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CONFIDENCE REGIONS FOR HIGH QUANTILES OF A HEAVY
TAILED DISTRIBUTION

BY LIANG PENG' AND YONGCHENG QI
Georgia Institute of Technology and University of Minnesota Duluth

Estimating high quantiles plays an important role in the context of risk
management. This involves extrapolation of an unknown distribution func-
tion. In this paper we propose three methods, namely, the normal approxi-
mation method, the likelihood ratio method and the data tilting method, to
construct confidence regions for high quantiles of a heavy tailed distribution.
A simulation study prefers the data tilting method.

1. Introduction. In estimating high quantiles of an unknown probability dis-
tribution function, one has to infer beyond the observations. This can be done via
extrapolating from intermediate quantiles when the underlying distribution has a
regularly varying tail. An important application of high quantiles is to forecast rare
events. Some references on this topic include [1, 3, 7, 14, 23, 25]. Like tail index
estimation, only a part of the upper order statistics is involved in the estimation
of high quantiles. Recently, Ferreira, de Haan and Peng [8] provided a data-driven
method to choose the optimal sample fraction in terms of asymptotic mean squared
errors.

In this paper we are interested in obtaining confidence regions for high quan-
tiles. More specifically, three methods will be investigated, namely, the normal
approximation method, the likelihood ratio method and the data tilting method;
see Section 2 for details. We demonstrate by a simulation study that the data tilting
method is preferred. Our data tilting method is similar to the general data tilting
method proposed by Hall and Yao [12], which is employed to tilt time series data.
This general data tilting method was applied to interval estimation, robust infer-
ence and inference under constraints for linear time series. One of its advantages
is that it admits a wide range of distance functions. Tilting methods to statistics
have a long history; nonparametric techniques involving tilting go back at least
to work of Grenander [10], which studies nonparametric density estimation under
monotonicity constraints.

To our best knowledge, not much work has been done in applying data tilting
methods or empirical likelihood methods to statistics of extremes. The empirical
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likelihood method, introduced in [17, 18], is a nonparametric approach for con-
structing confidence regions. Like the bootstrap and the jackknife, the empirical
likelihood method does not need to specify a family of distributions for the data.
One of the advantages of the empirical likelihood method is that it enables the
shape of a region, such as the degree of asymmetry in a confidence interval, to be
determined automatically by the sample. In certain regular cases, empirical like-
lihood based confidence regions are Bartlett correctable; see [6, 11]. For a more
complete disclosure of recent references and development, we refer to the book by
Owen [19]. Recently, Lu and Peng [15] applied the empirical likelihood method to
obtain confidence intervals for the tail index, and Peng [20] generalized the empir-
ical likelihood method to the case of infinite variance. Here, we propose to employ
the general data tilting method of Hall and Yao [12] to obtain confidence regions
for high quantiles.

We organize this paper as follows. In Section 2 three different methods for con-
structing confidence regions for high quantiles are introduced, and main results
about asymptotic limits are also presented. In Section 3 simulation results are re-
ported for comparisons of the performance of the three methods in terms of both
coverage probability and approximate interval length, and a real data application
is also included. Finally, all the proofs are given in the Appendix.

2. Methodologies and main results. Let X1, ..., X, be independent random
variables with a common distribution function F which satisfies

(1 1—Fx)=e(x)x™7 for x > 0,

where y > 0 is an unknown parameter called the tail index, and e(x) is a slowly
varying function, that is, lim; s e(tx)/e(t) =1 for all x > 0. Let X, <--- <
Xn.n denote the order statistics of X1,..., X,,.

Throughout this paper we assume that p, € (0,1) and p, — 0 as n — oo.
A 100(1 — p;,)% quantile for the distribution F is defined as x, = (1 — F)™ (px),
where (-)~ denotes the inverse function of (-). The main aim of this paper is to
obtain confidence regions for x,,.

In order to introduce our methodologies, let us assume temporarily that F has
the simpler form

(2) 1-Fx)=cx7V forx>T.

