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GROWTH PROPERTIES FOR THE SOLUTIONS OF THE STATIONARY
SCHRODINGER EQUATION IN A CONE

Lei Qiao, Bai-Yun Su and Guan-Tie Deng

Abstract. Our aim in this paper is to deal with the growth properties at infinity
for the solutions of the stationary Schrodinger equation in an n-dimensional cone.
Meanwhile, the geometrical properties of the exceptional sets are also discussed.

1. INTRODUCTION AND RESULTS

Let R and R be the set of all real numbers and the set of all positive real numbers,
respectively. We denote by R™(n > 2) the n-dimensional Euclidean space. A point
in R" is denoted by P = (X,x,), X = (z1,22,...,2,—1). The Euclidean distance
between two points P and @ in R™ is denoted by |P — @Q|. Also |P — O| with the
origin O of R" is simply denoted by |P|. The boundary and the closure of a set S in
R" are denoted by S and S, respectively.

We introduce a system of spherical coordinates (r,0), © = (61,02, ...,0,-1), in
R™ which are related to cartesian coordinates (z1, z2, . .., Zn_1, ) by T, = 7 cos b;.

The unit sphere and the upper half unit sphere in R" are denoted by S”~! and
S1, respectively. For simplicity, a point (1,©) on S”~! and the set {©; (1,0) € Q}
for a set 2, Q C S™7!, are often identified with © and 2, respectively. For two sets
ZEC Ry and 2 C S"7L, the set {(r,0) € R";r € E,(1,0) € Q} in R is simply
denoted by = x Q. In particular, the half space R} x S} ! = {(X, z,) € R" z, > 0}
will be denoted by T,,.

For P € R™ and r > 0, let B(P,r) denote the open ball with center at P and
radius r in R™. S, = 9B(O,r). By C, (), we denote the set R x Q in R" with
the domain © on S™~!. We call it a cone. Then T}, is a special cone obtained by
putting €2 = S:ﬁ_l. We denote the sets 1 x 2 and I x 02 with an interval on R by
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Cn(;1) and S, (2 I). By S, (92;7) we denote C,,(Q2) N S,.. By S,(2) we denote
Sn(£2; (0, +00)) which is 9C,(Q2) — {O}.

We shall say that a set £ C C,,(2) has a covering {r;, R;} if there exists a sequence
of balls {B;} with centers in C;,(€2) such that &2 C U2, B;, where r; is the radius
of B; and R; is the distance between the origin and the center of B;. Furthermore,
we denote by dS, the (n — 1)-dimensional volume elements induced by the Euclidean
metric on S, and by dw the elements of the Euclidean volume in R".

Let A, denote the class of nonnegative radial potentials a(P), i.e. 0 < a(P) =
a(r), P = (r,0) € C,(Q), such that a € L (C,(£2)) with some b > n/2 if n > 4
and withb =2 ifn =2 orn = 3.

This article is devoted to the stationary Schrodinger equation

Schqu(P) = —Au(P) + a(P)u(P) =0 for P e C,(Q),

where A is the Laplace operator and a € A,. These solutions called a-harmonic func-
tions or generalized harmonic functions associated with the operator Sch,. Note that
they are classical harmonic functions in the classical case a = 0. Under these assump-
tions the operator Sch, can be extended in the usual way from the space C3°(Cy(12))
to an essentially self-adjoint operator on L?(C,,(£2)) (see [13]). We will denote it Sch,
as well. This last one has a Green’s function G(2, a)(P, Q). Here G(Q2,a)(P, Q) is
positive on Cy,(§2) and its inner normal derivative 0G (2, a)(P, Q)/0ng > 0. We de-
note this derivative by P(€2, a)(P, @), which is called the Poisson a-kernel with respect
to Cy,(2). We remark that G(€2,0)(P, @) and P(Q2, 0)(P, Q) are the Green’s function
and Poisson kernel of the Laplacian in C),(2) respectively.

