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a-SKEW ARMENDARIZ MODULES AND
a-SEMICOMMUTATIVE MODULES

Cui-Ping Zhang* and Jian-Long Chen

Abstract. Let a be a ring endomorphism. We introduce a-skew Armen-
dariz modules and a-semicommutative modules which are generalizations of
Armendariz modules and semicommutative modules, respectively. And inves-
tigate their properties. Moreover, we study the relationship between a module
and its polynomial module.

1. INTRODUCTION

All rings are associative and have identity, and modules are unitary right mod-
ules. R[x] denotes the polynomial ring over a ring R and M [z] denotes the polyno-
mial module over a module M. Rege and Chhawchharia [9] introduced the notion
of an Armendariz ring. Recently, many authors have studied Armendariz rings and
given various generalizations. According to Hong, Kim and Kwak [4], for an en-
domorphism « of a ring R, R is called a-skew Armendariz if p(z)g(x) = 0 where
p(z) = > a;x’ and g(z) = o bjz? € Rlx;a] implies a;ai(b;) = 0 for all
0 <i<mand0 < j <n. Chen[2] proved that for an endomorphism « of a ring R
and o! = 1p for some positive integer [, R is -skew Armendariz iff the polynomial
ring R[x] over R is a-skew Armendariz. Huh, Lee and Smoktunowicz [6] made a
comparative study of Armendariz rings and semi-commutative rings. Armendariz
rings need not be semicommutative rings by [6, Example 14] and semicommutative
rings need not be Armendariz rings by [4, Example 3.2]. A right R-module M is
an Armendariz module if m(x)g(z) = 0 where m(z) = 3.i_,m;z’ € M[z] and
g(z) = Z?:o a;jx? € R[x] implies m;a; = 0 for every i and j. Right R-module
M is semi-commutative if ma = 0 implies mRa = 0 for m € M anda € R. A
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ring R is reduced if a®> = 0 implies a = 0 for a € R. Buhphang and Rege [1]
studied the basic properties of Armendariz modules and semi-commutative modules.
Moreover, they proved that all flat modules over a reduced ring are both Armendariz
and semi-commutative. For an endomorphism « of a ring R, a right R-module M
is called a-reduced if for m € M and a € R (1) ma = 0 implies mRNMa = 0 (2)
ma = 0 iff ma(a) = 0. If @ = 1g, a-reduced module is called reduced module.
Lee and Zhou [8] introduced those notions and proved that a right R-module M is
reduced iff M[z]/M]z](x") is an Armendariz module over R[z]|/(z") for integer
n > 2.

In this paper, we introduce the notions of a-skew Armendariz module and o-
semicommutative module for an endomorphism « of a ring R. Furthermore, we
show that for an endomorphism « of a ring R (1) R is a-skew Armendariz if and
only if every flat right R-module is a-skew Armendariz; (2) R is a-semicommutative
if and only if every flat right R-module is a-semicommutative; (3) If o/ = 15 for
some positive integer /, then right R-module M is a-skew Armendariz if and only
if M[z] is a-skew Armendariz over R[x]; (4) If o = 0 for some positive integer
[, then M is a-reduced if and only if M[x]/M][z](z") is an a-skew Armendariz
module over R[z]/(z™) for integer n > 2

2. THE PROPERTIES AND THE EQUIVALENT CONDITIONS

Let o be an endomorphism of a ring R and M be a right R-module. M|[z; o] =
{37 _omiz’;s > 0,m; € M} is an Abelian group under an obvious addition opera-
tion. Moreover, M [z; a] becomes a module over R[x; o] under the following scalar
product operation: For m(z) = Y°7_ymiz’ € M[z;a] and f(x) = Y\ a2’ €
Rlz;af, m(x) f(z) = >k (O itk mia‘(a;))x®. M is called a-Armendariz [8]
if (1) ma = 0 iff ma(a) = 0 for m € M and a € R; (2) m(z)f(x) = 0
where m(z) = Y5 mz' € M[z;a] and f(z) = Z;ZO a;jr? € R[z;a] implies
m;a’(a;) = 0 for all ¢ and j.

