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POINCARE RECURRENCES OF COUPLED SUBSYSTEMS
IN SYNCHRONIZED REGIMES

Valentin Afraimovich

Abstract. We introduce a notion of topological synchronization by using
Poincaré recurrences of coupled subsystems. We show that the dimension
of Poincaré recurrences may indicate synchronized behavior.

1. INTRODUCTION

It is well-known now that dynamical systems with chaotic behavior can be
synchronized provided that they are coupled by a dissipative coupling (see, for
instance, [11] and references therein). In other words, a system

1) { &= X(z)+ cF(x,y,c),

y=Y(y) +cG(z,y,0),

where x € R™, y € R", c is a coupling parameter, can behave in such a way
that the xz-component and the y-component of a solution x (¢, zo, yo), (¢, o, yo),
manifest “similar properties” for t > g > 1, independent of initial conditions
(z0,y0) in a large region in R™™. In the case of “exact” synchronization, the
following identity holds:

(1.2) Jm |(t, %o, y0) — y(t, w0, y0)| = 0.

Of course, in this case m = n and the right-hand side of the system (1.1)
should satisfy the identity

(1.3) X(x) + cF(z,z,¢) =Y (x) + cG(z,x,c).
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For example, it is so if X(z) =Y (z) and F(z,z,¢) = G(z,z,¢) = 0.

However, if coupled subsystems in (1.1) are nonidentical then we can-
not expect the validity of (1.2) and the notion of “synchronization” may be
treated differently. Specialists introduced notions of phase synchronization
[14], asymptotic synchronization [9], stochastic synchronization [3], general-
ized synchronization [1] and others to point out significant features of the
synchronization phenomena. The present work is of the same spirit. A defi-
nition of synchronization will be introduced which is based on the notion of
Poincaré recurrences.

We start with periodic oscillations. Assume that the system & = X (z) has
a linearly stable limit cycle L; with the period 71 and the system y = Y (x) has
a linearly stable limit cycle Lo with the period 5. Then the system (1.1) for
¢ = 0 has the attracting torus Ty = Lj X La. If the rotation number py = 71 /72
is rational, then T} consists of periodic orbits of the system (1.1) for ¢ = 0; if
po is irrational then every orbit on T is dense (on it). For ¢ # 0 and small
enough, still there exists an invariant attracting torus 7. in a neighborhood
of Ty [7]. Generally, for an open region in the parameter space, the system
(1.1) has stable limit cycles. The synchronization regime corresponds to the
existence of the stable limit cycle, say L., on the torus 7.. The Poincaré
rotation number for these values of parameters is rational, say, my/ng € @,
and it means that the closed curve L. makes mg rotations along the generator
L1 of the torus Ty and ng rotations along another one. In terms of individual
subsystems, we can describe the regime as follows. The orbit L. corresponds
to the solution = = x.(t), y = y.(t) of the system (1.1), where x.,y. are 7.-
periodic vector functions. One can introduce “polar coordinates” (a;,6;) in a
neighborhood of L;, ¢ = 1,2, in R™ for i = 1, and R" for ¢ = 2, such that 6, is
an angular coordinate along L; and aj(resp. ag) is an “amplitude” coordinate
on a transversal to Lj in R™ (resp. to Ly in R™). Then (for small values of c¢)
the solution (x.(t),y.(t)) can be expressed in the new coordinates in the form

ay; = ai(t), 01 = wit + ai(t), mod 7,

(1.4) ag = as(t), O3 = wat + as(t), mod 7,

where a1, az, a1, ag are T.-periodic functions and wy /wy = ng/mg. For the sake
of simplicity, assume that a; and as are constants, a; =0, ag =0, mg = 1.
Then at the moment ¢ = t;, = 7./w; we have 60;(t;) = 61(0) mod 7, and
Ze(tz) = xc(0). However, only at the moment ¢t = t, = 7./ws = ngt,, the
second coordinate y.(t,) = y.(0). In other words, the “period” t. of oscillations
in the x-subspace can be different from the period of those in the y-subspace,
and this difference can be written as the following equation

te 1

1.5 = .
(1.5) =
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The same is true if mg # 1, and, then,

t
(1.6) e _ O,
ty no

Assume now that for some parameter values, the system (1.1) has an at-
tractor A. containing infinitely many orbits, such that for (z9,y9) € A. the
projections x(t, xo,yo) and y(t, xo, yo) of the solution (x,y)(t, xo, yo) onto the
x-subspace and the y-subspace behave similarly. In order to define rigorously
this similarity, we have to be sure that if (zg,yp) belongs to a periodic orbit
then something like the inequality (1.6) holds and the number mg/ng is in-
dependent of the choice of the periodic orbit in the attractor. Furthermore,
if (zo,y0) belongs to a nonperiodic orbit we should define some quantities
which are similar to the periods of periodic orbits, and we again have to have
something like the equality (1.6) for these quantities. We use Poincaré recur-
rences in the capacity of desired quantities, and we use Carathéodory-Pesin
[13] approach to compare the Poincaré recurrences for different subsystems.

2. POINCARE RECURRENCES

Orbits in Hamiltonian systems and limiting orbits in dissipative systems
possess the property of a repetition of their behavior in time. This repetition
can be expressed in terms of Poincaré recurrences.

