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A CHARACTERIZATION OF THE FINITE SIMPLE GROUP I;;(2) BY
ITS ELEMENT ORDERS

A. R. Moghaddamfar, A. R. Zokayi and M. Khademi

Abstract. In this article we characterize the projective special linear group
L11(2), by the set of the order of its elements.

1. INTRODUCTION

For a finite group G, we denote by 7. (G) the set of all orders of elements in G.
It is clear that the set 7.(G) is closed and partially ordered by divisibility, hence, it
is uniquely determined by 1(G), the subset of its maximal elements. Also, 7.(G)
defines the prime graph I'(G) of G whose vertices are prime factors of |G| and two
primes p and ¢ are adjacent if and only if pg € 7.(G). The number of connected
components of T'(G) is denoted by ¢(G), and the connected components are denoted
by m = mi(G),i=1,2,...,t(G). If 2 € 7(G) we always assume 2 € .

In [8] and [16] the authors have obtained the connected components of I'(S)
where S is a finite simple group. As a result of these investigations we see that
t(Ly(2)) = 2, for n = p or p+ 1, where p > 3 is a prime. In fact, the first
components are

m(Ly(2) = = ][~ 1)

and
p—1

T (Lp+1(2)) = w2277 = 1) T](2" - 1)),

i=1
where as the second component in both cases is

ma(Lp(2)) = ma(Lp+1(2)) = (2P — 1).
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Also we know that the prime graph I'(L,,(2)) with n % p or p + 1, where p is a
prime, is connected.

If Q is a subset of N then h(€2) denotes the number of pairwise non-isomorphic
groups G such that 7. (G) = 2. A group G is called k-distinguishable if h(7.(G)) =
k < oo; otherwise G is called non-distinguishable. Also a 1-distinguishable group
is called a characterizable group.

Previously, it was proved that the following simple groups are characterizable:
L3(2) 2 Ly(7) [13], La(2) 2 As [12], Ls(2) [3], Lo(2), Lr(2) (3, 14, 41, Ls(2)
[5]. Moreover, in [3] we have put forward the following conjecture:

Conjecture For all positive integers n > 3, the simple groups L ,,(2) are charac-
terizable.

In the present article, we consider the simple group L;1(2) and we prove its
characterizability using the Classification Theorem of Finite Simple Groups. There-
fore, we prove the following.

Main Theorem Let G be a finite group. Then G = L;1(2) if and only if
7e(G) = Te(L11(2)).

All groups discussed will be assumed to be finite in this article. Given a natural
number n, denote the set of all prime divisors of n by = (n). If G is a group, we
write for short 7(G) instead of 7(|G|). The other notations are standard and can
be found in [1].

2. PRELIMINARY RESULTS

To prove the Main Theorem, we need some lemmas. First, we give the set of
element orders of L;;(2).

Lemma 1. u(L11(2)) = {48, 120, 248, 315, 372, 420, 504, 508, 762, 868,
889, 930, 1020, 1022, 1023, 1533, 1785, 1905, 1953, 2047 }.

Proof. Here, we use the Green’s notations (see [6]). In general, for the number
c(n, q) of classes of GL(n, q), there is a generating function

(1) > e(n, g)a" = [ p=®) 1,
n=0 d=1

where

(2) w(dsq) = = 57 p(k)a,

k|d
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is the number of irreducible polynomials f(¢) of degree d over GF(q). We recall
that in equations (1) and (2)

1 > "
(3) p(z) = =20 —22) ... :nZ%pnw :

is the partition function (in this power series the coefficient p,, is the number of
partitions of n), and y is the Mobius function, respectively.

Now, using (2) and (3) we calculate the values of w(d,2) and p; where 1 <
d < 11, and list them in Table 1.

Table 1. The number of irreducible polynomials of degree d over Z,, and the number
of partitions of d.

d 1 2 3 4 5 6 7 8 9 10 11
w(d,2) 2 1 2 3 6 9 18 30 56 99 186
Pd 1 2 3 5 7 11 15 22 30 42 56
We denote by f1, fo, ..., f4, the irreducible polynomials over Z, with degrees
1,2,...,d, respectively. Furthermore, if w(d,2) = k, then we denote the % irre-
ducible polynomials of the same degree d by fi,, fa,, - - -, fa,-

For (n,q) = (11,2), we have ¢(11,2) = 1998. In fact, using (1) we obtain

e} o0
c(n,2)z" = Hp(xd)w(d’2) =14z 4 322 + 623 + 142 + 2725 + 6025
n=0 d=1
+11727 4 24628 4+ 4902° + 1002210 + 19982 4 - - - .
Let

