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COUPLED SINE-GORDON EQUATIONS AS
NONLINEAR SECOND ORDER EVOLUTION EQUATIONS

Shin-ichi Nakagiri and Jun-hong Ha

Abstract. The existence, uniqueness and continuous dependence of global
weak solutions of coupled sine-Gordon equations are established in the frame-
work of variational method due to Dautray and Lions. As an application of
weak solutions, we solve the quadratic optimal control problems for the control
systems described by coupled sine-Gordon equations.

1. INTRODUCTION

In [6] and [3], we proved the existence and uniqueness of weak global solutions

of a single damped sine-Gordon equation
2

(1.1) %—i—a%—ﬂAy—i—”ysiny:f
and studied the numerical analysis based on the finite element method. The equation
(1.1) describes the dynamics of a Josephson junction driven by a current source by
taking account of damping effect. It is numerically verified in Bishop et al. [1] that
this equation shows the most interesting physical phenomena. That is, the numerical
solutions of this equation with periodic boundary conditions lead to the nontrivial
dynamics which is called the chaotic behaviour. However, there are no proofs of
existence, uniqueness and chaotic behaviour of solutions in [1]. After [1], Levi [7]
studied a system of coupled sine-Gordon equations of the form

o2 0 .
_y21 + ﬂ _ Ayl +Slny1 + k(yl - y2) = f17
ot ot

(1.2) 9
0%ya Oy .
—J2 4 292 A - =
e 4 5 Y2 + sinys + k(yQ y1) = fo,
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and observed the chaotic behaviour of numerical solutions under similar periodic
boundary conditions as in [1]. Also in Temam [12], the non-gradient coupled sine-
Gordon equations of the form

o2 0 .
_y21+ Y1 — Ay +sin(y1 +y2) = f
w3 ot ot
. 82 0 .
Tl 4 22 Mgyt sin(yr ) = o

is studied. The existence and uniqueness of the strong solutions of the Cauchy
problem for (1.1), (1.2) and (1.3) with Dirichlet and Neumann boundary conditions
has been studied by Lions [8] and Temam [12] in the evolution equation setting.

In this paper, we study the system of coupled sine-Gordon equations described
by

8*y1 o Y2 .
Sz toug, tap s - 1Ay1 + y1sin(611y1 + d122)

+k11y1 + ki2y2 = fi1,

%yo oy y2 :

S T2, TS - 2Aya + Y2 sin(d21y1 + d22y2)
+k21y1 + k22y2 = fo,

(1.4)

where o;; € R, 8; > 0, v;,0;5, kij € R are physical constants and f; are forcing
functions, ¢, 7 = 1, 2. This system is proposed to describe the dynamics of coupled
Josephson junctions driven by current sources, in which the constants «;, d;5, k;;
in (1.4) are chosen suitably to represent the effects of coupling and damping. This
system covers (1.2) and (1.3). The numerical analysis of (1.4) based on the finite
element method is studied in Elgamal and Nakagiri [4].

The chaotic behaviour suggests that the problem of controlling the solutions of
equations for (1.4) by forcing and initial functions is very delicate and important.
For this, we should take a weak solution approach of the equation (1.4) to obtain the
solutions under less regularities of data. Thus we utilize the variational formulation
of weak solutions due to Dautray and Lions [2] and formulate the weak solution
setting for the nonlinear system (1.4). Under the setting, we state and prove the
results of existence, uniqueness and continuous dependence of weak solutions. We
note that the existence proof by Temam in [12] is a sketch for more general equations
and the detailed proof and the proof of continuous dependence are not given in there.

As an application of the results, we solve quadratic optimal control problems
for the control system described by (1.4).
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2. EXISTENCE, UNIQUENESS AND CONTINUOUS DEPENDENCE

Let €2 be an open bounded set of R"™ with a piecewise smooth boundary I' = 90€).
Let @ = (0,7) x Q and ¥ = (0,T) x I'. We consider the coupled and damped
sine-Gordon equations described by

0%y oy y2 .
Sz Toung, tongs - 1Ay1 +y1sin(611y1 + d12y2)

+k11y1 + k12y2 = f1in Q,

ys o Oy2 .

