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This paper studies the estimation of the volatility parameter in a model
where the driving process is a Brownian motion or a more general symmetric
stable process that is perturbed by another Lévy process. We distinguish be-
tween a parametric case, where the law of the perturbing process is known,
and a semiparametric case, where it is not. In the parametric case, we con-
struct estimators which are asymptotically efficient. In the semiparametric
case, we can obtain asymptotically efficient estimators by sampling at a suffi-
ciently high frequency, and these estimators are efficient uniformly in the law
of the perturbing process.

1. Introduction. Models allowing for sample path discontinuities or jumps
are becoming increasingly popular, especially in mathematical finance. Among
jump processes, Lévy processes play a central role due to their analytical tractabil-
ity and their ability to span the behavior of most discontinuous processes. How-
ever, even for Lévy processes, relatively little is known about the corresponding
inference problem, especially for high frequency data. Specifically, suppose that
a Lévy process X, say the log-price of a financial asset, is observed at n times
Ap,2A,, ..., nA,. Since Xo = 0, this amounts to observing the n increments
x;' = Xia, — X(i-1)a,- Their density, and hence the corresponding likelihood
function and Fisher information, are not known in closed form. Moreover, un-
der the natural asymptotics for high frequency data, where the sampling interval
A, — 0, these densities explode.

When A > 0 is fixed, we are on familiar ground. We observe n i.i.d. variables
distributed as X a. If, further, this variable has a density which depends smoothly
on the parameter of interest, 1, the Fisher information at stage n has the form
I, A(m) =nla(n), where Ix(n) > 0 is the Fisher information of the model based
on the observation of the single variable X o, we have the LAN property with rate
J/n, the asymptotically efficient estimators 7, are those for which /n(#, — 1)
converges in law to the normal distribution N (0, Ia (7)™ 1) and the MLE solves the
problem (see, e.g., [5-7]). In this setting, a variety of other methods have been pro-
posed in the literature: using the empirical characteristic function as an estimating
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equation (see, e.g., [8, 10, 18, 19] and Chapter 4 in [23]), maximum likelihood by
Fourier inversion of the characteristic function (see [9]), a regression based on the
explicit form of the characteristic function (see [14]) or other numerical approxi-
mations (see [16, 17]). Some of these methods were compared in [3].

Things become more complicated when sampling takes place at increasingly
higher frequency, that is when A,, — 0. Here, the x/'’s are i.i.d. for any given n,
but their laws depend on n. The Fisher information at stage n still has the form
Iy A, (m) = nla, (), but the asymptotic behavior of Ia,(n) is far from obvious
and estimating all of the parameters of a general Lévy process in this setting still
remains out of our reach. So, in this paper we study an example which, despite its
apparent simplicity, turns out to be already quite complex. We suppose that

(D X;=oW;+ 7,

where o > 0 is the parameter of interest, W is a standard symmetric stable process
with index 8 € (0, 2] and Y is another Lévy process, independent of W and viewed
as a perturbation of W. We assume that Y is dominated by W in a sense to be stated
below: for example, when W is a Wiener process (8 = 2), this just means that Y
has no Brownian part; when 8 < 2, Y could, for example, be another stable process
with index o < 8 or a compound Poisson process. For instance, in many financial
applications, W is a Wiener process and ¥ may represent frictions that are due to
the mechanics of the trading process, in which case, ¥ would have infinite activity.
Alternatively, o W could represent the ordinary fluctuations of the asset value and
Y the infrequent arrival of information related to the asset, in which case Y is a
compound Poisson process. A number of papers are devoted to the estimation of
the integrated volatility fé o*szds in the model X; = fot ogdW; + Y;, where W is a
Wiener process, Y is typically a compound Poisson or other specific Lévy process
and o may be stochastic (see, e.g., [4, 15, 21, 22]).

We start with the fully parametric case, where the law of Y is given. Viewing Y
as a perturbation of W, our interest then lies in deciding whether we can estimate
the parameter o with the same degree of accuracy as when the process Y is absent,
at least asymptotically. The answer to this question is “yes,” which we show by an-
alyzing the Fisher information, proving the LAN property and exhibiting efficient
estimators, in the strong sense that asymptotically they behave as well as when Y is
absent. When W is a Wiener process, this means that one can distinguish between
the jumps due to Y and the continuous part of X; this fact was already known in
some specific examples (see [1]). It comes as more of a surprise when 8 < 2—we
can then discriminate between the jumps due to W and those due to Y, despite the
fact that both processes jump and we have only discrete observations. This surpris-
ing property is our main motivation for studying the case when W is more general
than a Wiener process (but dominates Y).

But, given the nature of the problem, we would rather not fully specify the law
of Y, so we treat it as a nuisance parameter. This gives rise to a semiparametric
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situation. There, we show that obtaining asymptotically efficient estimators of o
requires A, to convergence sufficiently fast to 0, but we can then exhibit estimators
that are uniformly efficient when the law of Y stays in a set sufficiently separated
from the law of W. And, in general, we can exhibit a large class of estimators
which are consistent and achieve a specified rate.

In both the parametric and semiparametric cases, we construct estimators which
are as simple as possible to implement. For example, in the parametric situation
where the law of Y is known, one can, in principle, compute the MLE, which is, of
course, efficient. In practice, this is hardly feasible as the likelihood function de-
rived from the convolution of the densities of W and Y will, in most situations, not
be available in closed form. So, we provide a number of other simpler estimators
which achieve the efficient rate of convergence.

In this paper, we focus on a single parameter, o. In a companion paper, [2], we
study the optimal rate at which other parameters of the model, namely 8 and a
scale parameter 6 for the Y process, can be estimated. While we show here that o
can be estimated optimally at rate n'/2, independently of the specification of the
Y process, this is not the case in general for 8 and 6. In particular, the rate for 8
is faster than n!/2, and is also unaffected by the presence of Y, but the rate for 6 is
strongly dependent upon the precise nature of the Y process, and is affected by the
presence of the W process.

The paper is organized as follows. In Section 2 we outline the problem and de-
fine the class of processes Y that are dominated by W. In Section 3 we summarize
the statistical properties in the baseline case where X; = o W;. In Section 4 we
exhibit the behavior of the Fisher information and prove the LAN property. We
construct our classes of estimators in the parametric and semiparametric cases and
state their asymptotic properties in Sections 5 and 6, respectively. In Sections 7, 8,
9 and 10 we study a number of examples in some detail. The proofs are given in
the last three sections.

2. Setup. The process W is a standard symmetric stable process with index
B € (0, 2]. This means that if 8 =2, then W is a Wiener process and if 8 < 2, then
its characteristic function is E(e'“Wr) = ¢~ ul” The Lévy process Y is indepen-
dent of W and its law is entirely specified by the law G A of the variable YA for any
given A > 0, for instance, Y. We write G = G and recall that the characteristic

function of G A is given by the Lévy—Khintchine formula

2
(2)  E(V) =epr<ivb — % +fF(dx)(e’” -1 _iUXI{lxlfl})>v

where (b, ¢, F) is the “characteristic triple” of G (or of Y): b € R is the drift, c > 0
is the local variance of the continuous part of Y and F is the Lévy jump measure
of Y, which satisfies [(1 A x2)F(dx) < oo (see, e.g., Chapter I1.2 in [12]).

We define the “domination” of Y by W in terms of the property that G belongs
to one of the classes defined below for some o < 8. Let ® be the class of all
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nonnegative cont‘gluous functions on [0, 1] and ® be the set of all ¢ € ® with
¢(0) =0.If ¢ € D, then we set

G(¢, a) = the set of all infinitely divisible distributions with ¢ = 0 and

XF([—x,x]°) <o (x), ifao <2,
D e PFxx19) <¢() and
VPFdy) <¢(x), ifa=2,
{lyl=<x}
4) 6/ (¢,a) ={G € G(¢,a), G is symmetrical about 0},

G Ga=U %00, G=U%0.0., G.=U ¢ .

ped $ed $cd

Observe that as x | 0, we always have

/ Iy|?F(dy) > 0 and x>F([—x,x]°) — 0,
{lyl<x}

hence

ae€(0,2] = Gq= {G is infinitely divisible, ¢ =0,
6 Iimx“F([—x,x]¢) =04},
(6) limxF ([—x, x]) =0}

a=2 = Gr=§4,={G isinfinitely divisible, ¢ = 0}.
The definition (6) for G, certainly appears simpler than (5), but we will need each
class §(¢, o) separately for the purpose of stating precise uniformity results for
the Fisher information and estimators below.

Note that o« < o’ implies that G4 C G, C G- If G is a (not necessarily sym-
metric) stable law with index y, then it belongs to G, for all @ > y, but not to §,,.
If Y is a compound Poisson process plus a drift, then G €y~ G-

We let P, denote the law of the process X in (1). We observe the n i.i.d.
increments x;' = X;a, — X(i—1)a,- These variables have densities which de-
pend smoothly on o. The Fisher information of our experiment is 1, a, (0, G) =
nla, (o, G), where Ix(o, G) is the Fisher information associated with the obser-
vation of a single variable X o, which we will compute below.

Let us also recall what the LAN (local asymptotic normality) property means in
this context. Denote by Z,(c’|o, G) the log-likelihood of the law of the sequence
(x{' :1 <i <n)under Py ¢ relative to its law under P, . We say that LAN holds
at o with rate \/n and asymptotic Fisher information I > 0 if there are random
variables U, = U, (o) converging in law under P, ¢ to an N (0, 1) variable and
such that for any real u, we have Z,(o + u//nlo, G) — uv/1U, + u’1/2 — 0
in P, g-probability. A sequence G, is then efficient for estimating o > 0 if
/n(G, — o) converges in law under P, g to an N (0, 1/1) variable.
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3. The baseline case where Y is absent. Because we will show that the esti-
mation of o in the presence of Y is asymptotically as good as when Y = 0, let us
start with the situation where we observe the stable process X = o W with scale
parameter o > 0 and index parameter 8 € (0, 2]. The variables n'/# x;' are then
i.i.d., with the same law as o Wj. In addition, W; has a density hg which is C*

and the nth derivative hl(gn) behaves as

cg+B2+B)...n+P)

if B <2
+1+ ’ ’
) I )|~ hopet? 25wl = oo,
lwl"e=v*/2 /27, ifg=2,
where cg is a positive constant. Let us also associate with h g the functions
" ~ hp(w)?
(1 B
hg(w) =hg(w) + whg (w),  hp(w) = ;
p p B B hg(w)
@®) 0
_ Whﬁ (w)
hg(w) = ———
hg(w)

Then fzﬂ is positive, even and continuous and h pg(w) = 0(1/ |lw|!*+P) as
|w| — oo. Hence, h p 18 Lebesgue integrable. Moreover, the variable o W admits
the density hg(x/o)/o. Then:

e The Fisher information /x (o, 8g) associated with the observation of the single
variable X 5 does not depend on A and equals 4(8) /o2, where

©) 1) = / s (w) duw,

which is well defined and positive. Moreover, if 8 =2 (W is then Brownian
motion), then hg)(w) = —why(w) and ﬁz(w) = (1 — w2+ whhy(w) and thus
12) =2.

e Since hg (x/o) /o is a smooth function of o, we have the LAN property at any
o > 0 [for the observation of the increments (x;' : 1 <i <n)] with rate J/n and
asymptotic Fisher information 4(8) /o 2.

e The MLE G, is asymptotically efficient, in the sense that /n (G, — o) converges
under P, 5, to an N (0, o2 /L(B)) variable. In fact, ;, is a positive solution to the
equation Hy, (u) = —1, where H, (u) = n! Y E,g (x/'/u), and such a solution
always exists because H, is continuous, tends to 0 when u — oo and tends to
—(1+4 B) when u — 0.

