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ON SOME SUFFICIENT CONDITIONS FOR STARLIKENESS OF
ORDER « IN C™

Ming-Sheng Liu and Yu-Can Zhu

Abstract. In this paper, we obtain some new sufficient conditions for star-
likeness of order o of biholomorphic mappings on the unit ball in C™ or a
complex Hilbert space X by using differential inequalities. We also obtain a
distortion theorem and a covering theorem. As their special case, we obtain
some sufficient conditions for starlikeness of order o of analytic functions on
the unit disc in the complex plane C, which generalize some results of P. T.
Mocanu and G. Oros.

1. INTRODUCTION

Let H be the class of functions of the form
+o0o

f(z)=z+ Zakzk
k=2

which are analytic on the unit disk U = {z € C; |z| < 1}. By S*(«) we denote
the class of starlike functions of order o in U, where 0 < o < 1. It is obvious that
f € S*(a) ifand only if f(z) € H satisfies

!
Rezf (2) >, forall zeU.
f(z)
Suppose that n, m, j, k and [ are positive integers, and let C™ be the space of
n complex variables z = (z1, 29, -+, 2,) With the usual inner product (z, w) =
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> j—1 #jw; and Euclidian norm ||z| = /(z,z). Let N(B") be the class of map-
pings f(z) = (fi(2), -, fu(2)),2 = (21, -+, 2z,) € C™, which are holomorphic
on the unit ball B = {z € C™ : ||z|| < 1} with values in C™. A mapping
f € N(B") is said to be locally biholomorphic on B™ if f has a locally inverse at
each point z € B™ or, equivalently, if the first Fréchet derivative

Df(z) = (%)1@‘,%”

is nonsingular at each point in B™.

The second Fréchet derivative of a mapping f € N(B") is a symmetric bilinear
operator D2f(z)(-,-) on C™ x C™, and D?f(z)(z, -) is the linear operator obtained
by restricting D2 f(z) to {z} x C™. The matrix representation of D?f(z)(b,-) is

8 ’
D2 E j 3

where f(z) = (fi(z), -+, fu(2)),b = (bl,--- ,bp) € C™. The norm of n x n
complex matrix A is defined by

JAll = sup (|42
l[2l1<1

If f € N(B"), then for every k = 1,2,---, there exists a bounded sym-
metric k-linear map D*f(0) : C" x C™ x --- x C™ — C™ such that f(z) =
S oo mDEF(0)(2%) for = € B, where DOf(0)(2°) = f(0) and D* f(0)(z*) =
DFf(0)(z,2,---, 2).

Let H,,(B") denote the subclass of NV(B") consisting of mappings f, which are
local biholomorphic and f(z) = z + Y32, 1 D" f(0)(z¥). H,,(B') is denoted
by H,.(A).

The class of biholomorphic starlike mappings f on B™ with f(0) = 0 is denoted
by S*(B™). Then f € S*(B") if and only if f is local biholomorphic such that

Re(Df(z)_lf(z), z)>0

for all z € B™ — {0}(see [8, Theorem 1]).
We now define

S*(a, B™) = {f € Hy(B"): i 1H2<Df(z)_1f(z),z> — | < 5 for all
z € B" — {0}}

for 0 < a < 1 and S*(0, B") = S*(B™). P. Curt [1] and G. Kohr [2] called
the biholomorphic mapping f € S*(«, B") starlike of order . Let S’ («, B") =
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S*(a, B*) N H,, (B") for 0 < a < 1. It is obvious that S*(a, B') = S*(«a) and
Sk (a,B") C S*(ar, B") = S{(er, B") C S*(B™) for0 < o < 1.
In order to derive our main results, we need the following lemma.

Lemma 1. Suppose that w : B"(r) — C™ is a holomorphic mapping with
w(z) =302 1 7 D*w(0)(z%). If the point zo € B"(r) — {0} satisfies

lw(zo)ll =~ max Jw(z)],

= m
2l <llzoll<r

then there exists a real number ¢ > m -+ 1 such that

(1.1) (Dw(20)(20), w(20)) = tl|w(z0) |

Proof. Let ¢(€) = (w(iy20), w(z0)), € € C, then y(&) = 302, aré™ s
analytic on the disc U = {¢ : |£| < r} and

[ ([lz0lD] = maXHW(fE)\-

|€1<]20

By Lemma A of [5], we obtain that there exists a real number ¢ > m + 1 such
that

10119 (l20l1) = ta(llzoll)-

Since
/ 20 2
¥ (lz0l) = (Dw(z0) (7o), w(z0))  and  ((|zoll) = eo(z0) %
EX
hence (1.1) holds, and the proof is complete.

