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WEAK TYPE ESTIMATES FOR COMMUTATORS
ON HERZ-TYPE SPACES

Yasuo Komori

Abstract. We consider the commutator of Calderén-Zygmund operator and
multiplication operator by b, that is, the commutator of Coifman, Rochberg
and Weiss. We study the boundedness of this operator on the Hardy spaces
associated with Herz spaces. We show this commutator is bounded from
HK ¢'¥ (Hardy pace) to K ¢ % (weak Herz space).

1. INTRODUCTION

Let b be a locally integrable function on R™ and let 7" be a Calderén-Zygmund
operator (see section 2). Consider the commutator operator [b, 7' defined by

b, T|f =b-Tf—T(bf).

Coifman, Rochberg and Weiss [1] proved that [b, 7] is a bounded operator on
LY(R™),1 < q < oo, when b is a BMO function.

Li and Yang [4] obtained the boundedness of singular integrals on Herz space
Kg‘ P(R™). Lu and Yang [6] obtained the boundedness on the Herz-type Hardy
space HKSP(R™). Lu and Yang [7] proved the that [b,T] is a bounded operator
on KgP(R™), where —n/q < oo < n(1 —1/q).

This commutator is not bounded on Kg”*(R™), where a = n(1 — 1/q). Lu
and Yang [7] defined the space H KZ;)I)(R”) (a variant of ordinary Herz-type Hardy
space) and show the boundedness of [b,T] when o = n(1 — 1/q).

But the space H K{‘;g)(R") depends on a function b. In this paper we define
weak Herz space KgP*°(R") and prove [b,T] is bounded from HK{"P(R") to
Kg?>(R).

In section 4 we shall consider the maximal operator associated with the com-
mutator of the Bochner—Riesz operator.
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2. DEFINITIONS AND NOTATIONS

The following notation is used: For a set £ C R"™ we denote the Lebesgue
measure of £ by |E|. We denote a characteristic function of E by Xg. We write

By = {z € R%|z| 2%}, Ay = By \ By_1 = {z € R";2*! < |z| 2} and
X = Xa, where k € Z.

First we define homogeneous Herz spaces (see [2], [4]).
Let0<p o0,l1<g<o0andac€R.

Definition 1. (Kg7)

KJP(R™) = {f € Li(R"\ {0}): [|f [l gow < o0},

° p/a) /P
”fHk;’p:{Z 2’“(/A If(w)l"dw> } .

where

k=—o0

(Here the usual modification are made when p = c0.)

We define weak L7 spaces and weak Herz spaces.
Definition 2. (weak L)

LE2(R"Y) = {f; || fllpace < oo},

where

| fllzace = sup A{z € R™;|f(x)| > A}'/9.
A>0

Definition 3. (weak KgP)
Kgpo(RY) = {f € L (R"\ {0}); || fll ggnee < o0},
where

o0

1/p
£l georoe = iulgA{ Z 2P| {z € Ap; |f(z)] > /\}\p/q} ,
>

k=—o00

Remark. K¢ = L9 and KJ7™ = L%

Following [6] and [7], we define atoms and the Hardy spaces associated with
Herz spaces.

Definition 4. (central atom) A function a(z) is a central (o, ¢)—atom if
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(i) supp a C B(0,r) forsome r >0,

(i) flallpa 7,

(iii) [ a(z)dz = 0.

Definition 5. (HK{"”) We define the Hardy space HK P (R") by
o
HKJP(R™) = {f €S f= chaj, a; are central (o, ¢)—atoms supported
j=1

o0
on B(0,2), llajle 277 and > el < oo},

j=—00
and let the quasi-norm || f|| foo» be the infimum of (52 ol ) VP over all

representations of f.

BMO(R"™) is the John-Nirenberg space (see [10], chapter 8).

Definition 6. (BMO).
BMO(R") = {f € Liw(R"); | f Baro < oo},

where

|fll5az0 = sup f@ /Q f(z) — foldz,

Q;ball

and fq = 57 Jo F(y)dy.
Finally we define Calderon—Zygmund operators.
Definition 7. (Calderén—Zygmund operator). Let 1" be a bounded linear oper-

ato from D to D’ and we assume that there exists a function K (z,y) defined on
{(z,y) € R™ x R"; x # y} such that

Tfa) = [ K@) iy

if f is in D and « does not in the support of f.
We say T is a Calderon—Zygmund operator if there exists 0 < e 1 and T
satisfies the following conditions.