Consider, first, a dynamical system with discrete time, generated by a map
f: M — M, where M is the phase space of the system which is assumed to be
a complete metric space. Let A be a compact f-invariant subset (for example,
A is an attractor). Given a set U € A and a point z € U, let us denote by
t(z,U) the smallest positive integer for which f*U)z € U again.

Definition 2.1. 1. We call t(z,U) the Poincaré recurrence for the set U
specified by the point z (it can be 0o, of course).

2. The quantity

2.1 U) = inf t(2,U
(2.1) 7(U) = inf (2, U)
1s called the Poincaré recurrence for the set U.

It is clear that 7(U) < oo if U is open, and nonwandering points (in A) are
dense in A. For volume-preserving maps of a Riemannian manifold, 7(U) < oo
if U is open, thanks to the Poincaré recurrence theorem (see for instance [10]).

Consider now the flow (ft, M), where t € R and M is the phase space.
Given an open U and a point z € U, let us denote by ¢;(z,U) the following
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number: if fz € U for all t € RT, then t1(2,U) = oo; if there is g € R such
that floz ¢ U, then
tl(z, U) = inf{t0|ft°z ¢ U}

Since U is open, therefore if there is t > t;(z, U) such that ftz € U, then there
exists a maximal interval (o, 3) 3 £ such that ftz € U for any t € (o, 3). Set
t(z,U) =0, if t1(z,U) = oc;

t(z,U) :irlfa—gﬁ7 if t1(2,U) < o0,

where the infimum is taken over all maximal intervals («, ) such that o >
t1(z,U) and flz € U if t € (o, 8). In particular, iz e .

Definition 2.2. The number t(z,U) is said to be the Poincaré recurrence
for the set U specified by the point z. The number

(2.2) T(U) = Zlglf]t(z, U)
1s called the Poincaré recurrence for the set U.

These definitions are related to the repetition of the motion along orbits
of dynamical systems. However, we are going to deal with the properties of
the repetition along the z-(or the y-) components of the solution of a system
of (1.1) type. We have to extend the definition of Poincaré recurrences to the
case of coupled subsystems.

Let X,Y be complete metric spaces and f! : X xY — X xY be a dynamical
system, t € RT or t € R, in the case of continuous time, and t € N or t € Z
in the case of discrete time. Let A be a compact invariant subset of X x Y
and m A =A; C X, mA = Ay C Y be the images under natural projections
of A to the first and the second subspaces respectively. Let

x(t,:):*,y*) = Wlft(l'*,y*) C A17
y(tﬂ?*;y*) = Fth(x*uy*) C A2

be images of the orbit { f!(x.,y«)} going through an initial point (z.,y«) € A.

Consider, first, the case of the discrete time. Let Uy C X N A; (resp.
Us C Y N Ay) be an open set in Ay (resp. Ag), and xg € U; (resp. yo € Us).
Let Yy, = mo(my (o) N A), the set of the y-coordinates of all preimages of the
point xg in A (resp. X,, = 71 (75 (y0) N A)). Denote by t,(z,U;) the smallest
positive integer for which 71 (f%=(*U1)2) € Uy, where 2z = (20, y), y € Ya,, and
by t,(Z,Uz) the smallest positive integer for which mo(ftv(3U2)2) € Uy, where
Z=(z,y0), z € Xy,.
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Definition 2.3. 1. The number

(2.3) t(zo,Uy) := inf ty(z,U1),

yE€Yzg

z = (20,Y), Yy € Ya,, is said to be the x-Poincaré recurrence for the set Up
specified by the point xg € Uy. The number

(2.4) T:(U1) := inf t(xo,Uy)

roceU;

s said to be the x-Poincaré recurrence for the set Uy.

2. The number

(2.5) t(yo,UQ) := inf Ify(Z,UQ),

TE€EXy,
Z = (z,90), © € Xy, is said to be the y-Poincaré recurrence for the set Us
specified by the point yo € Uy. The number

(2.6) 7y(U2) := inf t(yo,Us)
yo€U2

1s said to be the y-Poincaré recurrence.

For the case of continuous time, we proceed in the way of Definition 2.2.
Let U3 € X N A; (resp. Uz C Y N As) be an open set in Ay (resp. As), and
zo € Uy (resp. yo € Uy). As above, denote by Yy, the set mo(my  (z9) N A) of
all mi-preimages of the point xg € Ay (resp. Xy, = m (F;l(yo) N A, the set
of all me-preimages of the point yy € Az). Introduce the number ¢;(xg, Uy)
(resp. to(yo,Us)) as follows. If m(ft2) € Uy, t € RT, (resp. ma(f'Z) €
Uy, t € RT), where z = (20,y), y € Yy, (vesp. Z = (2,%0), © € X,,), then
t1(zo, Ur) := o0 (resp. ta(yo,Usz) =: 00). If there exists z = (x0,y), y € Yz,
(resp. Z = (z,v0),x € X,,) such that m1(f*z) & Uy for some ¢y = to(y) (resp.
ma(ftZ) & Uy for some tg = to(x)), then

. ; to(y)
(2.7) t1(xo, Uy) =: yg)l/{o inf {to(y)|f oWz o Ul}
(2.8) (resp. ta(yo, Uz) =: xér)l(fyo inf {to(x)|ft°(x)2 &z Ug}) .