Definition 2.1. Let o be an endomorphism of a ring R and M be a right
R-module. M is called a-skew Armendariz if m(x)f(z) = 0 where m(x) =
Sigmix' € M(z;a] and f(x) = >'_ja;a? € Rlx; ] implies mia’(az) = 0 for
all ¢ and j.

We can easily prove that a ring R is a-skew Armendariz iff Rr is a-skew
Armendariz, and a right R-module M is Armendariz iff it is 1 zp-skew Armendariz.
So a-skew Armendariz modules are not necessarily Armendariz by [4]. Moreover,
a-Armendariz module is a-skew Armendariz module, but the converse may not be
true. For R, in the following example is not a-Armendariz over R4, however, Chen
[3] proved that it is a-skew Armendariz.
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a a1z ai13 ai4
Example 2.2. Let .S bea domainand Ry = 0 a an an a,a;j €S

0 0 a as4

0 0 0 a
a a12 a13 a4
0 a a

Define o : Ry — R4 by a(z) = diag(a, a, a, a) forany x = 2o

0 0 a as4
0 0 0 a

€ R4, then R, is a-skew Armendariz.

Proof. Suppose that f(z) = Ao+ A1z +- -+ A,2", and g(z) = By + Biz +
-+ Bpa" € Rylz; o] with f(x)g(x) = 0. We need to prove that A;o"(B;) =0
for all i and j. Since o = o, we only need A;a(B;) = 0. Put

)G ()

at) a(12 Ay A1y () b(ljé) 5(1%) b(1j)

0 a9 af af) 0 b0 ) b
Aj: . () and Bj: ) .
0 0 a9 afy o 0o b9 bgj)
0 0 0 o 0 0 0 b\

Case 1. Ay is invertible. From f(z)g(z) = 0, we have By = 0. We claim that
Bj = 0 for all 0 < j < n. If not, there exists the least k such that By, # 0 and
By =---=By_1 =0. Since AyBr + Aja(By_1) + - -+ Ara(By) = 0, we have
ApByj, = 0 and hence B, = 0, which is a contradiction.

Case 2. DBy is invertible. Similar to the proof of case 1, we can get A; = 0 for
all 7.

Case 3. Both Ay and By are not invertible. In the case of Ay # 0, we claim
that a(B;) = 0 for all j. If not, there exists the least j such that «(B;) # 0. From
equation AgB; + Aja(Bj_1) + -+ Aja(By) = 0, we have ApB; = 0. Since
a(Bj) # 0, b)) £ 0 and so Ay = 0, a contradiction. If Ay = 0, then we claim
that A; = 0 or «(B;) = 0 for all ¢ and j. Assume to the contrary, there exist the
least i and the least j such that A; # 0 and «(B;) # 0. Now f(z)g(x) = 0 gives
AoBiyj+- -+ Ai1a(Bj1) + Aia(Bj) + Aipra(Bj1) +- -+ Aiyja(By) = 0.
It follows that A;a(B;) = 0. On the other hand, a(B;) # 0 implies that b(7) # 0
and so A; = 0, which is a contradiction. From the above discussion we have
A;o(Bj) =0 for all i and j. Hence Ry is an a-skew Armendariz ring.
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Definition 2.3. Let o be an endomorphism of a ring R and M be a right
R-module. M is called a-semicommutative if ma = 0 implies mRa(a) = 0 for
m € M and a € R.

A ring R is a-semicommutative if Rp is a-semicommutative. It is clear that
a right R-module M is semicommutative iff it is 1r-semicommutative. One may
suspect that a-semicommutative modules are semi-commutative, however, the fol-
lowing example erases the possibility.

Example 2.4. R, in Example 2.2 is a-semicommutative.

a a2 a3 a4 b bia biz bua

B 0 a a3 an B 0 b bog boy

Proof. Suppose A = 0 0 a ay |’ B = 0 0 b by
0O O 0 a 0 O 0 b

€ R, and AB = 0, then we have

ab=20

abis +a12b =0

abig 4+ a13be3 + a13b =0

abiy + a12bog + a13bzs + a1ab =0
abog 4+ ao3b =0

aboy + ag3bsg + agsb =0

abzs + ag4b =10

Since S is a domain, ab = 0 implies a = 0 or b = 0. If b = 0, then a(B) = 0,
so ARja(B) = 0. If b # 0, then a = 0. Using the equations above, we have
a1 = A13 = Q14 = Q23 = Q24 = Q34 = 0. Thus A = 0, SO AR40¢(B) = 0.
Therefore R4 is a-semicommutative.