Put §; = I(X; > T). Then the likelihood function for the censored data {(§;,
max(X;, T))}7_, is

n
—y—1.s — _5:
Liy.o)=[]lcyX; 7 H%1 —cT77)! 7%,
i=1

In the paper we actually take T = X, ,—, where k = k(n) satisfies

k
3) k—o00 and — —0.
n
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Then the likelihood function above becomes

n
) Ly.o)=[leyX; " D —ex, 7 =%,
i=1

Next we are ready to present our three methods for constructing confidence regions
for x .
p

Method 1. Normal approximation method. Let (9, ¢,) denote the maximum
likelihood estimator of (c, y), that is, L(P,, ¢4) = maxy ~o.¢~0 L(y, c¢). Then it is

n

easy to check that ¢, = %X Z _i and

-1
1
Vn = % Zlog(Xn,n—i+l/Xn,n—k)

i=l

Note that 7, is the well-known Hill estimator [13]. Therefore, by (2), a natural es-
timator for x, is X, = (p,/ &,) V7 In order to derive the asymptotic normality of
Xp, we need a stricter condition than (1): suppose there exists a function A(¢) — 0
(as t — 00) such that

3V _
5) lim U@x)/U@) —x""Y :xl/yxp 1
t— 00 A(r) Jo

for some p < 0, where U (x) = (ﬁ)_(x). Then A(t) is a regularly varying func-
tion with index p; see [5]. Note that (5) implies (1). The following theorem can be
derived from [8].

THEOREM 1. Assume (5) and (3) hold. If«/%A(n/k) — 0, np, = O(k) and
log(ﬁ)/ﬁ — 0asn— oo, then

)})n\/]; ]ep d
6 —  log = N(@,1).
© log(k/upry) 8%, ~ VOV

Hence, based on the above limit, a confidence interval with level « for x), is

1&’=(fpexp{—zalog( ‘ >/(ﬁn~/?)},fpexp{zalog< . )/(?nx/l?)})

npp npy

where z,, satisfies P(|N (0, 1)| < z4) = «. This confidence interval has asymptoti-
cally correct coverage probability o, thatis, P(x, € I}J) — a as n — oo.
The next theorem presents the coverage expansion for /;;.
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THEOREM 2. Under the conditions of Theorem 1,

Pu'k %)
N oe 2P _
d (1og<k/<npn>> %8, 5x) ®x)

1 5 y 1 k \72
= ﬁqf)(x)(l +2x%) = $ (1) 5 _p\/ZA(n/k) - Exqb(x)(log npﬂ)
kN2 1
1 — +VklA(m/ b)),
+o((loe =) "+ o+ VEIAW/ ) )

uniformly for —oo < x < 00, where ®(x) and ¢ (x) denote the distribution func-
tion and density function of N (0, 1), respectively. Furthermore,

k \~2
PGpel)=a— Za¢(za)(log " )

+ 0<<log nf))z + % + J%|A(n/k)|>.

REMARK 1. Theorem 2 shows that P(x, € 1)) — a = O((log n)~2) in the
case log(np,) = O(log(n)). This means that the coverage accuracy for high quan-
tiles is not very accurate in general. To achieve this asymptotic rate, k can be of
order n? for some 0 < < —2p/(1 — 2p). The unknown parameter p can be esti-
mated; see, for example, [21].

Method 11: Likelihood ratio method. Define y, and ¢, as in Method 1. First set

Iy = max logL(y,c)=1logL(y,,cpn).
y>0,c>0

Next we maximize log L(y, ¢) subject to
Pn
y >0, c >0, ylogxp+10g(—>=0,
c
and denote this maximized likelihood function by /> (x ). Note that the above equa-
tion comes from setting p, =1 — F(x),) = cx;y. It is easy to show that
L(xp) =log L(y (), c(),

where
k
Zf-‘zl(log Xnn—i+1 —log Xy n—r) +2log Xy n—k — Alogx, ’

_ oy k=2
cn) = X,ffnlk—n —

y(A) =
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and A satisfies

- Pn .
(7) y(2)logx, + 1og(5(k)) =0,
(8) yA) >0 and A<k

Therefore, the log-likelihood ratio multiplied by minus two is

I(xp) = —=2(la(xp) —I1).

THEOREM 3. Suppose the conditions in Theorem 1 hold. Then there exists a
unique solution to (7) and (8), say, A(x)), and

) 1(xp.0) % x2(1),

with A = )An(xp,o) in the definition of [y(xp,0), where x, q is the true value of x.

Therefore, based on the above limit, a confidence region with level « for x), is

IL={x, 1 1(x)) <ug),

where u,, is the a-level critical point of x2(1). This confidence region has asymp-
totically correct coverage probability o, that is, P(x), € I, (fl) — o as n — 00.