C
K(x,y
K (z, )] T
Clz|* .
|K(z,y) — K(z,y + 2)| EE it 2[z <[z —yl.
Clz|*

|K(z +z,y) — K(z,y)| if 2[z| <|z—yl.

|z — y|™te
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T extends to a continuous operator on L?(R™).

Remark. A Calderon—Zygmund operator 7" is bounded on L? where 1 < ¢ <
oo (see [3] or [10]), and bounded on Herz spaces (for the details, see [4]).

3. COMMUTATOR

Definition 8. (The commutator of Coifman, Rochbeg and Weiss) We define the
commutator operator [b, T| by

b, T|f =b-Tf—T(bf).

Remark. If 7' is a Calderon—Zygmund operator and b € BMO(R"), then
[b, T] is a bounded operator on L4(R™) when 1 < g < oo (see [1]).

Lu and Yang [7] proved the following:

Theorem A. Let T be a Calderén-Zygmund operator and b € BMO(R™). If
l<g<oo,—nfg<a<n(l—1/q)and 0 <p oo, then [b,T] is bounded on
KgP(RM).

This theorem is not true when o« = n(1 — 1/g). As a substitute for this they
obtained the next theorem. .
They defined the space HK '’ as follows.

Definition 9. A function a(x) is a central («, g, b)—atom if a satisfies (i), (ii),
(iii) and (iv) [, a(z)b(z)dz = 0.

Definition 10. (H K;‘,g’) The Hardy space H quf’b’)(R") is defined by

(o]
HK:g’(R") = {f eS8 f= Z cjaj, aj are central («, g, b)—atoms supported

j=—o0

o0
on B(0,2), flajlze 277and > e < oo}.

j=—o00

Theorem B. Let T be a Calderén-Zygmund operator and b € BMO(R™). If
l<g<ooand 0 <p oo, then [b,T] is bounded from HK;%I_I/Q)@(R") to
>n(l-1/q), n
Kq( /9) P(R )

Our result is the following:
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Theorem 1. Let T be a Calderdén-Zygmund operator and b € BMO(R™). If

l<g<ooand 0 <p 1, then [b,T] is bounded from HKg(lfl/q)’p(R”) to
g (R")

;
1B TV gn-same Il a-s/an

where C' is a positive constant depending only on n,p,q and T.

Remark. In section 7 we shall show the counterexample that Theorem 1 is not
true for p > 1.

Remark. Lu and Yang [7] showed the boundedness of fractional integral oper-
ators on H K;g)(R”). We can also prove the weak type boundedness of fractional

integral operators on HKg"P(R™).

4. THE BOCHNER—RIESZ OPERATOR

Definition 11. We define the Bochner—Riesz operator BS by using Fourier
transform.

(BYf)(€) = (1 = r?EP)5 F(©).

Let b € BMO(R™) and we define the maximal operator Bib associated with the
commutator of the Bochner—Riesz operator by

B, f(x) = sup|[b, Byl f(x)-
r>0

We also set B f(x) = sup,q |BSf(z)].
Lu and Yang [7] proved the next theorem.

Theorem C. Let1 < g<o00,0<p 00,0 > (n—1)/2andbe BMO(R").
Then Bf,b is bounded from HKgglfl/q)’p(R”) to Kg(lfl/q)’p(R").

Our result is the following:

Theorem 2. Let1 < g<o00,0<p 1,6 > (n—1)/2and be BMO(R").
Then Bf,b is bounded from HKg(lfl/q)’p(R”) to Kg(lfl/q)’p’oo(R").
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5. PROOF OF THEOREM 1
We need the following elementary lemmas.

Lemma 1. If' T is a Calderén—Zygmund operator then

ri@l ¢ [ Oay ip o g .

Lemma 2. Let T be a Calderon-Zygmund operator. We assume that a function
a(z) satisfies

supp a C B; and / a(z)dx = 0.