Remark 1. In the case » = 1 and m = 0, the result of Lemma 1 was obtained
by P. Liczberski [3].

2. MAIN RESULTS

Theorem 1. Suppose that ReA < m + 1 or ImA # 0 and « € [0, 1), and let

lm+1—X|, ReA<m—+1,
(2.1) (\) =
[ImA|, ReA > m+1,Im\ # 0,
and
vV1—2« 7 03@3;7
(22) N=NQa)={ VIN+RO)*+1-2a AR+
2 <a<l.

IA|+R(N)+a’ IA|+R(N)+2
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If f € H,(B™) satisfies the inequality
(2.3) 212D f(2)(w) = w) = Mu, 2)(f(2) = 2) | < M2
for all z € B™ and all ||u|| = 1, where M = R(A)N (A, «), then f € S} («, B").

Proof. Let q(z) = f(2) — 2 Then q(z) = > .2, 4D*q(0)(z%) € N(B")
and

(2.4) Df(2)(2) = Af(2) + (A = 1)z = Dq(2)(2) — Aq(2).

Setting u = ﬁ in (2.3) for z € B — {0}, using (2.4) and noting ¢(0) =0, we
have

(2.5) 1Dq(2)(2) — Aq(2) || < M]=]-

for all z € B™.
Now we prove that ||¢(z)|| < N for all z € B".
If it is not true, then there exists a point zo € B™ — {0} such that

(2.6) N = [lg(zo)ll = la()Il-

= max
Izl <llzoll<1

Since

(2.7) (Dq(20)(20) — Aq(20), q(z0)) = (Dq(20)(20), a(20)) — Ala(z0)]I?,

according to Lemma 1 and (2.5)—(2.7), there exists a real number ¢ > m + 1 such
that

V(= ReA)? + (IMA)2N? = [t=A|N? < || Dq(z0)(20)—Ad(z0)lllla(=0) || < MN|zo]l.

When ReX < m + 1, we obtain

(28) (t—ReN2+ (Im\)2 > /(m+1—ReA)2+ (ImA\)2 = |m+1— )

fort >m +1.
When ReX > m + 1 and ImA # 0, we obtain

(2.9) V(t —ReN)2 4 (Im)\)2 > [Im)|

fort >m+1.
From (2.1), (2.8) and (2.9), we have

(2.10) R(A)N? < MN||z|| < MN.
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This leads to M = R(A)N < M, which is a contradiction. Hence we conclude
that ||¢(z)|| < N for all z € B™. According to Schwarz’s Lemma, we have
(2.11) lg(2)|| < NJjz||™"  forall =zc B
From (2.3), we have
HlI*Dg(2)(w) = AMu, 2)q(2)| < M][2[|*  for 2z € B", |ul =1.
It follows that

[1Dq(2)]| < sup {[|Dg(2)(u)[}

[lull <1
(2.12) < H81H11<)1 HDq(z)(u) — XNu, 2) ﬁ,(zT\LH + | Al ”ﬁiil” |{u, z>\}

< M+ AN2I™ < M + AN = M;,
where M; = (|]A| + R(\))N. Let w(z) = Df(z)~ f(z). Then by (2.12), we have

la(z) + 2z —w(@)| = [IDf(2)w(z) —w(Z)| = [[Dg(z)w(2)||

(2.13)
< [[Dq(2)[[lw(z)]| < My[lw(2)]]

for all z € B.
In the following, we split into two cases to prove.

Case 1. When o =0,

1
VA +RON)Z+1

(2.14) N =N(\0) =

Suppose that f is not in S*(0, B™) = S*(B"), then there exists a point z; €
B"™ — {0} such that Re{w(z1), z1) = 0. From (2.13), we have

(2.15) lg(21) + 21 — w(z1)|| < Miljw(z1)].
Claim 1.
(2.16) 21 —w(z1)[| = Nllz1l| = Millw(z1)]]-

It is equivalent to

(2.17) Izl + [lw(z)l* = [l21 = w(z0)1* = [Nzl + Mullw(z0) ]
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From (2.17), we obtain
(2.18) (1= Nzl + [1 = Mi][Jw(z0)||? = 2MiN ||z | [[w(z1)]| > 0.
Note that N2 4 M2 = 1, the inequality (2.16) is equivalent to
M| z1]? + N2[lw(z0) |2 = 2MiN ||z || [w(z1) | = [Mi]|z1]] = Nw(20)]]] > 0.

