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THE CONSERVATIVE MATRIX ON LOCALLY CONVEX SPACES*

Wu Junde, Kim Dohan and Cho Minhyung

Abstract. Let (X,7x) and (Y, 7y) be locally convex spaces, ¢(X) and
¢(Y) the X-valued and Y -valued convergent sequence spaces, respectively,
A;; € L(X,Y) and A = (A;;) an operator-valued infinite matrix. In this
paper, we characterize the matrix A = (A;;) which transforms ¢(X) into
c¢(Y). As its applications, we introduce the chi function X on locally convex
spaces, and show that a conservative matrix is conull if and only if X(A) = 0.

1. INTRODUCTION

let (X,7x) and (Y, 7y) be separated locally convex spaces, the topologies Tx
and 7y be generated by continuous seminorms {p : p € Dx} and {q : ¢ € Dy},
respectively, w(X) the set of all sequences © = (z) in X. In this sequel we
consider the following sequence spaces:

m(X) = {z = (zx) € w(X), {zx : k € N} is a bounded subset of (X, 7x)};

co(X) = {7z = (zx) € w(X), there exists a 9 € X such that {x}} convergent
to o in topology 7x };

co(X)={z = (k) € w(X), {zx} convergent to 0 in topology 7x };

coo = {7 = (k) € w(X), there exists a ng € N when k > ng,z = 0}.

The topology of w(X) is given by the seminorms {p,; n € N,p € Dx} where
Pn(T) = p(zy), and the topologies of m(X), ¢(X),co(X) are given by the semi-
norms {p : p € Dx }, where p(z) = sup; p(x;). It is obvious that lim : ¢(X) — X
is a continuous linear operator. Suppose that A; € L(X,Y) and A = (4;;) is an
infinite matrix, let w4 denote the linear space of all sequence z = (z;) € w(X)
such that for every ¢ € N, the series » y A;jxj is convergent and c 4 the linear space
of all sequence T = () € wy such that the sequence (3, Aijz;)72; € ¢(Y). The
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topology of w4 is given by the seminomms {p,, : n € N,p € Dx} U{rgi : i €
N, q € Dy}, where 74;() = sup,, ¢(3 721 Aijz;), and the topology of c4 is given
by {p, :m € N,p € Dx}U{rg : i € N,q € Dy} U{qs : ¢ € Dy}, where
qa(T) = sup; q(3_; Aijzj).

It is easily to see that if A(X) is any one of w(X), m(X), ¢(X), co(X), wa,
ca, let Cy : A(X) — X be defined by Ci(T) = zk, then every C}, is continuous.
Moreover, if z € w(X), let Uy(z) = (x1,22,..., n,0,...). Then for every = €
co(X), {Un (%)} convergent to Z in co(X). Similar, for every T € wa, convergence
of {Un(Z)} to T in w4 also holds. We may prove that A : ¢4 — ¢(Y") is continuous.

An infinite matrix A = (A;;) is said to be conservative if ¢(X) C cy, or
equivalence, the matrix A transforms ¢(X) into ¢(Y"). When (X, 7x) and (Y, 7y)
are Frechet spaces, Ramanujan in ([1]) have characterized the conservative matrix A.
Ramanujan’s theorem has a series of important applications in summability theory
([2]). However, in order to establish the summability theory in locally convex spaces
case, a crucial question is to extend this result to this class of spaces. In this paper,
we study the problem. We also generalize some elementary summability theorems.

2. THE GENERAL CONSERVATIVE MATRIX

Lemma 1 ([3]). If infinite matrix A = (Aq;) transforms co(X) into ¢(Y'), then
for every T = (x;) € co(X), the series Zj A;jxz; converges uniformly with respect
toi € N.