S T, ton - 2 Ay + 2 8in(d21y1 + 022y2)
+ko1y1 + k22y2 = f2in Q,

2.1)

where o;; € R, 3; > 0,7;,0;5,ki; € R,i,7 = 1,2, and A is a Laplacian and
fi,i=1,2, are given functions. The boundary condition is the Dirichlet condition

(2.2) y; =0 on ¥, i=1,2,

and the initial values are given by

’ Oy; ; . .
(2.3) yi(0,2) = yo(x) in Q and 821 (0,z) =yi(z) in Q, i=1,2.

We define two Hilbert spaces H and V by H = L?(Q) and V = H}(), respec-
tively. We endow these spaces with the usual inner products and norms

Q4 ()= /Q P(@)$(e)de, 9] = (b, 9)%  forall ¢4 e L3(S),

= Y 4 xi xz)dx = 1/2
(6.0 = 3 [ orv@gmotoie vl = (6.6

(2.5) Ox;

for all ¢, € HL(Q).

Then the pair (V, H) is a Gelfand triple space with a notation, V — H = H' — V'
and V' = H~1(Q), which means that embeddings (V C H) and H C V' are
continuous, dense and compact. To use a variational formulation, let us introduce
the bilinear form

(2.6) a(¢,0) = [ Vo Vodr = (¢,¢), Vo, p €V =Hj(Q).
Q

The form (2.6) is symmetric, bounded on V' x V = H}(Q)? and coercive

(2.7) a(¢,9) > |¢]*, Ve V.
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Then we can define the bounded operator A = —A € £(V,V’) and the problem
(2.1)-(2.3) is reduced to the following system of Cauchy problems in H:

d*y; dy1 dys
Co & 92 4 A
gz T toanT s+ BrAy
+y18in(d11y1 + d12y2) + kuiyr + kizye = fi(t) in (0,7),
d?ys dy1 dya
(2.8) —== —= —= A
gz Toa g tanT S+ B2Ay2

+72 sin(521y1 + 5223/2) + ko1y1 + kooyo = f2(t) in (07 T),

dyi
dt

y:(0) =yd €V, (0) =yt € H, 1=1,2.
The operator A in (2.8) is an isomorphism from V" onto V"’ and it is also considered
as a self-adjoint operator in H with dense domain D(A) in V and in H,

D(A) = {¢p € V| Ap € H}.

In this case, A is an unbounded selfadjoint operator in H.
We introduce the solution space and the space of distributions. The space
W(0,T) is defined by

W(0,T) = {glg € L*(0.T;V),g € L*(0,T; H),g" € L*(0,T; V")}.

The notation D’(0,T") denotes the space of distributions on (0, 7).

Now we give a vectorial representation of (2.8). For the sake of simplicity, we
shall write the coupled and damped sine-Gordon equations (2.8) as the following
vectorial form

29) { vy +ay + BAy +vsindy +ky =f in (0,7),
2.9
y(0) =yo, ¥'(0) =y,
where
d &2
SN I8 N I I IR S B 2 I S e
Y2 |’ fa ]’ dt dyz |’ dt? 2y |
A0 | 011 d12 | siny;
A= 0 A]’ 5_[(521 Jag |’ Sy = sin o
a1l Q12 B 0 7 0 ki1 k1o
o = s = 5 = ) k - )
| a1 0622] p [ 0 ﬁ2] K [0 72 ka1 koo
T 1
Yo _yg]’yl [y%]
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The norm |a| of the 2 x 2 matrix « is defined by >, ;_; 5 |c;[. For the treatment
of (2.9),we introduce the following two product spaces:

V=VxV and H=H x H

with the inner products defined respectively by

(&, 9) = (¢1,91) + (92, ¥2), & = [b1,02]", ¢ =19 €V,
(d)v 'l)b) = (¢17'¢1) + (¢27'¢2)7 d) = [¢17 ¢2]t7 'l)b = [wlva]t € Hv

where [+, -]* denotes the transpose of [, -]. Then the dual space V' = V'’ x V’ and
the dual pairing between )’ and V are denoted by

<¢7¢> - <¢17'¢1> + <¢27'¢2>7 Vd) - [¢17 ¢2]t € Vl? 'l)b - [wlva]t ev.