4. Fisher information and LAN. We now return to the situation where Y is
present. The first result is a purely parametric one, when the law G of Y is known.
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THEOREM 1. Forany A > 0, we have

1
(10) 15(0.G) < —1(B)
o

and when G € g, we have, as A — 0,

1
11 Ia(0,G) — ﬁl(ﬂ).

Furthermore, if G € g and A, — 0, then the LAN property holds at any o > 0,
with rate /n and asymptotic Fisher information 1(B)/c>, for the experiments
which consist of observing ( Xi” 1 <i<n).

The second result concerns the uniformity of the previous convergence when G
varies, so it is a semiparametric result. We will only state the result for the Fisher
information.

THEOREM 2. (a) Forany ¢ € ®,a € (0, Bland e € (0, 1), we have,as A — 0,
L1(B)

P o,
0-2

(12) sup Ia(o,G) —
GeG(o,a),0€le,1/¢]

(b) For each n, let G" denote the standard symmetric stable law of index o,
with «, a sequence strictly increasing to B. Then for any sequence A,, — 0 such
that (B — ap)log A, — 0 (i.e., the rate at which A, — 0 is sufficiently slow), the
In, (0, G") converge to a limit strictly less than 1(B) /o>

In other words, as soon as Y is dominated by W, the presence of Y has no
impact on the information terms /4: in the limit where A — 0, the parameter o
can be estimated with exactly the same degree of precision whether Y is present
or not. Moreover, part (a) of Theorem 2 states that the convergence of the Fisher
information is uniform on the set 4(¢, ) for all « < §. This settles the case where
G is considered as a nuisance parameter for the purpose of estimating o.

But, as soon as « tends to S, we see in part (b) that the convergence disappears.
This suggests that the class G is effectively the largest one for which the presence
of Y does not affect the estimation of o . For example, if § = 2, then in part (b), take
G" to be the symmetric stable law with index «;, € (0, 2) and scale parameter s, in
the sense that its characteristic function is u — exp(—s2|u|% /2). Then if o, — 2,
for all sequences A, — 0 satisfying (2 — o) log A, — 0, we have I, (0, G") —
2/(0% + 5%). This is, of course, to be expected since in the limit we are observing
Vo2 + s2W and we supposedly know s and wish to estimate o .

5. Estimation in the parametric case. Here, we suppose that G is known
and belongs to 4 and we seek estimators for o which are efficient in the sense of
Theorem 1.
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5.1. Some notation. 'We will need to center the increments x/' by accounting
for the drift b of Y, as well as the drift coming from the asymmetry of the Lévy
measure F, when present. So, when G € 4, with o < 8, we set

b—/ xF(dx), ifa <1,
{lx|=1}

b, ifoa>1.

(13) b (G,a) =

Let Za(a) = A™VP(YaA — b'(G,@)A) and let G/, , denote the law of Za(a).
Then we define the centered and scaled increments

(14) xG) = AV (=D (G, B)A).

Next, for the purpose of constructing estimating equations, if u > 0, v > 0,
z € R and k is a bounded function, we define

VG Ak, v,2) =/h,3(x)a’x/G/A,a(dw)k(ux+vw—|—z),
(15)
W (u, z) =/h,g(x)k(ux+z)dx,

so Wr(u,z) = VY6 Aak(u,0,z) for all G, A and «. Then we introduce the “tail
function,”

(16) Y(u)=P(Wi| > 1/u) :2/]/ hg(x)dx

for u > 0 (this depends on B). It is C®, strictly increasing from 0 to 1 and has
a nonvanishing first derivative. So, its reciprocal function ¥ ~!, from (0, 1) into
(0, 00), is also C* and strictly increasing.

Finally, for o € (0, 2] and the function ¢ € [ defining the class (¢, o), let
@' (x) =sup(¢p(y) : y €0, x]) for x € [0, 1] and

(f/ixi ifo <1,
17 a0 = /) + =29 g1 neVRETD) g,
Jog(1/%)
¢/(x)+¢(ﬁ)+¢(l)x%, ifa>1
a—1 oa—1

[with exp(—+/log(1/x)) = 0 if x = 0]. This obviously defines an increasing func-
tion ¢, € @, where ¢ < ¢, and also ¢, € ® whenever ¢ € O.

5.2. Construction of the estimators. Recall that, for now, G € G4 is known
and so, in particular, we know the centering number 4'(G, B) used in the centering
of the increments (14) and also that G € G(¢, B) for some ¢ € . In general, we
need to begin with a preliminary estimator S, (G) for ¢ which is designed to rule
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out explosions. If we are willing to assume that o belongs to the interval [, 1/¢]
for some ¢ € (0, 1), then it would be possible to dispense with the preliminary esti-
mator S, (G) by defining the estimating function in (24) below slightly differently.
Otherwise, we choose an arbitrary sequence m,, of integers satisfying

n

(18) matoo, s,
n

and recalling (14) and (16), we define the preliminary estimator as follows:

1 &
Va(G) = — 3 LiymGyi=1y,
Mn i 2y

(19)

YN VW(G)),  if0< V,(G) <1,
1, otherwise.

Sn(G) = :

To develop an estimating equation for the construction of the final estimator
of o, we choose a function k satisfying

k()]
sup <
1+ |x|¥
where y satisfies

(20)

0, 1 (k) :=/ﬁﬁ(x)k(x)dx #£0,

y€l0,400), ifB=2,

@b yel0.p/2.  ifp<2.
Then we set
k(x), if k is bounded,
(22) kn(x) = .
k() Lk (x) <va)» otherwise,
where v, is an increasing sequence of numbers satisfying
»
(23) v — 00, vigg(AVEY 0, L0
n

and where ¢g is associated with ¢ [a function such that G € §(¢, B)] by (17).
Conditions (23) limit the growth of k;, and play purely technical roles such as
ensuring that the CLT holds.

Then, with p,, = n — m,, and since each k, is bounded, we can define the esti-
mation functions (for u > 0)

1 & x/"(G) u 1
@4 Ungosw=— Y k(%) w650 (5ig g 0)
o0 P i:%H Su(G) ) TP 5,(6) 5.(G)

Finally, the estimators for o are

the u > 0 with Uy, G ¢ k(1) = 0 closest to S, (G),
25 0,(G,¢,k)= if it exists,
1, otherwise.
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As the notation suggests, this estimator depends on G and k and it depends on ¢
through the choice for k;, made in (23). Of course, it also depends on 8, but since
B is always fixed, we leave this dependence implicit in the notation.

5.3. Asymptotic distribution. With k and I (k) defined as in (20), the following
are two finite numbers:
J (k)
I (k)%

(26) J(k) = E(k(W))?) — (E(k(W)?, Bk =

THEOREM 3. Let ¢ € ® and let k be a function satisfying (20) for some y
satisfying (21). Suppose, further, that A, — 0.

(a) The sequence \/n(6,(G, ¢,k) — o) converges in law to N (0, o232(k)),
under Py g, uniformly in G € (¢, B) and in o € [g, 1/¢] for any ¢ > 0.

(b) We have X2(k) > 1/4(B) and this inequality is an equality if we choose
k= E/g, that is, the o -score from the density of o Wa alone (without Y).

REMARK 1. Itis, of course, possible (and advisable) to select the function k so
as to minimize X2 (k). The choice k = hg is indeed possible: the function k = hg
satisfies (20) with y =0 (resp. y =2) if B < 2 (resp. 8 = 2). Such a choice gives
asymptotically efficient estimators according to the optimality associated with the
LAN property (Theorem 1), which, furthermore, behave asymptotically like the
efficient estimators for the model X; = o W; (with no perturbing term Y).

REMARK 2. To put these estimators to use, we would need to numerically
compute the function W A gk (u, v,0) for a single value v =1/5,(G) and all
values of u (in principle). Except in special situations, there is no closed form for
this function and we would have to resort to numerical integration or to Monte
Carlo techniques. For this, it is, of course, helpful to have a closed form for k. In
general, this is not the case for the function k = Eﬁ, except in the important case
where 8 = 2.

REMARK 3. As an example, we can take k(x) = |x|” for some r > O when
B =2 and some r € (0, 8/2) otherwise (when 8 = 2 and r = 2, this is the optimal
choice since h2(x) = —x2): the function WG, A, Bk, 18 still not explicit, but is easily
approximated by Monte Carlo techniques, at least when Y; can be easily simulated.
We discuss that choice in some detail in Section 8. Another possibility is to use
the empirical characteristic function of the sampled increments, which leads to a
closed form expression for Wg A, ..k,- This will be done in Section 7.
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6. Estimation in the semiparametric case. Perhaps more realistic is the case
where we seek to estimate o, but the measure G is unknown. Because of Theo-
rem 2(b), one cannot hope for estimators that are as efficient as in the absence
of Y, or even consistent, if all we know is that G € §g. So, we will assume that G,
although unknown, belongs to the class g, for some o < f8. Since G is unknown,
the estimating equations must be based on the law of W alone (and neither on G
nor even on «). The challenge is then to achieve rate efficiency, despite the sparse
information we have about G. We will exhibit estimators which are efficient if
the sampling interval A, converges sufficiently fast to 0. The closer « is to B, the
faster A, needs to converge to 0.

