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COMPLEXITY REGULARIZATION VIA LOCALIZED
RANDOM PENALTIES

BY GABOR LUGOSHE AND MARTEN WEGKAMP
Pompeu Fabra University and Florida State University

In this article, model selection via penalized empirical loss minimization
in nonparametric @lssification problems is stuatl. Data-depedent pealties
are constructed, which are based on estimates of the complexity of a small
subclass of each model class, containing only those functions with small
empirical loss. The penalties are novel since those considered in the literature
are typically based on the entire model class. Oracle inequalities using these
penalties are established, and the advantage of the new penalties over those
based on the complexity of the whole model class is demonstrated.

1. Introduction. In this article, we propose a new complexity-penalized
model selection method based on data-dependent penalties. We consider the binary
classification problem where, given a random observakioa R4, one has to
predictY € {0, 1}. A classifier or classification ruleis a functionf :R? — {0, 1},
with loss

def
L(H=P{f(X)#Y}]
A sample®dD, = (X1, Y1), ..., (X,, Y,) of n independent, identically distributed
(i.i.d.) pairs is available. Each pdik;, Y;) has the same distribution &%, Y) and
D, is independent ofX, Y). The statistician’s task is to select a classification rule
f» based on the dat®, such that therobability of error

L(fn) =P{fu(X) # Y |Dn}
is small. The Bayes classifier
£ EIPLY = 1X = x] = P[Y = 0]X = x])
(wherel denotes the indicator function) is the optimal rule as
% inf L(H =L,
f:RI-{0,1}

but both f* and L* are unknown to the statistician. In this article, we study
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1680 G. LUGOSI AND M. WEGKAMP

classifiersf : R¢ — {0, 1} which minimize theempirical loss
~ 12
L(f)=~ Y I{f(X) # Vi)
i=1

over a class of ruleg . For any f € # minimizing the empirical probability of
error, we have

EL(f) - L* =EL(f) — L* +E(L — L)(f)
=Efin;Z<f) — L*+E(L - L)(f)

= inf EL(f) — L* +E(L — L)(f)
= Inf L(f) = L* + E(L = 1)(]).

Clearly, theapproximation error
inf I _L*
,Ie )

is decreasing a¥ becomes richer. However, the more complgx the more
difficult the statistical problem becomes: tégimation error

E(L — L)(f)

increases with the complexity & . In many approaches to the problem described
above, one fixes in advance a sequence of model cl&g§sé&5, ..., whose union

is #. Denote by f; a function in # having minimal empirical loss and by
L} =infreg L(f) the minimal loss in clas$;. The problem of penalized model
selection is to find a possibly data-dependent per@lfyassigned to each class,
such that minimizing the penalized empirical loss

L(f)+ Cy, feF, k=12 ...,

leads to a prediction rule

fd=eff,2, wherek d:efarglzgilr(lj(ﬂ) + Cr).

with smallest possible loss. _
The main idea is that sincg minimizesL(f) over f € ¥, we find, by the
argument described above, that

EL(fi) —L* <L} — L* + E(L — L)(f).

Our goal is to find the clas%; such thatL(fk) is as small as possible. To this
end, a good balance has to be found between the approximation and estimation
errors. The approximation error is unknown to us, but the estimation error may
be estimated. The key to complexity-regularized model selection is that a tight
bound for the estimation error is a good pendlyy More precisely, we show in



RANDOM PENALTIES 1681

Lemma 2.1 that if, for some constant> 0,
P(Cy = (L - D)(f} = .
then the oracle inequality
EL(f)—L* < inf(Ly — L* + ECy) + 2yn~2

holds, and also a similar bound,
L(f) = L* <inf(L — L* +2Cp).

holds with probability greater than-1 4yn—2. This simple result shows that the
penalty should be, with large probability, an upper bound on the estimation error,
and to guarantee good performance the bound should be as tight as possible.

