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ON CERTAIN CLASSES OF
STRONGLY STARLIKE FUNCTIONS

Milutin Obradovi¢ and Santosh B. Joshi
Abstract. By using the method of differential inequalities we obtained

some new and better results for certain classes of strongly starlike func-
tions introduced recently in [3].

1. INTRODUCTION

Let A denote the class of functions f which are analytic in the unit disc
U = {z:|z| < 1} and normalized by f(0) = f’(0) — 1 = 0. Also, as usual, let

S*:{fGA:Re{zf/(z)}>0, zGU}

f(2)
and ,
5*(04)2{]‘6/1: arng(ij) <a77r’ ZEU}

be the classes of starlike and strongly starlike functions of order o (0 < a <'1),
respectively. We note that S*(a) C S* for 0 < a < 1 and S*(1) = S*.
Let H(«) denote a class of functions f € A for which

o) | )
SRR CR i
for a > 0 and @ #0,z €U ([3]). In [3] it was shown that H(«) C S* and

H(1) C S*(1). In the paper [2] the authors gave a better result of the type
H(1) C 5%(8), B < 3
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In this paper, by using the method of differential inequalities, we also give
a better result but in other direction and some new results. First, we cite the
following result on differential inequalities.

Lemma 1([1]). Let ®(u,v) be a complex function, ® : D — C, D C CxC
(C is the complex plane), and let u = uy + iug, v = vy + ivy. Suppose that the
function ®(u,v) satisfies the following conditions:

(a) ®(u,v) is continuous in D;

(b) (1,0) € D and Re{®(1,0)} > 0;

(c) Re{®(iug,v1)} <0 for all (iug,vy) € D and such that vy < —(1+ u3)/2.
Let p(z) = 1+ p1z + pe2® + - -+ be analytic in U such that (p(z),2p'(z)) € D
forall z € U. If Re {®(p(z),2p'(2))} >0, z € U, then Re {p(2)} >0, z€ U.

2. APPLICATIONS OF DIFFERENTIAL INEQUALITIES
Let us consider the following implication
2f"(z) | 2f'(2) 2f'(2)\"
(1) Re{a + }>ﬁ = Re < > >0, z€U,
f(2) f(2) f(2)
where a > 0, S < 1, v > 1.

If we put p(z) = (z‘f;g))w, then (1) is equivalent to

= Re{p(z)} >0, z € U.

(2)

Set o . . )
D(u,v) = ;u?flv +our + (1 —a)uy — 3
(we note that we put p(z) = u, 2p'(z) = v). It is easy to show that for a > 0,
68 <1,v>1 we have
(a’) ®(u,v) is continuous in D = (C\ {0}) x C;
(b’) (1,0) € D and Re{®(1,0)} =1—- 3> 0;
i.e. the conditions (a) and (b) of Lemma 1 are satisfied, while for (ius,v;) € D
such that v; < —(1 + u2)/2 we obtain

™

« 1 1 2 ™
Re {®(i = —|uy|7 7t -1 3 cos —
e {P(iug,v1)} W‘Ug‘ cos ((7 ) 2) v1 + alug|” cos S
(3) F(1— a)fus|¥ cos = — B < — (1 + u2)|ug| 3 sin —
T 2y 29

+olus| ¥ cos — + (1 — a)|us|” cos —— — Ié]
gl 2y
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or if we put |us| =¢, ¢t > 0:

(4) Re {q)(iUQ,’Ul)} § q)l(t),
where

By (1) = —— (1 +£2)t3 L sin — + at? cos = + (1 — a)t3 cos — — 8.
(5) 1(1) 27( + 1)t Sln27+a 60874—( @) COS?W B

If for some choice of constants «, 3,7 we obtain that for every ¢ > 0 we have
®,(t) < 0, then from (4) and Lemma 1 we can conclude that appropriate
implication (1) is true.

Further we will consider some of such cases.

For 6 = l and v =1 we get

Theorem 1. If f € A, f(z)/z # 0 for z € U, and satisfies the condition
2Pz ()| . a
Re{a ) —l— ) }> 2,z€U,

then f € S* for any real o > 0.

Proof. For 3 =—% and v =1 from (5) we obtain ®;(t) = —3at? <0 for
real ¢, and from the previous remarks and (1) we have the statement of the

theorem. [ ]

This is the earlier result given in [3].
Foraz%,ﬂannd’y:2weget

Theorem 2. If f € A, f(2)/z # 0 for z € U, and satisfies the condition

222f"(2) | 2f'(2)
Re{3 ) + f(z)}>0,z€U,
e ‘ar 2f'(2) < T zeU
g f(z) 47 )

ie, H(2)C S (%).
Proof. For a =2, =0 and v = 2, from (5) we have

V2
12Vt

for all t > 0. Now, the result of this theorem is the consequence of the
implication (1). [

By (t) = 1-t2<0
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Remark 1. In [3] it has been shown that H(1) C S*(3). Since H(1) C

H (2) (see Theorem 3 in [3]), it means that our previous result is better. In

2] it has been given the result H(1) C S*(3) C S* (%) for certain 3 < 1.