REMARK 2. The profile likelihood approach has been employed to construct
confidence regions for high quantiles based on fitting a generalized Pareto distrib-
ution to exceedances over a deterministic high threshold; see [24]. The difference
between our Method II and the profile likelihood method is that we take the ran-
dom high threshold into account in our censored likelihood function.

Method 111: Data tilting method. Here we employ a data tilting method, similar
to that of Hall and Yao [12], to construct a confidence region for x . First, for any
fixed weights ¢ = (¢1, ..., gn) such that g; >0 and }_7_, g; = 1, we solve

n
A A —y—1.6: - s
(7(@).eq) = g m)aqui log((cy X; V™)1 =X, b _'7%).
v.€) =1
This results in

?:1 qidi
Y qidi(log X; —log X n—k)’

y(@) =

n n
c(g) = X,Zf,?lk Z%’&'-
i=1
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Define

n
(oo(1 — po)) " <1 —n! Z(nqz')m), if po #0, 1,
i=1
n
Dpy(q) =1 —n""D log(ng), if po =0,
i=1

n
> " gilog(ngs), if pg = 1.

i=l

The function D,,(g) is a measure of distance between g and uniform distribu-
tion, that is, g; = 1/n. Next, we shall choose g to minimize this distance. More
specifically, solve @2n)~'Lx p) =ming D, (gq) subject to the constraints

- X 24—1 qi6i
qi >0, gi =1, 7 (9)log —F— =log ==——.
l l:ZI l & Xn,n—k & Pn

The constraint p(g)log(x,/ X, n—r) =1og(}_7_, gi8i/pn) is equivalent to x, =
(a/é(g) ™17,

Here we only consider the case pg = 1 since other cases are similar and the case
po = 1 gives good robustness properties. Put
log(xp/Xn,n—k)
log(A1(A1)/pn)
Then, by the standard method of Lagrange multipliers, we have

—k
A0 =1=""Z019% and  As(h) = A1(h)
n

qi =qi(1)»1,)»2)
—e~ 1M, if 8; =0,
n
1
—exp{—l — A
n
(10) — a (log(xp/Xn,n_k) 1
Ax(X1) Ar(My)
B Al(M)10g(Xi/Xn,n—k)10g(xp/Xn,n—k))}
A3(A1) ’
if§; =1,
where A1 and A, satisfy
- . x > io14idi
(11) gi=1,  P(@log——L— =log ==
; ' an,nfk g DPn

THEOREM 4.  Suppose the conditions in Theorem 1 hold. Then, with probabil-
ity tending to one, there exists a solution to (11), say, (A1(xp), A2(xp)), such that,
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for (u1, 22) = (A1 (xp), A2(xp)),

_log(l N \/l?\/k;g(_k]i(npn))) <14
(12)
- < \/Evlog(k/(npn))>
< —log(1~— p— ;
_ k/n
13 R S —
(1 ol = e/ Gp)

and L(xp) —d> Xz(l) with (A, A2) = (J\l(x,,yo),iz(x,,,o)) in the definition
of L(xp,0).

Hence, based on the above limit, a confidence region with level « for x), is
Iot, = {xp : L(xp) <ug),

where u,, is the a-level critical point of x2(1). This confidence region has asymp-
totically correct coverage probability «, that is, P(x, € I},) — « as n — oo.

REMARK 3. In order to compare these three methods theoretically, it is nec-
essary to derive corresponding coverage expansions for Ié and 1. This requires
much work and it will be one of our future topics.

3. Simulation study and real application.

3.1. A simulation study. In order to compare the performance of confidence
regions based on the normal approximation method, the likelihood ratio method
and the data tilting method, we conducted a simulation study to examine coverage
probabilities and approximate lengths of confidence regions.

We employed the following two distributions: (i) the Burr(«, 8) distribution,
given by F(x) =1 — (1 +x#~*)=%/(B=%) (x > 0); (ii) the Fréchet(c) distribution,
given by F(x) = exp(—x~%) (x > 0). Corresponding to (5), we have y = 1/«,
p=—L"%and A(t) =« 't~ P~/ for Burr(a, ), and y = 1 /e, p = —1 and
A(t) = Qut) ™! for Fréchet(a).