Originally, distributon-free bounds, based on uniformediation inequalities,
were proposed as penalties. For example, the structural risk minimization method
of Vapnik and Chervonenkis [27] uses penalties of the form

~ \/IogSk(Zn) + logk
Cr=vy ,

n
wherey is a constant anf; (2n) is the Zi-maximal shatter coefficient of the class
Ar=1{{x:f(x)=1}, feF}
that is,

Sk(2n) = max |{{x1,...,x2,} N A, A€ A}
X1, X2
(1.1)

’

= max [{(f(xD), ..., f(x20), [ € Fi)

see, for example, [9, 26]. The fact that this type of penalty works follows from
the Vapnik—Chervonenkis inequality. Sudistribution-freebounds are at#ictive
because of their simplicity,ut precisely because of theirsttibutionfree nature
they are necessarily loose in many cases.
Recently, various attempts have been made to define the penalties in a data-
dependent way to achieve this goal; see, for example, [2, 11, 13, 15, 17, 19, 22].
For example, in [2] and [11] random complexity penalties basdgbaolemacher
averageswere proposed and investigated. Rademacher averages are defined as

°(’)}’l:|a

whereon, ..., 0, are i.i.d. symmetrid—1, 1}-valued random variables indepen-
dent ofD,. The reason why this penalty was introduced is based on the fact that

E sup(L — L)(f) < ERg,

feFk

—~ 12
Fi =E[ sup =Y oil{ f(X;) # Yi}

fem 4
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(see, e.g., [25]), and sinoe?fk can be shown to be sharply concentrated around
its mean. In fact, concentration inequalities have been a key tool in the analysis
of data-based penalties (see [19]) and this paper relies heavily on some recent
concentration results.

The model selection method based on Rademacher complexities satisfies an
oracle inequality of the rough form

~ _~~ I
1.2) EL(f) - L" <inf [L,i‘ — L*+nERg + yz‘/%k}

(see [2] and [11]) for values of the constamts y» > 0. The advantage of this
bound over the one obtained by the disttibn-free penalties mentioned above
may perhaps be better understood if we further bound

~ Elog 25, (X"
ER;*,( < g k( 1 ’
2n

where
Sk(XD) = [{{X1, ..., Xn}NATA={x: f(x) =1}, f € F}

=[{(f(XD..... F(Xn)). f€Fi)

is therandom shatter coefficient of the classﬁ, which obviously never exceeds
the worst-case shatter coefficiéitn) and may be significantly smaller for certain
distributions.

However, this improved penalty is still not completely satisfactory. To see this,
recall that by a classical result of Vapnik and Chervonenkis, for any ikdex

Ly -ElogSi(X%) N ElogSk (X7 )

(1.3)

’

n n

(1.4) EL(fi) — L} < c(/

which is much smaller than the corresponding expected Rademacher average if
L7 is small. (For explicit constants we refer to Theorem 1.14 in [16].) Since in
typical classification problems the minimal errbf in class #; is often very

small for some, it is important to find penalties which allow derivation of oracle
inequalities with the appropriate dependence.gnin particular, a desirable goal

would be to develop classifiegs for which an oracle inequality resembling

ElogS; (X%
)—i—yz 9Sk(X7)

3 Ly -ElogSg (XY
EL(f)—L*Sir;f{LZ—L*+y1\/ k 95k (X7
n

holds for all distributions. The main results of this article (Theorems 4.1 and 4.2)
show that estimates of the desired property are indeed possible to construct in a
conceptually simple way.

By the key Lemma 2.1, it suffices to find a data-dependent upper estimate
of (L — Z)(fk) which has the order of magnitude of the above upper bound. The
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difficulty is that L} andE logS; (X7) both depend on the underlying distribution.
The improvement is achieved by decreasing the penalties so that the supremum
in the definition of the Rademacher average is not taken over the wholeflass
but rather over a small subclass containing only functions which “look good”
on the data. More precisely, define the random subdfass F by

Fi={f € F:L(f) < 1L(f) + yoan tlogSk(X%) + yan~tlog(nk)}

for some nonnegative constamts y»> andys.