Since the set U; (resp. Us) is open, then if there exists ¢ > t1(xg, Uy) (resp. t >

ta(yo, Uz)) such that wl(ff(xo,y)) € Uy for some y € Yy, (resp. ma(f*(z,y0)) €
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U, for some = € X,,), then there is a maximal interval (o, 3) > ¢ such that
m(f (zo,y)) € Uy (vesp. ma(f(z,y0)) € Us) for any t € (a, 3). Set

t(xovUI) =0 if tl(x()aUl) = 00;

(2.9)
(0, Uh) = infyey,, inf 20

if tl({L'(), Ul) < 00,

where the first infimum is taken over all maximal intervals (o, 3) such that
a > ti(zo,Ur) and m1(f'(xo,y)) € Uy if t € (a,B), y € Yy,. In particular,
71 (f@0U0) (z4,9)) € Uy for some y € Yy,. Similarly, introduce

t(yﬂu UQ) =0 if t2(2/0, UQ) = 0o0;
(2.10) o
t(yo, UQ) = ianEGXyO inf Tﬁ if t2(y07 UZ) < 00,

where the first infimum is taken over all maximal intervals (c, 3) such that
«Q Z t2(1/07 U2) and

7T2(ft(377y0)) e U if te (avﬁ)7 T e Xyo'

Definition 2.4. The number t(xg,Uy) is said to be the x-Poincaré recur-
rence for the set Uy specified by the point xo. The number
(2.11) Tx(Ul) = inf t(xo,Ul)
zocUq
is said to be the x-Poincaré recurrence for the set Uy. The number t(yo, Uz)

18 said to be the y-Poincaré recurrence for the set Uy specified by the point
yo € Us. The number

(2.12) Ty(UQ) = inf t(y(),UQ)
yo€U2

is said to be the y-Poincaré recurrence for the set Us.

The main difference between Definitions 2.1, 2.2 and 2.3, 2.4 is the addi-
tional infimum. We take the infimum not only over all points in the open set
but also over all possible “branches” going through the point in it. Roughly
speaking, the curves z(t) for different initial condititions can intersect each
other (they are not the orbits but only their projections) and at a point of the
intersection we should take into account all possible itineraries. Of course, it
is possible to introduce not the infimum but some other function of different
“branches”, but at the moment, the infimum seems to be a satisfactory one.

3. TOPOLOGICAL SYNCHRONIZATION
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We defined in the previous section the quantities which play the role of
the periods. By using them, we may define some kind of “synchronization
equalities” of the type (1.5), (1.6). We should take into account that 7, (U;)
and 7, (Usz) depend on the sets Uy, Us. For example, they may go to infinity as
diam (U1) — 0 (resp. diam (Us) — 0). Moreover, we have to be prepared for
the fact that not all points on a fixed “curve” x(t),y(t) determine the same
value p/q.

Consider the following example of a periodically perturbed oscillator:

(3.1) i+ ki+ f(z)=asing, 60=1,

where the nonlinearity f(x) is of the Duffing-type. It is well-known (see, for
instance, [9]) that for same values of the parameters the system (3.1) undergoes
the period-doubling bifurcation, and has a stable 4m-periodic limit cycle, say,
L. For the system (3.1), the phase space is the direct product R? x S!,
where X = {(z,#)} € R?, Y = {#,mod 27} = S'. Let {x = mo(t), & =
to(t)} € X, {# = t,mod 27} C S! be a solution corresponding to L. It
is simple to understand that the curve x = xo(t), & = @o(t), t € [0,4n],
which is the projection of L onto X, might possess points of self-intersection.
At each of these points, say, (z«,2.), we have x, = xo(t1) = zo(t2), &x =
xo(t1) = Zo(ta), t1 # to, t1, ta € (0,4m). If L is close to limit cycle at
the bifurcation moment, then such points have to exist by simple geometrical
reasons. Evidently, if U; is a small neighborhood of (z, ), then 7,(U;) <
4w — &, where 6 is independent of diam (U;), while 7, (U) & 4, where U does
not contain points of self-intersection and is small enough. The example shows
that not all points on z(t) (or y(t)) are responsible for the “right” value of
Poincaré recurrences. However, generally, most of them are the desired ones.

Let us emphasize that each point 0(tg) = 0(tg + 27), mod 27, corresponds
to at most two different points on the curve (z,£)(t) : (x,2)(to) and (z, &) (to+
2m), if to € [0, 27).

All features mentioned in the example may serve as the basic ones for
a definition of a synchronization. But before that, we recall that a system
ft: X xY — X xY has an attractor A if A is compact and there is an open
set U D A such that fiU C U, t > 0, and A = (=0 f'U. (In principle, we
might use any definition of the attractor. However, for the sake of definiteness,
we restrict ourselves to this sufficiently appropriate definition).

Definition 3.1. A dynamical system f': X xY — X x Y is said to be
(mg/ng)-topologically synchronized if the following hold.

(i). It has an attractor A such that nonwandering (in A) orbits are dense in

A.
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(i).

(ii).

