding decomposition (3.5), it suffices
to show [in analogy with Proposition 1 and (3.8)] that

(3.43)  sup [A(VnmUD (11K, (0,-,...,)) = 5,(0))| =0  inpr
0<Ar<l1

and

(3.44)  sup A/n|UR @Ko, 0, -, ..., )| =0, k=2,....m
0<A<l1

As in the proof of Proposition 1, (3.43) reduces to proving

sup /\/ Vi (—u) — v,y (0)||Kyp, (w)|du — 0
0<Ar<1

fori =1,...,m. Let M be such that D is contained in the ball of radius M about
the origin in RY. Since K, (u) = I{u € (Ah,)"/¢D /() h, Vol(D))} is zero for
lu| > (Mhy)'/4 M, we have

sup )»fIUn(—u)—Vn(O)IIKxhn(u)Idu5 sup  [Vp(—u) — v, (0)],
0<a<l1 IuIShrl/dM

which tends to zero in probability by condition (2.13), proving (3.43). For each n,
the class of functions {/;,p : 0 < A < 1} is VC because it is linearly ordered (these
are the simplest VC classes), and its envelope is contained in the class. The same is
true for the class (A, Kp, (0, -, ..., ) /17K (0, -, ..., )|loo:0 < A < 1}. Then the
logarithm in the bound (3.9) in Theorem 8 is simply a constant, and that theorem
gives

h _
k/2 n (k)
n — E sup |AU,” (K 3p,O,-, ..., )| <Co
”T[kK(O?’-’)”OO 0<)»§1| " |
as long as no? > C’, for fixed constants C and C’ and for k =2, ..., m, where we
can take
o Bl felloo
Vol(D) || K (0, -, ..., )%

because, by change of variables,

S E[XhiK3, (—8(X1, ... Xm)/(h) V)] < bl £ lloo/ VOL(D).
<A<

Since nh, — oo by hypothesis, the condition no? > C’ is satisfied, and therefore,
we can apply Theorem 8 and obtain

_ Cr
sup AVn|UP (i K 0,,....)N)N<———+ —
O<)LI;1 \/7| n ( k )J’ln( ))| = n(k—l)/Zh}?/z

for all 2 <k <m, proving (3.44). O
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To finish the proof of Theorems 2 and 3 is more complicated because we must
deal with a mixed norm, the sup over A of an L, norm. The proof will consist in
showing that the exponential inequalities from the above subsections lead to an
entropy bound of the random variables in (3.8).

Given a kernel L in Lp(Rd), 1<p<oo,and h > 0, let Ly(t,x1,...,Xxp) be
the symmetrization of L, (¢t — g(x1, ..., Xxn)), as in (3.4). We observe that, just as
in (3.38), there is a constant ¢ < oo that depends only on k such that

(3.45) ||||nkLh||p||oo_hc(ﬂl‘71”)’/; k=1,...,m.
Because of (3.45), it makes sense to define
h(p D/p
(3.46) Xy = ‘ > miLn, ¢ Xy, - Xiy)
ielk P

PROOF OF (3.8) FOR 2 < p <o0. For p>2, L, is of type 2 and Theorem 9
then gives that, for a constant C that depends only on k and p, for all x > 0,

X 2/k
(3.47) Pr{Xp ,>x} < Dexp{—( > },
! CILI,p
and then, by (2.16), we have for another constant C that depends on k and p,
(3.48) IXL,nllw,,, < CILIp,

where Wy, is the Young modulus of exponential type defined in (2.14) [but
with W(x) =e¢* — 1] and || - ||q;2/k is the associated (pseudo)norm (2.15). Ap-
plying (3.48) to L = K — K,s, we obtain

(349) Xk, — Xk,nllwy, = 11Xk, —k,nllw,,, < CIKL — Ky llp.

