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A GENERAL ORLICZ-PETTIS THEOREM

Wu Junde and Lu Shijie

Abstract. In this paper, we show that the A - multiplier convergent of series
depends completely upon the AK - property of sequence space A. From this
conclusion we obtain alot of new important theorems.

Let [X,Y] beadua pair and o(X,Y), 7(X,Y), B(X,Y) the wesk topology,
Mackey topology and the strong topology of X, respectively. A a scalar-vaued se-
quencespace. A series) ", x; in X issad to be A - multiplier - o(X,Y") convergent
if for each (¢;) € A, there existsax € X such that foreach y € Y,

o0

[z,y) = [tawi,y).

=1

A series Y. x; in X is said to be subseries - o(X, YY) convergent, if for each
drictly increasing sequence {i,.}, the series )~ x;, is o(X,Y) convergent. If
myq is the scdar-vaued sequence space which satiffies that for eech (¢;) € my,
{t; : i € N} isafiniteset. Then the series", x; is subseries - o( X, Y') convergent
if and only if Y. x; ismg - multiplier o(X,Y") convergent.

As is known, the famous Orlicz-Pettis theorem stated that ([1]): A series ), z;
in X is subseries - o(X,Y) convergent if and only if the series Y, x; in X is
ubseries - 7(X,Y) convergent.

Equivdently, the theorem may also be dated as follows A series >, z; in X
ismg - multiplier - o(X,Y") convergent if and only if theseries ), z; in X ismyg
- multiplier - 7(X,Y") convergent.

With the restriction that X is aweakly sequentially complete normed space, the
conclusion was proved by Orlicz in 1929 ([2]). However the theorem is dso true
without this restriction (see [3]). The first proof of the result for generd normed
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gpaces was given by Pettis in 1938 ([4]), and it was Pettis who pointed out the
goplications of the result to vector measures. During the course of its evolution
this theorem has evolved almost beyond recognition, and the techniques devel oped
helped to illuminate a number of idess in functional analyss

The Orlicz-Pettis theorem has been an important catayst in the devel opment of
the theory of (non-locally convex) F-spaces ([1]). A result of Orlicz-Pettis typeis
a theorem that asserts that a series which is subseries convergent in some topol ogy
is actudly convergent in some stronger topology. The literature abounds with such
Orlicz-Pettis type results ([5]). For historicd remarks and extensive references to
Orlicz-Pettis results, see ([6], [7]). In ([6, Th.2.2]), Dierolf improved the Orlicz-
Pettis theorem as follows:

Let [X,Y] be a dual pair, p = {M C Y, M is o(Y, X)-bounded and for
every conti nuous linear operator S : (Y, o(Y, X)) — (1,0 (I*,m,)) with the image
S(M) isrdatively compact in (I*, |.|]1)}. Let F(u) denote the topology of uniform
convergent on all stsin . Then we have

(@ F(n) and o(X,Y") have the same subseries convergent series.

(b) Let A/ be any sysem of bounded sets of Y which covers Y and denote
by F(N) the topology of uniform convergent on dl setsin A/ . Then F(N) and
o(X,Y") have the same subseries convergent series if and only if N C p.

Thus F(u) is the finest [X,Y] - polar topology on X which has the same
ubseries convergent seriesaso( X, Y).

Let ¢p be the scdar vdued sequence space which are O eventudly, and the
- dud space of ) to be defined by: A = {(u;) : >, uit; is convergent for every
(t;) € A}. Itis obvious that if cp C A, then [\, M] is a dual pair with respect to
the bilinear pairing [¢, u] = Y, wits, t = (t;) € A, u=(w;) € A°.