(3.2)

(3.4)

Valentin Afraimovich

There is a number N € Z such that for any point xoy € m1(A) , the set
Yy, contains at most N points, and for any point yo € ma(A) the set Xy,
contains at most N points.

There is a compact set B C A (B might be empty) such that if A; =
m1(A), Az = m(A), By = m(B), By = ma(B), then

dimB(BZ-) < dimH(Ai), 1=1,2,

where dimp (resp. dimp) is the upper boz (resp. Hausdorff) dimension
(see below).

. For any point (z9,yo) € A\ B, there are numbers ey > 0 and a; > ag > 1

such that: for any open set Uy C X, Uy 3 xg, diam U; < e < g, there
is an open set Uy C Y, diam Us < a; - diam Uy, Uy 3 yg, and for any
open set Uy C Y, Us > Yo, diam Uy <e< €g, there is an open set Ul,
diam U; < as - diam Us, Ul S xg such that

™m, T, ~
7, (Uy) = n—(fu(Uﬁ + B, Tu(Uh) = m—ZTy(w) + B,

where mo,ng € Z4, and 1 = Bl(Ul,ﬁg), B2 = B2(U1,Us) are bounded
as € — 0.

. If 6(B) is an open §-neighborhood of the set B in A where ¢ is small

enough, then the constants €y, a1,as can be chosen to be the same for
any point (zo,yo) € A\ 6(B). They depend only on 6. Furthermore, the
functions 12 = $12(U1,Us) can be estimated from above by a constant
B > 0 depending only on § and ¢ : |B12] < B.

. Moreover, for any set Uy, Uy 3 xy, xx & m(6(B)), diam Uy = ¢ < g,

consider the union

U U Ua(zo,p),

zo€U1 yE€Yx

where Ua(xo,y) is a set with diam Uy (xg,y) < ai€, the ezistence of which
was assumed in the assumption (iv). We claim that there are finitely
many points xos € Uy, s=1,---,5, such that

s
U U Uz(xo,y):U U Ua(os,y).

zo€eU; yEYzO s=1 yEYTOS

In other words, we claim that if xo € Uy and Uy N By = ¢ then the set
Us(zo,y) depends, in fact, on the set Uy but not on xqg in Uy. Further-
more, we assume that there is a constant Sy = So(d) such that S < Sy
for any given set Uy, Uy > xo, 9 € m(d(B)), diam U; < € and ¢
is small enough. Similarly, for any set Uy 3 ., ys & m2(56(B)), diam
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(:]2 = ¢ < g9, we consider a set Ul(yo,x), where yo € Us, @ € Xy,, diam
Ui(yo,z) < age, which was mentioned in (iv). We claim that there are
finitely many points yos € Us, s =1,---,5, such that

S

(3.5) U U ﬁl(xyyO): U U Ul(x7y08)'

yoGUQ TE€E Xy, s=lzeXy,,

147
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Remarks 3.1.

1. The condition (i) tells us that the Poincaré recurrences are finite for any
open set, and, moreover, one should observe synchronization for ¢ > 1
for open set of initial conditions.

2. The condition (ii) claims that the projections 7; and 7y are finite-to-one
maps. It is a natural assumption which is known to be satisfied, for
example, if f!/A is a minimal flow and coupling is unidirectional [6].

3. The inequalities (3.2) mean that the “bad” points occupy a small part
of the attractor.

4. The assumption (iv) tells us that in a neighborhood of a good point we
have some kind of synchronization equalities (1.5), (1.6).

5. If Ay, Ay contain infinitely many points, then condition (ii) implies the
impossibility for an uncoupled system (¢ = 0in (1.1)) to be synchronized.

6. If for any € > 0 it is possible to cover A; (resp. Ag) by finitely many
open sets U;, diam U; < ¢, (resp. Vj, diam V; < ¢), such that there
is a Lipshitz homeomorphism from U; to Vj;) provided that U; N B; =
¢, Viiy N Bz = ¢, and if the inverse map Vj;) — U; is also Lipshitz-
continuous, then A; and As are locally homeomorphic everywhere except
for a neighborhood of the “bad” sets By and By. In this case, the
assumptions (3.4), (3.5) are satisfied. It is possible to show then that
dimpg A; = dimy As (see below).

4. CARATHEODORY-PESIN CONSTRUCTION

We describe here a general approach developed by Pesin [13] on the basis
of classical Carathéodory results.

Assume that X is a metric space with a distance p, and F is a collection of
open subsets of X, or F is the collection of all balls of all diameters. Consider
functions &(u),n(u) of subsets u € F satisfying the following properties:

(1) n(u) >0 ifu#0, &(u) > 0.

(2) For any 0 > 0, one can find € > 0 such that n(u) < ¢ for any u € F with
diam u < e (diam u = sup, ¢, p(7,y))-

The collection F and the functions &(u),n(u) of sets in F form a Carathéodory
structure [13]. Fix some Carathéodory structure and consider a finite or count-
able cover G = {u;} of X by sets u; with diam w; < . Then introduce the
sum
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(4.1) (a,e,G) Zﬁ ui)n
and consider its infimum

(4.2) M(a,e) = ingﬂuz')n(uz')a,

where the infimum is taken over all finite or countable covers G with diam
uj <€, uj € G. The quantity M(a,¢) is a monotone function with respect to
g; therefore, there exists a limit

m(a) = lim M (a,¢€).

e—0

It was shown in [13] that there exists a critical value o, € [—00, o0] such that

m(a) =0, «a>a:; «aF#+0o0,

m(a) =00, a<ae, aF —00.