6.1. Construction of the estimators. We refer to the (simpler) situation where
we know that G € g(; (thatis, G € G, and G is symmetrical) and to the situation
where we know only that G € G, as the symmetrical and asymmetrical cases,
respectively. The construction appears very similar to the one in the parametric
case, except that in the asymmetrical case, we now need to produce an estimator
B, for the drift b'(G, @) in order to remove it. Of course, in the symmetrical case,
since we know that ' (G, @) = 0, we just set B,, = 0. In the asymmetrical case, we
set r, = [6n] for some arbitrary § € (0, 1/2) ([x] denotes the integer part of x) so
that r,, ~ dn. Then we choose a C, strictly increasing and odd function 6, with
bounded derivative, 8(0) = 0 and 6 (£o0) = %1 [e.g., 8(x) = 2arctan(x) /7] and
set foru e R,

1 &
27) Ro(w)=—3 0(A, P (! = w).

ni=1

Since u — R, (u) is continuous and decreases strictly from +1 to —1 as u goes
from —oo to +00, we can set

(28) B, =inf(u : R, (1) =0) [= the only root of R, (-) =0].

Next, we construct our preliminary estimator for o . Exactly as in the parametric
case, if we are willing to assume that o lies in a given interval [g, 1/¢], then this
preliminary estimator is not needed and can be replaced by S, = 1. In the sym-
metrical case, with m, satisfying (18), we set g, = 0 and p, = n — m,. In the
asymmetrical case, with m,, satisfying (18) and r,, as in (27), we set g, = r,, and
pn =n —m, — r,. Then in both cases we set

1 qn+my
V, = — 1 ,
n= > 18, (i =Ba)I>1)
mi=g,+1

(29)
ULV, ifo<V, <1,

1, otherwise.
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To construct estimating equations for o, we choose a function & satisfying (20)
with ¥ = 0 [that is, k is bounded and I (k) #~ 0]. With the notation ¥ of (15), we
define the estimating functions (for u > 0)

n —1/B . n _
30) Un(u):i 3 k(An (i Bn))_lpk(u 0)

Pn i=qp+mp+1 Sn Sn

and the final estimators

the u with U, (1) = 0 which is closest to S,;, if it exists,
@D ouk) = { :

1, otherwise.

Note that unlike the centering utilized for the estimating equation in the para-

metric case [recall (24)], the centering we now use, based on Wy (u/S,, O) in (30),
does not involve the measure G. Indeed, these estimators depend explicitly on
B and k, but on nothing else, and, in particular, not on G. As a result, they are
much easier to compute than in the parametric case. This is particularly true when
k(x) = cos(wx) for some w > 0 since then W (u, 0) = exp(—wﬂu’s/2) is invert-
ible in u. We will detail this example in the next section, but it is also true in
general: first, because the estimators depend only on the function Wy (u, -) which
is much simpler than the function Wg A g accruing in the estimation in the para-
metric case; second, because, as arule, u — Wi (u, 0) is at least “locally invertible”
around u = 1.

6.2. Asymptotic distribution. Recall the notation I (k), J(k), »2(k) of (20)
and (26) and define

2( — ) / _ B«
peray PP

Observe that p(a, B) < p’(a, B) when o < B. The two theorems below cover the
properties of the estimators in the symmetrical and asymmetrical cases, respec-
tively.

(32) pa,p) =

THEOREM 4. Let o € (0,8), ¢ € @, k be a bounded function with I (k) # 0
and ¢ € (0, 1). Take the symmetrical version of the estimators.
(a) If
(33) supnAZP @P) s,
n

then the sequence \/n(6, (k) — o) converges in law to N (0, 0232(k)), under Ps :,
uniformly in o € [¢, 1/e] and in G € §/ (¢, @).

(b) In general, the variables (\/n A AP (a’ﬂ))(’a\n (k) — o) are tight under
Py G, uniformlyinn > 1 and in o € [e,1/¢] and G € §/(¢, o).
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THEOREM 5. Let a € (0, B), ¢ € ®, k be a bounded function with I (k) # 0
and ¢ € (0, 1). Take the asymmetrical version of the estimators.

(@ If
(34) supnA2P@h) 0,
n

then the sequence \/n(G,(k) — o) converges in law to N (0, o232(k) /(1 =96)),
under Py G, uniformly ino € [g,1/e]l and in G € G(¢, o).

(b) In general, the variables (\/n A A;p(a’ﬁ))(ﬁn (k) — o) are tight under Py g,
uniformly inn > 1 andino €le, 1/e]l and G € §(¢, o).

The optimal choice of the function k£ was discussed after Theorem 3: when
B < 2, we still have asymptotic efficiency in the situation of Theorem 4(a), pro-
vided that k = Eg. When 8 = 2, the choice k = Eﬁ is not permitted here, but with
truncation as in k(x) = —x21{| x|<A}, one achieves an asymptotic variance which
approaches the optimal variance when A goes to infinity; see Section 8.

REMARK 4. When « increases, then p(c, ) and p’(«, B) decrease, so (33)
and (34) are more difficult to obtain and the rate in (b) of the two theorems above
gets worse, as it should. Also, when (34) fails, the actual rate of convergence [that
is, a sequence &, such that the law of §,,(6;,(k) — o) converges to a nondegenerate
limit, or at least admits some nondegenerate weak limiting measures] is not only
unknown, but actually depends on the true underlying measure G and, in particular,
on the minimal index o’ such that G € g, (we know &’ < «, but the inequality
could be strict). In other words, the rate could be, for example, /n for a particular
G, even without (34).

REMARK 5. However, we will see in the examples below (see Section 10 in
particular) that (33) is necessary for convergence to a centered distribution with
rate 4/n and also that the rate in (b) of Theorem 4 is sharp, relative to the class
G'(¢, @) on which uniformity holds. We do not know whether (34) or the rate in
(b) are optimal for Theorem 5.

REMARK 6. Of course, there might exist other, entirely different, estimators
behaving better than the &,,(k)’s and perhaps having a better rate than in part (b)
of these theorems [the rate cannot be improved in (a), of course]. We think this
doubtful, however.

REMARK 7. The most interesting situation is when we have asymptotic ef-
ficiency in the sense of having the same asymptotic variance as when Y is ab-
sent (this happens when G is symmetrical), or at least “rate efficiency” (that is
rate \/n). We have this under (33) or (34), that is, when A,, — 0 sufficiently fast.
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When A, = 1/n, rate efficiency is satisfied provided o < /2 for Theorem 4 and
provided o <28/(4 + B) for Theorem 5. If Y is a compound Poisson process with
drift, then rate efficiency holds provided nAﬁ is bounded, regardless of the value
taken by 8 € (0, 2] (take o = 0).

REMARK 8. When we do not know that G is symmetrical, we have rate ef-
ficiency when A, — 0 sufficiently fast, but cannot achieve the asymptotically ef-
ficient variance, even under (34). However, the asymptotic variances in the two
theorems above are the same, up to the factor 1 — §. By choosing § small, one can
approach asymptotic efficiency as closely as desired.

7. Example: the empirical characteristic function. We now turn to specific
estimators. Recall that a way of estimating a parameter for i.i.d. variables X is
to use the empirical characteristic function ) jel exp(iwX;), or }_ jel cos(wX;)
in the symmetrical case, for some given w (or several w’s at once), where J is
the index set; in the Lévy process setting, see, for example, [8, 10, 18, 19] and
Chapter 4 in [23].

Here, in the parametric situation, the variable X ; at stage n is x }”(G) and J =

{m, +1,...,n}. Those variables are “almost” symmetrical (the leading term W in
them is symmetrical). So, we consider, for any given w > 0, the variable

1 u "G
(35) Viw)=— 3 COS(L()>,

where S, (G) is the preliminary estimator. In other words, we take k(x) = cos(wx)
[a bounded function, so k,, = k in (22)] and the estimating function of (24) is

1
(36) Un.G.pi () = V() — wG,An,ﬁ,k<ﬁ, G 0>.

Furthermore, if p(u) is the exponent in (2), we get, for g(x) = exp(iwx),

B b
WG a.peit, v,0) = exp<—% + Ap(wuA~VEY — jwub/ (G, a)Al_l/“).

Taking the real part and using (13) and the fact that G € §g, we see that for k(x) =
cos(wx), we have WG A gk (u,v,0) =exp(Aa(u, v)) cos(Ba(u, v)), where

BB
Aa(u,v) = _wTu + F(dx)(cos(wvAl_l/ﬂx) —1),
(37)
/F(dx) sin(wvAl_l/ﬁx), if B <1,
Ba(u,v) =

/F(dx)(sin(quH/ﬁx)—wml*‘/ﬂu{mfl}), if > 1.
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So we can insert these formulas directly into (36). Moreover, we have
Wy (u, 0) = =" ¥*/2 Then inserting this into (26) [recall Wi (u, 0) = E(k(uW1)),
hence I (k) = —W;(1,0) and J (k) = (Wx(2,0) + 1)/2 — Wi (1, 0)2], we get

14 e~ @f/2 _p—w’

2
(38) Yk)=2 ﬂzwzﬂe_wﬂ
When B < 2, the minimal variance is achieved for some value w = wg € (0, 00);
when g = 2, the variance 22(k) goes to 1/2 as w — O—recall, once more, that
1/2 is the efficient variance in that case.
For the semiparametric situation, things are even simpler. The estimating func-
tion of (30) becomes

(39) Un,G,pk(u) = Va(w) — Wi (u/Sy, 0),

provided that in (35), we sum over i € {g, +m, + 1,...,n}. Moreover, u
Wy (u, 0) is invertible, so the estimator &, (k) takes the simple explicit form

18 " VB n 18
w

Pn i=qn+mup+1 Sn

if the argument of the logarithm is positive [otherwise, set, e.g., 6, (k) = 1].

8. Example: power and truncated power functions. Another natural choice
for the function k is a power function k(x) = |x|" for some r > 0 when =2 and
r € (0, B/2) otherwise (when 8 = 2, this is, in principle, optimal for r = 2). In gen-
eral, the function W A, .k, 1 not explicit, but can be numerically approximated
via Monte Carlo procedures, for example. However, the asymptotic variance is
explicit. If m, = E(|Wy]"), we get I (k) = —rm, and J (k) = my, — m%, hence,

2
41) 22k = 22
remz
When g =2, > 2(k) achieves its minimum of 1 /2 (the optimal variance) at r = 2.
When g < 2, »2(k) goes to oo when r increases to /2. We conjecture that »2(k)
is monotone increasing in r (this holds when = 1); so one should take r as small
as possible, although » = 0 is, of course, excluded.

