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NOTES ON SINGULAR INTEGRALS ON SOME
INHOMOGENEOUS HERZ SPACES

Yasuo Komori

Abstract. We consider the singular integral operators which are more singular
than Calderén-Zygmund operator and include pseudo-differential operators.
We obtain the boundedness of these operators on inhomogeneous Herz spaces
and Herz-type Hardy spaces.

1. INTRODUCTION

Alvarez, Guzmén-Partida and Lakey [1] generalized the Calderon-Zygmund sin-
gular integrals and introduced (g, A)-central singular integrals which are more singu-
lar than Calderon-Zygmund operators and include pseudo-differential operators (see
section 2). They obtained the boundedness of these operators on some Herz spaces
B, In this paper we refine their results and correct some mistakes. Furthermore
we study the boundedness of these operators on Herz-type Hardy spaces. In sec-
tion 4, we shall define another Herz-type Hardy space and consider the estimate of
another type.

2. DEFINITIONS AND NOTATIONS

The following notation is used: For a set £ C R™ we denote the Lebesgue
measure of E by |E|. We denote a characteristic function of E by Xz. We write a
ball of radius R centered at « by B(z, R) = {y; |x —y| < R} and write C;(0, R) =
B(0,271R)\ B(0,27R).

Following [1] and [5], we define some function spaces which we shall consider
in section 3.
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Definition 1 (B%). Let A € R! and 1 < ¢ < <.

B R™) = {f; | fll par < o0},

where
1 1/q
Su _— z) |z .
1/l Bar = p <‘B(0 R)|HMa /B(OR)‘ ()] >

Remark. If A < —1/¢ then B** = {0}, and B¢~1/9 = L4,
Definition 2 (CMO%*). Let A < 1/nand 1 < g < cc.

CMO™(R™) = {f; | flcarom < oo},

where

1/q
1
- - _ fl4
1flcaroar = sup <\B(0 R)[1+a /B( R)‘f(x) Rl da:) )

and fr = 7|B(&R)| fB(OVR)f(:):)d:r.

Remark. If A < —1/q then the space CMO%* reduces to the constant func-
tions, and if A\ = —1/q then CMO%* coincides with L9 modulo constants (see [1,

p. 5]).

Remark. By using the notation of Herz space, we can write B4 =

—1/g—
Kq /q—A,00

(see [7]). When —1/¢ < XA < 0, we can consider B%* as a local version of

inhomogeneous Morrey space (see [1]).
Next we define singular integrals.

Definition 3. Let T': D — D’ be a linear continuous operator. We say 7' is a

Calderon-Zygmund operator if T satisfies the following:

(0) If f,g € D and supp(f) Nsupp(g) = @, T has the integral representation

(Tf,9) //K z,y) f(y)g(x)dydz.

() [K(z,y)| <

|z — y\”

(2) |VaK(z,y)|+ \VyK(:):,y)\ < |z — y‘n—f—l'

(3) T is bounded on L?(R™).
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Following [1], we generalize Calderon-Zygmund operator.

Definition 4. Let T : D — D’ be a linear continuous operator and we assume
T has the same integral representation (0) as above. We say T"is a (¢, A\, V)-central
singular integral if T' satisfies the following:

) C
(1) |1K(0,y) < PR where |y > 1.

1/¢
(2')  suppsi supp|<r (\Cj(O,R)\q/_l/O |K (2, y) — K(Ovy)\q/dy> < d;
0

(0,R)

o
with ) ~27"2d; < oo where 1/q+1/¢' = 1.
j=1

(3’) T is bounded on L7(R™).
Remark. Compare with Def. 5.1 in [1]. We add the condition (1’).

Examples 1. 1. Calderon-Zygmund operator is a (g, A, n)-central singular
integral for 1 < ¢ < oo and A < 1/n.

2. Weakly-strongly singular integral operator of Fefferman [3], [4]

; —«
et

Tapf(z) = B «f(x), a, >0

is a (¢, A, n+ [3)-central singular integral for some 1 < ¢ < oo and A < aq¢’/n.

3. Pseudo-differential operator [1]

Tf@) = [ e

where the symbol p(z, £) belongs to the class ST, is a (g, A, V)-central singular
integral for some 1 < ¢ < oo, A and N.

3. SINGULAR INTEGRALS ON B?*
Alvarez, Guzman-Partida and Lakey [1] proved the next theorem.

Theorem A. Let 1 < ¢ < oco. If T satisfies (2°) and (3”) in Def. 4, then T is
bounded from B4 (R™) to CMO%*(R™).

Our results are the following:
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Proposition 1. Let 7" be a (¢, A\, N')-central singular integral where 1 < ¢ < oo,
N >nand N > n(1+)). Then T is bounded on B%*(R™).

Remark. Let N =n and A = —1/q in Prop. 1. Then the proposition says that
a Calderon-Zygmund operator is bounded on I4.

Definition 5 (The commutator of Coifman, Rochbeg and Weiss). We define the
commutator operator [b, 7| by

b, T|f=b-Tf—T(bf).