By the embeddings V' — H < V’, it is easily verified that the pair (V,H) is a
Gelfand triple space with the notation V «— H < V', The norms of V and H are
denoted simply by ||| and |1p|, respectively.

Here we give a definition of weak solutions for (2.9).

Definition 2.1. A function y is said to be a weak solution of (2.9) if y €
W(0,T)=W(0,T) x W(0,T) and y satisfies

¥"(), @) + (ay'(-), @) + (By (), @) + (ysindy (), ¢) + (ky (), §)

(2.10)
= (f(-), ¢) forall ¢ € V in the sense of D'(0,T),

2.11)  y(0)=yo, ¥'(0)=y1.

For the existence and uniqueness of weak solutions for (2.9), we can state the
following theorem.

Theorem 2.1. Let aj; € R, 5; > 0,74, 6;5, kij €R, 4,5 =1,2,and £, yo, y1
be given satisfying

(2.12) feL*(0,T;H), yo€V, yi€H.

Then the problem (2.9) has a unique weak solution'y in W (0,T). The solution 'y
has the regularity

(2.13) y € C([0,T);V), y' € C([0,T]; H).

The existence and uniqueness of strong solutions of (2.8) is also proved in
Temam [12] under the stronger assumption that f; € C*([0,T]; H), y§ € D(A),
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yi € H}(Q). Since the proof is a sketch and the detailed proof is not given in there,
we give a complete proof of Theorem 2.1 in the next section.

For the continuous dependence of weak solutions for (2.9), we have the following
theorem.

Theorem 2.2. Assume that the assumption in Theorem 2.1 holds. Let y 4 =
[ya1,ya2)t (resp., yB = [yp1,yB2]’) be a weak solution of (2.9) with initial
values (ya0,ya1) €V x H (resp., (ypo,yB1) € V x H) and f4 € L*(0,T;H)
(resp., f5 € L?(0,T;H)). Then there exists a constant C > 0 depending only on
o, 3,7,0 and T such that, for each t € [0, T],

[ya(t) —ys@® +|y4(t) =y

(2.14) ,

<C <HYAO —yBoll> +lyar —yBi]* + / Ifa(o) — fB(a)\2da> )
0

Lastly in this section we give the meaning of weak solutions for (2.9). We
suppose that

fie L*(Q) and yje Ho(Q), yieL*(Q), i=12

Then by standard manipulations (cf. Lions and Magenes [10]), we can verify that
the weak solutions (y; (¢, ), y2(t, x)) satisfy

a2y1 ayl 8y2 .
Sz Ty ol — Sl +m sin(d11y1 + d1292)
+k11y1 + k12y2 = f1 in Q,
a2y2 ayl 8y2
St Fan—t — hA (011 + 0
(2.15) oz T2l T, 2Aya + Y2 8in(d21y1 + d2292)
+ko1y1 + ko2y2 = fo in Q,
y; =0 on X,
— ol H ayi g . -
yi(0,2) = y4(x) in Q and 5t (0,2) =yi(z) in Q, i=1,2,

in the sense of distribution D'(Q), and

dy;  0y; 9 . .
i cL =1,2 =1,--- .
yZ? at ) axj (Q)7 1 ) ) .] ) 7n
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3. PROOFS OF THEOREMS

Since the embedding of V' into H is compact and A is selfadjoint, there exists
an orthonormal basis of H, {w;}52,, consisting of eigenfunctions of A such that

ij:)\jwj, Vj,
0<)\1§)\2§---, )\j—>OO as j—>OO

3.1)

We denote by P, the orthogonal projection on H(or V') onto the space spanned by
{wy, -+, wy}. We define P,,, = (P, P;y). Then P,, is an orthogonal projection
on ‘H (or V).