Let (\, 7o) be alocally convex space, coo C A andt = (t;) € ), denote tl) = ¢,
thl = (t,ty,t5, -+ ,t,,0,---). If for every t € X, {t} converges to ¢ with
respect to the topology 7, then (A, 7p) issaid to be an AK - space

Let A= {{tlM}2,: ¢ € A} and 74(\?, ) the topology of uniform convergent
on all stsin A. It is obviously that (A%, \) € 7a(A\P, )) C B(N?,\). In ([8,
Th.4-5]), Wen Songlong et al. further showed that:

Let [X,Y] be adud pair, uyx = {M C Y,M is o(Y, X) - bounded and for
every continuous linear operator 7' : (Y,0(Y, X)) — (A%, 0(\?, ) defined by
T(y) = ([z4, y])$2,, Where the series >, x; is A - multiplier - o(X,Y) - convergent,
the image T(M) is T4(\3, ) - rdaively sequentially compect}. Let F(u,) denote
the topology of uniform convergent on all sets in p). Then we have:

(c) F(uy) and o(X,Y) have the same A - multiplier convergent series

(d) Let D be any system of bounded sets of Y which covers Y and denote
by F(D) the topology of uniform convergent on dl s#ts in D. Then F(D) and
o(X,Y) have the same \ - multiplier convergent series if and only if D C p,.
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Thus F () isthefinest [X,Y] - polar topology on X which has the same A -
multiplier convergent seriesas o (X, Y).

Note that mj = I1 and the Schur lemma ([9 , Th.1.3.2 and Remark 15.2.3))
that (11, o (I',me)) and (11, ]|.]|1) have the same relatively sequentialy compact sets
Since o(1t,mo) C T4(11,mp) C ||.|l1, S0 (IY,74(I*, m0)) and (1%, ||.||1) have the
same rel aively sequentidly compact sets Thus Wen Songlong's result actually
generalized the Dierolf Theorem.

In this pgper, we show tha the A - multiplier convergent of series depends
completdy upon the AK -property of A\. From this concluson we can obtain some
new important facts. In particularly, we will give Wen Songlong's result a direct
proof.

L& w be the pace of dl scalar vaued sequences. A non-zero vector sequence
{z(M} in w is said to be a block sequence if there exists k, = 0 and a strictly
increasing sequence of positive integers sequence { &, } such tha

2™ = (0,0, - ,zlgzil+17... 72'1(6?’07 0,---).

The sequence space )\ issa d to have the signed-weak gliding hump property (S
WGHP) if given any ¢ = (t;) € A and any block sequence {t} with ¢t = >°°° | +()
(pointwise sum), then for each strictly increasing pogtive integers sequence {my, }
hes a further subsequence {n;} and a signed sequence {0} with 6, =1 or 6, =
—~1(k € N), such that £ = S22, 6t (™) € \ (pointwise sum) (see [10]).

Lemma 1 ((11]). Let coo € A and 1o be a locally convex topology of A8 such
that o(\°,\) C 1. The following states are equivalent :

(1) B is Ty - compact,

(2) B is 9 - countable compact;

(3) B is 1o - sequentially compact,

@) B is 1 - bounded, and each sequence {u™} C B which is coordinate

convergent to u® ¢ w, then {u(”)} must be Ty - convergent to u© and
w9 € B.

Lemma 2 ([12]). Let cog C X and X have the S-WGHP, then (\,7(\, \%)) is
an AK - space.

Lemma 3 ([13]). If (X,71) is a sequentially complete locally convex space
and {z;} C X is a 11 - convergent sequence, then the absolutely convex closure of
{x;} is a 71 - compact set and is also a 11 - sequentially compact set.

A property (P) is sad to be continuous linear invariant, if the property (P)
is conserved with respect to dl continuous linear mappings. Hence compact sets,
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countable compact sets, sequentiadly compact sets, convex compact sets, bounded
sets convergent sequences and finitely sats are continuous linear invariants.

Let (X, 71) bealocdly convex space. A sequence {zx} in (X, 7)) is sad to
be 7 - K - convergent if every subsequence of {z} has a subsequence {xy, } such
that the series > ;. =, IS 71 - convergent to an dement of X ([5, §3]). Whilear; -
KC - convergent sequence is ; - convergent to 0, the converse does not hold, except
in complete metric linear gpaces ([5, §3]). A subset B of (X, 1) issad tobe 7y -
K - bounded if whenever {x} C B and {t;} isascalar sequence converging to 0,
the sequence {t;z;.} is 1 - K - convergent ([5, §3]).

It is obvious that 71 - K - convergent sequence and 71 - K - bounded sets are
aso continuous linear invariants.