First, we generated 10,000 random samples of size n = 1000 from the distrib-
utions Burr(1, 1.5), Burr(1, 2), Burr(2, 3), Burr(2, 4), Fréchet(1) and Fréchet(2),
and then computed coverage probabilities of 1, 1(1).9 and I} 4 for p, =0.01 and
pn = 0.001. These coverage probabilities are plotted against different sample frac-
tions k = 20, 25, ..., 300 in Figures 1-4. From these figures we observe that the
data tilting method is better than the other two methods in terms of coverage ac-
curacy in general, especially for larger values of k. Thus, the data tilting method
is less sensitive to the bias when a large value of k is employed. This may be due
to the automatic choice of weights ¢; in the data tilting method. Although it does
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F1G. 1. Coverage probabilities for Burr distributions with p, = 0.01. The coverage probabili-
ties of confidence regions I6L.90, I(l)‘90 and 16.90 are plotted against the different sample fractions
k = 20,25, ...,300 for different Burr distributions.

not make much sense to compare these three methods with the empirical likeli-
hood method for quantiles (see Section 3.6 of [19]), we find that the coverage
probabilities based on the empirical likelihood method for quantiles are 0.7631 for
prn = 0.01 and 0.6047 for p, = 0.001. These coverage probabilities are not as ac-
curate as those based on the other three methods for most sample fractions k. Note
that the empirical likelihood method for quantiles is independent of the underlying
distribution function.

Second, we generated 1,000 random samples of size n = 1000 from the distri-
butions Burr(1, 2) and Fréchet(1), and then calculated the length of /j and the
approximate lengths of I(l).9 and 1§ o for p, =0.01. Let us explain how we calculate
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FI1G. 2. Coverage probabilities for Burr distributions with p, = 0.001. The coverage probabili-
ties of confidence regions 16’_ 90° 1(1)_90 and 16_90 are plotted against the different sample fractions
k =20,25,...,300 for different Burr distributions.

the approximate length of 1] 4. The same algorithm was employed to obtain the ap-
proximate length of 1(1).9. First, we search an x, near )?p such that L(x,) < ugy9.
Then we both increase and decrease x,, by a small step 0.1 until L(x,) > uo.9. The

corresponding values are denoted by xl’ﬁ and xfp, respectively. Thus, we approxi-

mate I} , by the interval [xfp, x,]. These approximate lengths, x;, — xi,, are plotted

against the different sample fractions k = 20, 30, ..., 300 in Figure 5. We notice
that the approximate confidence interval lengths based on the data tilting method
are smallest for most cases.

Third, we generated a random sample of size n = 1000 from the distributions
Burr(1, 2) and Fréchet(1), and then computed the data tilting likelihood function
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FI1G. 3. Coverage probabilities for Fréchet distributions with p, = 0.01. The coverage probabil-
ities of confidence regions 1690’ 1(1)190 and 16.90 are plotted against the different sample fractions
k = 20,25, ...,300 for different Fréchet distributions.

L(xp) for p, =0.01 and x, = x,, 0—50+i,i =0,1,...,200, where x, o denotes
the true quantile. We took £ = 50 and 100. Figure 6 indicates that the data tilting
likelihood function is approximately convex, which suggests that 1] , may indeed
be an interval. Unlike the empirical likelihood method for means, we were unable
to prove that [, is an interval.
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FI1G. 4. Coverage probabilities for Fréchet distributions with p, = 0.001. The coverage probabil-
ities of confidence regions 16'_90, 16.90 and 16.90 are plotted against the different sample fractions
k=20, 25, ...,300 for different Fréchet distributions.
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Burr(1,2) with p_n=0.01
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imate lengths of confidence regions 1&90, I(l).90 and 16.90 are plotted against the different sample
fractions k =20, 30, ..., 300 for Burr(1.0, 2.0) and Fréchet(1) distributions.

In summary, our simulation study for sample size n = 1000 prefers the data
tilting method, which gives the best coverage accuracy in general, is less sensitive
to the choice of sample fraction k, and has a shorter approximate interval length
in most cases. Although we do not report the simulation study for sample size
n = 200, the same conclusions as above are drawn, except that Method II performs

Worst.

Data Tilting Likelihood Function for Burr(1,2)

True quantile x_p=99

50

FIG. 6.
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Data tilting likelihood function L(xp) with pp = 0.01. The data tilting likelihood functions
are plotted against different xp = Xpo— 50+i,i=0,1,...,200,for Burr(1.0, 2.0) and Fréchet(1),
where x , o denotes the true quantile. We took k = 50 and k = 100.
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FI1G. 7. Danish fire loss data. This consists of 2156 losses over one million Danish Kroner (DKK)
from the years 1980 to 1990, inclusive.