Proof of Theorem 2.1. First we consider the existence part of Theorem 2.1. The
proof of existence is divided into 3 steps.
Step 1. Approximate solutions

We use the Faedo-Galerkin method. As a basis {w,,}2°_; we use the set of
eigenfunctions w; of the operator A which is orthonormal in H.
For each m € N, we define an approximate solution of the problem (2.9) by

(B2 ym(t) =y ®), yn )] = Zg}m(t)wp Z Gim(Bw;|

where y,,,(t) satisfies

2
%(YW(t)v [wjv O]t) + %(O‘YW(t)v [wjv O]t) + ((/BYW(t)v [wjv O]t))
+(y sin 8y (1), [wj, 0") + (Kym(t), [w;, 0])
= (£(t), [w;, 01"),  t€[0,T],1<j<m,
2
03 ) om0, 10 + a0, 0,00 + By, 0,0

+(y sin 8y (1), [0, w;]*) + (Kym(t), [0, w;]?)
= (f(t)v [vaj]t)v le [O,T], 1<7<m,
ym(o) =P,yo = [Pmyév Pmyg]tv
d

Z¥m(0) = Pry1 = [Pyt Pyl

We set Yom = [Yems Vo)t = Pmyo and y1m = [Yi,, Y2t = Pmy1. Then

(3.4) Yom — Yo in V, yim—y1 inH as m — oo.
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Let
gm - [g&m gfn]t - [(g%mv T 7gr1nm)7 (g%mv o 7gr2nm)]t'
Then the equation (3.3) can be written as the system of two m vector differential
equations
d? d ‘e = oo

with initial values

ﬁm(O) - [(yémv wl)v T (yémv wm)? (ygmv wl)v T (ygmv wm)]tv

d
Egm(o) - [(y%mv wl)v ) (y%mv wm)v (y%mv wl)v ) (y%mv wm)]t'

Here in (3.5), A =diag (A\;:i=1,---,m),
ﬁ(t) = [(fl(t)v wl)v ) (fl(t)v wm)v (fQ(t)v wl)v ) (fQ(t)v wm)]t
and . . .
N(tv gm) - [Nl(tv g&m gfn)v NQ(tv g&m gfn)]t
with

m m
Ni(t, Gy ) = [’Yl <Sin <511 Zgjlmwj + 012 Zgjzmwj> ; wl)

j=1 j=1

m m
+ <k11 Z gjl»mwj + k19 Z gjzmwj7 wl) e

J=1 J=1

m m
Y1 <sm <511 Z gjl»mwj + 919 Z gjzmwj) ) ’U)m)

1 7=1

i=
m t
+<k11 Zgjl wj + k12 Zgjmwjv wm)] ;

j=1 j=1
and

m
No (tv g&m ggn) = |:72 <Sil’1 <521 Z gjlmwj + 022 Z gjmwj> ’U)l)

g=1 g=1
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The nonlinear forcing function vector N is Lipschitz continuous. Indeed, for g, =

>0 gjl»mwj, POy gjzmwj]t and hy, = [371, hjlmwj, POy h?m wj]?, it follows
by

6o [ |sinv(@) - sino@)Pds < [ [0@) - ola) P, Vi 6 € H
Q Q
and Schwarz inequality that

<|ml (Z (sin (611 Z GjmW; + 012 Z Gimt0;)

i=1 j=1 j=1

—sin ((511 Z h}mwj + d12 Z h?mwj) ) wz‘)

J=1 J=1
m

m
((kn Z 9jmw; + k12 Z Gimt0;)
j=1 j=1
m m
(b 3SR+ b3 ) )
j=1 j=1
m m
sin((511 Z gjl*m’wj + 012 Z g?mwj)
j=1 j=1
m m
— sin((511 Z h}m’wj‘ + 012 Z h?mwj)
j=1 J=1
m m m m
b 3 bt 123 )~ s 3+ 033
= 3 g g
(011 Z g}mwj + 912 Z gjzmwj) — (011 Z h}mwj + 012 Z h?mwj)
=1 j=1 j=1 =1
m m
k11 Z(g}m — h}m)wj k12 Z(gjzm - h?m)wj
7=1

7=t m m
> (G = W) Y (G -

[\
N————
|

(2

=1

=

)

<|y|m?

1
m2

<|yi|m?

