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LINEAR FUNCTIONAL EQUATIONS IN A HILBERT MODULE

Sei-Qwon Oh and Chun-Gil Park

Abstract. We prove the generalized Hyers-Ulam-Rassias stability of the in-
vertible mapping in a Banach module over a unital Banach algebra in the spirit
of Gavruta, and prove the generalized Hyers-Ulam-Rassias stability of linear
functional equations in a Hilbert module over a unital C'*-algebra in the spirit
of Gavruta.

INTRODUCTION

In 1940, S.M. Ulam [9] raised the following question: Under what conditions
does there exist an additive mapping near an approximately additive mapping?

Let £ and E5 be Banach spaces. Consider f : 1 — Es to be a mapping such
that f(tz) is continuous in ¢t € R for each fixed x € Fj. Assume that there exist
constants € > 0 and p € [0, 1) such that

If(z+y) = fl2) = FWI el +[lyl[")

for all z,y € E;. Th.M. Rassias [7] showed that there exists a unique R-linear
mapping 1" : E; — E»s such that

2€
2 —2p

1f(x) = T ()]

[|=[ [P

for all x € E;.
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In 1994, Gavruta showed in [3] that the following: Let G be an abelian group
and X a Banach space. Denote by ¢ : G x G — [0, 00) a function such that

o0
Bz,y) = 27702 2,27 y) < 0
j=1

forall x,y € G. If f: G — X is a mapping satisfying
If(z+y) = f2) = FWI »(2y)

for all z,y € G, then there exists a unique additive mapping 1" : G — X such that

[f(x) =T (@)l ¢(x, )

for all z € G.
In this paper, let A be a unital Banach algebra with norm |- |, A; = {a €
A| |a| =1}, and 4H a left Banach A-module with norm || - ||. Throughout this

paper, assume that F, G : g4H — 4H are mappings such that F'(tz) and G(tz) are
continuous in t € R for each fixed x € sH.

We are going to prove the generalized Hyers-Ulam-Rassias stability of the in-
vertible mapping in a Banach module over a unital Banach algebra in the spirit of
Gavruta.

Lemma 1. Let F : sH — AH be a mapping for which there exists a function
©:AH X 4H — [0, 00) such that

(i) Pz, y) = Y 5oy 2 Fp(2Fz, 2Fy) < oo,

[F(az + ay) —aF(z) —aF(y)]| ¢(z,y)

for all a € Ay and all x,y € sH. Then there exists a unique A-linear mapping
T : AH — AH such that

. 1
(i) IF@) - T 56(z,2)
forall x € A H.

Proof. Put a = 1 € A;. By the Gavruta result [3], there exists a unique
additive mapping 1" : 4H — 4H satisfying (ii). The mapping T : 4H — 4H was
given by T'(z) = lim, ﬂgnﬁl for all z € 4H. By the same reasoning as the
proof of [7, Theorem], the additive mapping 1" : 4H — 4H is R-linear.

By the assumption, for each a € A1,

|F(2"az) — 2aF (2" '2)| (2" 12,2 1x)
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for all z € 4H. Using the fact that for each a € A and each z € sH |az||
K|a| - ||z|| for some K > 0, one can show that

|aF(2"z) —2aF (2" '2)|| Kla|-|F(2"z)—2F (2" '2)| Kp@2" 'z,2" )
foralla € Ay and all z € 4H. So
|F(2"az) — aF(2"z)|| || F(2"azx) — 2aF (2" 1z)|+|]2aF (2" 12)— aF(2"z)||
p(2" 1z, 2" )+ K (2 1z, 27 L)

for all a € A; and all z € 4H. Thus 27"||F(2"az) — aF(2"z)|| — 0 as n — oo
for all a € Ay and all x € 4H. Hence

F(2"ax) aF(2"x)

Tlao) = Jog =5 = = = oT@)
for each a € A;. So
a a
T(az) = \a!T(WJC) = !a\mT(fC) = aT(x)

for all a € A(a # 0) and all x € 4#H. Hence
T(ax + by) = T(ax) + T'(by) = aT'(x) + bT'(y)

for all a,b € A and all z,y € 4H. So the unique R-linear mapping 7" : s H — 4H
is an A-linear mapping, as desired. [

Theorem 2. Let F,G : sH — AH be mappings for which there exists a
Sunction ¢ : AH X AH — [0, 00) satisfying (i) such that
|F(azx +ay) — aF(x) —aF(y)l  ¢(z,y),
Glaz + ay) —aG(z) —aG)|  e(z,y)]

for all a € Ay and all x,y € aH. Assume that F(2"x) = 2"F(z) and G(2"z) =
2"G(x) for all positive integers n and all © € AH. Then the mappings F,G :
AH — AH are A-linear mappings. Furthermore, if the mappings F, G : sH — 4H
satisfy the inequalities