3.2. A vreal application. The data set we shall analyze consists of 2156 Danish
fire losses over one million Danish Kroner (DKK) from the years 1980 to 1990
inclusive (see Figure 7). The loss figure is a total loss for the event concerned
and includes damage to buildings, damage to furnishings and personal property, as
well as loss of profits. This data set was analyzed by McNeil [16] and Resnick [22],
where the right tail index was confirmed to be between 1 and 2. Further, Peng [20]
applied the empirical likelihood method to this data set to obtain a confidence
interval for the mean.

We took p, = 0.001 and plotted the confidence interval /y,,, and the ap-
proximate confidence intervals 16.90 and 1§ o, against the different sample frac-
tion k = 60, 65, ..., 400 in Figure 8. We note again that the approximate interval
lengths based on the data tilting method are smallest for most cases.

APPENDIX A: PROOFS OF THEOREMS 2, 3 AND 4

PROOF OF THEOREM 2. Let Vi, Vo, ..., V, be i.i.d. random variables uni-
formly distributed over (0, 1) and V,, | <V, 2 <--- <V, , be the order statistics
of Vi,Va,...,V,.Define ¢, =1 — nk? and d,, = \/c,(1 — ¢,)/(n + 1). Then the
density function of (V,, ,—x — cp)/dy is

!
k!(ni‘—clin—l)!(cn + dyu)"* 11 = ¢y — dyu),
ifO0<c, +dyu <1,

0, otherwise.

On(u) =
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intervals with level 0.90 based on the normal approximation method (Method 1), the likelihood ratio

method (Method 11) and the data tilting method (Method 111) are plotted against k = 60, 65

We took p,, =0.001.

For each —c,/d, <u < (1 — ¢,,)/d,, define

400.

.....

Yo j(u) = y{logU((1 — cn —dyu) ' (1 = Vi)™ —log U ((1 — ¢, — dyu) 1)},

H,=vky@p; ' —y™h,

1 k
Hy(u) = ﬁ Z(Yn,j(u) - 1),
j=1

_ Y Up,") B
rn(tt) = ﬁ{logw/(npn))l UL/ = cn — dyu) 1}'
Since
)7,,\/% )ep )Qn\/% Xn,n—k
LR ! VR
logk/(pn)) S xp  log(k/(npn)) © xp
and
log(k/(npy)) Xp
= P(A_1 < ! | log —P )
I = Tk logk /() S Xk

14

Xp

g

= P(Hn < ﬁ{x + ﬁ(log(k/(npn)) to

Xn,n—k

)
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for |x| < k'/4, it follows from Lemma 2.2 of [2] that
5 Jk N o
(14) (Llogx—” SX> - P(Hn(u) < L”("))qﬁn(mdu
log(k/(npn)) = xp —o0 1 —x/vk
for |x| < k~!/4. Similar to Lemma 2.3 of [2], we can prove that
x+ rn(u))
Pl H, <—F
( n) = 1—x/vVk
x4+ ry(u) x +r,(u) 1 x4+ ry(u) 2
o =e(T ) A - ()|
() v PO sl T o
X +rn(u)) y N ( 1 )
— kA(n/k) + o — + Vk|A(n/k ,
(o) 7 VRAw/ o -+ VRIAG 6
uniformly for x € R and |u| < k4. Since (5) is equivalent to
m log(U (1x)) —log(U (1)) —log(x)/y  x" —1
1=00 A(t) o
it follows from Potter’s bounds that
w0 u 4 u? n ul
rp(u) =
" log(k/(np)) | 2v/klog(k/(npy)) | 3klog(k/(np,))

JRIAGM/B)| 1
(0 ,
+ <1og<k/(npn)) * ﬁlog(k/(npn))>

uniformly for |u| < k'/4. Hence,

-2
+ ¢ (x)x2/Vk — lx¢>(x)u2<1og )
2 npn

u
(16) =) e/ )
1 JRIAM/)] )(1 )

)
) V& Togk/Gpn)

+o0 ( <10 g
npn
uniformly for |x| < k!'/* and |u| < k!/*. Thus, the theorem follows from (14)—(16)

and the facts that [ |u|'¢,(u)du = O(1) and [ |u|'¢,(u)I(ju| > k'/*)du =

o(1/k) forany t > 0. [
By the definition of y (1), we have

PROOF OF THEOREM 3.