1 1
+m?2 +mz2

1
swma{wn\ T 161 » }
j=1 j=1
1 = 1 1 %
z{wm 2 gjm = i) |+ ki3 5m — }
J=1 =

< (L+ [mD)m([611] + [d12] + [k11] + Vm\)

() (S )
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<V2(1 4 | ) (|611] + |812] + k11| + |E12))m

1

2
|:Z ‘gjm - h}m‘2 + ‘gj2m - h‘j2m‘2)
—\/_(1 + |y (1011] + 1012] + lera| =+ 2| G — Fom.
By similar calculations, we can verify
<V2(1+ |2])(|621] + \522\ + ka1 | + [ka2|)m|Gm — P

So that
IN(t, Gm) = N(t,hm)| < [Ni(t, G, §2) — Nalt, b, h2,)]
+[Na(t, Gros Go) — Na(t, By 1)
< V2(1+ D8] + [K) G — Bl

This proves the Lipschitz continuity of the nonlinear term N. Therefore, this system
of second order vector differential equation admits a unique solution g, = [7,, §2,]!
on [0, 7], by reducing this to a first order system and applying Carathéodory-type
existence theorem. Hence we can construct the approximate solutions y,,(t) =

[Ym (1), Y ()] of (2.9).
Step 2. A priori estimates

In this step, we shall derive a priori estimates of approximate solutions y,, () =
[yl (t), y2,(t)]!. We multiply both sides of the first and second equations of (3.3)
by gjl;n(t) and gjz;n(t), respectively, sum over j, and add these equations to have

(Y (8), Yiu(1)) + (Qyp (8), ¥ () + (Bym(t), y7u(t))

(3.7)
+(ysindym(t), y1, (1) + (kym(t), y1,(t) = (£(), y7,,(1))-

Since

G8) (Bym(0),¥n) = 5 IVBYmOIZ (¥l0),71n(1)) = 5 1y,

by substituting (3.8) to (3.7), we have

2 !/ !/ k /
(39) o [19l? 4+ 1V Byl?] 0y, ¥1) + Oy, i)
+(7 sin 5ym7y;n) = (fv y;’n)
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It is easily verified that
(3.10) (@, yin)| < ledlyrl,

(3.11) 2(£, ym) < (F° + lyml”).

Let ¢; be the imbedding constant such that |¢| < ¢1]|¢|| for all ¢ € V. Then by
(3.6) the remaining terms appearing in (3.9) are estimated as follows:

(3.12)  2|(kym, Y1)l < 2k[lyml - |yl < [Kler(lymll? + ly?),
(3.13)  2|(ysindym, yh)| < 217 sindyn| - [yh| < [V]I8lcr(lyml? + [yh?).

Integrating (3.9) on [0, ¢] and using the estimates (3.10)-(3.12), we obtain the
following inequality

(3.14)
SO + VBV < yinf? + [VByonl + [ I£(0) e
H|+ 8 [ lyn(o) o
H1+ 2l + Ker + o) [ I3} (o)
Since [|yom| < ||yoll and |y1m| < |y1|, it follows from (3.14) that
VP + IVBymOI? < Iyal + IVBYoIP + 11220770

(3.15) t
+C / (1Y (@) + [ym(0)2)do,
0

where Cy = 1+2|a| +|k|c1 + |v||8|c1. By the inequality min{ 31, B }||ym () ||? <
IVBym(t)||?, we divide (3.15) by 3 = min{fi, 32, 1} > 0 to have

t
(3.16) [ym@? + [y < C1+ 02/0 Iy m(@)1* + [y (0)]*)do,
where
1 2 2 Gy
Gy = B[b’ﬂ +1vV/Byoll* + £l 20,m0)],  C2= R

Therefore, by Bellman-Gronwall’s inequality we have the uniform boundedness

G.17)  lym@®)* + [y, #)]* < Crexp(Cat) < Crexp(CoT), Vit € [0,T].
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Step 3. Passage to the limit
The estimate (3.17) implies that

{ym} is bounded in L>°(0,T; V),
{y!.} is bounded in L*>°(0,T;H).

Hence, by the extraction theorem of Rellich’s, we can find a subsequence {y,,, }
of {y,} and find

z € L0, T;V) C L*0,T;V), z<c L*>(0,T;H) C L*(0,T; H)
such that
(3.18) Ym, — 7z weak star in L°°(0,T;V) and weakly in L*(0,T;V),
(3.19)  y,, — % weak star in L°°(0,7;H) and weakly in L*(0,T;H).

By the classical compactness theorem (cf. Temam [11, Thm. 2.3, Chap. III]), these
convergences imply

(3.20) Ym, — 7 strongly in L*(0,T;H).
Hence, by (3.20),
(3.21) $in 8y, — sindz strongly in L*(0, T;H).