The number a is said to be the Carathéodory dimension relative to the struc-
ture (F,&,n).

For example, if F is a collection of balls { B(x,¢)} of all diameters € > 0,
centered at all points z € X, &(B(x,¢)) =1, n(B(z,e)) = ¢, then

N(e)
M(a,z—:,G) = Z[diamB(xi,ei)]O‘, g; < g,
i=1
and o, = dimg X is the Hausdorff dimension. If the Hausdorff measure

m(a.) = me is positive and finite, then the average

([diamB(z;, £;)]%) ~ ]\’;(Le) e 1.

Consider another structure (F,£,n) on the same set X, and let o, be the
corresponding dimension. If 0 < m(a.) = m. < oo, then the average

) =
1
(€ (ui)n(ui)* N(E Z& (ui)m(ui)®,

where N (e) is the minimal number of balls of diameter ¢ needed to cover X.
Hence,
In N(e)

a. = dimpX, the upper box dimension of X, dimpX = mEHOW’
n

149
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and

In N(e)

a. = dimp X, the lower box dimension of X, dimzpX = hime—ﬁm'

If the box dimension exists, i.e., if

dimpX = dimgX = b,
then
(4.3) N() ~e? ex1,
and for an arbitrary structure (F,&,n) we have
(4.4 (€ (s ~ <

also behaves as m./N(¢) if ¢ < 1; here N(e) is the number of sets u; in a
cover with diam u; < e.
Now introduce the sum

(15) Rlae,G) = Y €(ui)n(us)”,

where {u;} = G is a cover of X by sets w; with diam u; = € (not < ¢ as
above!). Consider the infimum

R(aye) = iIéf R(a,e,G),

where the infimum is taken over all covers G = {u;} with diam u; = e. We
may expect that the limit of R(«,e) as ¢ — 0 does not exist. Consider the
upper and lower limits

F(a) = lim._oR(a, €)

and
r(a) = lim,_oR(a, ).

It was shown in [13] that there are critical values &, > a, such that

a) = 0, a>ae ac# +oo,
00, a< Qe Qe F —00,

and

(a) — 07 « > QC? QC # —"_007
00, a<q, a.F —00.
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The number @, is said to be the upper and a,. the lower capacity relative to
the structure (F,&,n).
If we assume, in addition, that

0 <r(dimpX) < oo, 0<7(dimpX) < oo,

then

N(&r) ~&,%, Nlg) ~eg ™,

where {&} (resp. {g;}) is a sequence of values of € such that

lim._oR(qc,€) = lim R(a, &)

—00

(resp. lim, ,oR(a.,e) = lim R(ac,aj)) .

J—00

For example, if F is the collection of the balls {B(z,¢e)} of all diameters
€ > 0 centered at all points x € X and

n(B(z,e)) = diam B(x,e) = ¢,

then
R(a,e) = iréfzi:[diam B(x;,e)]* = N(e)e?,

provided that o, = &, = b. Thus, the described construction allows one to
estimate the asymptotic behavior of some average values of functions of sets.
We use it to study Poincaré recurrences [2], [4].

5. DIMENSION AND CAPACITIES FOR POINCARE RECURRENCES

We give a definition of “fractal” dimension for Poincaré recurrences [2] [4]
[5]. Consider a dynamical system (f, M). For any open set u, we introduced
the Poincaré recurrence 7(u).

A desired characteristic should be an average value of 7(u). We use
the Carathéodory-Pesin construction to introduce it. Consider the following
Carathéodory structure: F is the collection of all open sets in the phase space
M, n(u) = diam u, {(u) = ¢?[7(u)], where p(t) is a monotonically decreasing
function and 7(u) is the Poincaré recurrence for the set uw € F. Then, consider
the quantities (4.1) in the form

(5.1) M(a,e,p,q) = iléfz o(7(u;))?(diam u;)®,
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where the infimum is taken over all covers G = {u;}, diam u; < ¢, and (4.2)
is considered in the form

(5.2) R(a,e,0,q) = i%fz o(7(u;))!(diam wu;)®,

where the infimum is taken over all covers H = {u;}, diam u; = €. Now apply
the general construction and obtain the dimension a(q) and capacities a(q)
and a(q) for values of the parameter ¢ in an interval. These characteristics
are said to be the spectrum of dimensions and the spectra of capacities for
Poincaré recurrences. It follows from [13] that a(q) < a(q) < a(g). Assume
that there is a number go (resp. @ or g,) such that go = sup{qla(q) >
0}, go = sup{qla(q) > 0}, 9, = sup{qla(q) > 0}. Then the value qo (resp. qo
or Qo) is called the dimension (resp. the upper or lower capacity) for Poincaré
TECUTTENCES.

In order to understand the significance of the definition, let us suppose
that g9 = qo = 4, and dimp M = b is the box dimension. Then

(5.3) (o(1(u;))P) ~ e, diam u; = e.