In the semiparametric setting, the previous choice is not admissible since k must

be bounded. So, we must “truncate” the argument, using the function

(42) ky (x) = [x]" x| <y)

for some constant y . The function Wi, (u, 0) = u" E(IW1|" 1{jw,|<y/u}) is invertible
from a neighborhood I of u = 1 onto some interval I’ and we write \Ilh_y 1(v) for
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the inverse function at v € I’. Then if B, and S, are the preliminary estimators and
if
n

1
43) Vi) = —— 3 1 = Bal L=y atisy.
PnBn j=m,+1

the estimator 6, (k, ) is defined by &, (k) ) = Sn\I'k_y1 (V (¥ Sn)/S)) when the argu-

ment of \IJk_y above is in I’ and 0y (ky) =1 (for example) otherwise. This is almost
as explicit as (40) and

M, 5 — M2
Ty gy e My = BV ).
We can try to minimize this variance by appropriately choosing the constants y > 0
and r > 0.

One could also use ky,, with the level y, > 0 depending on n. Our general
results do not apply, but similar results, with possibly other rates, obviously apply.
In the next section, we check, in a particular case, that it is best (for the rate of
convergence, at least) to take a constant level y;,, = y, as implicitly proposed in the
method previously developed.

44) (k) =

9. Example: Brownian motion plus Gaussian compound Poisson process.
In this section, we present a fully worked-out example, where W is Brownian
motion and Y is a compound Poisson process with Gaussian jumps, say N (0, n),
and intensity of jumps given by some A > 0. We consider a number of choices of
k based on the power or truncated power variations

n

1
(45) Vn(C»K) = 7},/2 Z |Xln|r1{|xln| < CA’L/Z‘H(}

n=n o i=my+-1

for r € (0, 2]. The truncation rate is ¢ A2t with ¢ € (0, 00] and k € (—1/2,00)
(so ¢ = oo corresponds to no truncation at all). Note that V,, above is V,,(cA})
of (43); Y is symmetrical in this model, so B, = 0. The associated estimator is
given by o, = S, HA_nl(Vn (¢S, k)/S)), where HA_1 is the local inverse around 1
of the function Ha(u) = E(luWal"l{j,w, <cai/2+<)); the preliminary estimator
S, is not needed in this case and one could set S, = 1. When ¢ = oo, we get the
(nontruncated) rth power variation. If ¢ < 0o and « = 0, this corresponds to taking
k = k¢, as given by (42).

The expected values of the truncated power variations are available in closed
form in this model, using the incomplete Gamma function of order a, which we
denote by I"(a, -). As described in the general theory, in the semiparametric case,
we use an approximate centering based on expectations of, in this case, truncated
moments, computed for the model X = o W (without Y). The effect of the mis-
specification is to bias the resulting estimator. The bias of the estimator of o based
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on approximate centering will vanish asymptotically in A and we will have a result
of the form

46) nAY G, —n) > N(0,v9),  where G, =0 +boAll +o(ADY)

with b1 > 0. [If b1 = 0 for some choice of (r, «, ¢), then the parameter ¢ is not
identified by an estimating function based on that combination.] Also, vi =0 cor-
responds to a rate of convergence of the estimator of 7'/ and any value v; > 0
corresponds to a rate of convergence slower than n'/2. We also note that when
b1 > 0, the rate of convergence and asymptotic variance of the semiparametric es-
timator of o are identical, at the leading order in A, to the expressions one would
obtain in the fully parametric, correctly specified case where centering of the es-
timating equation is carried out under the assumption that Y is present, instead of
the approximate centering done without Y. Centering using the latter is, of course,
the only feasible estimator in the semiparametric case where the distribution of Y
is unknown.

In what follows, we fully characterize the asymptotic distribution of the semi-
parametric estimator of o ; that is, we characterize the values (bg, b1, vo, v1) in (46)
as functions of (r, k, ¢) and (o, n, A).

9.1. Power variations without truncation. If ¢ = oo, we have the following
for the asymptotic variance:
TGH) .
r(4r)2 D;
e if r =1, then vy =0 and vy = 3 ((r —2)0? + wAn);

. 2=2ry r T 1
o1f1<r<2,thenv1=r—1andv0=ﬁa2M’ (f::ri.
r e

° if0<r<1,thenv1=Oandv0=ri2(ﬁ

As for the bias, when 0 < r < 2, we have by =1 —r/2 and by = ol_rknr/z/r.

REMARK 9. The estimators based on power variations converge (not taking
the bias into consideration) at rate nl/2 only when r < 1. When r > 1, the mixture
of jumps and volatility slows down the rate of convergence (v; > 0). When r =2,
the parameter o is simply not identified, as is obvious from the fact that E (X ZA) =
(02 + An)A. This is also apparent from the fact that b1 | 0 as r 4 2, so the bias no
longer vanishes asymptotically. And the bias even worsens the rate.

REMARK 10. When r < 1, the asymptotic variance vy is identical to the ex-
pression obtained without jumps, as is the case when the log-likelihood score is
used as an estimating equation. When r = 1, the rate of convergence remains n'/2,
but vy is larger in the presence of jumps.
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1/2

9.2. Power variations with A< truncation. If ¢ < oo and k =0, then vy =0

for all r € (0, 2] and

2ot (ACG HD ~TG ) — (5D T3 520
(V2e1H7 exp(—s5) — 272ra 1 (D(10) — T (12, 55)))2

Vg =

As for the bias, we have b; = 1 and
o4 — T4, )
(N“ﬂ—FU”vzn—%N“ﬂ—F@”vzn

REMARK 11. Truncating at rate A'/? restores the convergence rate n'/? for
all values of r (again, regardless of the bias) and permits identification when r = 2.
When 0 < r < 1 (where the rate n!/? was already achieved without truncation), not
truncating can lead to either a smaller or larger value of vg than that which results

from truncating at rate A,l/ 2, depending on the values of (62, ¢).

REMARK 12. The asymptotic variance vy is identical to its expression when
no jumps are present, as it should be, in view of our general results (this type of
truncation leads to the estimators studied in Section 8). In all cases, the bias is
smaller than that which we would have without truncation.

9.3. Power variations with truncation slower than AY/?. If we now keep too
many increments by truncating according to —1/2 < k < 0, then we have the fol-
lowing for r € (0, 2]:

o if —3/(244r) <k <0, then v; =0 and vy = z(fﬁ((fj,’)z—l);
e if x =—3/(2+44r), then vy =0 and
21/2—rcl+2rﬁk02—2r o F( +7)
~ 2 121 (1272 2(*/; Ty 1>;
r2(142r)nl/2r (%) r I'(=)

o if —1/2 <k <—-3/2+4r),then vy = —« —2rxk —3/2>0and
21/2—rcl+2rﬁ)L02—2r
T 230+ 2rp AT ()

As for the bias, we have the following:

o if —1/(2+2r) <k <0, then by = 1 and by = —22;
. 1/2 r/2 1+r

o ifk =—1/(2+2r),thenb; =1 and by = (Hr)(r’é‘farr(ljr) 1—1y;

o if —1/2 <k < —1/(2 4+ 2r), then by = 3/2 + k +rk > 0 and by =
21/2—r/201+r)\0,1—r

r(14r) /AT ()




372 Y. AIT-SAHALIA AND J. JACOD

REMARK 13. When 0 <r < 1, we are automatically in the situation where

k > —3/(2 + 4r), hence, keeping more than O(AE/ 2) increments results in the
convergence rate n'/2 and the same asymptotic variance vo as that which results
from keeping all increments (i.e., not truncating at all). When 1 < r < 2, it is possi-

ble to obtain the convergence rate n'/? by keeping more than O (A,l,/ 2) increments,
but still “not too many” of them (—3/(2 4+ 4r) < k < 0); but, even keeping a larger
fraction of the increments (—1/2 < k < —3/(2 + 4r)) results in an improvement
over keeping all increments, since 3/2 — k — 2rk < r — 1, so that the rate of con-

vergence of G, although slower than n'/2 is nonetheless faster than n!/ ZAEF_])/ 2.

9.4. Power variations with truncation faster than A'/?. Finally, if we keep
too few increments by truncating according to ¥ > 0, then v; = « for all values of
r € (0,2] and

_ \/ﬂ(l + ;’)203

b1=1, bo=0A.
2¢(1+2r)

REMARK 14. Truncating at a rate faster than A!/?

rate of the estimator to deteriorate from n'/? to n!/ ZAZ/ 2. While we successfully
eliminate the impact of jumps on the estimator, we are, at the same time, reduc-
ing the effective sample size utilized to compute the estimator (by truncating “too
much”), which increases its asymptotic variance.

causes the convergence

9.5. Comparison with the general case. Let us compare the specific results
just obtained for this particular model with the general results obtained in Theo-

rems 4 and 5. Here, we have G € g(;, so the general results assert that if
(47) nA2 — 0,

then the estimators &, converge at a rate /7 and the limit of the normalized error
is Gaussian without bias; when (47) fails, but A, — 0 still holds, the sequence
(Vn A A;YH @G, — o) is tight. The estimators converge at rate /7 when v; =

0 and nA%b1 is bounded (then there is a bias) or when nAﬁb‘ — 0 (there is no

bias). Otherwise, the sequence (,/nA,' A A, b‘)(an — o) is tight. Then we have
the following:

e Power variation without truncation: We have a rate ./n only when r € (0, 1] and
nA2~" is bounded; otherwise, the rate is worse than in our general results (this
was expected, of course).

e Power variation with A!/2 truncation: If nA2 — 0, then we have rate /z with
asymptotically unbiased error. If nAﬁ — a € (0, 00), we have rate /n with as-
ymptotically biased error. If nA,% — 00, then A;l (6, — o) converges in proba-
bility to the constant by, this being slightly better than what we get by applying
the general results. This holds irrespective of r, but, of course, the asymptotic
variance depends on r and also on c.
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e Power variation with truncation slower than A!/2: The rate is /n if —1/
2+4+2r) <k <0 and nA,% is bounded, or if —3(24+4r) <k < —1/(2 + 2r)
and nAfl“K +2r¢ js bounded. This is worse than the previous case.

e Power variation with truncation faster than A'/2: The rate is at most ,/nAX and
always worse than in the A!/? truncation case.