Lemma 2. If (X, 7x) is a barrelled space and A = (A;j) transforms co(X)
into ¢(Y'), then for every bounded subset M of (X,7x) and q € Dy, there exists
Ky > 0 such that for any i,m € N and z; € M,

m
7j=1

Proof. 1f not, we can choose a bounded subset M of (X, 7x) such that for

every K > 0 there exist ¢, mg € N and :U§~O) € M satisfying that

mo
(1) q ZAinJJg-O) > K.
j=1

Note that the matrix A transforms co(X) into ¢(Y) and (X,7x) is a barrelled
space, it is easily to see that for every j € N, {A4;;}5°; is equicontinuous. Thus,
{Aij(x) : x € M,i € N} is a bounded subset of (Y, 7y).
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At first, we show that for every ¢ € N, there exists K; > 0 such that for any
mé& N and z; € M,

@) gD Ayzi| K
=

If not, for every K > 0 there exist mg € N and xg-o) eM, j=12 ..,mgp, such

that

mo
q ZAijl‘gp) > K.
=1

Let K =1, there exists m; € N and xg-l) eM,j=1,2,...,my, such that
mi1 1
q ZAZJJJE ) > 1.
j=1

For ) 7™ sup{q(Ayz) : @ € M,i € N} + 2, there exist ma € N and asg-z) €
M, 5 =1,2,...,ma, such that

mo my
q ZAz’jIL‘;Q) > Zsup{q(Aija:) cxeM,ie N} + 2.
j=1 j=1

Thus, we have

ma

j=mi-+1

Inductively, we can obtain a sequence {m,} of N such that

mi1 1
q ZAij:l?§~ ) >1,
j=1

Mn+1
a| 3 AT ) snt1 =12,
J=mn+1
Let
zj = 5551)7 1 J my,
x(n+l)
2 = 2 ,mn+1 7 mpua,n=12 ..
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From that M is a bounded subset of (X, 7x) it follows that (z;) € co(X).
On the other hand, from ¢(} ;"f" Aijzj) > 1, the series Y ; Ajjz; is not

J=mn
convergent. This is a contradiction and so the conclusion holds.
Now, we show that the inequality (1) is not true. In fact, let K’ = 1, there exist

i1, m; € N and xg-l) € M,j=1,2,...,mq, such that

m1 .
q ZA“J:L‘g ) > 1.
j=1

There exist 2, ma € N and m§2) € M,j =1,2,...,mg, such that

me i1 mi
3) ¢ ZAizja7§~2) > ZKZ' +Zsup{q(Aijas) i€ Nyze M} + 2.
j=1 =1 j=1

It is obvious that ma > m; and i3 > 1. From (3) it follows that
mo
2
j=mi+1

Inductively, we can obtain two strictly increasing sequences {my} and {i,} such
that

mi
q ZAiljl‘;l) >1,

7j=1
Mn41
q Z Ain+1jm,§n+1) >n+17n: 1727"' .
j:mn+1
Let
Zj = .73‘5-1),1 .7 mi,
2L
ZJ:7?,]+]_,mn+1 ] mn+1,n:1,2,....

Then q(3 70! 1 Ai,,52j) > 1, n=1,2, ... This shows that the series Y ; Aj;2j
does not converge uniformly with respect to ¢ € N. This contradicts Lemma 1 and

hence Lemma 2 holds.

Theorem 1. Let (X, 7x) be a barrelled space and (X*, B(X*, X)) has property
(B), (Y,7y) a sequentially complete locally convex space, then A = (A;j) is a
conservative matrix if and only if
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(1) For every bounded subset M of (X, Tx) and q € Dy, there exists Ky > 0
such that for any i,m € N and z; € M,

q ZAija:j KM.
=1

(2) For every x € X, Zj Aijz converges and lim; o Z;’il Ajjx exists.

() For everyx € X and j € N, lim;_,, A;;x exists.
About the (B) property of (X*, B(X*, X)) see ([4, P3o)).

Proof. The necessity follows from Lemma 2 and the fact that for every z € X
and j € N,(z,z,...)andej®z = (0,0,..., 2,0,...) € ¢(X), where the ith place of
e QT is .

Sufficiency. Since (X, 7x) is a barrelled space and (X*, B(X*, X)) has the
(B) property, it follows from ([5]) that cy(X) is a barrelled space.

For every i, m € N, let Tiy, : co(X) — (Y, 7v) be defined by Tip(z) =
> i1 Aij(x;). Then Tyy is a continuous linear operator. For any (z;) € cp(X),
note that {x;} is a bounded subset of (X, 7x), it follows from Lemma 2 that
{Tim : i,m € N} is pointwise bounded on co(X') and, therefore, is equicontinuous.

