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ALGORITHMIC ASPECT OF k-TUPLE DOMINATION IN GRAPHS

Chung-Shou Liao* and Gerard J. Chang*

Abstract. In a graph G, avertex is said to dominate itself and all of its
neighbors. For a fixed positive integer k, the k-tuple domination problem is
to find a minimum sized vertex subset such that every vertex in the graph
is dominated by at least k vertices in this set. The present paper studies the
k-tuple domination problem in graphs from an algorithmic point of view. In
paticular, we give a linear-time algorithm for the 2-tuple domination problem
in trees by employing a labeling method.

1. INTRODUCTION

The concept of domination in graph theory is a good modd for many location
problems in operations research. In a graph G, a vertex is sad to dominate itsdf
and all of itsneighbors. A dominating set of G = (V,E) isasubsst D of V such
that every vertex in V' is dominated by some vertex in D. The domination number
v(QG) is the minimum sze of a dominating set of G. Domination and its variations
have been extensivey studied in the literature; see [3, 7, §].

Among the variations of domination, the k-tuple domination was introduced in
[6]; dso e[7, p. 189]. For afixed positive integer k, a k-tuple dominating set of
G = (V, E) isasubset D of V such that every vertex in V' isdominated by at lesst &
vertices of D. The k-tuple domination number vy« (G) is the minimum cardinality
of a k-tuple dominating set of G. The seda caxe when &k = 1 is the usual
domination. The case when k = 2 was called double domination in [ 6], where exact
vaues of the double domination numbers for some specid graphs are obtained. The
same paper dso gives various bounds of double and k-tuple domination numbers in

Received January 4, 2001; revised June 28, 2001.

Communicated by F K. Hwang.

2000 Mathematics Subject Classification: 05C69.

Key words and phrases: Domination, k-tuple domination, agorithm, tree, leaf, neighbor.

*Supported in part by the Nationa Science Council under grant NSC89-2115-M 009-037 and by the
Lee and MTI Center for Networking Research at NCTU.

415



416 Chung-Shou Liao and Gerard J. Chang

terms of other parameters. Nordhaus-Gaddum type inequdity for double domination
was given in [5].

The purpose of this paper is to sudy the k-tuple domination problem from an
dgorithmic point of view. In particular, we give a linear-time algorithm for the
2-tuple domination problem in trees.

We note tha not every graph has a k-tuple dominating set. In fact, a graph
G has a k-tuple dominating set if and only if §(G) +1 > k, where 6(G) is the
minimum degree of a vertex in G. As any nontrivid tree has a least two leaves
we only consider 2-tuple domination for trees

To edablish our dgorithm, we employ a labding method similar to those for
vaiations of dominaion in tree-type graphs see [2, 4, 9, 10, 11, 12, 13]. Sup-
pose G = (V,E) is a grgph in which every vertex v is associated with a labd
M(v) = (t(v), k(v)), where t(v) € {B, R} and k(v) is a nonnegative integer. The
interpretation of the labd is that we want to find a “dominating set” D containing
dl vertices u with t(u) = R (called required vertices) such that eech vertex v is
dominated by & least k(v) vertices in D. More precisdy, an M-dominating set of
G = (V,F)isasubsat D of V satisfying the following conditions:

(M) If t(v) = R, then v € D.

(M2) |Ng[v] N D| > k(v) for al verticesv € V, where Ngjv] = {v} U{u e V :
wv € E} isthe closed neighborhood of the vertex v.

The M-domination number vy (G) isthe minimum cardindity of an M/-dominating
St in G. Notice tha 2-tuple domination is M-domingtion with M (v) = (B, 2) for
dl vertices v in V. Also, G has an M-dominating s&, i.e, v,,(G) isfinite if
and only if |[Ng[v]| > k(v) for dl vertices v in V. For instance, if G contans
exactly one vertex x, then v,,(G) = 0 when M(z) = (B,0), 73(G) = 1 when
M(z) € {(B,1),(R,0),(R,1)}, and yas(G) = oo otherwise,

2. 2-TurLE DOMINATION IN TREES

To give an dgorithm for the 2-tuple domination problem in trees, we in fact
establish one for the M-domination problem in trees We bdievetha the approach
has potentid for other classes of grgphs. We first give the following theorem which
isthe base of the algorithm. Notice that it works for generd graphs.

Theorem 2.1. Suppose G = (V, E) is a nontrivial graph in which every vertex
v has a label M (v) = (t(v), k(v)). Let x be a leaf adjacent to y.

(D) If k(x) > 2 or k(y) > |Ngly]|, then G has no M-dominating set.
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() If k(x) = 2 or k(y) = |Nglyll|, then v (G) = yar(G') + 1, where G is
obtained from G by deleting x and M’ is obtained from M by relabeling y
with t'(y) =R and k' (y) = max{k(y) — 1,0}.

Q) Ift(z) = Rand k(z) <2 and k(y) < |Ngly]|, then ym(G) = ymr (G') + 1,
where G' is obtained from G by deleting x and M’ is obtained from M by
relabeling y with k' (y) = max{k(y) — 1,0}.