If we put 6 =0 and v = 2, then we have

Theorem 3. Let f € A, f(2)/z #0 for z € U and satisfies the condition

Re {alzf(z()z) + ZJJ:(S)} >0, zeU,
where
(6) = 0,34380. .
3+2(/3+3
Then ) i
arg ) < 3 zeU,
ie., H(ay) € S* (2).

Proof. For =0 and v = 2, from (5) we have

@) B1() =~ (1),
where
(8) ®,(t) = aV/3t? + 3ats — 3(1 — a)t + a/3.

If 0 < t <1, then ¢3 > 2, and from (8) we get
Dy(t) > a3+ V32 —3(1 — )t +av3 >0

for o > oy, where a; is given by (6). For t > 1 we obtain ¢3 > t, and from (8)
we have

(9) By(t) > /312 — 3(1 — 2a)t + /3.
If a > 1, then all members on the right side in (9) are positive and we have
®o(t) >0 for all t > 0. If 0 < o < 1, then the trinom on the right side in (9)

is non-negative for all ¢t > 1 if a > # = 0.31698 - - -. In any case, if o > ay,
then ®,(t) > 0 for all t > 0, and from (7) we conclude that ®,(¢) < 0 for all
t > 0, which from (1) give the statement of this theorem. [

For 3 =0, v = 3 we have the following
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Theorem 4. Let f € A, f(2)/z2#0 for z € U, and let

2f"(z) | 2f'(2)
Re{az £02) + ) } >0, zeU,
where
(10) ay = g(\/ﬁ —1) = 3.20422.- -
Then e
zf'(z T

’arg 702) < 5’ zeU,

i.e., H(ay) C S* (3).

Proof. For # =0 and v = 3, from (5) we have

+=3
01(t) = ——5 Pa(t),
where
(11) By(t) = at® — 6ot — 6v/3(1 — a)t + o

First, let us suppose that ¢ > 1. Since
1 8 2
D'5(t) = 2ot — 8ats —6V3(1 —a) and ®"5(t) = 2a — gat_§,

we easily conclude that ®”3(¢) > 0 for t > % = 1.53960- - - , and from there
that ®'3(t) > ¥’ (%) > 0 for o > % = 2.45454 - - -. Therefore, for such «

and ¢ we have that ®3(t) > @3 (#) >0 If1<t< 8—\9/5, then

D'5(t) > 200 — 8« <8‘9/§> o 6v3(1—a)>0

for @ > ay = 2(v/3 — 1), and for such ¢ and o we have ®3(t) > ®5(1) > 0.
In the case 0 < t < 1 we have that ¢35 < ¢ and so

(12) y(t) > at? — 6 [V3 - a(V3-1)|t +a.

It is easy to check that for o > s, where ay is given by (10) and 0 < ¢t < 1
the trinom on the right side in (12) is positive. It follows that ®3(t) > 0.
Therefore, the conclusion is similar as in the previous theorem. [

301



302 Milutin Obradovié¢ and Santosh B. Joshi

ACKNOWLEDGEMENTS

1. This research was completed at the Department of Mathematics, Fac-
ulty of Technology and Metallurgy, Belgrade while the second author was vis-
iting from the Department of Mathematics, Walchand College of Engineering,
Sangli, India, and he would like to thank DST, New Delhi, India for granting
BOYSCAST Fellowship.

2. The work of the first author was supported by Grant No.04MO03 of
MNTRS through Math. Institute SANU.

REFERENCES

1. S. S. Miller and P. T. Mocanu, Second order differential inequalities in the
complex plane, J. Math. Anal. Appl. 65 (1978), 289-305.

2. M. Nunokawa, S. Owa, S. K. Lee, M. Obradovié¢, M. K. Aoub, H. Saitoh, H.
Ikeda and N. Koike, Sufficient conditions for starlikeness, Chinese J. Math. 24
(1996), 265-272.

3. C. Ramesha, S, Kumar and K. S. Padmanabhan, A sufficient condition for
starlikeness, Chinese J. Math. 23 (1995), 167-171.

M. Obradovié

Department of Mathematics, Faculty of Technology and Metallurgy
4 Karnegijeva Street, 11000 Belgrade, Yugoslavia

E-mail: obrad@elab.tmf.bg.ac.yu

S. B. Joshi
Department of Mathematics, Walchand College of Engineering
Sangli 416415, India