Now, we show that for every i € N and (z;) € co(X), the series Y221 Aij(;)
convergent and converges uniformly with respect to ¢ € N. If not, note that
(Y, 7y) is sequentially complete, so there exist (z;) € co(X), €0 > 0, g €
Dy, ig,ng,my € N,y my  ngyq,{mg} is strictly increasing and satisfies
that

mk
@) q ZAikj:Ej >¢ep,k € N.

J=ng

Note that (k) = (0,0, ..., T, , Trg41, s Tmy,, 0, ..) € co(X),{2*)} converges to 0
in co(X) and {T},, : i, € N} is equicontinuous, we have {q(T},z*))} converges
to 0 uniformly with respect to ¢, m € N. In particularly,

my,
Q(Tz’kmkz(k)) =gq Z Aikjwj — 0.

J=ng

This contradicts (4) and so for every (z;) € co(X), the series Y ; A;jx; is conver-
gent and converges uniformly with respect to ¢ € N.
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Thus, for any (z;) € ¢(X), if limj_oo x; =1, then (x;) = (z; — ) + (1,1, ...),
so » i Aigej = Y5 Aij(xj — 1) + 3, Aisl converges. Moreover, it follows from
the series ) ; A;j(x;—1) converges uniformly with respect to ¢ € N and conditions
(2), (3) that {ZJ A;jz; 122, is a Cauchy sequence and so is a convergent sequence
by the sequentially completeness of (Y, 7y). That is, A = (A;;) transforms c(X)
into ¢(Y’), A is a conservative matrix. We complete the proof of Theorem 1.

Let (X, 7x) be a barrelled space and A = (A;;) a conservative matrix. Then
the columns of A are pointwise convergent on X. Let lim; o0 A;ij(x) = Aj(x), it
follows from the barrelledness of (X, 7x) that A; € L(X,Y).

In order to show the chi function X is a continuous linear operator, we need the
following Theorem:

Theorem 2. Let (X,7x), (Y,7v) be barrelled spaces and (Y,o(Y,Y™))
sequentially complete, A = (Ay) a conservative matrix. Then for any = €
X, 32 Aj(x) converges in o(Y,Y™*). Moreover, if 33, A; : X = Y is defined
by x — weak Aji(x), then > A; is Tx — Ty continuous.

Proof. Fix x in X and f € Y*. Consider the matrix

f(Aun(z)) f(Ap() ...
B= | f(Axn(z)) f(An(x)) ...

It is easily to show that B is a conservative scalar matrix. It follows from ([6,
Theorem 1.3.7]) that Zj f(A;(x)) is convergent. By the sequentially completeness
of (Y,o(Y,Y™)), >_, Aj(x) is convergent in (Y, Y™).

Now, we prove that z — weak Zj Aj(x) is Tx — Ty continuous.

Let T,, = > 74 Aj, that {T,,} are pointwise bounded continuous linear op-
erators on X is clear. It follows from the barrelledness of (X,7x) that {T},} is
equicontinuous. Then {7,,} is also equicontinuous into (Y, o(Y,Y*)). Note that
{T%} is pointwise weak convergent to » | Aj, so ) ; A; is 7x — o(Y, Y™) continu-
ous, it follows from ([7, Corollary 11.1.3]) that } _; A; is also o(X, X*) —o(Y,Y™)
continuous. By the Hellinger-Toeplitz theorem ([7, Corollary 11.2.6]) that Zj Aj
is also B(X, X*) — B(Y,Y™*) continuous. Since (X, 7x) and (Y, 7y) are barrelled
spaces, B(X, X*) =7x, B(Y,Y*) = 1y. Thus, Zj A; is Tx — Ty continuous. We
complete the proof of Theorem 2.