It was shown in [2] that in a nonchaotic situation (minimal sets), the function
©(t) = 1/t can serve well. Thus for the case of minimal sets we have

and we can expect that
(5.5) (1(us)) ~ g0/,

The example in the next section shows that in chaotic cases we should use
o(t) = e, ie., (5.3) becomes

(5.6) (ema0T()y &b,

6. SPECTRUM OF CAPACITIES FOR TRANSITIVE TOPOLOGICAL
MARKOV CHAINS

Let A be the matrix of transitions for a topological Markov chain satisfying
the condition of mixing [10]: there exists ng > 0 such that A™ has only positive
entries. Therefore, we may introduce such a metric on the space of admissible
sequences {24 for which

(61) dlam([lo . "L'n_ﬂ) = a_”, n>ng, a>1,
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where [ig - - i,—1] is a cylinder, i.e.
[io -+ +in—1] = {w = (jo j1--) € Qaljo =10, Jn—1 = in-1},

the set of all admissible infinite sequences for which the first n coordinates are
determined by [ig - ip—1].

Remark 6.1. Such topological Markov chains appear, for example, when
we describe some repellers of maps with the constant derivative a. The sim-
plest of them is the map x — az, mod 1, restricted to a set of orbits belonging
to [0, 1] and forming a topological Markov chain.

We shall calculate the capacity, so we may consider only values of ¢ =
a™" n € Zy, (see [13]) and we consider covers of Q4 by cylinders {[ig - in—1]}
for a fixed n. Then the equation (5.2) becomes

(6.2) Rn(a,q) = Z e—qr(io...in_l)a—an7

(f0°+in—1)
where the sum is taken over all admissible words (ig - -i,—1). The main idea
is to rewrite (6.2) in the form

(6.3) (Ple_q 4+ P44 Pmne_m”q) a” ",

where Py is the number of cylinders [ig - - - i,,—1] for which 7([ig - - - i,—1]) = k.
Of course, for that we need to show first that m,, < co. The following result
holds.

Proposition 6.1. R,(«,q) can be represented in the form (6.3) where
my <N+ ng
(ng is a constant in the condition (6.1) of mizing).

It means that Poincaré recurrence for a cylinder of length n cannot be
greater than n + nyg.

Proof. We need to show that each cylinder [ig - - - i,,—1] contains an (n+ny)
periodic point. Indeed, since a;:’ilio > 0 by assumption, there exists a collec-
tion (41,42, - -, jng—1) such that the periodic point (- - [ig - - - tn—1]41 - * * Jng—1[t0
< ldp_1]J1 - Jno—1 - +) belongs to Q4. This point has period n+ng and there-
fore 7(u;y...i, ,) < n+ ng for any admissible cylinder [ig - - - ip—1]. m
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The next proposition tells us that the Poincaré recurrence is realized due
to the existence of periodic points.

Proposition 6.2. 7([ig---i,—1]) = the minimal period of all periodic

points belonging to [ig - ip—1].

Proof. Let k = min{s : o%w = w, w € [ig---in—1]}, and, on the contrary,
assume that
ok [Z'()...Z'nfl] N [io .- -’L'nfl] ?é @, k1 <k,

i.e., there exists a point
(J1J2 - Jkys G001 ip—1---) € [0 in—1].
But this means that
Jr =10, j2 =1, -1 =iy and ag i = 1

Therefore, the sequence w’ = (igiq - -+ ik, —1, 40i1 * * ik, —1, - - ) is admissible and
ok’ = w'. Tt contradicts the assumption that k is the minimal period. n

Let Amax = max{A|\ € spec A}. The number of k-periodic points behaves

asymptotically as \¥ | k> 1. It allows one to estimate the upper and lower

capacities by using Propositions 6.1 and 6.2.

Proposition 6.3. a(q) <0 if In \pax — 1 <0, and

In Apax — ¢

(6.4) (q) <

=]

Ina
if InApax —q > 0.

Proof. The sum (6.3) satisfies

(Pre™? + Poe 2 + Py, e~ M) g— "

(6.5) < (N16_q + Noe=20 4. + Nn+no€_(n+n0)q) a=,

where N}, is the number of periodic points of period k. Indeed, for each cylinder
[ig - in—1] with 7([ig---in—1]) = k, there exists a periodic point of period k
belonging to it (Proposition 6.2), i.e., P, < Nj. Therefore,

n+no )
Moy < 3% (W) aon
=1
Jn+no ) ) n+no . ) . .
— g—on. Z (e—q)J r AV | = g Z (e—Q)J (Afnax + )\% 4+ .+ )\Js) ,
j=1

j=1
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where Ag, A3, Ag, Amax € spec A (A is assumed to be an s X s matrix). Let
us note that the number N; = trA4’, and (due to Frobenius-Perron theorem
[10]), Amax > |Ail, ¢ =2,---,s. Therefore

n+no

M, (o) < a ™. Z eV N s
j=1

(efq)\max)nJrnoJrl -1
e A max — 1

<s- (e_q)\max) ca” -

and
My, (a) -0 as n— oo if
a e Ipax <1 or
o> In Apax — q'
Ina

This is the case when e 9\ > 1.
If e79\pax = 1, then

My(a) <s-a - (n+ng) —0 as a>0
or a > (In Apax — ¢)/ Ina again.
If e79\pax < 1, then