Let [X,Y] beadual pairand P ={D CY : Disfinitestor D iso(X,Y)
- bounded and has the property (P)}. Now, we denote 7p(X,Y) the topology of
uniform convergent on dl setsin P. That 7p(X,Y) isa[X,Y] - polar topology is
dear. Similarly, we can dso define the topology 7p (X, \°).

Theorem 1. Let coo C A and the property (P) be a continuous linear invari-
ant. Then for every dual pair [X,Y], every X - multiplier - o(X,Y’) convergent
series Y x; in X must be \ - multiplier - Tp(X,Y) convergent if and only if
A\, 7p(\, N)) is an AK - space.

Proof. (<=). Let [X,Y]| beadual par and >, z; bea X - multiplier - o(X,Y)
convergent series in X. If >, z; isnot A - multiplier - 7p(X,Y") convergent, then
there exigt (£”) € A 2, € X and D € P such that Y, #\%; is o(X,Y) -
convergent to o, but >, tz(-o):cz- does not converge to zp uniformly on D. That is
there exigs e9 > 0 such that

1 lim SuPyeD{‘ [itz@xi,y} ‘} > .

n—oo

Note that the series Y, x; is A - multiplier - (X, Y") - convergent, so for every
(t;) € A thereexigds x € X such that for every y € Y,

? [Ztiﬂ%y] = [z, y].
(2) can be written as follows :

©) Z tilzs, y) = [z, 9]

This shows that for every y € Y, ([zs,y])2, € \°. If weddfine T : y —
([i, )24, it follows from (3) that T : (Y,0(Y, X)) — (A%, a(\3, ))) is a con-
tinuous linear mapping. Since the property (P) is a continuous linear invariant,
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therefore {([z:,4])2°, : y € D} C A’ has also property (P). Thus, it follows from
(A, (A \P)) being an AK - space that there exists ng € N such that whenever

n > ng, we have
s &
SuPyeD{‘ th(;o)[%y]‘} < ?0
This contradicts (1) and the sufficiency is proved.

(=). If (\,7p(\, A%)) isnot AK - space, there exist (1)) € A, D C A% and
D has the property (P) such that

@) lim sup {‘ i tz(-l)ui

s (wi) ED} > 0.

Let X =X andY = \?, ¢’ be the sequence with a 1 in the ith coordinate and 0
dsewhere. Then Y, ¢; is A - multiplier - o(\, \%) convergent. On the other hand,
it foll ows from (4) tha >~ e; isnot A - multiplier - 7p(A, M%) convergent. Thisis
a contradiction. [ ]

From Theorem 1 and Lemma 3 we have :

Corollary 1. Let coo C X and )\ have the S-WGHP. Then for every dual pair
[X,Y], every A - multiplier - o(X,Y') convergent series must be also X - multiplier
-7(X,Y) convergent.

Since myg has the SWGHP, so Corodllary 1 substantially improves the dassical
Orlicz-Pettis theorem.

Let (A, \9),c(\, AP8), and v(), M%) be the topologies of uniform convergent
onall o(\?, \) - compact sats, (M3, \) - countable compact sets and (A%, \) -
sequentidly compact sets, regpectively.

Lemma 1 showed that k(\, \%) = c(A, \%) = v(A, \P). Furthermore, we have

Lemma 4. Let coo C X and (N°,0(N\°, \)) be a sequentially complete space,
if (N, 7(\, A%)) is an AK - space, then (\,k(\, X)) is also an AK - space.

In fact, if not, there exist t € A and D C A%, D isao()\’, \) - compact s,
and a drictly incressing positive integers sequence {n;}, and {u(®)} C D such
thet |[t™] — ¢, u®™]| > &1 > 0,k € N. By Lemma 1, we may assume that {u*)}
isa(X2,)\) - convergent. Since (A2, 0 (M, )\)) is sequentially complete, it follows
from Lemma 3 tha the absolutely convex dosure of {u(®} isalso (3,0 (X%, )\))
- compect set. Thus, by the definition of Mackey topology 7(), A?), and because
(A, (A, M) isan AK - space, we have [tt] — ¢, u(®)] — 0. Thisis a contrar
diction.
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Since if cgp € A and A has the S - WGHP, then o(\?, )\) is a sequentidly
complete pace [10]. Thus from Corollary 1 and Lemma 4 we can further improve
the classicd Orlicz-Pettis theorem as follows :

Corollary 2. Let coo C A and A has the S - WGHP, then for every dual pair
[X, Y] and every A\ - multiplier - o(X,Y’) - convergent series must be also \ -
multiplier - k(X,Y") convergent.