Now, we introduce the chi function X as following:

Let (X,7x) and (Y, 7y) be barrelled spaces and (Y,7y) weak sequentially
complete, A = (A;;) a conservative matrix, denote

X(A)(z) = li%rn ZAijx — weak ZA]-:B.
J J
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From the barrelledness of (X, 7x), it is easily to see that lim; Zj Ay X =Y
is 7x — Ty continuous, thus, by Theorem 2 we have:

Corollary 1. If (X,7x) and (Y,7y) are barrelled spaces and (Y, Ty) weak
sequentially complete, A = (A;j) a conservative matrix, then the chi function
X(A) : X — Y is a Tx — 7y continuous linear operator.

3. THE CONULL MATRIX

If (X, 7x) and (Y, 7y) be barrelled spaces and (Y, 7v) weak sequentially com-
plete, A = (A;;) a conservative matrix, we may prove the following facts:

(I) If F € (wa)*, then there exists a sequence { f;} € X* such that for every z =

(zj) € wa, F(@) = }_; fj(x;). If G € (co(X))*, then there exist a sequence
{gj} € X* such that for every T = (z;) € co(X), G(Z) = >_; gj (7).
If p is a continuous seminorm and f € X¥, denote ||f||, = sup{|f(x)| :
zeX,p(x) 1}, 11(X*) ={(f;): fj € X* and there exists a continuous
seminorm p of (X, 7x) such that > || £l < oo}

I (eo(X))" = 1H(X7).

(1) For any G € (c(X))*, there exist {go, g;}32; € X* such that (g;) € I'(X*)
and for every = = (z;) € ¢(X),

G)= g()(lijma:j) +Zgj(xj —li§nxj>.
J

(IV) For any f € (ca)", there exist F' € (wa)* and {go,g;}j2; C Y™ such that
(g;) € I1(Y*) and for every T = (z;) € ca,

5@ = F@) + (0~ X0 (1) + Sy

Where limy z = lim; ) ; Aj;;, (Az); = > Aijmj.

Let (X, 7x),(Y,7y) be two barrelled spaces and (Y, 7y) weak sequentially
complete, for z € X, denote (¥ = (z,z,...). A conservative matrix (A;;) is said
to be conull if and only if for every x € X, Un(x(o)) converges weakly to 29 in
ca. Otherwise A is coregular.

Theorem 3. A conservative matrix A = (A;j) is conull if and only if X(A) = 0.

Proof. Let A be a conull matrix and « € X, note that

lim(z® — U,(2'9)) = X(A)(2) + Y 45(2).

Jj=n+1
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Since A : ca — ¢(Y) is continuous and lim : ¢(X) — Y is also continuous, so
limg = limoA : ¢4 — Y is continuous. Using ([7, Corollary 11.1.3]) again, we
obtain that lim 4 is also (ca,0(ca, (ca)*)) — (Y, o(Y,Y™)) continuous. Thus we
have X(A)(z) =0.

If X(A) =0, now we prove that A is a conull matrix.

In fact, let f € (ca)*, it follows from fact (IV) that there exist F' € (wa)*,
go € Y* and (g;) € 11(Y*) such that

F@® — Up(®)) = Fa® — Uy (@) + (go -3 gj) (tin(a® — U, ®))
J

+ 320 (AEO —Ua@®)i = P = U(%))
+(90 — Z%) X(A) @)+ > Aj(x))

J j=n+1
+Zgi ( Z Aij($)>'

j=n+1
Since {z©) Uy, (z®)} converges to 0 inwa and {332, A;(x)} converges to 0 in
(Y, 0(Y,Y")), s0 {F(2(% ~Un(2(?))} converges to 0, {(g0—3"; 9) 511 Aj(2) }
converges to 0. It follows from (g;) € I}(Y*), there exist a continuous seminorm
g on (Y, 7y) such that ), ||gjllq < oc. Moreover, by Lemma 2 that there exist
K > 0 such that foralln, i € N, ¢(3°72,, . Aij(z)) K. Pick igp € N such that
>icigi1 llgill - Thus, we have

00 10 00
dai| D Aijl) doai|l D Ay@) ||+ X Eim lgilleK
A Jj=n-+1 i=1 Jj=n-+1
20 0o
Zgi Z Alj(x) +e.
=1 j=n-+1

So {3521 9i (X272 41 Aij()) } converges to 0. This shows that {f(@O—U,(zO))}
converges to 0. We complete the proof of Theorem 3.
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