10. Example: sum of two stable processes. We now suppose that Y is also
a symmetric stable process with index o € (0, 8), so that G € g(; Related results
for this model can be found in [13]. First, we can consider estimators based on the
empirical characteristic function, that is, k(x) = cos(wx) for some w > 0. We have
the parametric estimator 6, = 6, (G, ¢, k) of (25) and the sequence /n(G, — o)
converges in law to N (0, 0232(k)), where X2(k) is given by (38). We also have
the semiparametric estimators G, (k) of (31), which behave as follows. Under

(48) nA2B=/B _ g,

Vn(G, (k) — o) converges in law to N(0,c2%2(k)) and the sequence (/n A
A, (B=e)/P ) (6, — o) is always tight. In fact, since we are in the symmetrical case,
the preliminary estimator S, = S, (G) is the same for both &, and G,,(k), which are
the solutions of U, (1) =0 and U, (1) = 0, respectively, closest to S, and

~ u 1 u
U () = U' () = U (1) = W, ,k(—, —,0) _ \vk(—,0>
n n n An,B Sn Sn Sn

[recall (36) and (39)]. If we use the explicit form (37), we obtain

T, () = e~ 1250 (ewm;ﬂ‘“)/ﬁ/zsg _),

which is equivalent to (w?/20%)AL™*/P exp(—wh/2) as n — oo and u — o
(recall that S, — o in probability). Since Wy (u,0) = exp(—uPw? /2), we have
AW (1,0)/du = —BwP exp(—wP /2) /2 # 0 and deduce that the difference &, (k) —
0, is equivalent (in probability) to —A;ﬂ —)/p /(WP Bc?).

Therefore, in addition to the fact that /n(6,(k) — o) converges in law to
N(0, 02%2(k)) under (48), we have the following:

o if nA%,(ﬁ_“)/ﬂ — a? € (0,00), then /n(6,(k) — o) converges in law to
N(=a/(wP~*Bo®), 6> (k));
o if nA,%(ﬂ_wm8 — 00, then A;(ﬂ_a)/ﬁ(c’fn (k) — o) converges in probability to

the constant —1/(wf~%Bo ).

We conclude that the results of Theorem 4 are sharp, at least for k(x) =
cos(wx).

We can undertake a similar analysis for the estimators based on the truncated
power variation V,, (y) of (43) with B,, =0 (because Y is symmetrical). That is, we

consider the truncated power variations at the level A ,11/ p .Whenn A,%(ﬁ —/B 00,
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one can show that for sufficiently small y (but it is probably true for all y > 0), the
sequence A, (pe)/P (6, — o) is tight and its limiting distributions include some
Dirac masses at nonvanishing constants. So, here, again, the results of Theorem 4
are sharp. But, of course, as previously stated, this does not completely rule out

the existence of estimators constructed in a different way and behaving better.

11. Technical preliminaries. In the sequel, a constant which depends only
on B and on another parameter y is denoted by C, and it may change from line to
line.

LEMMA 1. Let¢ € @, a € (0,2] and ¢y be the associated function defined as
in (17). Forall G € (¢, ) and ¢ € (0, 1], we have

4 4 .
@ [ wiF@o=1a-e ale).  Ha>o,
{lxl=e) $ale), ifg=a=2,
baD), o<1,
(50) /{s<|x|<1} XIFdx) < | du(®)log(1/e),  ifa=1,
- Po(e)e! ™, ifa > 1.

PROOF. When g = o =2, (49) is trivial because ¢ < ¢,. When g > «, Fu-
bini’s theorem and (3) together yield

/{|x<6} IR = -/{IXI<8} F(dX)q—/O

<q fo Sy dy < q%aas’(e)sq—“

x| ¢
y"_ldy=qf0 IV (x| > y)dy

because ¢’ is increasing [recall the notation in (17)]. So, we again get (49). In a
similar way, for every z € [¢, 1], we get

|x]
/ |x|F(dx)=/ F(dx) dy
{e<|x|<1} {e<lx|<1} 0
& V4
=/ F(e<|x|§1>dy+/ F(y < x| < D) dy
0 &
1
+/ F(y < x| < )dy
Z

z 1
< ¢ (e)e! " + ¢/ (2) / Y dy +¢/(1) / ¥ dy.

A simple calculation, using (17), allows us to deduce (50); we take z = 1 when
a<1,z=1whena =1 and ¢ > 1/e, z = exp—+/log(1/¢) when o = 1 and
e<l/eand z=./e whena > 1. [



VOLATILITY ESTIMATORS FOR LEVY PROCESSES 375

In the next lemma, we use the notation b’ (G, «), Za () and G/A’ o introduced
in (13) and thereafter, and also p(«, B8) and p’(«, B), as defined by (32).

LEMMA 2. (a) If G € g, then G/A,ﬂ converges to the Dirac mass &y as
A — 0.

(b) Ifa < B, ¢ € ©, G" is a sequence of measures in (¢, a) and A, — 0, then
the associated sequence G/Xm o converges to the Dirac mass 8y as n — 00.

() Ifa < B and ¢ € D, then there exists a constant C = Cy.« such that for all
functions g with |g(x)| < K(1 A |x|) and all A € (0, 1], we have (with ¢, defined
as in the previous lemma)

Ge§(g,a),lgx) <K Alx|) »
1) —  E(Ig(Za(@))]) < CKAP@P ¢, (AFCFD),
Ge§'(¢p,a),lgx) < K(Ax?

—  E(3(Za@)]) = CK AP @P g, (AF).

PROOF. If ¢ € &, then lim,_, o ¢, (x) =0, so (¢c)=(b)=>(a). For proving (c),
we say that we are in the asymmetrical (resp. symmetrical) case if G and g are
given as in the first (resp. the second) statement in (51).

Let n € (0, 1/2], to be chosen later. With any given G € (¢, @), we associate
the Lévy process Y and the characteristics (b, 0, F). Let F’ and F” be the re-
strictions of F to the sets [—n, n] and [—n, n]°, respectively. We can decompose
Y into the sum Y; = ar + Y,/ + Y,, where Y’ is a Lévy process with character-
istics (0,0, F’), Y” is a compound Poisson process with Lévy measure F” and
a=b— f{n<|x‘51}xF(dx). Then a’ =a — b'(G, @) is given by

/ xF(dx), ifa <1,
{lx|=<n}

/
a =

—/ xF(dx), ifoa>1.
{n<lx|<1}

Therefore, a’ = 0 in the symmetrical case, whereas in the asymmetrical case, (49)
and (50) yield for a constant C = C, not depending on G € $(¢, «),

o Cn' T a ), if or # 1,
la’| < .
Clog(1/méa(m), ifa=1.
Also, since Y’ has no drift, no Wiener part and no jump bigger than 1, one

knows [by differentiating (2), for example] that E((Y/)?) =t [ x>F’(dx). Then
(49) again yields, for some C = C,,

(52)

(53) E(YA}) < CAn* %, ().
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We have [g(Za(a))| < K. If, further, Y =0, then Yo = aA + Y}, therefore
Za(a) = A~VA (Y| +a’'A), therefore |g(Za(a))| < KATVE(|YL |+ Ald’]) in the
asymmetrical case and |g(Za (@))| < K A28 Y/A2 in the symmetrical case. Next,
P(YX #0) < AF"(R) < A¢y(n)/n* because G € §(¢, a). Therefore, we deduce
from (52) and (53) that for some constant C = Cy ¢,

E(|g(Za(@)])

_[CK (ATl AVZTUP2 4 AU log(1/m)gi (), ifa=1,
T CK(AnTe + AVl p A=VBpl=Yg (1), otherwise

in the asymmetrical case and E(|g(Za(@))|) < CK(An™ + A=2Pp2=%) ¢, (1)
otherwise. Then take n = AZTA/BC+®) (resp. n = A/P) to obtain (51). O

Next, we study the functions defined in (15).

LEMMA 3. (a) Let k satisfy the first half of (20) with some y > 0 such that
y < B whenever 8 < 2. Then Vi is C* on (0, 00) x R. If, in addition, y > 0,
v € (0, 00) and k,(x) = k(x)1{jk(x)|<v)» then for all K > 0, there exists a constant
Mk  such that |z| < K and v > Mg i imply

— VY (u,z) — —— W, (1, 2)

o/ J+
‘814/811 dulaz!

(54)
Cj,l,k,Kuﬁ_jvl_(Hﬁ)/V, if B <2,
<
= ijl,k,Kuye_v”V/u’ ifﬂzz.
(b) If k is bounded, then for all n € (0, 1), we have, with ||k|| being the sup norm,
Jj+

dulaz!

(55) n<u<l/y — ‘ Wi, )| < Co K.

PROOF. We can rewrite the second display of (15) as

1 | -
(56) \pk(u,z)=;/h,gG)k(xﬂ)dx:—/hﬂ(x Z)k(x)dx.

u u

(a) For an integer [/, the jth derivative of u (—l)lhg)(x /u) /u“rl takes the
form hy j(x/u)/u/ ' for a function A, j(x) which is a linear combination of
products of hg+’)(x)xi for 0 <i < j. By (7), h;,; satisfies, for all x,

Cj1/(1+ |x|1HH+B), if g <2,

(57) |hy,j ()] < .
’ Cii(1+ [x|P+2he=2*/2 if g=2.
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The above estimate for § < 2 also holds for 8 = 2. Moreover, for all 8 € (0, 2],
the derivative satisfies

C
(D Js!
(58) 5O = e

Therefore, we easily deduce from (56) that W, is C*°, with [by differentiating [
times the last term in (56), then differentiating j times the analogue of the last
term, with hg) instead of hg]

aj—‘rl

1
(59) duiod LKD) = —'+z+1 fhl,j(X/u)k(x +2)dx

e L

In particular, since |k(x) — ky (x)| = [k(X) Lk sv)| < Ce(1+ [xV) k(o) >} We
have

g/ + g/t
‘ \I’ku (u Z)

duiadd KU g T

Ck

< — L4 |x+z|") by j(x/u)|dx
ulH+ /{-l+x+zly>vsk}( | ) V. /o)

since {(x,2) : [k(x+2)| > v} C{(x,2): 14+ |x+z|¥ > ver} for some g; > 0. Then
a simple computation using (57) yields (54).

(b) When k is bounded, (57) implies that h; ; is integrable and so (59)
yields (55). O

LEMMA 4. Ifk is bounded, then VG A ok (u, v, z) is C*™ in (u, z) and for any
n € (0, 1), we have

8j+l
dusaz!