1

N —an
M, (a) < jsa =y —

and if a > 0 the series converges. By definition of the spectra of capacities we
have that

1 >\max - . _
a(q) < DAmaX T N e 1> 1
Ina
and al(q) <0 if Apaxe 2 < 1. n

Proposition 6.4. The upper capacity a.(q) satisfies

In Apax —
(6.7) ac(g) < —omax 4

Ina
Proof. Trivially, the sum
M, («) > Ppe a™ ",

The number P,, = él) +P£2), where PT(Ll) is the number of cylinders [ig -« - ip—1]
containing the periodic point ((ig - in—1)(ig - in—1)---) for different collec-
tions (ig - - -ip—1). Assume that n is a prime number. Then

P,(Ll) > N,, and

M, (a)) > Npe a2 > N\ e~ 1q =",

max

(6.8)

155



156 Valentin Afraimovich

The inequality (6.8) implies that

lim, oo Mp(a) > lim My (a) = oo

n is prime

if
Amax€ la”% > 1, or

In Apax — ¢
6.9 —fmax %
(6.9) @< Ina
Thus,

In Aax

e .

Comparing (6.4) and (6.7) we have

Theorem 6.1. (1) If ¢ < hiop, then a(q) = (htop — q)/ Ina.
(2) Go = htop = In Apax.

Remark 6.2. Taking into account that the number of admissible words
{lio- - - in—1]} is asymptotically equal to exp(nhiop) = €9", we can write that

<€—q07([i0~~~in_1])> ~ e DT op

(6.10) (t([io -+ - in-1])) ~=—1Ine/Ina

(e =a™™). Thus, ¢(t) = et works well in an ideal chaotic situation.

In our considerations, the constant a served as a rate of expansion of the
shift map o at every point w = (ig,i1,---). We saw that the capacity gy is
just the topological entropy and does not carry new information. In a more
realistic hyperbolic situation when the rates of expansion (and contraction)
depend on a point, we may expect that the capacities gy and the topological
entropy are independent characteristics.

Remark 6.3. It was shown in [12] that a dimension for Poincaré re-
currences (which is defined in a slightly different way) equals the topological
entropy for subshifts of finite type and (-subshifts. It was conjectured there
that the topological entropy is a lower bound for dimension for Poincaré re-
currences.
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7. HAUSDORFF DIMENSIONS OF PROJECTIONS OF THE ATTRACTOR

We show here that under the assumptions of Definition 3.1 the “individual
attractors” A; and A, have the same Hausdorfl dimensions.

Theorem 7.1. Assume that a dynamical system f!: X xY — X xY is
topologically synchronized (with respect to an attractor A). Then

(7.1) dimpy(A;) = dimy (A42)
(dimgr means the Hausdorff dimension).

Proof.

1. Let d,,(B) be the open §,,-neighborhood of the set B in A, A1\m1(5,(B)) =:
A1p, and Ag\m2(0,(B)) =: Agy, where 6,, — 0 as n — oco. The set A;,
does not contain the set B; together with some of its open neighbor-
hood, ¢ = 1,2. Therefore, thanks to the assumption (vi) in Definition
3.1, the constant €y = €gy,, a; = a;,, can be chosen to be independent of
(x0,90) € A\0n(B), ¢ = 1,2. Furthermore, A;\B; = J Ain, ¢ = 1,2, and
thus (see [7])

dimg A; = sup{dimg(4;\B;), dimy B;}
= dimg(A;\B;) = sup, {dimyg A;n}, i=1,2.
We take into account here that, by (3.2),

(7.2)

dimyg A; > dimp B;.

2. Let oy, =dimpg Ay, i =1,2, n € Z,. We show that
(7.3) Qlp = Qon, N >MNg € Zy.

Given a > a9y, K > 0, consider a finite cover {Uzj} of the set As, by
open sets with diam Uy; < & < ¢, such that

(7.4) > (diam Uy;)™ < K.
J
Such a cover exists by the definition of the Hausdorff dimension. Given
Usj and yo € Upj, consider X, and for any = € X,, choose a set

Ulj(x,yo) > z with diam Ulj(:n,yo) < age, which exists thanks to the
assumption (iv) in Definition 3.1. We have

U U U Ulj(m,yo) D Aip.

J yo€els; T€Xy,
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Thanks to (3.5), we have

U U U Ul] x yos D) Alna

Yos LL’EXyOS

i.e., the sets {U1;(x,yos)} form a finite cover of the set Ay,. Now, thanks
to assumptions (ii), (iv), (v) in Definition 3.1 and (7.4), we obtain

> (dlam U1 (2, Yos ) =>> > (dlam U yos))a

J Yos x€EXy,s

(7.5) < N - Sp(0) - a3 - > (diam Uyj)™ < NSo(6)a3 - K.
J

Since K is an arbitrary small number, this means that

a > Qly, 1.e., qo, > Qln.