However, R, is not semi-commutative by [7, Example 1.3].

Remark 2.5. Let R be a subring of a ring S with 1¢ € R and Mr C Lg. Let
a be an endomorphism of S such that a(R) C R. If Lg is a-skew Armendariz
(a-semicommutative), then Mp is also a-skew Armendariz (a-semicommutative).

Proposition 2.6. Let o be an endomorphism of a ring R. The class of a-
skew Armendariz (c-semicommutative) modules is closed under direct sums, direct
products and submodules.

An R-module M is torsionless if it is a submodule of a direct product of copies
of R. If M is a faithful R-module, then R is a submodule of a direct product of
copies of M. The following corollary is easy to be obtained by Proposition 2.6.
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Corollary 2.7. ([1, Theorem 2.7]) The following conditions are equivalent.

(1) R is an Armendariz (semicommutative) ring;
(2) Every torsionless R-module is Armendariz (semicommutative);

(3) Every submodule of a free R-module is Armendariz (semicommutative);
(4)

4) There exists a faithful R-module which is Armendariz (semicommutative)

Proposition 2.8. Let « be an endomorphism of a ring R. An R-module M
is a-skew Armendariz (a-semicommutative) if and only if every finitely generated
(cyclic) submodule of M is a-skew Armendariz ( a-semicommutative).

The following conclusion is the generalization of Proposition 2.3 in [1].

Proposition 2.9. Let o be an endomorphism of a commutative domain D and M
be a torsion free D-module. Then M is a-skew Armendariz (c-semicommutative).

Proposition 2.10. Let o be a monomorphism of a commutative domain D and
M be a D-module. Then M is a-skew Armendariz (a-semicommutative) if and
only if its torsion submodule T'(M) is a-skew Armendariz (a-semicommutative).

Proof. Letm(z) = Y i_,ma’ € M[z;a] and f(z) = > =0 a;jx? € Dlx;a]
satisfy m(x) f(z) = 0, we have

mopag = 0 (1)
moa1 +mia(ag) =0 (2)
moag + mia(ar) + maa®(ag) = 0 (3)
myat(a,) = 0 (n+t+1)

We can assume ag # 0, then my € T (M) by (1). Multiplying (2) by ap from the
right, one obtains mj«a(ag)ag = 0. Since « is monic and D is a domain, so m; €
T(M). Multiplying (3) by a(ag)ag from the right, we obtain maa?(ag)a(ag)ag =
0, so myg € T(M). Continuing this process, we have m(z) € T(M)[z]. Since
T(M) is a-skew Armendariz, we conclude that m;a’(a;) = 0 for all i and j ,
proving that M is a-skew Armendariz. The other implication is trivial.

The proof of a-semicommutative module is similar to that above.

The following two results are the generalizations of the Theorem 2.15 and the
Theorem 2.16 in [1], respectively.
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Theorem 2.11. Let o be an endomorphism of a ring R. R is a-skew Armen-
dariz if and only if every flat right R-module is a-skew Armendariz.

Proof. Let M be a flat right R-module. Let 0 — K — F — M — 0
be an exact sequence with F' free over R. (In what follows, for an element y
of F, we denote y = y + K in M). Let f(z) = Zf:o y;xt € M[x;a] and
g(z) =37 a;x? € Rlx;a] satisfy f(z)g(z) = 0, then we have

yoao = 0
Yoa1 +yra(ag) = 0
Toaz + Yralar) + Yoo (ag) = 0

gtat(an) =0

Therefore the elements yoag, yoa1 +yi1a(ao), - - -, yra'(ay,) all belong to K. Since
M is a flat R-module, there exists an R-module homomorphism v : F' — K such
that v(yoao) = yoao, v(yoar + y1(ao)) = yoar + yr(ao), - - -, v(yat(an)) =
ol (ay).