Hence the claim (2.16) is established.
Using (2.16) and (2.11), we obtain

la(z1)+21—w(z1) ]| 2 [|z1—w(z) | =Nz ™ > 21=w(z1) | =N]|z]| = Millw(z)]),
which contradicts (2.15). Hence f € S, (B™).

Case 2. When 0 < a < 1. Let h(2) = 2aDf(2)~ f(2) — 2z, We shall prove
that ||(z)|| < ||z]| for all z € B™ — {0}. If not, then there exists a point zo € B"
such that ||h(z2)]| = ||z2||, it follows that

1
(2.19) Re(w(2), 22) = allw(zo)[|* and [w(z)|| < Szl
Claim 2.
(2.20) |22 —w(22)|| = Nllz2|| = Mi|lw(z2)].

This inequality is equivalent to
(221) (1= N?)|zel® + [1 - 2a — M7][[w(z2)||* — 2M1N||22||[[w(z2)]| > 0.
If ||w(z2)|| = 0, then the inequality holds. If |w(z2)|| > 0, then from (2.19), we

have 122 > o According to (2.21), we have
lw(z2)l

2?4+ 1—2a > [M; + Nz]?,

[EX1]

where x = Hw(iz)l\' Hence the inequality (2.20) is equivalent to
Va2 +1-2«a
2.22 _—,
(2.22) A +RAN)+2
for x > o
Vrl+1-—2a
Let p(z) = X1y for © > a. Then
(2.23) () = (IA[+ RN\)z— 1+ 2«

Va2 +1 = 2a(|\ + R(\) + x)2
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Taking ¢’ (x) = 0, we conclude that zq = 2%

[A[+R(A)*
fo<a< m, then z¢ > «. Therefore
v1—2
(2.24) ming(x) = p(xg) = a =N\ ).
= VA +RAN))2+1-2a
If m < a < 1, then 2y < a. Therefore
(2.25) in(r) = p(a) = ———%— = N(Aa)
. minp(x) = e .
wea D TP TR RO) T a -

Hence the claim (2.20) is established.
Using (2.20) and (2.11), we obtain

llg(z2) + 22 — w(z)l| = [l22 — w(z)|| = Nz ™*

> ||lz2 —w(z2)|| = Nllz2| = Miflw(z2)]],

which contradicts (2.13). Hence ||2aD f(2) "1 f(z)—z]|| < ||z|| forall z € B"—{0}.
Thus we conclude that

1 B 1 1 )
W<Df(2) 1f(2)7 Z> — % = W <2an(z) lf(z) _ 2, z>
< mHQan(z)—lf(z) — 2| |2l < %

for all z € B" — {0}. Hence we obtain that f(z) € S}, («, B™), and the proof is
complete.
Setting » = 1 in Theorem 1, we obtain the following corollary.

Corollary 1.  Suppose that ReA < m + 1 or ImA # 0, a € [0,1) and
M = R(A)N (A, «), where R(\) and N = N (A, «) are defined by (2.1) and (2.2),
respectively. If f € H,,(A) satisfies the inequality

f’(z)—)\@—i—)\—l <M

for all z € U, then f € S*(a).

Remark 2. Corollary 1 generalizes Theorem 2.1 in [7] and Theorem 2.2 in
[4], where X is a real number in Theorem 2.1 of [7] and Theorem 2.2 of [4].
Setting A = 0 in Theorem 1, we have the following corollary.
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Corollary 2. Leta €0,1) and
v1—-2« 0< 1
Vim+1)2+1-2a"
11—«
m+1+a’ m+3

Nm(a) -

If f € H,,(B") satisfies the following inequality
IDf(2) = Il < M = (m+1)Np(a)
for all z € B", then f € S} («, B").

Remark 3. Setting n = 1, = 0 in Corollary 2, we get the result obtained
by Mocanu [6]. Setting n = 1 in Corollary 2, we get a result, which is better than
Corollary 2.2 in [7].

Example 1. Suppose that A is a bounded symmetric (m + 1)—linear operator
from C™ x C™ x- - x C™ to C™ with [|A|| < =75, where M = R(A)N (X, o) is
defined in Theorem 1. Let f(2) = z+ A(z™*!), 2 € C™ Then f € S¥,(a, B").