Remark. If bisin BMO (John-Nirenberg space, see [11]) and T" is a Calderon-
Zygmund operator, then [b, T'] is bounded on L? where 1 < ¢ < oo (see [2]).

Proposition 2. Letl <p<g<oo, 1/s=1/p—1/q, 0<pu<1/n,N>n
and N > n(l+ ). Ifbisin CMO**(R™) and T is a (p, A\, N)-central singular
integral, and we assume 7' is bounded on L9%(R™), then [b,T] is bounded from
B ~(R™) to B»*(R™) and

110, T1f | gpx < C |bllcrros s

f”BfM—M

where C'is a positive constant which is independent of f.

Remark. Prop. 5.4 in [1] is incorrect. The estimate of 7; on p. 36 is wrong.

The proof of two propositions are essentially same as in [1], so we show only
outline of the proofs and point out the differences.

Proof of Proposition 1. Let R > 1. We write

f(x) = f(x)XBo2r) + f(@)(1 = Xpo2r) = fi(x) + fa(7),

and write

1 1/q 1 l/q
Y Y Tf(x)|%dx < —/ T ()%
<\B(07R)\1“q/3(o,3)‘ @) > <\B(0,R)\1+/\q B(O,R)‘ fi(@)] >

1/q
1 T f2(0)]
+ <‘B(07R)‘1+>\q /B(OJ{) ‘TfZ(x) - Tf?(o)‘qu> + ‘B(()’R)‘)‘

=1L+ I, + Is.

As in the proof of [1, p. 34], we have

I+ I < C| fll pa-
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We estimate /3. By using the condition (1’) and N > n(1 + X), we have
T f2(0)] < CRMV 7N £ g
So we obtain I3 < C|| f|| gar, because N > n and R > 1.
Proof of Proposition 2. Let R > 1. We write
f(x) = f(@)Xp2r) + f(2)(1 = Xp(o2r) = fi(z) + f2(2),
and
[0, T]f(x) = (b(z) = bar) T f(x) = T((b—bar) f1)(x) — T((b— bar)f2)(x),

where bar = 5537 S5 (028 0()dz.
Thus

1 1/p
< (AT fyg 00T

1 1/p
+ <W /B(O,R) |T((b— b2R)f1)(x)\pd9«“>

1/p
_ P
’ (W /Bm,m [ T((6 = b2r) f2) (x) = T((b — b2r) f2) (0)] drr)

T((b—0b 0
SRy LR

By the estimates in [1, p. 38], we have

I+ Iy < Clbllearosw || £l par-r-
By using the condition (1’), N > n(1+ A) and N > n, we have
Iy < Clbllenrosnll fll paa—n-

Finally we estimate ;. We write

1 1/p
h< (W /B (OVR)\(b(rr)—bzR)Tfl(rr)\pda:>

! 1/p
: <W /B(QR) |(b(=) - b2R)Tf2(1’)\pd:r>

=111 + L.
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Because T is bounded on L%, we have I;; < C||b||caros.e
By the condition (1”), we have

f”BfM—w

T fo()] < CRMATI N f goren where |z| < R.

So we obtain 15 < C”b”c"]\/[OS,p,

f”BfM—M-

4. SINGULAR INTEGRALS ON HERz-TYPE HARDY SPACE
Now we define some function spaces which are main objects of this paper.

4.1. Herz spaces

First we define the Herz spaces and the Hardy spaces associated with the Herz
spaces (see [6, 7, 9] and [10]). Following Lu and Yang [10], we define central
atoms and blocks.

Definition 6. Let0 < p <1 < ¢ < co. Afunction a(z) is a central (p, ¢)-block
if there exists R > 1 such that the following conditions are satisfied

(i) supp(a) C B(0, R),

(ii) lalle < |B(0, R)|Ma= 1P,

Definition 7. Let0 < p <1 < ¢ < oo. A function a(x) is a central (p, ¢)-atom
if there exists R > 1 such that the following conditions are satisfied (i), (ii) and

(iii) /a(:):)d:r =0.

We define inhomogeneous Herz spaces and Hardy spaces associated with the
Herz spaces (see [10]).

Definition 8. Letn/(n+1) < p <1 < q. We denote, by K (R™), the family of
distributions f that, in the sense of distributions, can be writtenas f = > 7° | Apa,
where ay, is a (p, g)-block and "2 | [Ax]? < oc.

We define || f||
sentations of f.

%{,; =inf >~ 72, [Ax[P, where the infimum is taken over all repre-

Definition 9. Letn/(n+ 1) < p <1 < ¢ < co. We denote, by H K} (R"),
the family of distributions f that, in the sense of distributions, can be written as
[ =121 Aag, Where a, is a (p, g)-atom and > .7, |Ax|P < oc.
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We define [|f|%,» = inf X272, [Ax[?, where the infimum is taken over all
q
representations of f.

Remark. In [10], these spaces are written by K;}“/p—l/W and HKZ;(I/p_l/C’)’p
respectively.

4.2. Singular integrals

Following [1], we introduce new class of singular integral operators.