)=t —aq_1t"" — - —qg,

be a polynomial over Z,, of degree d, and using Green’s notation we let

0O 1 0 0 ... 0
0 1 0
o 0 o0 1 ... 0
U(f) = | ,
0 0 0 O 1
L a0 a1 a2 asz ... G4d—1 |
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be its companion matrix. Also we set

ulf) 1la 0 0 0

0 U(f) 1g4 0 ... 0
Ul(f) = 0 0 Uif) la ... 0 7
0 0 0 0 ..U

with [ diagonal blocks U(f), and 14 is the identity matrix. If A = {i1,ls,...,1,}
is a partition of a positive integer & whose p parts written in descending order are:

llzlgz...le>0,

then
Ux(f) = diag{Uy, (f), U, (f),-- -, U, (f)}-

Let A € GL(11,2) have characteristic polynomial

k1 ko k11
i S

Evidently >"1!, ik; = 11. Moreover A is conjugate with

diag{U,, (f1), Uw,(f2), - -, Uuy, (f11)},

in GL(11,2), where vy, o, ..., 111 are certain partitions of &y, ks, ..., k11 respec-
tively. We denote the conjugacy class ¢ of A by the symbol

= (AP ).

Also note that o(U(f;)) divides 2¢—1, and also there exists an irreducible polynomial
f; such that o(U(f;)) = 2¢ — 1. Moreover, o(Uy(f;)) with k > 2 and ki < 11 are
given in Table 2. Furthermore, if B is conjugate to

diag{ U, (f1), Uk, (f2); - - -» Ukyy (f11)},

then we have

O(B) = I'C'm{O(U/ﬂ (fl))v O(Ukz(fQ))v .- '70(Uk11(f11))}'

On the other hand, it is easy to see that o(A) divides o(B). In the last column of
Table 3, m denotes the order of B ~ diag{Uy, (f1), Uk,(f2), - .., Uk, (f11)}. Also
Par(k) denotes the set of partitions of &k, where £ < 11. In fact, m among all the
conjugacy classes having the same charactristic polynomial is of maximum value.
Now, we can easily derive the set 1.(G) from last column of Table 3, as required. m
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Table 2. The order of A € GL(ki,2) having characteristic polynomial f¥, where
k>1and ki < 11.

k f1 fo /3 fa /5

2 2 6 14 30 62

3 4 12 28

4 4 12

5 8 24
6<k<8§ 8

9<k<11 16
Table 3. The order of elements of the simple group L;1(2).

Type of ¢ Conditions Number m
() r € Par(11) 56 16 = 24
(f3f1) r € Par(5) 7 24 = 23.3
(f5F9) r € Par(4), s € Par(3) 15 12 =223
(f519) r € Par(3), s € Par(5) 21 24 =233
(f317) r € Par(2), s € Par(7) 30 24 = 23.3
(fof1) r € Par(9) 30 48 =243
(f3f2) r € Par(3) 6 84 = 22.3.7
(f3.f3;f2) rePar(2), 1 <i#j<2 4 42 =2.3.7
(f5 1) r € Par(3), s € Par(2) 12 28 =227
(f5 f3,£5) | rosePar(2), 1<i#j<2 8 14 =27
(f3f3fr) r,s € Par(2) 8 42 = 2.3.7
(f3,f3,f5 f1) | 7 € Par(2) 2 42 =2.3.7
(f5f2f7) r € Par(2), s € Par(3) 12 84 = 22.3.7
(f3, f3,.faf1) | 7 € Par(3) 3 84 = 22.3.7
(f3f7) r € Par(2), s € Par(5) 28 56 = 23.7
(f3,f3, /1) | 7€ Par(5) 7 56 = 23.7
(f3/3) r € Par(4) 10 84 = 22.3.7
(f3f517) r € Par(3), s € Par(2) 12 84 = 22.3.7
(f3f515) r € Par(2), s € Par(4) 20 84 =22.3.7
(f3f2/7) r € Par(6) 22 168 = 23.3.7
(f3/1) r € Par(8) 44 56 = 23.7
(fifs) r € Par(2) 12 210 = 2.3.5.7
(fa;fa,13) 1<i#j<3 6 105 = 3.5.7
(fif2f1) r € Par(2) 6 30 = 2.3.5
(fafa;fofr) |1<i#5<3 3 30 = 2.3.5
(f1f9) r € Par(2), s € Par(3) 18 60 = 22.3.5
(fafa, f1)  |rePar(3),1<i#j<3 9 60 = 22.3.5
(faf5fr) r € Par(2) 12 210 = 2.3.5.7
(fafs,f3,1) 3 105 = 3.5.7
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(Continuation of Table 3)