Write w; := v(y;) —y; fori = 0,1, --,t. Each w; is an element of F', therefore
the polynomial h(z) = 3°¢_, w;a’ € Flz;a] and h(x)g(x) = 0. Since R is a-skew
Armendariz and F' is a free R-module, F' is a-skew Armendariz by Proposition 2.6.
Thus, we have w;a’(a;) = 0 for all i and j. It follows that y;a’(a;) € K for all
i and j, so g;'(aj) = 0 in M, proving that M is a-skew Armendariz. The other
implication is obvious.

Theorem 2.12. Let o be an endomorphism of a ring R. R is a-semicommutative
if and only if every flat right R-module is a-semicommutative.

Proof. The proof is similar to that of the Theorem 2.11.

Let a be an endomorphism of a ring i and M be a right R-module. According
to Lee and Zhou [8], M is called a-reduced if, for any m € M and a € R,
(1) ma = 0 implies mR N Ma = 0;
(2) ma = 0 iff ma(a) = 0.

M is reduced if M is 1-reduced. It is clear that a-reduced module is reduced.

Lemma 2.13. ([8, Lemma 1.2]). Let M be a right R-module M. The follow-
ing are equivalent.

(1) M is a-reduced;
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(2) The following conditions hold: For any m € M and a € R,
(a) ma = 0 implies mRa = mRa(a) = 0;
(b) maa(a) = 0 implies ma = 0;
(c) ma? = 0 implies ma = 0.

R is called a-rigid [5] if ac(a) = 0 implies a = 0 for a € R. It is easy to
show that o-rigid ring is reduced.

Lemma 2.14. ([5, Lemma 4]). Let o be an endomorphism of a ring R. Rp
is a-reduced if and only if R is an a-rigid ring.

If R is a-rigid, then R is a-skew Armendariz by [4, Corollary 4]. Therefore,
if Rg is a-reduced, then R is a-skew Armendariz as well as a-semicommutative
by Lemma 2.13 and 2.14.

By a regular ring we mean a von Neumann regular ring. It is well-known that
all modules over a regular ring are flat, therefore the following result is immediate.

Remark 2.15. Let a be an endomorphism of a ring R. If Rg is a-reduced
and R is a regular ring, then all right R-modules are a-skew Armendariz as well
as a-semicommutative.

3. PoLynoMiAL MoODULES OVER PoLyNOMIAL RINGS

In this section, we study the relations between right R-module M and the
polynomial module M [z] over M.

Proposition 3.1. Let o be an endomorphism of a ring R and M be a right R-
module. If M is a-skew Armendariz, then the following conditions are equivalent.
(1) M is a-semicommutative and semicommutative;

(2) M|z; o] is semicommutative over R|x; al.

Proof. (1)=(2) Let M be an a-semicommutative and semicommutative right
R-module. Let m(z) = Y°i_,m;z’ € M[z;a] and f(z) = > =0z’ € Rlx;al
satisfy m(z) f(x) = 0. Since M is a-skew Armendariz, so m;a’(a;) = 0 for each
iand j. Let h(z) = >, _, bpx® € R[x;al, and let co, c1, Ca, - -, Ciivin be the
coefficients of m(z)h(x)f(zx), then

cCo = moboao
c1 = moboaq + (m0b1 + mla(bo))a(ao)

co =mobpas —|—(m061 +m1a(bo))a(a1) +(mobg—|—m1a(bl) +m2a2(bo))a2(ao)

Ct+v+n = mtat(bv)at+v(an)
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Since M is a-semicommutative and semicommutative, moag = 0 implies moRa(ag)
= 0 and moRag = 0, hence ¢g = 0. mpa; = 0 and mja(ag) = 0 which imply
moRa; = 0 and miRa(ayg) = 0, we have ¢; = 0. Continuing we get ¢; = 0
for all i. Hence m(x)h(z)f(z) = 0, proving that M[x; «] is a semicommutative
R[z; a]-module.

(2) = (1) Clearly M is semicommutative. If ma = 0 for m € M and a € R,
then mR[x; aJa = 0 since M|[x; ] is semicommutative. So mrxza = 0 for any
r € R, and mra(a)z = 0, mra(a) = 0. Therefore M is a-semicommutative.

Corollary 3.2. Let M be an Armendariz right R-module. The following
conditions are equivalent.
(1) M is semicommutative;
(2) M|x] is semicommutative over R|x].