Definition 10. Let T : D — D’ be a linear continuous operator and we assume
T has the same integral representation (0) as in Def. 3. We say 7' is a (q, #)*-central
singular integral if T' satisfies the following:

sup sup R”(q_l)/ |K (z,y) — K(x,0)|%dx < e;
C;(0,R)

R>1|y|<R
@) o
with ZQJeqej < 00.
j=1
(5) T is bounded on L(R™).

Example. Calderon-Zygmund operator is a (g, 6)t-central singular integral for
l<g<oocand 0< 0 <n(l-1/q) +1.

Alvarez, Guzman-Partida and Lakey [1] proved the following:

Theorem B. Let n/(n+1) < p <1< g < oco. If T is a (q,0)"-central
singular integral where 6 > n(1/p — 1/q), then T' is bounded from H K [(R™) to
K (R™).

Theorem C. Let p and ¢ be same as above, and 7' is a (g, #)*-central singular
integral where 6 > n(1/p — 1/q). Furthermore we assume 7(1) = 0 where T? is
an adjoint operator of 7. Then 7' is bounded from HK ! (R") to HK}(R").

However the condition T%(1) = 0 is very strong, so we shall consider interme-
diate spaces between K and HKJ.

Definition 11. Let 0 < p < 1 < ¢ < oo and € < 1. A function a(x) is a
central (p, ¢, <)-block if there exists R > 1 such that the following conditions are
satisfied (i), (ii) and

(i) |/a(:):)d:r| < |B(0, R/,
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Remark. If a function a(x) is a central (p, q)-block supported on B(0, R),
then ||a||,: < |B(0, R)|*~1/P.

Definition 12. Letn/(n+ 1) < p <1 < g < oo and ¢ < 1. We say
€ KPS(R™) if f can be represented as

f =" Arag, where ay. is a (p, g, ¢)-block,
k=1

and we define ||f||7;({,1,,5 =inf > 27, | \klP.

Remark. HK} c Ki*.

Our result is the following:

Theorem D. Letn/(n+ 1) <p<1l<g<oo, ¢/(g—1) <s, A<e—-1,
and T is a (g, 0)*-central singular integral where 6 > n(1/p —1/q). Furthermore

we assume that 7¢(1) € CMO%*(R™). Then T is bounded from HKZ(R") to
KPe(R™).

5. PROOF OF THEOREM

5.1. Lemmas
First we define molecules on K%°(R™).
Definition 13. Letn/(n+1) < p <1 < ¢ < 0,0 > n(l/q—1/p) and

d < n(e —1/p). We say a function M(x) is a (p, q,0,d, R)-molecule, if there
exists R > 1 such that the following conditions are satisfied

1/q
(M1) ( / \M(g:)\ng:> < gr(i/a=1/p)
|z|<2R
1/q
(Ms) / |M (2)9)2| P da < Rr(1/a=1/p)+0,
|z|>2R
(My) | / M(x)da| < RC.

Remark. For the definition of molecule on H K7, see [10].
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Lemma 1. Letletn/(n+1) <p <1< g < 00,0 >n(l/qg—1/p) and
d < n(e —1/p). If a function M(x) is a (p,q, 0,9, R)-molecule, then we have
|[M||gre < C, where C'is a positive constant which is independent of 2.

Proof. The proof is essentially same as in [8]. So we show only outline of the
proof and point out the difference.

Let By = {z;|z| < 2R} and Ej, = {x;2FR < |2| < 2" R} k =1,2,3,...,
and let

Xela) = Xy (@), Xele) = X (o).
mk—ﬁ My, = [ )y
and My(z) = (M (z) — mg)Xg(x).

We write

00 oo
k=0 k=0

Let Ny = 3 72, n; and we write

)= 3 M) + 3 Neu (@) — K1 (2) + Noolw)
= IE:):) +11(z) —IjIII(:):).

Because [ M;(x)dz = [(Xk(z) — Xk—1(x))dz = 0, we can show ||I||;x» < C
and |[[1]|ggr < C.

By the condition (Ms), we have |I11(z)| < CR"®~" x{|,1<or) () and
|I11||ga < CR™/a=1/P) Furthermore we have | [ IT1(z)dx| < CR™=~1/P), So
I1I(z) is a constant multiple of a (p, ¢, €)-block and we obtain [|I1]]| xre < C. m

The following lemma is trivial from the definition.

Lemma 2. Let f € CMO**(R™) and we assume that supp(a) C B(0, R) for
some R > 1 and [a(x)dz = 0. Then we have

| / o) f (2)dz| < |BO, R al ol florios,

where 1/s+1/s' = 1.
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5.2. Proof of Theorem D.

By Lemma 1, it suffices to show that if a function « is a central (p, ¢)-atom such
that supp(a) C B(0, R), then T'a is a constant multiple of a (p, ¢, 0, n(¢ —1/p), R)-
molecule.

The condition (M1) and (M) are easily verified (see [1] and [8]). So we only
need to check the condition (M3). By Lemma 2, we have

[ Tate)ds| = (Ta, )] = (@, T(1)] < CRO all [T ferrons

< OIIT (1) loarosn BMIYPHN < O|ITH(1) | oarosn RMEHP).
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