<Cpjqlkll

(60) n=u<l/n = ' VG A ak(U,v,2)

and also, for A <1,and z e R,u €[n,1/n] and v € (0, 1/n],

J

G € 6. a):\—wmakm 00— ka<u,o>'
61 < Cpylkl(12] + AP gy (AT )),
97
G < §'(@. a>=>\—wGMk<u 0.9~ U 0)'

< Cjylkll(Iz] + A7 @B, (AF)).
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PROOF. Observe that by (15), WG A a.k (4, v,2) = [ Gy o (dw)Wy(u, vw+2).
Then by (55), ¥G A0k is C* in (u, z), with

jH
©2) dulaz!

and for any n € (0, 1), we have (60). Next, we prove the first part of (61). From
(58), we have that

jH
/
wG,A,a,kw,v,z)=/GA,a<dw)ka<u,vw+z)

63 DIST = oyt )~ ho 0] = Cim g,
Recalling (59) and (62), we have

5 5
) o V6a k(.2 — 5 V,2) = [ Gl y(dw)gw)

where

kY Ry
g(w) = m‘l’k(u’ vw +z) — W\pk(u, 2)

1
= ﬁ/hoﬁj(x)(k(ux +vw +2) —k(ux +z))dx

1 vw
= — (ho,j (x - —> — ho,j (x))k(ux +z)dx

ul u
for u, v, z, j fixed. Let n € (0, 1) and suppose that n <u < 1/n and v < 1/n.
If jw| <1, then (63) yields |[g(w)| < Cj,llk|l|lw|, whereas (55) always yields
lg(w)| < Cjyllkll; so, [g(w)| < Cjylikll(lw| A 1) and in view of (64), we read-
ily deduce from (51) that

(65) —.‘PG,A,a,k(M,v,Z)——J-‘Ifk(u,z) < Cjyllk|| AP o (APEFY),

du’ ou

Since, further, |§7jjlllk(u, 7) — %\I}k(u, 0)| < Cj,lkll|z| by (55), we obtain the
result.

Finally, the function hq ;j is C* and all of its derivatives satisfy the esti-

mates (57). Hence, the functions h(()l,; and H(X) = SUPyey—1/n2 x+1/n%] Ih((f} 62]
are integrable. We have

66 Twl=1 = fho;(x=2) < ho, 0~ b0 2| < € puPH )
u o u

provided that v < 1/n and n <u < 1/n. Therefore, we can write g = g1 + g2,
where

Vw
g1(w) = Wl{|w|§1}/h&}(x)k(ux +z)dx,
g2(w) = g(w) ljjy|>13

vw vw
+ 1{|w|§1} /(ho,j <x — 7) — h()’j(x) — h(()g.(x)7)k(ux +Z) dx.
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On the one hand, if G € §/(¢,a), then G/A’a is symmetrical about 0 and
f gl(w)G/A’a(dw) = 0 because g, is bounded and odd. On the other hand,
(66), the integrability of H and |g(w)| < C; k|| collectively yield |g2(w)| <
Ciny lk|l(w? A 1). Hence, using (51), we get [instead of (65)]

By, J

3 : )
57 YG Ak, 0,2) = S s Wk, 2)| < Cjy K] A7 @P g, (AP)

and the second part of (61) follows analogously. [J

12. Estimating equations. We prove here a general result concerning esti-
mating equations, which will be used several times below. Its content is basically
known, but we adapt it to our setting, at the desired level of generality.

Suppose that we seek to estimate a parameter o > 0. At stage n, we observe
pn ii.d. variables /' and two auxiliary variables S, > 0 and Q, € R. Under the
associated probability measure P, ,, we suppose that the families (S,, Q) and
(x{' : 1 <i < py) are independent and, of course, p, — oo. Let us introduce the
following conditions:

(Al) if 0, = o > 0, then S, — o in P, ,, -probability;
(A2) if 0, — o > 0, then the sequence (Q,, | Py,5,) is tight.

Next, we consider two families of functions (f 5,4)s>0 and (Hy )s=0,geR, ON
R and (0, 0c0), respectively, and we associate with them the following estimating
functions and estimators:

Pn

1
(67) Un.s.q) = — Y (frs.q(X]') — Ha s ),

ni=1

the u > 0 with Uy, 5 4 (1) = 0 which is closest to s,
(68) o, (s,q) = if it exists,
1, otherwise

(if Up,s,4 = 0 has two closest solutions at an equal distance of s, then we choose
the smaller one). We also set

(69) Fn,s,q (0)= En,a (fn,s,q(Xin)), F,;’S,q((f) = En,o(fn,s,q (Xin)z)-
Let us now list a series of assumptions on the previously introduced functions.

(B1) We have sup,_ geR ||fn,s,q||4/Pn — 0 when n — oo (here, || fu 5,4 is the
sup norm).

(B2) H, is continuously differentiable.

(B3) For all s > 0, there exists a differentiable function F on (0, o) such that

whenever s, — s, Hy,,, and H,ﬁ;)n converge locally uniformly to F and

=

F ", respectively.
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(B4) F(l)(s) £0foralls > 0.

(BS) F n Snrdin (u,) converges to a limit F’(u) for any two sequences u, and s,
converging to the same limit # > 0 and any bounded sequence g, .

(B6) There exists a sequence w, — +oo such that sup, w,|Fy s, g, (Un) —
H, s, (un))| < oo for any two sequences u, and s, converging to the same
limit # > 0 and any bounded sequence g,,.

THEOREM 6. Assume (Al), (A2) and (B1)—-(B6).

(a) The sequence ((wy A /Pn)(©n(Sn, Qn) — 0)) is tight under P, s, uni-
formly in n and in o in any compact subset of (0, 00).

(b) If wy//pn — 00, then the sequence (/pn(6n(Sn, On) —0)) converges in
law under P, s, uniformly in o in any compact subset of (0, 00), toward the cen-

tered normal distribution with variance >(c) := (F'(0) — F, (0)2)/7((,1)(0)2.

We devote the remainder of this section to proving this theorem, assuming for
the rest of the section (Al), (A2) and (B1)-(B6). First, we state a lemma which
gathers some classical limit theorems. For each n, let (¢ :i =1, ...,«;,) be real-
valued and i.i.d. random variables, possibly defined on different probability spaces
(2, F,, P,) when n varies.

LEMMA 5. Assume that {' is square integrable and set y, = E,({]') and
r, = En((gi”)z) — ynz. If ky — o0 and 'y, [k, — 0, then we have

Kn

(70) E Z v "0

Furthermore, if I, — I for some limit ' > 0 and if E(l;l-”|4)//<n — 0, then we
have

(71) < Z;, ) % N, ).

In the next three lemmas, we suppose that o, = o > 0 and write P, = P, ¢, .

LEMMA 6. Lets, — o and let q,, be a bounded sequence.

(a) The sequence ((wn AN PUn g, (0n) | P,,) is tight.
(b) If wy//Pn —> 00, then the sequence (/p,Up.s,.q,(0n) | Py) converges in
law to N(0, F'(c) — Fo (0)?).

L P ,
PROOF.  We have Uy s, .q,(0n) = - 3; 2, ¢, where for each n, the ¢"’s are
i.i.d. with mean and variance given by

Yn=Fy S qn(an) nsn(an) Iy _Fns .dn (on) — nsn qn(an)
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respectively, and, further, [¢/'| < o, for «, satisfying afl/ pn — 0, by (BI).
Eow, (B6) yields that y,, — 0, which, together with (B3), yields F;, g, 4, (0y) —
Fs(o). On the other hand, (B5) implies F, (0,) — F’'(0). Therefore,

n,Sn,qn -
(/Pr(Un,s,.4,(0n) — vn) | Py) converges in law to N(0, F'(0) — F4 (0)?) by (71)
and since sup,, w,|y,| < oo by (B6), we readily obtain the two results. [

LEMMA 7. (a) The sequence ((wy A \/Pn)Un.s,,0,(0n) | Py) is tight.
(b) If wn//Pn — 00, then the sequence (\/pnUy,s,,0,(04) | Py) converges in
law to N(O, F'(0) — Fy(0)).

PROOF. For both results, it is enough to prove that from any subsequence
one can extract a sub-subsequence for which the results hold and thus, using (A1)
and (A2), we can indeed assume that the pair (S,, Q) converges in law. Due
to the independence of (S,, Q,) and (U4 :s > 0,9 € R), we can replace the
pair (S,, Qn) in Uy s, o, by any other pair (S, Q),) having the same law under
P, as (S,, On) and still independent of (U, 54 : s > 0,q € R). In particular, by
the Skorokhod representation theorem, we can indeed assume that S,, converges
pointwise to o and also that O, converges pointwise to a limit Q.

(a) Let Vyy 5.4 = (Wn A \/Pn)Un 5,4 (0y). The previous lemma implies that, pro-
vided the deterministic sequence s, converges to o, we have for all B > 0
(72)  lim supug p(n,s,) =0, where uy g(n,s) = sup P,(|Vy 5,4l > k).

k=00 > lg|<B
If the sequence (Vy.s,.0, | Pn) is not tight, then there exist some ¢ > 0 and an
infinite sequence ny such that Py, (|Vy,, Snk,an| > k) > ¢. Since (S,,, Q) is inde-

pendent of the family (V,, 5 4 : s > 0,9 € R), we have
P (Vi Sy . 0 | > K
< En[Puy (Vg 5, 0, | > KIS Q)]
< En 140,158y + 14104, 128y P 1V 8, . 00y | > K1 Spis Q)]
< Py (|1Qn| > B) + En, (uk,B(nk, Sny)))-
Then by (72), S,, — o and Lebesgue’s theorem, we have

hmsuank(lvnk,Snk,an| > k) <Ssup Pnk(|an| > B)
k k

for all B > 0 and, in view of (A2), we deduce that limsupy P, (|Vay,s,, .0, | >
k) = 0. This contradicts the definition of the sequence n; and we thus have the
result.

(b) Let us denote by V a variable with law v = N (0, F'(6) — F(0)). Let Vn,s.q
be the law of V,, 5 4 := /PnUp,s,4(0,). The claim amounts to proving that

(73) En(8(Va,s,,0,)) = E@(V))



382 Y. AIT-SAHALIA AND J. JACOD

for all bounded continuous functions g. We have

En(g(Vas, 0.)) = En ( [ s, (dx)g(x)).

Since S, — o and Q, — Q, we deduce from Lemma 6(b) that [ v, s, o, (dx)g(x)
converges pointwise to [ v(dx)g(x) = E(g(V)), and that it is bounded by || g||, so
Lebesgue’s theorem yields (73). U

LEMMA 8. The sequence G, converges in P,-probability to o.