_ Y

y(A) = - .
1 —(A/Kk)yn log(xp/Xn,n—k)

amn
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Thus, equations (7) and (8) are equivalent to

V1 Xnn_ -
(18) Vn OgA(xp/ n,n k) +log (n ) Pn —0
1 — A /K)ynlog(xp/ Xnn—k) k—x
and
AL

(19) 1-— zy,, log(xp/Xnn—t)>0 and A<k,
respectively. Set

);n log(xp/Xn,n—k) (n—2)pn

= — + 1o
L= /)7 10gCip) Xnmt) 0 k—a

Then g(A) is continuous and increasing in A under the restriction (19) since
. [J;n log(xp/Xn,n—k)]2 n—k -
k(1 — (A /k)pnlog(xp/ Xnn-)>  (n—2)(k —A)

If x,/ Xnn—k > 1, then (19) is equivalent to

g)

g'n) 0.

A < min(k, k[Pn 10g(xp/ Xnn—i)1"") =: ay.

Since g(—o0) = log p, < 0 and g(a,—) = 0o, we conclude that there exists a
unique A < a, such that g(A) = 0O, that is, there exists a unique A satisfying
(18) and (19). We can draw the same conclusion for the cases x,/X; ,—x =1
and x,/X, ,—x < 1. So we prove the existence and uniqueness of a solution to

(7) and (8).
Since
1 1 k
1OgXAP =~ log & = _A_(l()gpn - lOg - ),/\n log Xn,n—k)a
n Cn Yn n
we have
A 1 k 1 k
log(xp/Xnn—k) =——= (log pn — log —) = —log
n n Vn npn
and
A k . Xp
Vn log(xp/Xn,n—k) =log — Yy log —.
npn -xp

It follows from (6) that ff_i 120, Thus,

k
(20) Pulog(xp/ Xnnk) = <log )(1 +0,(1)) 5 0.

npy
Denote the solution to (7) and (8) by A,,. Thus, g(A,) = 0. First we will show
that

k
21 Pl Ay — 1.
@1) (' <G log<xp/xn,n_k)]2> -
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This is equivalent to proving that, as n — oo,
(22) P(g(by) >0)—1 and P(g(—b,y) <0)—1,

where b, = k/[);n log(xp/Xn,nfk)];
By (20) and Taylor’s expansion,

) b .
g(bw) = 70 log(xp/xn,nk)(l + 2 oy X a1 + op<1)))

k by, b
+1og(1 - —) — 1og(1 — —)
npn n k

. k by
="Vn log(xp/Xn,n—k) —log npn + ?(1 + Op(l))

— log

by

+ log(xp/ Xnn—i)1*(1 4 0,(1))

&y by
= —Pulog x—” + ;”‘m 10g(xp/ Xnn—i)1*(1 4 0,(1))
)4

=1+4o0,(1).
Similarly, g(—b,) = —1 + 0, (1). This yields (22) and, hence, (21).
Since (20) and (21) imply

)\n A P
(23) R4 log(xp/ Xn.n—k) = 0,

using Taylor’s expansion again, we have

R TR
0=g(h,) =—Pylog x—” + ;”[yn log(xp/ Xnn—i)1* (14 0,(1)),

p
that is,
bn _ Tulog(p/xp) 7 log(Rp/x,)
24) Do bo 2 PnlogGp/ey)
Y% = Gatogten/ Xm0l TP = Gogiapay ! M)
Note that

k
log L(y,c) =klog(cy) — (y + 1) _log X n_i41

i=1
+(n—kylogl —cX, 7 )

=klog(y) — (v + Dkp,; ' + klog(cX, " ) — klog(Xp.n—#)
+ (n —k)log(l — cX,;Z_k)
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and

l(xp) = _2(10gL()7()‘n)’ E()\n)) - logL();n» én))
= —Zk(log V(AA”) — (y(’\”) - 1)) — 2k10g<1 — %) +2n10g(1 — A—”).
n

Vn )7n
In view of (17) and (23), we have
70) _ ! 2

— = — -
Yn 1-— ()‘n/k)yn log(xp/Xn,n—k)
It follows from (6) and (24) that

(25) A/ VS 0.
Hence, by (20), (6), (25) and Taylor’s expansion,
)\
I(x,) = k(y? - 1) (14 0,(1)) + 0,2/ k)
n
()“n);n log(xp/Xn,n—k))2