Recall that if « is an endomorphism of a ring R, then the map R[x| — R[z]
defined by 7", a;z’ — S a(a;)z’ is an endomorphism of the polynomial
ring R[x] and clearly this map extends a. We shall also denote the extended map
R[z] — R]z] by « and the image of f € R[z] by «(f). By Hong, Kim and Kwak
[4], R is a-skew Armendariz if and only if R[z] is a-skew Armendariz provided
ol = 1p for some positive integer [, but the proof had a gap. Chen [2] gave a new
proof. In the following, we generalize this to modules.

Theorem 3.3. Let o be an endomorphism of a ring R and o' = 1g for some
positive integer . Then right R-module M is a-skew Armendariz if and only if
M][z] is a-skew Armendariz over R|[x].

Proof. Assume that M is a-skew Armendariz. Suppose that p(y) = >>'_ m;
(@)y' € Mlz]ly; o], a(y) = X7 9i(x)y’ € Rlz]ly; o], and p(y)q(y) = 0. Let
mi(z) = mio + max + - + ms,x® € Mlzx] for 0 < i < t and g;(z) =
bjo + bj1x + - + bjw, 2" € Rzx] for 0 < j < n. We need to prove that
m;(x)ai(g;j(x)) = 0 in M|[z] for all i and j. Take a positive integer k such that
k> deg(mo(x)) + deg(ma(x)) + - - + deg(my(x)) + deg(go(2)) + deg(g1(x)) +
-+ -+deg(gn(x)), where the degree of m;(x) is as a polynomial in M [z], the degree
of gj(x) is as a polynomial in R[z] and the degree of zero polynomial is to be 0.

Since p(y)q(y) = 0 in M[z][y; o], we have the equations system
mo(z)go(z) =0

mo(x)g1(x) +ma(x)a(go(z)) = 0

mo () ga(x) +mi(x)a(gi(x)) + ma(x)a?(go(x)) = 0

me(2)a (gn(@)) =0
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in M[z]. Put m(x) = mo(z!) +mq (22 4 ma (2! 22k +2 4o pmy () R+
and g(x) — go(xl) —i—gl(w‘l)x”ﬁ'l +g2(1‘1)x2lk+2 4. +gn(1‘l)x”lk+”. Then

m(z) = moo + mor1a’ + meax® + - -+ + mog, '™
+ maoa™ ! 4+ my g BT Ly gy gtk
+
+ @t gt gttt ks

and
g(x) = boo + borz! + boax® + -+ + bowoxlwo
+ bloxlk‘-f—l + b11x1k+l+1 + 612x1k+2l+1 + . + blwlxlk+lw1+1
+

+ bn0$nlk+n + bn1$n1k+l+n + bn2xnlk+2l+n NI bnwnxnlk—f—wnl—i—n

Using the equations system above and o = 1z, we have m(x)g(z) = 0 in M[z; a].
Since M is a-skew Armendariz and ! = 1g, 50 My, (b)) = My atFHulti(p,,) =
Oforall0 <i<t,0<j<mn,uec{0,1,---,s0,--,8}rand v e {0,1, -, w,
-, wp}. So we have m;(z)ai(gj(z)) = 0forall 0 <i <tand0<j <nin
M][z]. Hence M |x] is a-skew Armendariz .
Obviously, if M|z] is a-skew Armendariz, then M is a-skew Armendariz.

Corollary 3.4. ([4, Theorem 6]). Let o be an endomorphism of a ring R and
ol = 1g for some positive integer . Then R is o-skew Armendariz if and only if
R[z] is a-skew Armendariz.