Then we have the following :

IfxeAyandj k-2, then |T(a)(z)] C27°27%+)|q| ..

Lemma 3. ([10, p. 201]). Let b € BMO(R"). Then we have
1/q

1 = .
(57 [, o) =Biltay) ™ Clbllmuolk — i
k

where I;j = |BLJ~\ fBj b(y)dy.

Now we begin to prove the theorem. Let 1/¢+1/¢' =1 and a = n(1 —1/q).
Suppose f = Z;’;foo cja; (see Def. 4) and A > 0 be fixed. We write

W57 2k |(e e Ay |[b, T)f (z)] > 3}

k=—o0

fe’e) k—2
c{v S 2r|{ze Ayl Y ¢ b Tlag(e)| > 201"

k=—o0 j=—00

AN 2R (€ Ay |[b, T2 ciay) ()] > A}V’/q}

k=—o00

=C(J1 + J2).

The estimate of Jy is easy. By the L? boundedness of the commutator [b, 7]
([1]), we have

oo

2oox 30 2 (Jplsor | Y caly)”

k=—00 j=k—1

Clolyao Y. 297 ( D2 27 jeyl)

k=—00 j=k—1
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Because 0 < p 1, we have
(o]

kap - —ja . P = kap
> 2 > 277 g > 2 |

o0 ) (o ¢]
D27 el O Y gl
—k—

1 j=—00

To estimate J; we write

[b, Tla;(z) = (b(z) — ;)T (aj)(x) = T((b — bj)ay) (x),
where b; = ‘Bflj‘ [, b(y)dy, and write

[e'e) k—2
ool Y Pme Al Y ¢ () - b)T(a)(@)] > A}
k=—o00 j=—00
[e%S) k—2
+ Y 2Pz e Aps| Y ¢ T((b—bj)ay)(x)| > /\Hp/q}
k=—o00 j=—00

= C(Ji1 + J12).

First we estimate Jy;.
By Lemma 2, if x € A, we have

k—2 k—2
( dog (b(x)—bj)T(aj)(m)\ C Y el 25279 g pa |b() — byl
J=—00 J=—00
k—2
C 27kFe) N 255 b(x) — byl.
j=—00
So we have

k—2
Hz e 4| S ¢ (bz) — b))T(aj)(x)] > A}|*

j=—o0

k—2
Cx-t2 k) || S 9 ey (b - z”)j)xk(

. La
Jj=—00
k=2
Clbll rro A r27Fmtemn/a) N " ¢ ¢ ||k — 4,
j=—00
by lemma 3.
Therefore we obtain
o) k—2 ' »
i Clbllgy Y- 2terarkmten/on (57 g7 o |k — )
k=—o00 j=—00
o) k—2

Cllblsar0 Z 2P Z 2% [Pk — j|P

k=—o00 j=—00
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o o0 o0
. i )
Clbllprr0 Z 27%P|c4lP Z 277 Pk — 5P Clbllga0 Z 5P
j=—00 k=j+2 j=—00

Next we estimate Jio.
By Lemma 1 and Lemma 3, if x € A we have

T((b—bj)aj) ()| C2*n / (b(y) — by)a; ()ldy

~ 1/ql
et ( [ i) =)yl
J

CQianbHBMo.

So we have
k—2 R k=2
|3 o T(e=ba)@| 2 iblno 3
j=—00 j==e0
—kn - p p
c2plo( Y lel?)
j=—o0

Let kg € Z be such that

C2_k0ngHBMO< Z ‘Cj’p>1/P A C2—(ko+1)ngHBMo< Z ‘cj‘p>1/p.

j=—00 j=—00
Then we have N
0
Jia AP Z Qkap|Ak|p/q

k=—00

X2k ClblG o > el

j=—o0

We obtain the desired result.