We shall show that z = z’ and z(0) = y,. For ¢t € [0,T),

t
(3.22) ymku>::ymgn>+1£ ¥ (0)do

in the V (and hence H) sense. Moreover, y,,, (0) = yom, — Yo in the }V and hence
H sense, whereas for each ¢, fot Y, (0)do — foti(a)da weakly in H by (3.19).
Hence, taking the limit in the weak H sense in (3.22) we obtain

(3.23) z(t) =yo + /ti(a)da for t € [0,7).
0

This shows that 2’ (t) exists a.e. inthe H senseand z = z’ € L?(0,T;H), z(0) = yo
(cf. [2, p. 564)).

Let j be fixed. Multiply the first equations of (3.3) by the scalar function ((¢)
with

(3.24) ¢ eC([0,7]), ¢(T)=0,
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and put ¢; = ((¢)[w;,0]". Integrating these over [0,7] for my > j and using
integration by parts, we have

/O (= (¥, (8), (1)) + (Qypn, (1), D5 (1)) + (Bym,, (1), ¢5(1))
(3.25) (v i 0y, (), @5(1)) + (Kym, (1), ¢5(t))]dt

_ /0 (£(t), d;())dt — (Yim,, b;(0)).

If we take k — oo in (3.25) and use (3.4), (3.18)-(3.21), then we have

T

/O (=2 (1), &5(t) + (az'(t), ;(t)) + (Bz(t), b5 (1))
(3.26) +(ysindz(t), ¢;(1)) + (ka(t), ¢;(t))]dt

_ /0 (£(1), ¢;(1))dt — (y1, 9(0)),

so that
(3.27)

/c 0] )t

/ C({ (0 (1), [w;, 0]%) + (Ba(t), [w5, 0]1) + (vsin &a(t), [w;, 0]")

+(kaz(t), [w), 0°) — (£(t), [wy, 0]) bt = —C(0)(y1, [wj, 0]).
If we take ¢ € D(0,7) in (3.27), then

(3.28) (), 103,01 + (0 (), 1 0) + (B0, [y, 01)

+(ysindz(-), [w;, 0) + (kz(-), [wj, 0]) = (£(-), [w;, 0])
in the sense of distribution D’(0, 7). Similarly, we have

(3‘29) %(Z/(')’ [07 wj]t) + (O‘Z/(')v [07 wj]t) + ((/BZ()v [07 wj]t))

+(sindz(-), [0, wj]") + (kz(-), [0,wy]*) = (£(-), [0, w;]")
in the sense of distribution D'(0, T'). Since {D_7"; &;[w;, 0]"+3°7%, 1;(0, wyl’| &, mj €
R, m € N} is dense in V, we conclude by (3. 28) and (3.29) that for all ¢ €V,

(@"(-), p)vy + (az'(-), @) + (Bz(-), @) + (vsindz(-), ¢)

(3.30)
+(kz(), ¢) = (£(-), ¢)
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in the sense of D'(0,T), and that 2”7 = —BAz — az’ — vsindz — kz + f €
L?(0,T;V"), and hence z € W (0, T'). Multiplying both sides of (3.28) and (3.29)
by (¢ in (3.24) and using integration by parts, we have from (3.26) that

(z(0), [wy, 0])¢(0) = (y1, [wy, 0]")¢(0),

(z'(0), [0, w;]")¢(0) = (y1, [0, wy]*)¢(0)
and that (2'(0), [w;, 0]') = (y1,[w;,0]), (z'(0),[0,w;]) = (y1,[0,w;]"). Since
the span of {[w;, 0], [0,w;]'}32, is dense in , we obtain 2'(0) = y1. This proves

that z is a weak solution of the problem (2.9). This completes the proof of the
existence part of Theorem 2.1.

The uniqueness part of Theorem 2.1 follows immediately from Theorem 2.2. m

Proof of Theorem 2.2.
For the proof of Theorem 2.2, we need the following proposition on energy
equality.

Proposition 3.1. Assume that the assumption in Theorem 2.1 holds. Let y =
[y1, y2]! be a weak solution of (2.9). Then, for each t € [0, T], we have the following
equality

YO+ IVBY®+2 [ (@y'(0).¥())do
(331) +2/0 (’ysinéy(a),y(a))da—i—Q/o (ky(0),y/(c))do

= [y1]* + H\/ByoH?+2/0 (£(0),y'(0))do.