Risk estimates based on localized Rademacher averages have been considered
in several recent papers. The most closely related procedure is proposed by
Koltchinskii and Panchenko [12], who, assumingqnf L(f) = 0, compute the
Rademacher averages of subclassesFofvith empirical loss less than for
different values of- obtained by a recursive procedure, and obtain bounds for the
loss of the empirical risk minimizer in terms of the localized Rademacher averages
obtained after a certain number of iterations. Our approach of bounding the loss is
conceptually simpler: it suffices to compute the Rademacher complexities at only
one scale which depends on the smallest empirical loss in the class and a term of
a smaller order determined by the shatter coefficients of the whole class. Thus, we
use “global” information to determine the scale of localization. Bartlett, Bousquet
and Mendelson [3] also derive closely related generalization bounds based on
localized Rademacher averages. In their approach the performance bounds also
depend on Rademacher averages computed at different scales of localization,
which are combined by the technique of peeling. For further recent related work,
we also refer to [7, 8, 24].

The rest of the paper is organized as follows. Section 2 presents some basic
inequalities on model selection, which generalizes some of the results in [2].
Section 3 proposes a simple but suboptimal penalty which already has some of the
main features of the penalties presented in Section 4. It shows, in a transparent
way, some of the underlying ideas of the main results. Section 4 introduces a
new penalty based on the Rademacher avef%geand it is shown that the new
estimate yields an improvement of the desired form.

2. Preliminaries. In this section we present two basic auxiliary lemmata
on model selection. The first lemma is general in the sense that it does not
depend on the particular choice of the penally. This result was mentioned

in the Introduction and generalizes a result obtained by Bartlett, Boucheron and

Lugosi [2]. We recall that the penalized estimator is definedf‘b%gfﬁ;, with

~ def : ~ Al A
k =argmins1(L(fx) + Cp).

LEMMA 2.1. Supposethat the randomvariables C1, Co, ... are such that

14

P{Cr < (L — L)(fi)} < 252
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for some y > 0 and for all k. Then we have

A _~ 2
EL(f)— L* <inflLf — L* + ECi] + .
n

It is clear that we can always tal@ <1.
PROOF OFLEMMA 2.1. Observe that
BSUp(L — D)) — G = Plsur( — D)(fo - Gl = 0f
(since sup[(L — L)(fy) —Ckl < 1)

P{(L — L)(fx) — Cx > 0}

M2

=<

=~
1
=

(by the union bound)

2

14
21,2
lnk

(by assumption)

IA

x~
I

=

N
R

n
Therefore, we may conclude that
EL(f) — L* =E[L(f) — L* + Ci] + E[(L — L)(f) — C}]
(wheref is the selected model index, i.¢/.= f})
<EInflL(fo) — L+ G +EI(L — L)(f) = C}]
(by definition of /)
< Einf[ inf L(f) — L* + @] +Esud(L — L)(fi) — Ckl
k L feFr k
(by definition of f;)
< inf[ inf L(f)—L*+ Eék] +Esufd(L — L)(fx) — Cx]
k L feFr k
(interchangeE and inf)
. ~ 2y
<inflLg — L" +EC] + 32
(by the preceding display)
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and the proof is complete.[]

The preceding result is not entirely satisfactory for the following reason.
Although it presents a useful bound, it is a bound for &ierage risk behavior
of 7. However, the penalty is computed on the data at hand, and therefore the
proposed criterion should have optimal performance for (almost) all possible
sequences of the data. The following result presents a nonasymptotic oracle
inequality which holds with large probability and an asymptotic almost-sure
version.

LEMMA 2.2. Assumethat, for all k,n > 1,

P{Cr < (L —L)(fo)} < ;/kz

and
B(Ci = (L~ D)) = =5
Then, for all n > 1 we have
4y

IP’[L(f) — L*>inf(L} — L* + 2@)] <—
k n
and the asymptotic almost-sure bound
IP’[Iinm_)ipof{L(f) —L*< irlzf(Lz —L*+ 26,()” =1
PROOF.  Letk be the selected model index. Notice that
L(H)=L(H+Cp+(L-D)(f) -
< ir;f[ﬂﬁ) + Cel + SufI(L - L)(fi) — Cil
< igf[f(fk*) +Cil+ Supl(L — L)(fi) — Cul
<inflLj + 2Ci] + s/gr{(i —L)(f) — Cel+ Su(L — Dy(fi) -