3. Similarly, we may start with a cover {Uy;} of the set Ay, and obtain
the opposite inequality oy, > ao,. Thus, ay, = ag,. Combining it with

(7.2), we obtain the desired result. [

8. DIMENSION FOR POINCARE RECURRENCES AS AN INDICATOR OF
SYNCHRONIZED REGIMES

Let us define, first, the dimension and capacities for - and y-Poincaré
recurrences. We restrict ourselves to the case of chaotic behavior, i.e., we
use the function e~ in the capacity of ¢(¢) in (5.1), (5.2), and consider the
spectrum of dimension for the z- and y-Poincaré recurrences. For that, as in
Section 5, we consider the sums

(8.1) My (a,e,e7t q) = iélf e~ (djam Uy;)%
1 .

and

(8.2) My(a,e,e”t q) = 1(51f e~ (U2) (diam Uyp;)®,
2 -

where in each sum the infimum is taken over all covers G (resp. G2) of the set
Ap (resp. A2) by open sets with diameters < . The critical values a4(q) in
(5.1) and ay(g) in (5.2) will be the desired spectra of dimensions for Poincaré
recurrences. The main result of the present paper is the following statement.
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Theorem 8.1. If a dynamical system f': X xY — X x Y is (mo/ng)-
topologically synchronized, then

. mo ..
(8.3) dimp(Az\Bs) = n—;) dimp(A;\By),
where dimp is the dimension for Poincaré recurrences.
Proof. 1. We shall follow the proof of Theorem 7.1; in particular, we
assume that A;, are the same sets as the ones over there. Given o > av(q, A2y)

and K > 0, consider a finite cover {Ugj} of the set As, by open sets, diam
Usj < € < gg, such that

~ ~ «
(8.4) Zexp (—QT (Ugj)) . (diamUQj) < K.
J
By the definition of the spectrum for dimensions, such a cover exists. As in the
proof of Theorem 7.1, we choose a cover of Ay, by sets Uy;(x,yos), T € Xy,

By using the assumptions of (ii), (iv), (v) in Definition 3.1 and the inequality
(8.4), we obtain

Zexp ( qiTx <U1](x yos))) : (dlam Ulj(xayos))
n ~ . ~ e
:ZZ Z eXp <_q07—x (Ulj(mayos))> : (dlam Ulj('rayos))
(85) J Yos xEXy, ¢ ~ m
<N -54(6) - age mqu exp( qTy (UQJD . (diam Ugj)a
<N -So(6)-ag -em’ . K.
Since K is an arbitrary small number, the inequality (8.5) means that
no
(8.6) o (q, Aln) < ay(g, A2n), ¢>0.
mo
2. Starting with a cover {Uy;} of the set A;, for which

Zexp —qr, (U1;)) (diam Uy;) < K,

and repeating the proof above, we obtain that
mo
(87) Ay (n(]q’ A2n> < aa:(Qa Aln)7 q > 0.
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Now, assume that qgﬁ) =: dimp(Aj,) is the dimension for Poincaré recurrences

of the set Ain, a (q((ffl)) = 0, and q((;%) =: dimp(Asgy,) is the dimension for
()

Poincaré recurrences of the set Ag,, i.e., oy (qon ) = 0. Since ay(q) and oy (q)

are monotone functions, (8.6) implies that ay <(n0/mo) q((,%)) <0, ie.,
(8.8) ¢ > @q(()?é)_

mo
Similarly, (8.7) implies that «, ((mo/ng) q((,"fl)) <0, ie.,

Mo (z)

(8.9) ¢¥ >

Z — oy -
ng
It follows that q(()‘%) = (mo/no) q((,:fL), ie.,
(8.10) dimp (Aspn) = % dimp (A1) .
0

3. It follows from [13, Theorem 1.1] and (8.10) that

dimp(A2\B2) = sup,, dimp (Ag,) = Mo supdimp (A1)
(8.11) noon

= @dlmP(Al\B1> |
no

Remark 8.1. We believe that (under some general conditions), dimp(As)
= (mo/ng) dimp (A1) as well. Of course, the Poincaré recurrences on the
“bad” sets By and Bj can be different from those on A;\B; and As\Bs. How-
ever, since dimpB; < dimg (A4;\B;), i = 1,2, by assumption, we believe that
a “randomly chosen” point on A; belongs to A;\B;. In numerical simulations
we may neglect “bad points” and treat the equality (8.3) as an indicator of
(mgo/ng)-synchronization.

9. CONCLUDING REMARKS

The asymptotic equality (5.6) shows that we may expect

<exp (—q(()x)T(Ulj))> ~ bt

(91) <exp (—q(()y)T(U2j))> ~ €b2,



Poincaré Recurrences 161

where q((]x) = dimp (A1), q(()y) = dimp(A2) and b; = dimp A4;, ¢ = 1,2. We
may expect also that dimp(A;) = dimg(A;). In this case, (9.1) may imply
the asymptotic equalities

(F(U) ~ 5 In,
(9.2) g

b
(1(Ugj)) ~ — Ine,
4o

where b = by = by, and {Uj;} is a cover of A; by balls of diameter €, ¢ =1, 2.
The formulas (9.2) can serve as the basic ones for some algorithms for the
indication of synchronized regimes. Some preliminary results with W.-W. Lin
show that such algorithms work, and we hope to present the results in the
nearest furture.
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