Since sin dy(t) € L?(0,T;H), by considering this nonlinear term as a forcing
function term, the equality (3.31) can be proved by the regularization method for
linear equations as proved in Lions and Magenus [10, pp. 276-279].

Now we give a proof of Theorem 2.2. Let z = y4 — yp. Since z is a weak
solution of (2.9) with v = O and f(¢) = v(sindy 4(t)—sin 8y g (t))+(fa(t)—fp(¢))
with initial values zg = y 40 — Y B0, Z1 = Y41 — YB1, by Proposition 3.1, we have

(3.32)
2O+ VB + 2 /0 (aZ(0), 2/(0))do
—|—2/0 (’y(sinéyA(a)—sinéyB(J)),Z'(J))da—i—Q/o (kz(0),2'(0))do

= \Z1\2+H\/BZ0HQ+2/O (fa(o) — fp(0),2'(0))do.
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Since
2|(v(sin 8y a(t) — sin 0y (1)), 2 (t))| < |[ylldlex(2(t)|I* + |2/ (£)[?),
2|(£a(t) — £5(1),2'(1))| < [£4(t) — £B(1)1* + |2/ (1),
by substituting these into (3.32), as in the proof of Step 2 of Theorem 2.1, we have
(3.33) 12 (t)* + [|VB2()|1? < |21 |* + [IVBzo|1” + 14 — £BlI72 (0 120
+Co Jy(12/(0)] + ||2(0)|”)do

for some Co > 0. So that by min {8y, 2} 2]1* < [|/Bz|? < max {1, A} |2

lz()11 + |2 (6)[* < C1(llzo]1* + |21 + [1£4 — £ 720 7.5¢))

(3.34) :
+Co [ (20| +12/(0) o
0

for some C7,Cy > 0. Then by applying Bellman-Gronwall’s lemma to (3.34), we

obtain
(335) lz(0)]1% + 12'(t)]* < Cr(llzoll? + |21 ]* + fa — £8]172( 1.9) exp CaT,
t e [0,T],

which proves the inequality (2.14). This completes the proof of Theorem 2.2. m

4. OpriMAL CONTROL PROBLEMS

In this section, we give an application to optimal control problems for the coupled
sine-Gordon equations. Consider the following control system described by the
nonlinear sine-Gordon equations (CS):

02 0 0 .
W%l + an% + 0612% — B1Ay1 + y1sin(d1191 + d12y2)
+kny + kigy2 = Bivi(t,z) in Q,
2 0 0 .
@.1) sz + agl% + 0422% — B2Ays + Y2 8in(d2191 + d22y2)

+ko1y1 + kooya = Bova(t,z) in Q,
Yi = 0 on E,
yi(0,x) = Eéwé(m),

9y

5 (0,z) = Eiwi(z) in Q, i=1,2.

Here v; and wj, wj are forcing and initial functions control variables, and B; and E;
are bounded operators (controllers) from the Hilbert spaces V; and W; into the spaces
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which admit the unique existence of weak solutions of (4.1) (: = 1,2, 57 = 0,1).
More precisely, we assume that

4.2) v; € V; = Hilbert space, i=1,2,
4.3) w) € W = Hilbert space, i=1,2,
4.4) w} € Wi = Hilbert space, i=1,2,
and that

B; € L(V;, L*(0,T; L*(Q))), i=1,2,
4.5) El e L(WE HLHRQ)), i=1,2,
Ei e L(WE LA(Q)), i=1,2.

We set v = [v1, vo]?, wo = [w§, wd], and wq = [wi, w?]! and define the following
product Hilbert spaces of control variables:

(4.6) V=V xVy, Wo=WxWs W;=W xW
The inner products of V, Wy, W are denoted by (-, -)v, (-, -)w,, (-, -)w,, re-

spectively. Also we define the vectors of bounded operators B, Eg and E; by

4.7) B = [ gl 22 ] € L(V,L*0,T;H)),

E§ O El O
(4.8) Ey = [ OO E02 ] S E(WQ,V), E, = [ Ol E12 ] S E(WLH)

Then the system (4.1) can be written as the following system of vector form

2 + — BAy +vsindy +ky =Bv in Q
8752 ot > ’
(4.9) =0 on X,

a—y((),av) =E;wi(x), z€Q,

=E
I 2

or of the evolution equation form

4.10) v+ ay 4+ BAy +vsindy + ky = Bv in (0,7),

4.10
y(0) = Egwo, y'(0) = Eqw.