By assumption, the last two terms on the right-hand side satisfy

lsur(E - 1)) — G+ sur — Dy — G = 0] < Z o=

I’l

proving the first inequality. The almost-sure statement is a direct consequence of
the Borel-Cantelli lemma. ]
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3. Asimpleversion. The purpose of this short section is to offer a simplified
yet suggestive illustration of the ideas. As discussed in the Introduction, an ideal
penalty would be a tight upper bound for the expression on the right-hand side
of (1.4). Motivated by this bound, we propose the simple penalty

logSy (2n) + 2log(nk) ‘\/IogSk(Zn) n 2Iog(nk)
n 9

n n

Ck =2\/2Z(fk)+8

where S;(2n) is the (worst-case)i2shatter coefficient defined in (1.1). Thus,
the minimal lossL} in class #; is estimated by its natural empirical coun-

terpartf(fk) = inffe}'kZ(f) and the expected logarithmic shatter coefficient
ElogS(X7) is estimated by the distnition-freeupper bound 0§y (2n). [This
term may be bounded further B, log(2n + 1), whereV; is the VC-dimension

of the sety.] The auxiliary terms:~log(nk) are necessary to derive the de-
sired oracle inequalities. The next theor shows that the proposed penalty indeed
works.

THEOREM 3.1. Consider the penalized empirical loss minimizer f with the
data-based penalty C; defined above. Then, for every n and for all distributions
of (X,Y),

N _ ~ 16
EL(f)—L*< |r]1€f(L7; — L*+ECy) + —.
n

In particular,

A 2
EL(f)—L*< igf[L,t —L*+ 4\/Lz + —{logSy (2n) + 2log(nk)}
n

5 \/ log Sk (2n) . ,og(nk) } 16

n n nz'

The proof uses Lemma 2.1 and the following uniform deviation bound due to
Vapnik and Chervonenkis [27]. (The slightly improved form used here is proved
by Anthony and Shawe-Taylor [1].)

PROPOSITION3.2. Let Sk(Xf”) be therandomshatter coefficient of A, based
oni.i.d. observations X1, ..., X, definedin (1.3).For all e > 0andn > 1,

(3.1) IP’{ SupL(f) —2L(f) = 28} < 4ESi (X2") exp(—ne /4)
feF

and

(3.2) P{ supL(f) —2L(f) = 28} < 4ESi (X2") exp(—ne/4).
feF
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PRoOF Observe that, for ad > 0 andn > 1,

- L(f)—L(f)
_2 2 = =7 :
{fgsz(f) L(f)=> s} - {fﬁﬁ T zﬁ}

and similarly,

_ L(f)—L(f)
supL —2L >2e; CisUup———-— > .
{fejg ) )= 8}_{fe3g L(f) _ﬁ}

The proposition follows by [1]. [

PROOF OFTHEOREM 3.1. We start with the proof of the first inequality of
Theorem 3.1. In view of Lemma 2.1, it suffices to show that

P{L(fi) — L(fx) = Ci} < 8/(nk)%.
Consequently, by (3.2),

]P’{Zf(fk) +8IogS,,;(2n) n 16|ngznk) < L(ﬂ)}

log Sy (2n) n 16Iog(nk) }
n

n

= P{L(ﬁ) —2L(fy)>8
logSy (2n) n 16Iog(nk)) }

n n

< 4S, (2n) exp{—g(S

4
- n2k?’

so that
P{C > Ci} = 1 — 4/(nk)?,

where

~ ~ log Sk (2 log(nk
Ck=2/—L(fk)-\/ g 2( " L gfln )
Another application of inequality (3.2) yields
P{L(fx) = L(fi) = Ci}

A ~ A ~ 4
=P{L(f) - L(f=Cil+ —

(nk)?
n log Sk (2n) log(nk) 4
< 4Sr(2n) eXp{_Z . 4( - +2 " ) } )2

. 8
~ (nk)?’
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Conclude via Lemma 2.1 that
N . ~ 16
EL(f) =< mkln(Lk +ECy) + prl

For the second inequality, deduce that forsa# O,

Eﬁ@c)wgmi(ﬁ)ws\/l@gg; LH+s=/Li+s,
k
by Jensen’s inequality and the definition 4f O

The bound of Theorem 3.1 has the right dependencépas suggested by
inequality (1.4) mentioned in the Introduction. In particular,Lif happens to
equal zero for some clasg;, then the upper bound has an improved rate of
convergence. The disadvantage of the simple penalty defined above is that instead
of the expected shatter coefficients, a rilsition-free (and theefore siboptimal)
upper bound appears for each cl&gs

Recently, Boucheron, Lugosi and Massart [4] proved thaSjgg7}) concen-
trates sharply around its mean. For example, we have the following inequalities.