Type of ¢ Conditions Number m
(fafsfy) | rePar(2) 12 210 = 2.3.5.7
(fafafof7) | r € Par(2) 12 105 = 3.5.7
(fafsf) | rePar(4) 30 420 = 22.3.5.7
(faf5f1) | r € Par(3) 9 60 = 22.3.5
(f1f5f5) | r € Par(2), s € Par(3) 18 60 = 22.3.5
(fafof7) | r € Par(5) 21 120 = 23.3.5
(fafD) r € Par(7) 45 120 = 23.3.5
(f5h) r € Par(2) 12 62 = 2.31

(fs; fs;f1) |1<i#j<6 15 31

(f5faf2) 18 465 = 3.5.31
(fsfafl) | rePar(2) 36 930 = 2.3.5.31
(f5/3) r € Par(2) 24 434 = 2.7.31
(f5f3,/32) 6 217 = 7.31
(f5f3f2f1) 12 651 = 3.7.31
(fsfsff) | rePar(3) 36 868 = 22.7.31
(f5.f3) r € Par(3) 18 372 = 22.3.31
(fsf5f7) | 7 sePar(2) 24 186 = 2.3.31
(fsfaff) | re€Par(4) 30 315 =325.7
(f5.f1) r € Par(6) 66 248 = 23.31
(fef5) 54 1953 = 32.7.31
(fefafr) 27 315 = 32.5.7
(fef3f2) 18 63 = 32.7
(fefsf{) | rePar(2) 36 126 = 2.32.7
(fef5f1) | r€Par(2) 18 126 = 2.32.7
(fefaf]) | r € Par(3) 27 252 = 22327
(fef1) r € Par(5) 63 504 = 23.32.7
(f7f1) 54 1905 = 3.5.127
(frfsf1) 36 889 = 7.127
(frf5) r € Par(2) 36 762 = 2.3.127
(frfaf) | r€Par(2) 36 762 = 2.3.127
(f2f7) r € Par(4) 90 508 = 22.127
(fsf3) 60 1785 = 3.5.7.17
(fsfaf1) 30 9255 = 3.5.17
(fsJ7) r € Par(3) 90 1020 = 22.3.5.17
(fof2) 56 1533 = 3.7.73
(fof7) r € Par(2) 112 1022 = 2.7.73
(fiof1) 99 1023 = 3.11.31
(f11) 186 2047 = 23.89
Total 1998
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In the following Lemma, we show the existence of an outer automorphism of
L11(2), of order 22, which certainly proves that m.(L11(2)) & 7e(Aut(L11(2)).

Lemma 2. Aut(L11(2)) contains an element of order 22.

Proof. Set G = L;1(2). Let 6 be an involutary graph automorphism of G.
Using the notations in [2] we have Gt=Aut(G) = G- (#) = GUAG. The conjugacy
classes of G which lie in 6G are called negative classes and by Theorem 1 in [2],
G™ has only one negative conjugacy class of involutions with representative 61 and
we have

|Ceet (A1) = 226.35.5%.7.11.13,

where T is the identity matrix. Now, it is easy to see that 22 € 7.(G™), as required.
The lemma is proved. ]

In the next lemma, we will be concerned with order structure of a simple group
satisfying some prescribed conditions.

Lemma 3. If G is a simple group of Lie type such that
{2,23,89} c 7(G) C w(L11(2)) = {2,3,5,7,11,17,23,31,73,89,127},
then G is isomorphic to L1(2).

Proof. Suppose G is a finite simple group of Lie type over a finite field of
order ¢ = p", where p is a prime and n is a natural number. If 127 ¢ 7(G), then
{89} C 7(G) C 7(89!). Now, by Lemma 2.6 in [10], we obtain that G = L2(89).
But then 23 ¢ 7 (G), which is a contradiction. Therefore 127 € 7(G). On the
other hand p € 7(G), hence p may be equal to 2, 3, 5, 7, 11, 17, 23, 31, 73, 89
or 127. If p = 2, then it is clear that the order of 2 modulo 127 is 7, and there is
no natural number m such that 2™ 41 = 0 (mod 127). Thus if 2¥ — 1 divides |G|
and 127 € w(2* — 1), for some k, then k& must be a multiple of 7. Therefore, from
Table 6 in [1], the only candidate for G under our assumptions is A10(2) = L11(2).
If p = 3, then the order of 3 modulo 127 is 126 and the least natural number m for
which 3 + 1 = 0 (mod 127) is 63. Now, from Table 6 in [1] no candidate for G
will arise. Similarly, for other p we do not get a group. The Lemma is proved. =

Lemma 4. [9] Let G be a finite group, N a normal subgroup of G, and
G/N a Frobenius group with Frobenius kernel F' and cyclic complement C. If
(|F|,|N]) = 1 and F is not contained in NC(N)/N, then p|C| € 7.(G) for
some prime divisor p of |N]|.

2. ProoF oF THE MAIN THEOREM

We need to prove only the sufficiency part. Let G be a finite group for which
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7e(G) = me(L11(2)). Then the connected components of the prime graph of T'(G)
are

m ={2,3,5,7,11,17,31,73,127} and m, = {23,89}.