We write M,,(R) for the n x n matrix ring over R. For a right R-module
M and A = (ai;) € Mp(R), let MA = {(ma;;) : m € M}. For n > 2, let
V = Z?:_ll E;;i+1 where {E;; : 1 < i,j < n} are the matrix units, and set
Vi(R) = RI, + RV 4 -+ RV" L V(M) = MI, + MV +-- -+ MV"!, then
V,(R) is aring and V,,(M) becomes a right module over V;,(R) under usual addition
and multiplication of matrices. There is a ring isomorphism 6:V,,(R) — R[z]/(z")
given by O(rol, +7mV + -+ 7, V" D=rg+riz+--+r, 12" 1+ (2") and
an Abelian group isomorphism ¢:V,,(M) — M[z]/M[z](z"™) given by @(mol, +
miV 4+ -+ mp VP )=mo + miz + - + my_12" ! + M[z](2™) such that
e(WA) = p(W)0(A) for all W € V(M) and A € V,(R). Lee and Zhou [8]
proved that Mp is reduced iff M[x]/M|[z](z™) is an Armendariz right R-module
over R[z]/(2") for integer n > 2. In the following we generalize this to a-reduced
module. First we prove the Lemma 3.5.
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Let o be an endomorphism of a ring R, the map V;,(R) — V,,(R) defined by
apl, + a1V +---+ an_lvn_l — a(ao)In + a(al)V + -+ a(an_l)V”_l 1S an
endomorphism of V,,(R). Similarly the map R[z]/(z") — R[x]/(z"™) defined by
ap+a1x+ -+ ap_12" 4 (2,) = alag) +alar)r +- -+ alan_1)r" L+ (2)
is an endomorphism of R[z]/(z™). We shall also denote the two maps above by «.

Lemma 3.5. Let a be an endomorphism of a ring R. Then V,,(M) is an «-
skew Armendariz module over Vy,(R) if and only if M[x]/M[x](z") is an a-skew
Armendariz module over R[x]/(x™).

[y; ] where ™;(z) = mu + max + - + Mgt + Mz](z"), f;
ajo + a4 -+ @izt 4 ("), miy € M, aj € R, 0<i<t,0<j<s
and 0 < u,v < n — 1 satisfy p(y)q(y) = 0, we have

7o () fo(a) = 0

mo(x) f1(x) + M (z)a(fo(x)) =0

o () fo(x) + 1 (2)a(f1(2)) + Ma(z)a®(fo(x)) = 0

mi(z)a’ (f(x)) =0
Let W; = myol, +ms1V +-- -—|—mz~(n_1)V”_1 € Vn(M) and Aj = anIn+aj1V+

ot @)V EVp(R) for0<i<tand 0 < j < s Let W(y) = > i_o Wiy’
and A(y) = >_7_o Ajy’, we have

WyAp =0
WoAq + WlOé(AQ) =0
WyAsg + Wloc(Al) + W2a2(A0) =0

Wt()ét(As) =0

By the equations system above, W (y)A(y) = 0 in V,,(M)[y; a]. Since V,,(M) is
an a-skew Armendariz module, W/}ai(Aj) = 0 for all ¢ and j. Therefore we have
mi(x)a’(f;(x)) = 0 for all i and j, proving that M[xz]/M[z](2") is a a-skew
Armendariz module over R[z]/(z").

The proof of the other implication is similar to that above.

Theorem 3.6. Let o be an endomorphism of a ring R and o' = 1 for some
positive integer I. M is a-reduced if and only if M[x]/M[z](z™) is an a-skew
Armendariz module over R|x]/(x™) for integer n > 2.
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Proof. Assume that M is a-reduced. By Lemma 3.5, it suffices to show that
Vn(M) is an a-skew Armendariz module over V,,(R).

Suppose that W(z)A(z) = 0 where W(z) = St Wizl € Vi, (M)[z;al
and A ) Z A xd € Va (R)[II,'7OC] Write W; = myol, + myaV + -+ +
Min—1) V"™ 1 and A = ajol, +ajpV+ -+ aj(n_l)V”—l for 0 <4 <t and
0<j<s It follows from W(xz)A(xz) = 0 that [mo(x)L,, + mi(x)V + --- +
My 1 () V" YHlag(z) I, + ar(x)V 4+ -+ + ap_1(2)V*" L] = 0 in V,,(M[x;a))
where my, () = moy + M1, + - - -+ myzt and a, () = agy + a1, + - - -+ agyw®
for 0 <wu,v <n—1, and hence

mo(x)ag(z) =0 (1)
mo(z)ai(z) +m(x)ag(x) =0 (2)
mo(z)az(z) + m(z)ar(x) + mo(z)ag(z) =0 (3)
mo(z)an—1(x) +mi(x)an—2(z) + -+ + mp_1(x)ag(z) =0 (n—1)

in M[z;a]. Since M is a-reduced, so M[xz; ] is reduced by [8, Theorem 1.6],
mo(z)R[z; a]ag(x) = 0. Multiplying (2) by ag(z) from the right, one obtains
my(x)(ao(z))? = 0, so mi(z)ag(z) = 0, mo(z)ai(z) = 0 which imply mq (z) R[x;