Then this bound and (3.45) allow us to apply the usual entropy integral bound,
for example, in the version given in de la Pefia and Giné [7], Corollary 5.1.5, and
conclude that for some constant D, keeping in mind that 0 € K4 5,

sup Xk, .n

CIKly
= D/ W2k (N (Kia.p)- dp. €)) de.
a<i<b Wk 0

where K|, 5 18 defined by (2.17) and d), is the Lp(Rd) distance defined in (2.18)
(technically, this only holds for any separable version of the process Xk, ,, but
we see in a remark below that this process itself is separable). Now, since up to
constants W, is increasing in «, hypothesis (a) in Theorem 2 implies that this
integral is finite for all 2 < k < m. Taking into account that the Orlicz distances of
exponential type dominate (up to constants) the L, (Pr) distances, inequality (3.50)
implies that for all 2 <k <m,

(3.50)

C
(k)
Eail)lLIi ”[U (kaK)»hn)“p— k- 1)/2h(P D/p’




1142 E. GINE AND D. M. MASON

2(p—=D/p

for some constant C that depends on k, p, a and b. The condition nhy, — 00
implies that this expectation tends to zero for 2 < k < m, proving (3.8) for p > 2.
g

PROOF OF (3.8) FOR 1 < p <2. Since f; and K? are in L(u,) for some
s >d(2— p)/p, Lemma 1 applies and therefore Corollary 3 and inequality (3.41)
hold. Now, the proof of (3.8) and subsequently Theorem 3 follow exactly as the
proof of Theorem 2, but using Corollary 3 and its consequence (3.41) instead of
Theorem 9 and its consequence for Xy, ,,. These give

k/2—111/2—1
IXLnllw,, < Cn* 2 2P LY, 0

instead of (3.48), which yields, as in the previous proof, for some constant D,

sup Xk,
a<i<b

Wik

ClIK | p,2,s -
< an/z_1hi/2—1/p/ ’ ‘I’l_/lk(N(JC[a,b], dy Vg, ¢€))de
0

instead of (3.50). Hence, for some constant C,
1

E su UP (K -  Esup X
a<AIi VU, e kh")”Lp_ nk/2=1/2p}=1/P afxzb Koon
_ ClKlpas
= (nhy)'/?

if nh, — oo. O

REMARK 5 (Separability of the process Xk, ). In the previous subsection
technically we must make sure that

sup Xk, n = sup{ HgleagXK*’" :C finite, C C [a, b]}

A€la,b] o o

in order to ensure that the entropy bound applies exactly to the process Xk, »
and not to a modification thereof. For this, by standard arguments (basically the
monotone convergence theorem), it suffices that there exist D C [a, b] countable
such that
(3.51) sup Xk, n = sup Xk, .» a.s.

Ar€la,b] reD
Let D denote the rationals in [a, b]. To show (3.51) it suffices to prove that, with
probability 1, for each A € [a, b] and any sequence A, in D such that A,, — A we
have limy, o0 Xk;, —k;.» = 0. In turn to verify this it is enough to check that

J4 1/p
dt) =0.

K)J’l (t le ---’Xik)

m— 00

(3.52) lim (
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Now, each of these L, norms is bounded by a finite number of terms of the form

1/p
([, 1B, = Kt = v ar)

where V is a random variable. Observe that

1/p
([, 1EKsn, = Kinya = V17 ar)

1/p
< (E [ 1y = K )~ V)V’dr)

R4

1 t—V 1 t=V \[P P
= (= el o) = 5, (i )| 1)
R | A ()\mhn)l/d Ahy ()\hn)l/d
which by the change of variables inside the integral u = (t — V)/(Anhp)'/4 is
equal to
1 1 A\ 4
po fol K0 = 7% () )
< I e ot G

- (/Rd‘mu) - ATmK«%"’)Wu)

Now since K € L,,(Rd) we have lim,, | [ga |K (u) — K (yu)|? du = 0, and this,
in turn, implies that

A A 1/d
lim ‘K(u) — —"’K<<—’"> u>
m—00 JRd A A

which gives (3.51).

P 1/p
du)

p 1/p
du) mhy) /P71

P
du =0,
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