Proof. Some direct computations yield the relations
Df(z) =1+ (m+1)A(=",")
for z € B™. It implies that
212D f () (u) —u) = Mu, 2)(f(2) = 2) | = [ A", (m+1)[[2lPut+X{u, 2)2)]
< AN (mA+Dll2)Pu+Au, 2)2]
< (m+ 1+ ADIA] 127 < M2

for all z € B™ and all uw € C™ with |||u|| = 1. Hence by Theorem 1, we obtain that
fe sk (a,B").
In particular, let

A(z1, 22,y Zme1) = a < 21,u >< 29, U > -+ < Zypy1, U > U,

wherwe u, v € C™ with ||u|| = ||v|| = 1and a € C. Then A is a bounded symmetric
(m + 1)—linear operator from C" x C™ x --- x C™ to C™ with [|A|| = |a]. If

f(2) =z +al< z,u >

and |a| < i Where M = R(A)N (A, «) is defined in Theorem 1, then

fe Sk (a,B").
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Theorem 2.  Suppose that ReA < m + 1 or ImA # 0 and 0 < R <

R(\) . . n .
TOThOT where R(A) is defined by (2.1). If f € H,,(B™) satisfies the
inequality
(2.26) 12D f(2)(w) = u) = Mu, 2)(f(2) = 2)|| < Rl|=|]?
for all z € B and all ||u|]| = 1, then f € S}, (5, B"), where

R(AN)(1—-R) - AR R())
R+rNy SRS ROYHT
(2.27) B = , ,
1, R (Al+R() R(M) R< R()) _
2 2(R2=R(\)?)T AHRN+IT T (A+RMN)2+1
Proof.
Case 1. When0 < R < W/\)ﬁ, we have
1 R(N)(1—R)—|A\R
— < f}3= <1,
e R R R+ ROV
it is equivalent to
0o po BOO=0) R(\)

Al +RAN)+5 [N +R(N)+1
Hence by Theorem 1, we have f € S (3, B").

RN ___ R
Case 2. When NFROVT <R< EFEESL we have
2 2
Ogﬁzl R(|]A| + R()N)) < 1

2" 2(R2—R(\)?2) ~ A +R(\)+2

it is equivalent to

& < R — R()‘)Vl _Qﬁ < R()\)
IAl+R(A)+1 7 VIAN+RN)2+1-28 " V(A +RN)2+1

Hence by Theorem 1, we have f € S7 (3, B"), and the proof is complete.
Setting » = 1 in Theorem 2, we obtain the following corollary.

Corollary 3.  Suppose that ReA < m + 1 or ImA # 0and 0 < R <

TITROTET where R()\) is defined by (2.1). If f € H,,(A) satisfies the
inequality

tﬂ@—A%?+A—1§R
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for all z € U, then f € S*(3), where (3 is defined by (2.27).

Theorem 3. Suppose that ReA < m + 1 or ImA # 0 and o € [0, 1), R(A) is
defined by (2.1) and N = N (A, «) is defined by (2.2). If f € H,,,(B") satisfies
the inequality

Hz*(Df(2)(w) = u) = Mu, 2)(f(2) = 2)|| < M|z]*
forall z € B™ and all ||u|| = 1, where M = R(A)N (A, «), then
(2.28) 21l = Nl < 1F )< Nzl + Nz,

and
L= (IA[+ R))N([2[|™ < [Df(2)] < 1+ (Al + RA)N| =[]

for z € B™.
Proof. From the proof of Theorem 1, we obtain
1£(2) = 2|l < N2+
Hence we have
Izl = NIzl <zl = 1 (2) = 2] < ()l
= I[f(2) = & + 2] < |1 f(2) = 2l + lI=]| < [l=]| + Nl=] ™+

for z € B". From (2.12) and Dq(z)(u) = > 7., kDZ?(O)(z’“_l, u), where ¢(z) =
f(2) — z, by Schwarz’s Lemma, we obtain

[1Dq(2)]] < (IAl+ R(A)N| 2™
for z € B™. Hence we have
IDf(2) = Il < (IAl+ R(A)N||=[]™
for z € B™. It follows that
L= ([Al+ RN < IDf(2)[ < 1+ (JA[+ RA))N|=|™
for z € B™. Hence the proof is complete.