PrRoPOSITION3.3. Forall e >0,n>1,
P[ElogSk(X]) > 210gSk (X)) +2¢] <e™°,
PllogSk(X7) > 2ElogSk(X7) +2¢] <e™®.

Moreover, for eachn > 1,

1
ElogSk(X7) <logESk(X7) < EElogSk(Xf) < 2Elog Sk (X7).

This proposition implies that the expected random log shatter coefficients
ElogSk(X7) of i may be replaced by a constant times $pgX7) and vice
versa. Hence we may replacettistributon-freebounds log (2n) by empirical
estimates lo§ (X)), at the price of slightly worse constants. The main oracle
inequalities in &ction 4 are accompanied by asyioic almost-sire versions of
bounds for the expected value. Such bounds are easy to obtain as well, simply by
invoking Lemma 2.2 instead of Lemma 2.1. The details are omitted here.

4. Rademacher penalties. The main results of the paper are presented in this
section. Assign to each model clagg,

41ogSk(X?1) + 9log(nk)
n 9
with Si(X7) defined in (1.3), and the class

4.1) iy =16

4.2) Fi=1{f € Fx: L(f) < 16L(fy) + 15i).
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Observe that the clasg; contains only those classifiers whose empirical loss is
not much larger than that of the empirical minimizer. Note that the constant 16
has no special role; it has been chosen by convenience. Any constant larger than 1
would lead to similar results, at the price of modifying other constants. Theigrm
depends on the shatter coefficient of the whole clgsbut it is typically small
compared ta ( f).

The penalty is calculated in terms of the Rademacher average of this smaller
class. More precisely, define the complexity estimate by

(4.3) Cr = (8Rz, +20n~tlog(nk) +2vn~tlog(nk) - VBL(fi) + 7itx ) A 1.

Again, not too much attention should be paid to the values of the constants
involved. We favored simple readable proofs over optimal constants. Note that,
throughSy (X7), the penalty also depends on the random shatter coefficient of the
whole class¥;. However, the term involving the shatter coefficient of the entire
class#,

n‘l\/log(nk) -logSk(X}),

is typically much smaller (by a factor—1/2) than the Rademacher average of the
whole classF;. [For instance, see (4.8) and Proposition 4.6.]

We have the following performance bound for the expected loss of the
minimizer f of the penalized empirical logs( /) + Cy.

THEOREM4.1. For everyn,
7 * ; * * ~ 22
EL(f)—L" =< Irlzf(Lk —L*+EC) + —.
n
In addition, with probability greater than 1 — 44/n2,
L(f) = L* <inf(L} - L* +2Cy),
and also
IP’[Iim inf{L(f) — L* <inf(L} — L* + 2@)” —1.
n—oo k
The nexttheorem is here to point out that the bound above is indeed a significant
improvement over bounds of the type (1.2), and that the dependence on the

minimal lossL; and the random shatter coefficient has the form suggested by (1.4).
For this purpose, we introduce

8ElogSk (X7]) + 17 log(nk)

n

(4.4) ity = 16

and the class

|

r={f € Fx: L(f) <64L} + 63iix}.
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We also set
er = 2n " tlog(nk).
THEOREM4.2. The following oracle inequality holds:
EL(f)—L* < min[Lj — L* + BER% + 156 + 16V L} +iix - V26 | + 22172,

In particular, there exist universal constants 31 and y» such that

Ly - (ElogSi(XY) Vv log(nk))

n

EL(f)— L* < ir;f{L,t —L*+ yl\/

ElogSi (X" v log(nk
+ 95k ( ;) g(nk) '

This oracle inequality has the desired form outlined in the Introduction and
improves upon the results of [2] and [13]. For example, in the special case when
Ly =0 for k > ko, we obtain, for some numerical constamisandcy,

ElogSk(X}) vilognk) 2
1 + _2’

EL(f) < min
()= kaoC n n
which is of a different order of magnitude from the penalties considered by
[2] and [13]. Theorem 4.2 is only stated for the expected loss but an inequality
which holds with “large” probability may be obtained just as in Theorem 4.1.