= p (14 0p(1)) +0p(1)

_ <)7n\/E10g()ep/xp)
Vn log(xp/ Xn n—k)

2
) (14 0,(1) +o0p(1)

_ <7;n\/%10g()2p)xp
log(k/(npn))

L. O

2
) (1+0p(1)) +o0p(1)

PROOF OF THEOREM 4. Let Z; = log(Xp n—i+1/Xnn—k) for 1 <i <k,
qi) = }lexp{—l —A}fork+1<i<nand

1 log(xp/Xn n—k) 1
) = —ex —1—A1+k2( P
W=y p{ Az (h) AL(hD)
A Z 10g(xp/Xn,n—k))}
AZ(n)

for 1 <i <k. Then (11) is equivalent to

k k

Zq(i)=A1(M) and ZQ(i)Zi=A2(?»1)-
i=1 i=1

Furthermore, this is equivalent to

k k

S VA, Ar (A
(26) > qiy=A1(A) and 21761%) i A2
i=1 2i—1490) A1(hy)
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The second identity in (26) is

Yi_iexp{—r2A1 (A1) Zi10g(xp/ Xnn—t) [AFODIZi_ 10g(xp/ Xnn—i)
Yo exp{—A2A10) Zi log(xp/ Xnn—i)/ A5 (k1)) 10g(A1(A1)/pa)’

In order to demonstrate the existence of a solution to equation (11), first we
will show that, with probability tending to one, there exists a continuous function
A2 = A2(X1) such that, for each A1, (A1, A2) = (A1, A2(A1)) is the solution to (27),
and then we should prove that, for some Ay, (A1, A2) = (A1, A2(X1)) is also the
solution to the first identity of (26), and the solution satisfies both (12) and (13).
To this end, set

27

Y1 exp(—AZi)Z;

Y exp(—AZ;)
Then it is easy to see that limy_, o f(A) = Z1, limy o f(A) = Z; and f(A) is
decreasing in A by checking that j—k log f(A) < 0. Therefore, there exists a unique

continuous function r(x) such that f(r(x)) = x for any x € (Zx, Z1).
From now on we restrict A1 such that (12) holds, that is,

f) =

(28) S(l——@) §A1(A1)§S<l+—W),
which implies
(29) log(A1(A)/pn) ‘ < 1 S0
log(k/(npn)) Vk/log(k/(npn))
and
log(xp/ Xn n—i) (1 B 1 )
log(k/(npn)) Vky/Tog(k/(npn))
30) < log(xp/ Xn n—i)
log(A1(A1)/pn)
_ log(xp/ Xnn—t) (1 n 1 )
~ log(k/(npy)) Vk/log(k/(npn))
Set %, = {Z) < % < Z1). Then P(F,) — 1 since
31) logCp/Xont) o1 5 By g By

logk/(npn)) 7

By definition, f (r(igi&"l /(i”)”;;z;)) = }22&”1 /(fl");';ﬁ; on F;,. This implies that

log<xp/Xn,n_k>) AZ(n)
log(A1(A1)/pn) /) A1(A1)1og(xp/ X n—k)

(D) a=h() =r(
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is the unique solution to equation (27), with probability tending to one.
Set

= 10g(xp/Xn,n—k) _ log(xp/Xn,n—k) and A — r(log(xp/Xn,n—k))
log(A1(A1)/ pn) log(k/(npy)) log(A1(A1)/pn))
It follows from (30) that

(33) Ry = 0, (k™" (log(k/(npn))) %)

holds uniformly for A1 under the restriction (12) or, equivalently, (28). Hereafter
all terms O (-) and 0, (-) are assumed to hold uniformly for A; if A1 is involved.
Using (6), (33) and

log(xp/ Xn,n—k) R log(xp/ Xun—k) Al

= + R
log(A\G)/p) " T logk/Gpry T !
(54) 1 X
=—————log=Z + Ry,
log(k/(pn)) Sxp T
we have
(35) log(xp/ Xn n—k) . Op(k_l/z).

log(A1(A)/pa) "

On the other hand, from Taylor’s expansion, we have f (k=14 — f0) =
+k=14 £/0)(1 + 0,,(1)), where £(0) =P, !, and