Let OP = {Q C M\ : Q iso(\?, )\) - bounded set and for every (t;) € A, the
ries Y, u;t; converges uniformly with respect to (u;) € Q}. It is dear tha the
topology 7op of uniform convergent on al setsin OP isa [\, \?] - polar topology,
and (A, 7or (X, \%)) isthe following meaning finet AK - topology, that is if 7/ is
a [\, M%) - polar topology, and (), 7') isan AK - space, then 7 C mop(A, A°).

Let A = {{tlM}2,: ¢ € A} and 74(\?, ) the topology of uniform convergent
on dl setsin . A. We have the following i mportant results :

Theorem 2. Every Q € OP is a Ta(\, \) - relatively sequentially compact
set.

Proof. Let {u®)} be a sequence in @Q; since Q is o(X?,\) - bounded and
coo € A by using a diagona argument we can abtan a subsequence {u(ki)} of
{u®} such that {u(*s)} is coordinates convergent to u(©) € w. Now we prove tha
{uk)} is 74 (N\%,\) convergent to u©@ and u(©® € N5,

In fact, let ¢ = (¢;) € A, since the series )", u;t; converges uniformly with

respect to (¢;) € Q, for every € > 0, there exists ko € N, whenever k > ko, for dl
j € N, we have

5) | gugkﬂti\ <<

Let m,n € N and m > n > ko, note that {u*/)} is coordinates convergent to
w9, 20 lim; 7 (u(-kj) — uz(»o))ti = 0. Thus

1=n\"

D I D (e o E D Sl
>0 —al ]+ Sl | Y

1=m-+1
‘ Z(UZ(O) - uz(.kj))ti‘ + %
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Therefore, the series 37, u!”t; is convergent, i.e, u® € \8. Similarly, we may
prove that {u(®7)} is74(\?, ) convergent tou(©). By the Lemma 1 it follows that
QisTa(\3,)\) - rdatively ssquentialy compact set.

Reark 1. Let [X,Y] beadud par, >, z; a X - multiplier - o(X,Y) - conver-
gent seriesin X, A any system of o(X,Y") - bounded subsets of Y which cover
Y and denote 7 (AP, \) the topology of uniform convergent on dl setsin V. It
follows from Theorem 1 and its proof that >, x; is dso A - multiplier - 75 (X, Y)
convergent if and only if for every D € N, {([zi,y])3°, : y € D} € OP.

Theorem 3. Let D C N° and D be a Ta(\%,)\) - relatively sequentially
compact set, then D € OP.

Proof. If not, there exist t = (¢;) € A and a drictly increasng postive integers
sequence {iy,}, a sequence {u(®} € D and g > 0 such that

o0
6) 1> uti| > e,k eN.
i=i

Since D is T4(X?,\) - reaively sequentially compact, we may assume that
{u®} isT4(N\°,\) - convergent to u(® € M2, Tha is

@) li]anup{Ht[n}, u® — O] :n=0,1,2,---}=0.

It follows from (7) that there exists k; € N, such that whenever k& > k;, for any
n € N,
[0 _ 4] , k) _ (0 &
[ = ¢, 0™ — O] < 7

Since u® € A8, so there exists n; € N such that whenever n > ny,

1[0 — ¢ )] < %0_

So whenever n > nq and k£ > k1, we have

1[#07 — 2] (0| [l — glnd g (B) — (O] 410 — ) 4, @) < %0

This contradicts (6) and the Theorem is proved.
From Theorem 2, Remark 1 and Theorem 3 we obtain i mmediatdy the Wen
Songlong’ concdlusion.
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