PROOF. Exactly as in the previous proof, without loss of generality, we can
assume that the pair (S,, Q) converges pointwise to (o, Q), with Q a suitable
random variable. Lemma 7 implies that U, s, ¢,(0,) — 0 in probability (recall
that both w, and p, go to infinity). Observe that U, s, ¢,(®) — Uy s,,0,(0n) =
H, s, (on) — Hy s, (1), which, by (B3), converges (pointwise) locally uniformly
in u toward H(u) := Fy(0) — Fo(u). Hence, Uy,s,,0,(u) also converges locally
uniformly in u toward H (u), in P,-probability. But, by (B4), the function H is
null at o and is either strictly decreasing or strictly increasing in a neighborhood
of . The definition (68) of 7,,(S,, Q) then immediately gives the result. [J

PROOF OF THEOREM 6. The proof follows a familiar pattern. As usual, to
get the local uniformity in o for the tightness in (a) [resp. the convergence in (b)],
it is enough to obtain the tightness (resp. convergence) under P, = P, ,, for any
sequence o, — o > 0. Let us write, for simplicity, , = 7,,(S,, Q,) and U, =
Un,s,.0,- By (B2), U, is continuously differentiable. From Lemma 8, we deduce
the existence of sets A, with P,(A,) — 1, such that on A,,, we have U, (6,) =0
and thus Taylor’s formula yields a random variable 7,, taking its values between
o, and 0, and such that

(74) Un(0y) = —(Gn — 0)UV(T,)  onthe set Ay,

Observe that U,gl) (T,) = —Hn%” (Ty,). Since both S,, and 7T}, converge in probabil-

ity to o, (B3) implies that U\" (T,) — —F."(¢) in probability. Since F.’ () # 0
by (B4), all of the results of our theorem are now easily deduced from (74) and
Lemma7. O

13. Proofs of the main theorems.
13.1. Fisher information and LAN. For Theorems 1 and 2, the key role is

played by the density pa(-|o, G) of the variable XA in (1). From independence
of W and Y, we have

1 xX—=y
(75) palxlo, G) = O_A—l/ﬂ/GA(dy)h/s(—o.Al/ﬂ)'
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Since hg is C* and satisfies (7), it follows that o — pa(x|o, G) is also C* and
the first two derivatives are

_ 1 . (x—y

(76) pa(x|o, G)=—m/GA(dy)hﬂ(0A1/ﬂ)’
. 1 ~ ([ X—Yy

(77) pA(x|o—’ G) = m/GA(dy)hﬂ(O_Al/ﬁ)v

where fi (x) = hg(x) + 3xh’ (x) + x2h§ (x). The Fisher information /4 (o, G)
is then

Palxlo, G)?

paxlo, G)

Taking advantage of (75) and (76), using b'(G, ) and G/A’ o Isee (13)] and per-
forming the change of variable x <> (x — Ab/(G, «)) /o AP in (78) and (80), we
obtain, for any « € [0, B],

(78) Ia(o,G) =

1
(79) 140, 6) = — / 58.0.G(x) dx

(f G o@whp(x —ujo))?
[ Gy (du)hp(x —u/o)

To prove the LAN property, we also need the Hellinger integral of order y €
(0, 1) between the laws of X A for two different values of o and the same G, that
18,

(80) Ha(y | o, 0”, G)=fPA(XIG, G)' 7" pa(xlo’, G) dx.

with sA .6 (x) =

The LAN property in Theorem 1 is equivalent to the weak convergence of statis-
tical experiments having log-likelihoods Z, (o + u/+/n|o, G) to a Gaussian shift
experiment with unit variance (8)/o? (see Definition 80.1, Theorem 80.2 and
Corollary 80.6 in [20]). Due to the form of the Hellinger processes for a Gaussian
shift and also for i.i.d. observations (see, e.g., [12]), and to Theorem 5.3 of [11], to
prove the LAN property, it is enough to prove that for all u, v € R and y € (0, 1),

vy —y)u—v)
202

2
®1) n(l—Ha,(y |o+u/Jn,o+v//n, G))— 1(B).

PROOF OF (10). Apply the Cauchy—Schwarz inequality with the product of

hg//hg and \/hg to get
SA,0,G(X) = f G/A’a(du)fz,g(x —u/o).

Therefore, (79) yields

In(0,G) < i/dx/c;/ (du)h (x—u/o)—il(ﬂ)
alo, =2 Aa B )



384 Y. AIT-SAHALIA AND J. JACOD

[recall (9)] and we have (10). [

PROOF OF THEOREM 2(a). It suffices to prove thatif o, - 0 >0, A, = 0
and G" is a sequence of measures in (¢, o) for some ¢ € ® and some « € (0, 8],
then

1
(82) 18,01, G") = —1(B).

Since hg and hg are continuous and bounded, Lemma 2(b) yields that sa, 4, Gn —>
h,g pointwise. Fatou’s lemma yields liminf, Ia, (0, G") > 4(B)o?. Combining
this with (10), we obtain (82). [

PROOF OF THEOREM 2(b). Let p, = AY*"VF which, by our assumption
on A,, converges to 1. The measure G/K,,, «, associated with G" has the density
X > gn(x) = hg, (xpn)/pn, which converges to hg(x); so, G/Kmam P weakly con-
verges to the law with density &g and, exactly as in the previous proof,

([ hg)hg(x —ub /o) du)>

(83) Sh0,G1 (X) = 5(x) 1= [ hghg(x —ub /o) du

On the other hand, |ig(y)| < C(1 A 1/|y|'™F) and g, (y) < C(1 A 1/]y|'Ten).
Using once more the Cauchy—Schwarz inequality, we deduce from (79) that

58, 0.Gn(x) < f ()i 5(x — uf /o) du

1 1
/ _ - s
< =¢ [ (1 gz ) (1 e ) o

for yet another constant C, provided o, > B — ¢ for some fixed ¢ € (0, §). But,
[ s'(x)dx < 00, so (83) and the dominated convergence theorem yield

1
(84) Ip,(0,0,G") — —/s(x)dx
o2
Finally, exactly as above, we deduce from the Cauchy-Schwarz inequality
and from the fact that the functions v/ hg and hg/ Vh hg are not Lebesgue-almost

surely multiples of one another, while 7g > 0 identically, that, in fact, s(x) <
[ hp (u)h,g(x — u6 /o) du for all x. Therefore,

fs(x)dx < /dx/hﬁ(u)ﬁﬁ(x —ub/o)du

= [ hp@du [Fprdy= [Fardy=18)

and (84) yields that Iz, (o, G") converges to a limit strictly less that £(8)/ o2. O



VOLATILITY ESTIMATORS FOR LEVY PROCESSES 385

PROOF OF THEOREM 1. We have proved (10) above and (11) follows from
Theorem 2, so it remains to prove LAN, that is, (81). Fix 0 >0, G € g, y €
(0, 1) and u, v € R. To simplify notation, we write p,(x) = pa,(x|o, G), py(x) =
Pa,(xlo, G) and g, (z, x) = (pa, (x|o +2/3/n, G) — pp(x))/pa(x). We have

Ha, (y |0 +u/v/n.o+v//n. G)=[Pn(x)(l+qn(u,X))y(1+qn(v,X))l_y dx.

Note that g, (z, x) > —1. By a Taylor expansion, we get, for § € (0, 1),

(85) ’(1 Fgn(z. )’ = 1 = 8qu(z. x) + 6(12—8)

when |g, (z, x)| < 1/2 and (85) is trivial when g, (z, x) € [—1, —1/2)U(1/2, +00).
Therefore,

4n (2, %)% < Clgn(z, )

(14 gnt, )" (1 + g, ) 77 =1 =g, @, x) = (1 = ¥)g (v, x)

y(—y)
2

(86) + (gn (1, X) = gn(v, )’

< C(Ign @, OF + lgn (0, 0)F).
Another Taylor expansion gives

z pn(x) 1
N T NS ey
Next, for any & € (0, 1/2), we have |(y + y")> — y?| < 2ey? + y'?/e. With y =
(0 — ) pu(x)//npa(x) and y' = gu(u, x) — gn(v, x) — y, we deduce
2 (u=0)? pa(x)?
n Pn (x)2

Ce pu(x)? 1 u/ i 2
<t e Gl + v O

(recall that the constant C can change from line to line) and therefore

z/A/n
/(; (z//n—w)pa, (x|l +w, G)dw.

(gn(u, x) — gn (v, x))

(88)

N2
‘/pn(X)(qn(u,X) —qn(v,X))zdx _w=v) Ia, (o, G)‘
(89 Ce Ch,
= _IA,1(07 G)+ )
n ne
where

1 ul :
bn=/ (/ IpAn(x|c7+w,G)|dw) dx.
Pn(xX) \Jv/y/n

Observing that [ p,(x)dx =1 and [ p,(x)g,(z,x)dx =0, (85) and (89) yield

1= Ha,(y |0 +u/n,0+v/Jn,G) — (u—v)*y(1 —y)la,(0,G)/2|
(90) Ca, Ce
< —" =, (0,G) +
n n

n
9’

ne
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where, with the notation z, = (Ju| + |v|)/+/n,

1 an 3
an:n/ 2(/ |13An(x|o+w,G)|dw> dx.
pn(x) —Zn

Since (90) holds for any ¢ € (0,1/2) and Ia, (o, G) — 1(,3)/02, we see that
(81) holds, provided that we prove a,, — 0 and b,, — 0. Using (75), (76) and (77),
we see that if we define

fzn dwaAn(dy)g(w)) 2H

AP / (f GAn(d)’)hﬂ( 1/,3))””

then a, < Cc, if j =1 and g = |hg|, and b, < Cc, if j =0 and g = |hg|. At
this point, we use Holder’s inequality, with conjugate exponents r = 2 + j and
s =2+ j)/(1+ j), first for the integral with respect to dw,

_ 2+4j
x—y
</—zn dw / Gan (dy)g((a + w)A,l/ﬁ>>
Zn 14j x—y 2+4j
= </—zn dw) /—zn </ Ga, (dy)g<(a + w)A,ll/ﬂ >) aw,

and second for the inside integral with respect to G a, (dy), to obtain

(/ Gm(@’)é’(ﬁ)yﬂ
(/hﬂ( Al/ﬁ>GA"(dy))l+j

x—y 2+j x—y\ 4D
x/GAn(dy)g<7l/ﬁ> h/3<—1/,3> .
(o +w)A, oAy

X

j 2 14 n 4]//3)

O) o= %/GAn(dy) dw/dx (),
P Tin hﬁ( N

Therefore,

)1+j

Next, we introduce the change of variable from x to z = (x — y)/ An/ # to obtain
j 14 o ()" i 2+
O Tw

cn <n’ (2z,) ]/GAn(dy) - dw/dZW < anzn T,

To obtain the last inequality, we note that [ Ga,(dy) = 1 and use the fact that

8(z55)" [ hp(£)!™ is less than C/|z|'*F for all |w| < 0/2, in light of (7).