6. PROOF OF THEOREM 2
We need the following elementary lemmas.

Lemma 4. ([5, p. 121]) We can write

B = [ & (52 sy

r
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and K satisfies

C
(T + 2P F o072

K% ()] + VK (2)]

By using this lemma we obtain the following:

Lemma 5. We assume suppf C B(0, R), then

5 C |z —(6+(n+1)/2)
Bl S (1+2) [ 1wy where 1e] > 2R

Furthermore if [ f(y)dy = 0, then we have

5 C |z —(6+(n+1)/2)
B oo (1+2) [Wllwldy where jo] = 28

Now we begin to prove the theorem. The proof of Theorem 2 is similar to that
of Theorem 1. So we shall show only the outline of the proof.
Leta=n(l—1/q) and f =) 2 _ cja; and we write

j=—00
W ST oker|(y e Ay BY, f(z) > A}
k=—0oc0
o) k—2
C{)\P > 2Pz e A Y fejl Blylag)(x) >2A}|p/q
k=—o00 j=—00

+NP Z okaP |y e Ay |Bf,b (Z?‘;k_l cja;) ()] > )\}V’/q}

By the weighted L¢ boundedness of B? (see [9]) and the argument in [8, p.
962], (note that & + (n -+ 1)/2 > n), we have B?, is bounded on L4. Therefore we
obtain

o0
T2 Clbllgo Y Il
j=—00
To estimate J; we write

b, BY](a5)(2) = (b(z) — bj) By (a;)(x) — By ((b — bj)ay) (x),

and
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[e's) k—2

J1 C{A” > 2Pz e A > eyl \b(w)—5j!B£(aj)(x)>A}|”/"
k=—00 j=—00
fe’e) k—2 ~
+AP Y 2R {me A > gl Bf((b—bj)aj)(ac)>>\}‘p/q}
k=—00 j=—00

= C(Ji1 + J12),

where b; = \lel fBj b(y)dy.
First we estimate Jp7.

By using Lemma 5, if x € A we have
[Bi(a;)(@)]  C27R0mHD) 97,

Therefore by lemma 3, we obtain

o) k—2
Ju WY 2Rz e 4 Y 2 g [b(a) — by| > 2RV AP
k=00 j=—00

o) k—2
k(a—n—1)p J e b —b. P
ck22 HZ 29 |ej| [b bj|kaLq

=00 j=—00

[e'¢) k—2
Clolaso 3 202 ( 37 27 oyl 28/ — )
k=00 j=—00

ClbliEa0 Y lesl-

j=—00

Next we estimate Jio.
By Lemma 5, if z € A, we have

BI((b = bj)as)(x)  Cllblppo 27

So we have
o
Jaz - Clbllgae Y leil”.
j=—o00

We obtain the desired result.
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7. COUNTEREXAMPLES

We shall show Theorem 1 is not true for p > 1. For the simplicity, we consider
on R'. Let H be the Hilbert transform H f(z) = p.v. [ f(y)/(z — y)dy.

Counterexample 1. There exists a function b € BMO(RY) such that [b, H| is
not bounded from HK;_I/q’p(Rl) to K;_l/q’p’oo(Rl) when p > 1.
Proof. For positive integers k£ and IV, we define a function ay by
o2k if 27kFl < g <27k
ap(z) =< =2k, if —27F << —27F1
0, otherwise,

and

= (@)
fu(e)=>" :

k=1 k

Then ay, is a central (1 — 1/q,g)—atom and || fx]|| C because p > 1.

HK;_l/q’p
Let b(x) = X{z<0}(z) € BMO(R'). Note that

b, H fn(x) = —H(bfn)(z), where x> 2

and
Moy
\H(bfx)(z)| > C(ZE)— where @ > 2.
x
Therefore we have limsup y_,o [|[b; H] || 1-1/4.0.00 = 00. ]
q

Counterexample 1. There exists a function b € BMO(RY) such that [b, H] is
not bounded from HK;l/q’p(Rl) to K;l/q’p’oo(Rl).

Proof. Let f(z) = Xppz(x) — X_3_g(2) € HK, /"P(R') and we define
b(m) = X{a:>2}(m) S BMO(Rl)

Note that [b, H|f(z) = —H(bf)(x) when |z| < 1, and |H(bf)(x)| > 1/4 when
|z < 1.
So we have

0 0
3 z—kp/q({x e Ap; |[b, Hf ()] > 1/4}(”/" = Y o Rl = 0. m

k=—o00 k=—o00
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