We have to prove that G is isomorphic to L1 (2). This will be done below by going
through a sequence of separately stated lemmas.

Lemma5. G isnon-soluble. Moreover, G is neither Frobenius nor 2-Frobenius
and G has a normal series which contains a non-Abelian simple section.

Proof. If G is soluble, we consider the {5,11,23}-Hall subgroup H of G.
Since GG does not have any element of order 55, 115 or 253, H is a soluble group
all of whose elements are of prime power order. By [7] Theorem 1 we must have
|m(H)| < 2, which is a contradiction. Therefore, G is non-soluble and so G is not
a 2-Frobenius group (Note: 2-Frobenius groups are always soluble).

If G is a Frobenius group with kernel K and complement C, then C' is non-
soluble. Now, by the structure of non-soluble Frobenius complement (see Theorem
18.6 in [11]), C has a normal subgroup C* of index < 2 such that C* = SLy(5)x Z,
where every Sylow subgroup of Z is cyclic and 7(Z) N7 (30) = &. Because G does
not contain any element of order 5.73 or 5.127, {73,127} N« (Z) = @, and hence
{73,127} C w(K). Now since K is nilpotent we get 73.127 € 7.(K) C 7.(G),
which is a contradiction. Hence G is not a Frobenius group.

Thus [16] Theorem A implies that G' has a normal series

G[ZGle[Zl,

where N is a nilpotent 71-group, G := G1/N is a non-Abelian simple group and
G/G1 is a soluble 71 -group. [ |

Now we discuss the non-Abelian simple group G in Lemma 5 using the Clas-
sification of Finite Simple Groups. Note that mo = {23,89} C m(G}).

Lemma 6. The non-Abelian simple group G in Lemma 5 is isomorphic to
L11(2).

Proof. According to the Classification of Finite Simple Groups, we know that
the possibilities for G, are:

(1) alternating groups A,, n > 5;

(2) 26 sporadic finite simple groups;

(3) simple groups of Lie type.

If G is an alternating group A,,n > 5, then since 89 € 7(G1), we deduce
n > 89. But then 13 € #(G), which is a contradiction. Also, G'; can not be a
sporadic simple group, since otherwise the maximum prime in =(Gy) is 71, but
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89 € 7(G1), which is a contradiction. Now, we assume that G is a simple group
of Lie type. In this case, by Lemma 3, we obtain G; = L11(2), as claimed. ]

Lemma7. N =1.

Proof. Assume the contrary. Without loss of generality we may assume that
N = O,(G) for some prime r € m;. Moreover, we may assume that N is an
elementary Abelian subgroup and C¢, (N) = N. Evidently, the group GL(10, 2)
has an element A of order 2! — 1, the so called Singer element. Let K = (A) and
define the subgroup L of L;(2) as follows:

1
L:{[O}al 5 am]‘XGK%GF@)JSism}_

Now, if we define the subgroup

1lar as ... a .
S:{[O} — I m]’az‘GGF(Q),lgzgm},

of L, then S is isomorphic to the additive group of the vector space of dimension
10 over GF(2). Moreover, the subgroup

r={ | X e}

of L acts on S in the usual way and fixed point freely, hence L = S x T is a
Frobenius group with kernel S and complement 7. This group is written in the
form L = 2'0: (219 —1). Hence G contains a subgroup of shape 210 : 210 — 1. If
r # 2, then by Lemma 4, we get r- (2!9—1) € 7.(G), which contradicts Lemma 1.
Thus, N is a non-trivial 2-subgroup. Yet, in this case, we have 23 : 11 < M3 <
Msy < L11(2) (see [1] and [15]), and by Lemma 4, we obtain 22 € 7.(G), which
again contradicts Lemma 1. Therefore N = 1. [ |

Lemma 8. G = L11(2).

Proof. By Lemma 7, N = 1, hence we have 1 <Gy <G. Now since ¢(G) = 2,
we obtain C(G1) = 1, and so
Na(Gh)
G="T—L < Aut(G,).
ColGh) (G1)
Therefore L11(2) < G < Aut(L11(2)). Because |Out(L11(2))| = 2, G = L11(2) or
G = Aut(L1:(2)). Since by Lemma 2, Aut(L;;(2)) contains an element of order
22 and 22 ¢ 7.(G), G = L11(2), as claimed. ]
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Thus the Main Theorem is proved.

The characterization of the projective special linear group L,,(2) with n # p or
p + 1, where p is a prime, is more difficult, because its prime graph is connected
and Theorem A in [16] does not work. In particular, we have the following open
problem (also see [14]):

Open Problem. Can the projective special linear groups Lo(2) and L1(2)
be characterized by the set of their element orders?
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