Since n/ z%ﬂ — 0 when j =0 and j = 1, we obtain ¢, — 0 and the proof is
finished. [
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13.2. Proof of Theorem 3. 'We begin with (b). With the notation H = h g/ hg,
we see that in addition to (26), we have I (k) = E(k(W)H(W7)) and L(B) =
E(H(W1)?). Integration by parts yields E(H(W;)) =0, so J(k) = E(k'(W)?)
and I (k) = E(K'(Wy)H(Wy)) if k' (x) = k(x) — E(k(W})). The desired inequality,
which is 1(k)2 < J (k)d(B), follows from Cauchy—Schwarz. If k = Eﬂ, we also
have k =1+ H, so this inequality is obviously an equality.

For (a), it is enough to prove that if G” is a sequence in $(¢, B) for some ¢ € ,
then the sequence /n(G,(G", ¢,k) — o) converges in law to N (0, o232(k)),
under Py g» and uniformly in o in compact subsets of (0, c0). For this, and
since p, ~ n, we apply Theorem 6(b) with P, , = P, g» and the p, increments
{X/"}mn+1<i<n,» which are independent of the increments { ;' }1<;<m, and therefore
of S,,. The first step consists in proving (A1) for S,, = S,,(G). This amounts to the
following lemma, where 0, — o > 0 and P, = P,, gr:

LEMMA 9. The sequence S, converges to o in P,-probability.

PrROOF. By Lemma 2(b), the variables Zgn (B) associated with the law G”
converge in law to 0. The variables X{”, which equal o, W1 + ZZ” (B) in law, con-
verge in law to o Wy. Hence, v, := Py (|x"| > 1) — ¥ (0). If {* = 1,1, then

(70) applied with «, = m,, yields V, N V(o). Since ¥~ ! is C* and strictly
monotone, the result readily follows. [

Next, we set O, =0, so (A2) is satisfied and
AP = b G, ﬂ)An>>

N

Freqg() = kn(

u 1
Hy () =VYen A, Bk, | = = 0).
S S

On comparing (24) and (25) with (67) and (68), we see that 7,(G", ¢, k) =
0,(Syn, Qn). Therefore, it remains to prove (B1)—(B6), with a sequence w;, in (B6)
satisfying wy, /./pn — 00, and that

(92) E2(0) = o2 J (k) /I (k)%

Observe that, under P, g, the variables x;' have the same law as o W1 + Zx, (B).
Then (69) gives Fy, 5 4(0) = Hy 5(0), so (B6) holds with w,, arbitrarily large, while
(B2) follows from Lemma 4. If k is bounded, then we have | f,, s|| < ||k]| and (B1)
is obvious; further, (61) with « = § and k" yields
. 1 1
J:()alv r:1727 TISUS_, US_
n n
o W 0 o W (u,0)| < C Al/B
== P G, Ay ok (U, v,0) — 307 kr(u, 0)] < Cpadp (A7),
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which gives (B3) with Fg(u) = W (u/s,0) and (B5) with F'(u) = W,2(1,0). On
the other hand, when k is unbounded, we have || f,, s|| < v, and thus (B1) follows
from (23).

Further, v,, — oo and we can combine (61) for the difference %\Dcn, An Bk (U,
v,0) — 25 Wi (u, 0), with (54) for the difference 27 Wi (1, 0) — 2 Wy (u, 0), to
obtain, for all n sufficiently large and j =0,1,r=1,2, n <u <1/n,v <1/n,

97 9/
m‘l’G",An,ﬂ,k; (u,v,0) — W‘I’k’ (u, 0)‘
Crilvipsal/Py+ ifg <2
n.k\ Vn®p 20 Vr/lS/ry—l ’ ’
o 1r .
Cor(Vhpa (A2 +e7m™),ifp=2.

Then, in view of (23) and the fact that 2y < § when 8 < 2, we again deduce (B3)
with Fy(u) = Wi (u/s, 0) and (BS) with F'(u) = W,2(1, 0).

Since ho.y = —hg, we deduce that Fo (o) = (1/0)dW(1,0)0u = —1 (k) /o
[recall (59) and the second part of (20)], hence (B4) holds. We also have F, (o) =
Wi (1,0) = E(k(W))) and F'(o) = E(k(W1)?), hence J(k) = F'(¢) — Fy(0)?
and (92) follows.

13.3. Proof of Theorems 4 and 5. ~ As above, we refer to Theorems 4 and 5 as
the symmetrical and the asymmetrical cases, respectively. We fix « € (0, 8), ¢ € @
and let £ = ¢, (1) and

o' (a, B), in the symmetrical case, |
p(a, B), in the asymmetrical case, "

It is enough to take a sequence 0, — o > 0 and a sequence G" in §'(¢, @) in the
symmetrical case [resp. (¢, @) in the asymmetrical case] and to prove the tight-
ness or convergence in law of the suitably normalized estimation errors 6, — oy,
under the measures P, = P,, g». Below, we fix the sequences o, and G" and
A, — 0 (so we can assume that A,, <1 for all n). Let Z,, := Z”An (a) be the vari-
able associated with the measure G" by (13) and set b}, = A,l,_l/ Py (G", o), which
vanishes in the symmetrical case.

Let Q, = A, B,, where B, = (A, 178 B, — b)). We want to prove that the se-
quence Q) satisfies (A2). This is obvious in the symmetrical case because Q, = 0.

So, we suppose that we are in the asymmetrical case. We introduce some notation.
With j = 1,2 and [6/]?) being the pth derivative of 6/, let

T p(o,u)=(—DPE([6/1P (e W) —u)) = (=1)? /[ef]<1’>(ox — u)hg(x)dx.
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Note that T'j , (o, u) = d”T"j o(o, u)/du”. Observe that Bj, is the only root of
R, () =0, where

R () = Ry (AP (u + b)) Z; (),

with £ () = 0(A, Pyt —u — b)),

The ¢'(u)’s for i > 1 are i.i.d. with the same law (under P,) as the variable
0(c, W1+ Z, — u). Here, we have used the scaling property of W.

The functions y, ;(u) = E,((g (u)/) for j € N are C*™ and bounded (along
with their derivatives), uniformly in # and n, and we can interchange differen-
tiation and expectation. So, we can apply the first part of (51) to the functions
gnj.p(W) = [hg(x)(@PO7 /duP)(opx +w — u) — (3707 /duP)(onx — u))dx to
obtain, for p, j € N,

P4

(94) 9 an j(u) j,p(Unv u) fcp,ngg-

Now, R, is also C*° and bounded (along with all of its derivatives) uniformly
in n, u and w. Hence, an application of Lemma 5 and the continuity of the functions
I';j , readily yield

p

0
95) 8—p<7%n () — T’y po,u), locally uniformly in u, in P,-probability,
u

96) 1= /rn(Ru(0) — ¥,1(0)) =y N(0,T2,0(0,0) = T'1.0(0, 0)?).

The properties of 6 imply that u — I'; ¢(o, .) decreases strictly and vanishes at 0
because the function 6 is odd. By construction, R,(B),) = 0, so (95), for p =0,
implies B), 10 and also implies 3?,(,1)(3,’1/ ) By I'1.1(o, 0) for any sequence B,
of random variables converging to 0 in P,-probability. Since R, (B;) = 0, we have
Ui

— — ¥n.1(0)

'n

97) RV (B)) By, = =R, (0) = —

for some random variable B, satisfying |B,/| < |B;|. Moreover, from I'1 o(c, 0) =

0, we have [y, (0)] < CZAL, by (94). Since RS (B/) % Ty 1(0,0) # 0, we
deduce that Q,, = A, B, satisfies (A2), from (96) [recall r, ~ 8n and (93)].

Next, we proceed to prove the consistency of the preliminary estimators S, .
In the symmetrical case, the variables V,, and S, are the variables V,(G") and
S, (G™) of (14) and (19), respectively (they do not depend on G", in fact), so the
result follows from Lemma 9. In the asymmetrical case, set

qn-+my

1 1
_ E : — —1/B¢yn _
1={n
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Then (70) yields V,, (v,) — 8, (v,) —> 0 for any sequence v,. However, A 1/ p &' —

v,) has the same distribution as o, W1 + Z,, + b), — A, /B vy, which, by Lemma 2,

-1/

converges in law to o W; provided that b, — A, ""v, — 0. Since B, and

(Vu(v) : v € R) are independent and since B, = A, 1/p B, — b, EiN 0 [because

QO = Ay By, satisfies (A2) and A, — oc], we deduce that V,, = V,,(B) ﬂ) Y(o).
The consistency is then proved as in the end of the proof of Lemma 9.

At this stage, we apply Theorem 6, with the variables (S,, O,) as above and
the 1.i.d. variables (X:]’ i 1 <i < p,), which we recall are independent of
(S, Q). With the notation (68) and (31), we have 7, (k) =0,(S,,, Q,). We have
shown (A1) and (A2) in the two previous steps. Set

1

—-1/8 /
A, —b, —q/A,
fn,s,t](x):k< a n 4/ )v ans(u):\Dk(E,O)
s

S

Then (69) gives, forr =1, 2,

u 1 q
nsq(u)—\le”Anak ; = )

S SAp
u 1 q
,”q(u)_\IJGnAakz s ;—m .

Let us check (B1)—(B6). Since k is_ bounded, (B1) is obvious, whereas (B2)
follows from Lemma 3. Next, if we set F(u) = Wi (u/s,0) and F'(u) = ¥;2(1, 0),
Lemma 4 yields, for j =0,1,n€ (0,1),s,u€[n,1/n] and |g| < 1/n,

8/

g Hy s(u) — —F(u) <Cl<17§-A

1
FL, ) — Flw)| < ck,n(;A:; + 7)’

1
|Fn,s,q(u) — H, ()] < CkJI({Ar/; + A_)

These give (B3) and (BS5), as well as (B6) with w, = A,,. Finally, (B4) holds be-
cause F'(s) = (8/du) (1, 0)/s = —I (k) /s and (92) holds here as well as in the
previous section.

We can thus apply Theorem 6. The sequence A, (6, — 0y,) is tight under P, in all
cases and this gives the two claims (b). Under (33) or (34), we have A, //n — 00,
hence, A, /pn — 00 as well, so /p, (6, — 0,,) converges in law under P, to a
centered Gaussian variable with variance E2(c) = (F'(0) — F4(0)?) /Fo (0)3,
which, in view of the fact that F (0)% = J(k)/az, equals o222 (k). Since Pn~n
in the symmetrical case and p, ~ (1 — §)n in the asymmetrical case, we obtain the
two claims (a).
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