] o(z) =0, mg(z )R[av7 ajai(xz) = 0. Multiplying (3) by ap(z) from the right, we
have ma(x)(ag(x))? = 0, so ma(z)ag(x) = 0, thus (3) becomes

mo(z)az(z) + mi(x)ai(z) =0 (3"

Multiplying (3") by a1 () from the right, (3') becomes m; (z)(a1(z))? = 0, m1(x)a;
(z) = 0, so mp(z)az(x) = 0. Continuing this process , we have m,(z)a,(xz) =0
in M|[xz; o] for all uw and v with 0 < u+ v < n — 1. It follows that

moyuaoy = 0
Mouaiy + Miy(agy) =0

Mouaay + miya(aty) + maya?(agy) = 0

Mo’ (ag) =0

for all v and v with 0 < uw+v < n — 1. Since M is a-reduced, using the
similar method above, we have mwai(aﬂ,) =0for0<i<t 0<j<s,
0 <u+v<n-—1. SoW;a?(A4;) =0 for all i and j, proving that M [z]/M[z](z")
is a-skew Armendariz.

Conversely, if [ = 1, it is true by [8, Theorem 1.9]. So we can assume [ > 1.
Suppose that ma = 0 for m € M and a € R, then [mlI, + (mE,)z][al, —

(a(a)Ern)z] = 0. By Lemma 3.5, V(M) is an a-skew Armendariz module
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over V,,(R), so ma(a) = 0. Suppose that ma(a) = 0, then ma!~'(a) = 0, so
[mI, + (mE,)z][e! =Y (a)I, — (aE1,)x] = 0, hence ma = 0. If ma = 0, we have
ma!~l(a) = 0. Let mr = mia € mR N Ma, [ml, + (m1E1,)z][a 1 (a) I, —
(rEi,)z] = 0, so mr = 0. Thus M is a-reduced.

Corollary 3.7. ([8, Theorem 1.9]). Let n > 2 be an integer. Then M g is reduced
if and only if M [x|/M|x](x™) is an Armendariz right module over R[x]/(z™)

Let o be an endomorphism of a ring R. By Lemma 3.5, we can show that R
is a-rigid if and only if R[z]|/(z™) is a-skew Armendariz for integer n > 2 in [3].
Rp is a-reduced iff R is a-rigid by Lemma 2.14. So we have the following open
question.

Is the condition o/ = 1 superfluous in Theorem 3.6?

Lemma 3.8. Let « be an endomorphism of a ring R. Then V(M) is an
a-semicommutative module over V,(R) if and only if M|x]/M[x](z™) is an -
semicommutative module over R[x]/(x™).

Proof. The proof is similar to that of Lemma 3.5.

Theorem 3.9. Let o be an endomorphism of a ring R. If M is a-reduced,
then M[x]/M|[z](z"™) is an a-semicommutative module over R[x]/(xz™) for integer
n > 2.

Proof. By Lemma 3.8, it suffices to show that V;,( M) is an a-semicommutative
module over V,,(R).

LetW = mol,+mV+- - +mp_1V*» Land A = apl,+a1V+- - +a,_ V!
satisfy W A=0 where W € V,,(M) and A € V,,(R), we have

mopag = 0 (1)
moai + miag =0 (2)
moas + mia; + meoag = 0 (3)
moap—1 +miap—o+---+mp_1a90 =0 (n — 1)

Since M is a-reduced, mgRag = 0. Multiplying (2) by ag from the right, (2)
becomes miag? = 0, so miag = 0, moa; = 0. Thus miRag = 0, moRa; = 0.
Multiplying (3) by ag from the right, (3) becomes mpag? = 0, so maag = 0, we
have
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moas + mia; =0 (3/)

Multiplying (3') by a; from the right, (3') becomes mia? = 0, so mya; = 0,
moaz = 0. Continuing this process, we have m;a; = 0 for all ¢ and j with
0<i+j<n-—1,s0miRa(a;) =0 forall i and j with 0 < i+ j < n—1. Thus
WV, (R)a(A) =0, V,(M) is a-semicommutative.
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