Corollary 4. [Covering Theorem] Suppose that ReA < m + 1 or ImX\ # 0
and « € [0,1), R(A) is defined by (2.1) and N = N(\, «) is defined by (2.2). If
f € H,,(B") satisfies the inequality

H=1*(Df(2)(w) = u) = Mu, 2)(£(2) = 2)]| < M|=]]*
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for all z € B™ and all ||u|| = 1, where M = R(A)N (), «), then

f(B™) > (1- N)B™

Theorem 4. Suppose that Re < m or Imp # 0 and « € [0, 1), and let

—qul, R
(2.29) T (1) :{ Im =l Rep<m,

[Imu|,  Rep > m,Imu # 0,
and

T(p)(m+1)vV1—2«a 0 < 1

a <

2 ——, U=z as 1
230) 5= Sp(ua)= Vim+1)2+1-2a p—
L + DALZ ) L o<l
m+ 1+« m-+3
If f € H,,(B") satisfies the inequality
(2:31) |ID?f(2)(2,) = uDf(2) + pI|| < S

for all z € B", then f € S} («, B").

Proof. Let w € B™ — {0} and fix it. Set w(z) = Df(z)(u) — u,

w(z) € N(B") with w(z) = 3%, | H22LO (k=1 1)) and w(0) = 0.

1179

then

Now we verify that ||w(z)|| < S; = %}A)HUH for all z € B™. If not, then there

exists a point z3 € B™ such that
S1 = ()l = max o ()]l
By Lemma 1, there exists a real number ¢ > m such that
(2.32) (Dw(z3)(23), w(z3)) = tl|w(zs)]|”.
Then by a simple computation, from (2.31), we obtain
(2.33) [Dw(z3)(23) — pw(z3)]| < S|luf-
It follows from (2.32) and (2.33) that
|t — plllw(zs)[|? < (Dw(23)(23) — pw(23), w(zs))| < Slull[w(zs)]l.

When Rep < m, we obtain

(2:34) [t — pu| = +/(t — Rep)? + (Imu)2 > /(m — Rep)? + (Imp)? = |m —

1|
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for t > m.
When Rep > m and Imp # 0, we obtain
(2.35) |t = pul = V/(t — Re)? + (Imu)2 > [Imp.

From (2.29), (2.34) and (2.35), we have

T(w)llw(zs)[* < [{Dw(23)(23) — pw(z3), w(z3))| < Slulll[w(zs)ll-

Therefore ||w(z3)]] < %}A)HUH = 51, which contradicts ||w(z3)|| = S1. Hence
we obtain

S
[Df(2)(u) —ul < 0

[l

for all ||u|| = 1. From this, we conclude that

S
IDf(z) = 1]l < T (m+1)Np(a),

for all z € B". By Corollary 2, we obtain that f(z) € S;;,(«, B") and the proof is
complete.

Remark 4. Suppose that X is a complex Hilbert space with product (-, -) and

norm || - || = /(-,-), and B = {z € X : ||z|| < 1} is the unit ball in X.
+oo
Similarly, f € Si,(a, B) ifand only if f(z) =2+ > £DFf(0)(z*)isa
k=m+1

locally biholomorphic mapping on B and satisfies the following inequalities

1 1

LRI 7.2 <X, seB-{0)

T 2a 2c

for0 < a < 1and
Re(Df(2) ' f(2),2) >0, z€ B-{0}

for « = 0. We call the biholomorphic mapping f € S}, («, B) starlike of order «.

Recently, we discover that if we let X instead of C" and f : B — X is a
locally biholomorphic mapping (see [8], p. 146-147), then the results of Lemma
1 and Theorem 1-4 still hold. The proofs are similar. For example, we state two
results as follows and omit their proofs.

+00
Theorem 1’.  Suppose that o € [0,1), f(z) = z+ >. #H£DFf(0)(zF) :
k=m-+1
B — X is a locally biholomorphic mapping on B and R(\) is defined by (2.1),

N = N(A, «) is defined by (2.2). If f(z) satisfies the inequality

H=1*(Df(2)(w) = u) = Mu, 2)(£(2) = 2)]| < M|=]]*
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forall z € B and all v € X with ||u|| = 1, where M = R(A)N()\, «), then
f €Sk (a,B).

+00
Theorem 4'.  Suppose that a € [0,1), f(2) = z+ Y. ZD*f(0)(z%) :
k=m-+1
B — X is a locally biholomorphic mapping on B and T'(u) is defined by (2.29),

S = S (u, «) is defined by (2.30). If f(z) satisfies the inequality
ID?f(2)(2,-) = uDf(2) + pI| < S

forall z € B, then f € S} («a, B).
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