[FoGz) -zl ¢z, ),
|G o F(z) —zl|  ¢(z,2)

for all x € sH, then the mapping G is the inverse of the mapping F'.
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Proof. By the same method as the proof of Lemma 1, one can show that there
exists a unique A-linear mapping L : 4H — 4H such that

IG@) - L@ +3(,2)

2
for all x € o H.
By the assumption,
. F(2"x
T(@) = limge o) = p(a),
. G(2"x
L) = limn Z0) — oy

for all x € 4H, where the mapping T : 4H — 4H is given in the proof of Lemma
1. Hence the A-linear mappings 7" and L are the mappings F' and G, respectively.
So the mappings F, G : g4H — 4H are A-linear mappings.

Now by the assumption,

|F o G(2"x) — 2"x|| o(2"z,2"x),
|G o F(2"z) — 2"z e(2"x,2™x)
for all positive integers n and all x € 4H. Thus
27| F o G(2"z) — 2™z|| — 0,
27"||Go F(2"x) — 2"z|| — 0

as n — oo for all x € 4H. Hence

. FoG(2"x
FoG(z) =lim, 0 % =z,
. GoF(2™x
G o F(z) :hmn%m% =x
for all x € 4H. So the mapping G is the inverse of the mapping F'. [ |

From now on, let A be a unital C*-algebra with norm |- |, A the set of positive
elements in Aj, and 4H a left Hilbert A-module with norm || - ||.

Now we are going to prove the generalized Hyers-Ulam-Rassias stability of
linear functional equations in a Hilbert module over a unital C*-algebra in the spirit
of Gavruta.

Lemma 3. Let F': 4H — 4H be a mapping for which there exists a function
@AM X gH — [0, 00) satisfying (i) such that

[F(az + ay) — aF(z) —aF(y)|  #(z,y)
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for all a € Af U {i} and all x,y € sH. Then there exists a unique A-linear
operator T : sH — AH satisfying (i1).

Proof. By the same reasoning as the proof of Lemma 1, there exists a unique
R-linear mapping 1" : sH — 4H satisfying (ii).
By the same method as the proof of Lemma 1, one can obtain that

= lim aF(2"z) =aT(z)

2n

T(ax) = lim F(2"az)

n—00 2n n—00

for each a € A U {i}. So

T(az) = |a|T(-=2) = |a|=T(z) = aT(z), Vac A*(a#0), Vo € 4H,

lal |al

T(ix) = iT(x), Vre€ sH.

* %

For any element a € A, a = a—;a +Z,a 2'a
i

(55)+ — ()~ 4 (95525 — i(25%) 7, where

—a* p— .o, .
5i—) " are positive elements (see [2, Lemma

, and 2t and “57— are self-adjoint

elements, furthermore, a =

(£55)7, (5) 7, (%5)*, and (*

38.8]). So
T(ar) = T(A 55 - () +i(C ) e — i(C ) )
:(“J;“ )+T(:c)+(aza )‘T(—x)+(a;ia )*T(i$)+(a;ia )" T(~iz)
= (L) @)~ (S5 T@)+H( ) T () — i) T(w)
a+a at+a* _  a—a* a—a’

= () - (L) i) - i) )T (@) = aT()
for all a € A and all x € 4H. Hence
T(ax + by) = T'(azx) + T'(by) = aT'(x) + bT(y)

for all a,b € A and all z,y € 4H. So the unique R-linear mapping 7" : s H — 4H
is an A-linear operator, as desired. [ |

Theorem 4. Let F' : AH — AH be a mapping for which there exists a
Sunction ¢ : AH X 4H — [0, o) satisfying (i) such that

|F(az + ay) — aF(z) —aF(y)||  ¢(z,y)

for all a € A] U {i} and all ©,y € sH. Assume that F(2"z) = 2"F(x) for all
positive integers n and all x € sH. Then the mapping F' : sH — AH is an
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A-linear operator. Furthermore, (1) if the mapping F : sH — AH satisfies the
inequality

[F(z) = F* (@) o(z,2)

for all x € oH, then the mapping F' : AH — AH is a self-adjoint operator, if the
mapping F' : sH — AH satisfies the inequality

[F o F*(z) = F" o F(z)||  o(x,2)

for all x € 4H, then the mapping F' : sH — 4H is a normal operator, if the
mapping F : AH — 4H satisfies the inequalities

[FoF*(z) -zl ¢(z,2),
[E* o F(z) -zl ¢(z,2)

for all x € sH, then the mapping F : s.H — AH is a unitary operator, and if the
mapping F' : gsH — 4H satisfies the inequalities

[FoF(z) = F(z)l  ¢(z,2),
[E*(x) = F(z)| (2, 2)
for all x € g H, then the mapping F : sH — 4H is a projection.