Now we define the product Hilbert space of total control variables

(4.11) U=V x Wy x Wj.
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The inner product and the norm of U are denoted by (-, -);; and || - ||y, respectively.
An element u = (v, wg, w1) € U is called a control of (CS).

By virtue of Theorems 2.1 and 2.2, for each u = (u, wo, w1) € U there exists
a unique weak solution y(u) = y(u;t) € W(0,T) of (4.1), which is continuous
in the control variables u = (v, wo, w1) € Y. Then we can define uniquely the
continuous solution map u — y(u) of & into W(0,T).

The observation of the state is assumed to be given by

(4.12) z(u) = Cy(u) = Clyi (u),y2(w)]" € M,

where C is an operator called the observer, and M is a Hilbert space of observation
variables.

In this paper, we restrict ourselves the observation to the cases of distributive
observations and terminal value observations. The cost J(u) attached with (CS) is
given by the following quadratic cost:

J(u) :"‘il/ ly(u;t, 2) — zg(t, ) *dzdt
Q

(4.13) +h /Q y(w; T, z) — zo(z)[*ds
+Rv,v)v + (Mowo, wo)w, + (M1w1, w1)w;,

Yu = (v, wo, w1) € U,

where k1, ko > 0, R, My, M; are nonnegative operators on V, Wy, W, respec-
tively, and zq = (2, 23) € L*(Q)?, 20 = (2§,23) € L*(Q)? are desired values
in L2(Q)? and L?()?, respectively.

Our main concern in this section is to solve the optimal control problem for the
nonlinear control system (4.1) with the cost (4.13). Let U,4 be a closed and convex
subset of ¢/, which is called the admissible set. The quadratic cost optimal control
problem is usually devide into two problems:

(i) Find an element u* € Uy,q such that infy,gy,, J(u) = J(u*).

(i1) Give a characterization of u*.

Since the control system (4.1) includes a nonlinear term, it is not easy to solve
the problem (i). By using the compactness imbedding theorem in Temam [11], we
can prove the following theorem.

Theorem 4.1. Assume that the conditions of Theorem 2.1 hold, the cost J(u)
is given by (4.13). If all R, My and M are positive or U,q is bounded, then
there exists at least one optimal control u* for the cost J(u) in (4.13) subject to
the control system (CS).
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For (ii) we solve the problem by giving necessary optimality conditions. We can
prove the following criterion on necessary optimality conditions associated with the
cost (4.13) along the line of Ha and Nakagiri [5] based on the work by Lions [9].

Theorem 4.2. The optimal cost u* = (v*, w§, wy) such that min{J(u) :
u € Uyq} = J(u*) for the cost (4.13) is characterized by the following system of
equations and inequality:

0?2 0
a—g—i—aa—i’—,@Ay—i—*ysinéy—i—ky:Bv* in Q,
y=0 on X,
y(u*;0,z) = Egw{(z), E( ;0,2) = Eywi(z), z€Q,
y € W(0,T),
2
88712) - ataa—lt) — BAp + ~8* cos §y (u*; t)p + k'p

= r1(y(u") —zq) in Q,
p=0 on X,

op «

p(T,z) =0, E(T,x):@(y(u;T)—zQ), T €,
p € W(0,T),

/ (p(u*;t,2))B(v — v¥)(t, z)dxdt
Q

+ /Q(atp(u*; 0,z) — %—It)(u*; 0,2))Eo(wo — wg) (z)dx

+/(p(u*;0,x))E1(w1 — wi)(z)dx
Q
+(Rv*, v — vy + (Mow§, wo — wi)w, + (Miw], w; — wi)w, >0,
Yu = (v, wo, W1) € Upg.
Since it requires too long calculations to prove this theorem, we omit the proof. The

further study of optimal control problems for (CS) will appear elsewhere.
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