@) If M(z) = (B, 1) and k(y) < |Nglyl, then yp(G) = v (G'), where G' is
obtained from G by deleting x and M’ is obtained from M by relabeling y
with t'(y) = R.

(®) If M(z) = (B,0) and k(y) < |Ng[y]|, then ym(G) = ym (G — ).

Proof. (1) This follows from the definition of A/-domination.

(2) Suppose D’ is a minimum M’-dominating set of G'. Then y € D', since
t'(y) =R. Hence, D = D'U{x} isan M-dominaingset of G, Snce|Nglz|ND| >
2 > k(z). Thus v (G') + 1= |D'| +1 = |D| > yu(G).

On the other hand, suppose D is a minimum M-dominating set of G. Then
x,y € D, dnce k(z) = 2 or k(y) = |Ngly]|. Hence, D’ = D\{z} is an M'-
dominating set of G/, sncey € D' and [Ny [yl N D'| = [Ngly N D| -1 >
max{k(y) — 1,0} = K'(y). S0, 1s(G) = |D| = |D| + 1> mp(G') + 1.

These complete the proof of yu/(G) = var (G') +1.

(3) Suppose D’ is an M’-dominating set of G'. Then D = D' U {z} is an
M-dominaing st of G, snce [Ng[z] N D| > 1 > k(z). Thus yamr(G')+1 =
[D'| +1=[D| 2 vu(G).

On the other hand, suppose D is a minimum M-dominating set of G. Then
Then z € D, snce t(x) = R. Hence, D’ = D\{z} is an M’-dominating set of
G, since [N [y) N D' = [Ngly] N D| — 1 > max{k(y) — 1,0} = k(). So,
(G) = D = [D| +1 > 73 (G) +1.

These complete the proof of va/(G) = vy (G') + 1.

(4) Suppose D’ is a minimum M’-dominating set of G'. Then y € D', since
t'(y) = R. Consequently, I is an M-dominaing set of G as M(z) = (B,1).
Thus, yar (G') = |D'| = 1 (G).

On the other hand, suppose that D is a minimum M -dominating set of G. If
z ¢ D, theny € D, since k(z) = 1. And 20, D is an M’-dominating st of
G'. Therfore, vv(G) = |D| > v (G'). We may now assume that =z € D.
Let DY = D\{z}. If y € D' and |Ng'[y] N D'| > k(y), then D’ is an M'-
dominating set of G’ and so v\ (G) = |D| > |D'| > ywr(G'). Sonow y ¢ DY
o [Na'lyjND'| < k(y) |Ngly]| —1 = |Ne[y]|. For the case when y ¢ D,
let z = y; for the case when y € D/, choose avertex z € Ng/[y|\D'. Then, in
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any casg y € D' U{z} and so D' U {z} is an M’'-dominaing set of G’. Hence
i (G) =|D| = |D'U{z}| >y (G).
These complete the proof of yar(G) = v (G').

(5) Suppose D' is a minimum M-dominating st of G —z. Then D’ isalsoan
M-dominating set of G, sincet(x) = B and k(z) = 0. Therefore, ya (G — ) =
D' = ym(G).

On the other hand, supposethet D is aminimum M -dominatingset of G. If = ¢
D, then D isdsoan M-dominating set of G—xz. Thus, vu(G) = |D| > ym(G—x).
Wemay now assumetha « € D. Let IV = D\{xz}. If |[Ng_z[y]ND’| > k(y), then
D' isan M-dominaing st of G —z and 0 v (G) = |D| > |D'| > vym(G — x).
Sonow [Ng_,[y] N D'| < k(y) [Ngly]l —1 = [Ng_.[y]|. Choose a vertex
z € Ng_,[y\D'. Then D' U{z} is an M-dominding s&t of G —x. Hence,
m(G) =|D| = |[D'U{z} = yu (G — ).

These complete the proof of v,,(G) = vy (G — ). [ |

Basad on the theorem above, we have the following linear-time agorithm for
the M-domination problem in trees

Algorithm. Find an M-dominating set of a tree.
Input. AtreeT = (V, E) in which each vertex v islabded by M(v) = (t(v), k(v)).
Output. A minimum M-dominating set D of T'.
Method.
D «0;
T «T;
while (7" has & least two vertices) do
choose aleaf x adjacenttoy in 17
if (k(x) > 2 or k(y) > |Np[y]|) then
stop Snce there isno M-dominaing s<;
elseif (k(z) =2 or k(y) = |Np[y]|) then
t(y) =R and k(y) = max{k(y) —1,0} and D < DU{x};
elseif {* now k(z) < 2 and k(y) < |Np[y]| *} (¢(x) = R) then
k(y) = max{k(y) —1,0} and D <~ D U {z};
elseif {x now t(x) =B, k(z) < 2, k(y) < |Np[y]| *} (k(z) =1)

then t(y) =R;
T+ T'—z {x ddete = from T" x};
end while;

suppose the only vertex of 7" is z;
if (k(z) > 1) then STOP &s there is no M-dominating st;
elseif (t(x) =R or k(xz) = 1) then D <— DU {x}.
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