Proof. By the assumption,

T(xz) = lim

n—oo 27

for all x € 4'H, where the operator T': g4H — 4H is given in the proof of Lemma
3. So the A-linear operator 1" : s4H — 4H is the mapping F': gH — 4H.
(1) By the assumption,

I1FQ2"z) — F*(2"z)|| o (2"z,2"z)

for all positive integers n and all z € 4H. Thus 27"||F(2"z) — F*(2"x)|| — 0 as
n — oo for all x € 4H. Hence

F(z) = lim w: lim w:F*(m)

n—00 n n—00 on

for all z € 4H. So the A-linear mapping F' is a self-adjoint operator.
(2) By the assumption,

|FoF*(2"a) — F* o F(2")|  ¢(2"x,2")
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for all positive integers n and all x € gH. Thus 27"||FoF*(2"z)—F*oF(2"z)| —
0 asn — oo for all x € 4H. Hence

FoF*(2n F*oF(2n
FoF'(a) = tim Lo 20 _ ) FToF@')  p ) piyy

n—00 2n n—00 on

for all x € 4H. So the A-linear mapping F' is a normal operator.
(3) By the assumption,

|F o F*(2"x) — 2™z|| o(2"z,2"x),
|F*o F(2"x) — 2™z || p(2"x,2™x)
for all positive integers n and all z € M. Thus
27"||F o F*(2"x) — 2™z|| — 0,
27™"|F* o F(2"z) — 2"z|| — 0
as n — oo for all x € 4H. Hence

F o F*(2"z)

FoF (@) =limy o ——p— ==,
) F*o F(2™x
F*oF(z) =lim, 00 + =z

for all z € 4H. So the A-linear mapping F' is a unitary operator.
(4) By the assumption,

||F o F(2™z) — F(2™z)]| o2z, 2"x),
[F*(2%) = F(2"0)|| - (2", 2"x)
for all positive integers n and all z € 4H. Thus
27"||F o F(2"x) — F(2"x)| — 0,
27"||F*(2"x) — F(2"x)|| — 0

as n — oo for all x €4 H. Hence

. FoF(2"x . F(2"x
FoF(x) :hmnﬁ\m% :nh_>no1O ( — ) = F(z),
F*(2n
F*(z) =lim, 00 % = lim = F(x)
F(2™

for all z € 4H. So the A-linear mapping F' is a projection. [
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Remark. When the inequalities
[F(ax + ay) — aF(z) —aF(y)|  #(z,y)

in the statements of the above results are replaced by the inequalities

laF(z +y) — F(azx) = Flay)|  #(z,y)

or the inequalities

|F(z+y)—F(x) - F@)l  ¢(z,9),
|F(az) —aF(z)]|  ¢(z,2)

the results do also hold. The proofs are similar to the proofs of the results.

REFERENCES

1. J. Aczél and J. Dhombres, Functional Equations in Several Variables, Cambridge
Univ. Press, Cambridge, 1989.

2. F. Bonsall and J. Duncan, Complete Normed Algebras, Springer-Verlag, New York,
Heidelberg and Berlin, 1973.

3. P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately
additive mappings, J. Math. Anal. Appl. 184 (1994), 431-436.

4. D. H. Hyers, G. Isac and Th. M. Rassias, Stability of Functional Equations in Several
Variables, Birkhiuser, Berlin, Basel and Boston, 1998.

5. P. S. Muhly and B. Solel, Hilbert modules over operator algebras, Memoirs Amer.
Math. Soc. 117 No. 559 (1995), 1-53.

6. C. Park and W. Park On the stability of the Jensen’s equation in Banach modules
over a Banach algebra, Taiwanese J. Math. 6(4), (to appear).

7. Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer.
Math. Soc. 72 (1978), 297-300.

8. H. Schroder, K-Theory for Real C*-Algebras and Applications, Pitman Research
Notes in Math. Ser. Vol. 290, Longman Sci. Tech., Essex, 1993.

9. S. M. Ulam, Problems in Modern Mathematics, Wiley, New York, 1960.

Sei-Qwon Oh and Chun-Gil Park

Department of Mathematics, Chungnam National University
DaeJeon 305-764, Korea

E-mail: sqoh@math.cnu.ac.kr and cgpark@math.cnu.ac.kr