1 & o _ _
(36) f/<0>=—<;ZZ?—yn 2) ==y (140,
i=1
For the proof for the last step of (36), see, for example, [4] or [9]. Hence,
P<f(k_1/4) - log(xp/Xn,n—k)>

log(Al()hl)/pn)

and
P<f(—k1/4) - 10g(xp/Xn,n—k))
log(A1(A1)/ pn)

Therefore, . = r(%) satisfies P(% € (—k~V4 k=1/%)) - 1. Thus, from

Taylor’s expansion, we obtain
FG) =7 =0 O 1+ 0p (k) = —y AL+ 0, 1Y),
which, coupled with (34), yields

A 108/ Xnnet) o _
A= 2(10§(2p1/()nl)/l7:) G 1)(1 +0pY)

- y—zlog 501 1 0,k114).
log(k/(npy)) Xp

(37)
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Then, by using (35) and Taylor’s expansion, we have

k
(38) Y exp{—AZi} = k(1 + 0, ?).
i=1

Note that
*AZ ()

A= Aa(hy) = :
2 2( 1) Al(kl)log(xp/Xn,n—k)

where A is a function of A1 as well. Plug A> = A»(X1) into g(;) and set h(A1) =
Zle q@) — A1(A1). Then h(A;) has the expression

AA3 ()
Al()tl)log(xp/xn,n—k)
% <log(xp/Xn,n—k) _ 1

1
—exp{—1— Al}exp{
n

)}fexp{—iz,-} ~ AL,

Az (A1) A/ 1o
Put
A = —10g<1 R lzgikli(”p”))) —1
and

Vi Vk/1og(k/(npn))
1 =—log|1~— p— -1

It is easy to check that

i _ g 4 VeV

n—k ’
k Too(k ,
(39) Al(xp:;(l_%)’
k Tog (kG et
Ama):y-l;(l_wﬂp(w»

The first two identities are obvious. The third one follows from the second one,
equation (35) and a well-known result for the Hill estimator, that is, «/E()?n_l —

1N 4 _
y~H = N©O.y ).
Now it follows from (39) and (38) that
k /log(k/(npy))

h(\)) = - 7 (1+o0p,().
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Similarly,

k /log(k/(nps))
vk
Hence, with probability tending to one, there exists a A; satisfying (12) and the
first equation in (26) with A» = A>(X1) defined in (32); that is, we have shown the

existence of the solution to (11) such that (12) and (13) hold.

We still need to estimate ):1 from the equation h():l) = 0, which is equivalent to

1 { <10g(xp/Xn = k) log(xp/ Xnn—t) >}
—ex {— )»Z }
nP log(A1(A1)/ pn) (10§:{(1‘\1()»1)/Pn))2 Z P

—k
_exp{l—l—kl}—T

hO) = = == (L op (1),

(40)

It follows from (35) that
log(x,/ Xnn— log(x,/ Xpn.n— .
J{( p/A nn—k) _ ( p/A n,n k)2 — 1 +o,(1).
log(A1(A1)/pn)  (10g(A1(A1)/pn))
Hence, applying Taylor’s expansion to both sides of (40) yields

41) 1+ = op(g).

It is easy to show that maxi<;<y [ng; — 1| =0p(1). Thus,

L(xp) =2 ngi{ngi — 1 — Y(ng; — D*(1 + 0, (1))}
i=1

= _(ngi = D*(1 + 0, (D))

= Z(log(nqi))z(l +0,(1))

i=1

k
=(1+ o,,(n)((n — k(1 +i)*+ Z(log(nqa>))2)-

i=1
It follows from (29) and (35) that
log(xp/ Xn,n—k) log(xp/ Xn,n—k) _ Z')
log(A1Gi)/pn)  (log(A1Gi)/pa))?

log(nga) = —(1 + A1) + 4 (

=—(1+Ai)

VA JIogk @) 1 ))
A<Z’ n +0P< N A
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uniformly fori =1, ..., k. Asin (36), we have

k k
. ! 2\ - _
>(Zi =9 =k<E Y Zi=, 2) =ky (14 0pk™'1).

i=1 i=1

Hence, by (6), (37) and (41),

k
L(x,) = (1+ op(l))(n(l AP+ A (Zi - ﬁ;l)z)

i=1

zk{ log()ep/xp)
log(k/(npn))
d

S X3 O]

}2 +op(1)
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