Proofs of Theorems 4.1 and 4.2 First, recall the definitions of; andi; in
(4.1) and (4.4), respectively, and in addition define

_ 82 logESy (X7) + 2log(nk)
n

Uk

and the event
By d=ef{uk < <ug}.

Observe Proposition 3.3 yields that, with probability at least1l/ (nk)?,

16
Uup = X{IogESk(Xf) + log(nk)}
16
< —{2ElogSi(X") + log(nk)}
n

1
< 76{2[2 logSk (X7) + 4log(nk)] + log(nk)}
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16
< —{4[2E log Sk (X7) + 4log(nk)] + 9log(nk)}
n

= %G{SE logSk(X7) + 17 lognk)}

= il
and therefore
(4.5) PB < (nk) 2,
Finally, we introduce the event

Ap= {fseu&g L(f)—2L(f) < uk} N {fseu&g L(f)—2L(f) < Mk}
and the class
FE={f € Fi: L(f) <AL} +3u).

The following intermediate result will be useful in the proofs of both theorems.

LEMMA 4.3. Wehave

and on the set A; N By, the following hold:
(i) fee 7 o

(i) F € F, andin particular, R{pk* <Rg.

(i) Lj<2L(fi)+u.

PROOF  To begin with, notice that

ESk(X{") < ESk(XD)Sk(X2} 1) =E*Sk(X])

by the definition of the shatter coefficient and by the independence &f;thehus,
by Propositiom 3.2,

on nug 8
PA; < 8ESk(X7 )exp(—?) < peTeR

This bound and (4.5) imply assertion (4.6). To prove claim (i), observe thagpn
L(f) < 2L(fr) + ux (by definition of A;)
< 2L(f{) + ux (by definition of f;)
< 2Q2L% + ug) + ug (by definition of Az)
= 4L} + 3uy.
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For claim (ii), notice that, for any € #;*,

L(f) <2L(f) + ux (by definition ofAy)
< 2[4L} + 3uy] + uy (by definition of 7,*)
= 8L} + Tuy
< 8L(fi) + Tuy (by definition of L})
< 16L(fx) + 15u; (by definition of Ay)
< 16L(fx) + 15iy (by definition of By).

Claim (ii) now follows. Claim (iii) is immediate from the definition of, since
both f; and f;* belong toF;. [

Next we link the Rademacher averagg.« to ESUPyezr [L(f) — L(f)|.Bya
classical symmetrization device (cf. [10] or [25]),

4.7 E sup |L(f) = L(f)| < 2ERg;.
feF!

Also, R{p* is known to concentrate sharply around its mean. For example, we have,
by results of [4, 5], the following bounds.
PrROPOSITION4.4. Forall e >0,n>1,
P[Rs, > 2ER5, +€] <e ®“®> and P[Rs <iERs —e]<e .

PrROOF Definez dzefnl?fk. Then it follows from [4] that
logEexp(A(Z —EZ)) <EZ(e* —1—1),
which implies further that, for & A < 3,

AEZ
~2(1-1/3)°
After an application of Markov’s inequality, we find

P[Z>EZ+~2EZx +x/3] <e™™.

We obtain the desired upper-tail bound by insertifig- nl'e}k in the preceding
display and invoking the inequality,Zcy < x + y. The bound for the lower tail
follows from the inequality

P[Z <EZ - V2EZ]<e™
(see [4]) and since + 3y > V2Zxy. O

logEexp(A(Z —EZ)) <
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Finally, we make key use of the following concentration inequality for the
supremum of an empirical process, recently established by Talagrand [23]; see
also [14, 19, 21]. The best-known constants reported here have been obtained by
Bousquet [6].

PROPOSITION 4.5. Set T = supfe}-k*L(f)(l — L(f)). For al ¢ > 0,
n>1,

- ~ 4e
Pl sup IZ(f) - L(f)| = 28 sup IL(f) ~ L)+ Egp V2 + 5 | <,
fETk* fe}'k* 3

We are now ready to prove Theorems 4.1 and 4.2.

PROOF OFTHEOREM4.1. Deduce, using (i), (ii) and (iii) of Lemma 4.3, the
following string of inequalities:

PUL(fi) = L(fo) + Ci} N A 0 By
=P[{L(fv) = L(fo) + B8Rz
+10e; + V8L (/o) + Titx/28x } N Ay N By]
<P[{3f e FFL(f) = L(f) + 8Rg,
+108k+\/m\/ﬁ}ﬂz4kﬂ3k]
[by property (i)]
<P[{3f € H*:1L(f) = L(f) +8Rg;
+108k+\/m\/ﬁ}ﬂz4kﬂ3k]
[by property (i) and definition oBy]
<P[{3f € H*1L(f) = L(f) +8Rg;
+105k+\/m@}m14km3k]
[by property (iii)]

<P{ sup IL(/) ~ L()| = B8Ry + 106k + B 2o .
feFy

where the last inequality follows from

¥2, = sup Var(I{f(X) # Y}) < sup L(f) <4L} + 3uy.
oremyr feFy



1694 G. LUGOSI AND M. WEGKAMP

Invoke (4.7), (4.6) and Propositions 4.4 and 4.5 to conclude that
P{L(fi) = L(fo) + Cx}

~ N 9
= P{ sup [L(f) = L(f)| = 8Rgx +10g, + E;«k*\/Zzsk} + 55
feFy n<k
[sinceP(Ax N By) < 9/(n%?) by (4.6) in Lemma 4.B

} 10

fﬁ{wmuﬁ—ZUszE¢+%m¢@w%k+;ﬁ

feF
(by Proposition 4.4)
— - e
<P| sup |L(f) ~ L)1 = 28 sup IL() ~ L) + g + B V2o
feFf feF¢
10
+ 252 [by (4.7)]
11
= n2k?2
This inequality and Lemma 2.1 imply the first assertion of the theorem. The

other statements—the probability bound and the almost-sure statement—follow by
invoking Lemma 2.2 and the preceding argument, which also shows that

(by Proposition 4.5)

M@<@—de<i£
= k = nzkza

although the last assertion could be shown in a much easier way as it only involves
a single functionf;*. The proof of Theorem 4.1 is completel]

In the proof of Theorem 4.2 we need the symmetrization device

(4.8) ERg <2E supIL(f)—L(f)lJrM
feFi vn

(see, e.g., [20], page 18), and also the following result due to Massart [18]. (The
version stated here is taken from [16].)

PROPOSITION4.6.  Set Xy = SUpPy g, VL()A—L(f)). Then,foralln > 1,

8E log 25, (X2") . 4\/22,3 Elog 25 (X2")
n n ’

E sup|L(f) — L(f)| <
feFk

PROOF The statement follows almostimmediately from Theorem 1.10in [16]
by noting that the worst-case shatter coefficients may be replaced with impunity
by the random shatter coefficientd]
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PROOF OF THEOREM 4.2. Observe that on the evenaj N By, fk c %,
where¥; is as defined in Theorem 4.2. Indeed, for ghyg %,

L(f) <2L(f) + ux (by definition of A;)
< 2[16L( fx) + 15i] + ug (by definition of %)
< 32L(fx) + 3Lk (by definition of By)
< 32L(f}) + 3y (by definition of f;)
< 322L} + uy] + 3Liy (by definition of A)
— B4L} + 63iy.

Also, we notice that on the eveAt,
L(fo) L) <2L% + wi.

These observations imply that
Cilains, <8Ry, + 106 + 2,/64L} + 631/ 2
<8Ry + 106 + 16,/ L} + iixy/2¢.

Consequently, it follows from Lemma 4.3 that
ECy < ECxla, + P(Ax N By)°
<8Ry, + 106 + 16,/L] + ix/2ex + O(nk) 2
< 8ERy, + 15¢ + 16,/ L + v/ 2.

This bound and Theorem 4.1 yield the first inequality of Theorem 4.2. The second
inequality follows from the symmetzation (4.8) and Proposition 4.6
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