Let A* be a Laplace-Beltrami operator (spherical part of the Laplace) on S*~!
and \; (j=1,2,3...,0< A1 < A2 < A3 <...) be the eigenvalues of the eigenvalue
problem for A* on € (see, e.g., [14, p. 41])

A*p(O) + Ap(©) =01in ,
©(0©) =0 on Q.

Corresponding eigenfunctions are denoted by ¢j, (1 < v < w;), where v; is the
multiplicity of A;. We set A\g = 0, norm the eigenfunctions in L?(Q) and @1 = @11 > 0.

In order to ensure the existences of A\; (j = 1,2,3...). We put a rather strong
assumption on §2: if n > 3, then Q is a C**-domain (0 < o < 1) on 8" ! surrounded
by a finite number of mutually disjoint closed hypersurfaces (e.g. see [5, p. 88-89] for
the definition of C%“-domain). Then ¢;, € C*(Q) (j =1,2,3,...,1 < v < ;) and
0p1/0n > 0 on 0N (here and below, J/0n denotes differentiation along the interior
normal).

Hence well-known estimates (see, e.g., [12, p. 14]) imply the following inequality:

8<Pjv ) on—1
. g <
(1 1) (Pjv e M( ) )
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where the symbol M (n) denotes a constant depending only on n.
Let V;(r) and W;(r) stand, respectively, for the increasing and non-increasing, as
r — 400, solutions of the equation

A .
(1.2) -Q"(r) — (r)+ <—; + a(r)) Q(r)=0, 0<r<oo,
r

normalized under the condition V;(1) = W;(1) = 1.

We shall also consider the class B,, consisting of the potentials a € A, such that
there exists a finite limit lim r2a(r) = k € [0, o00), moreover, r~t|r2a(r) — k| €

T—00

L(1,00). If a € B,, then the g.h.f.s are continuous (see [16]).

In the rest of paper, we assume that a € B, and we shall suppress this as-
sumption for simplicity. Further, we use the standard notations u* = max(u, 0),

u~ = —min(u, 0), [d] is the integer part of d and d = [d] 4+ {d}, where d is a positive
real number.
Denote
i —nt/(n—2)2+4(k+\))

Lj7k— 2 (j=0,1,2,3..).

It is known (see [6]) that in the case under consideration the solutions to the equation
(1.2) have the asymptotics
+ —
(1.3) Vi(r) ~ dir'ik, Wi(r) ~ dar'ik, as r — oo,
where d; and dy are some positive constants.

Remark 1. /)= j (j =0,1,2,3,...) in the case Q@ = S
If a € A,, it is known that the following expansion for the Green function
G(2,a)(P,Q) (see [3, Ch. 11], [7])

o0

(1.4) G(9,

Vj(min(r, t))W;(max(r, t)) <Z ©3u(0)pju( )) )

where P = (r,0), Q = (t,®), r # t and \/'(s) = w (Wi(r), Vi(r)) |,=s is their
Wronskian. The series converges uniformly if either » < st or t < sr (0 < s < 1).
In the case a = 0, this expansion coincides with the well-known result by J. Lelong-
Ferrand (see [8]). The expansion (1.4) can also be rewritten in terms of the Gegenbauer
polynomials.

For a nonnegative integer m and two points P = (r,0),Q = (¢, ®) € C,,(2), we
put

0 if 0<t<1,
K(Q,a,m)(P,Q)—{ I?(Q,a,m)(P,Q) if 1<t< o0,
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where

K(@,

<Z(P]v )0 (@ )

We use the following modified kernel function defined by

J=

G(Q7 a, m><P7 Q) = G<Q7 CL)(P, Q) - K<Q7 a, m)(P, Q)

for two points P = (r,0),Q = (t, ®) € C,(0).
Put

U@ amia)(P) = [ B(@am)(P.Qu(Q)dr

S ()
where

0G(Q,a,m)(P,Q)

P(Qv a, m) (Pu Q) = 8TLQ

P(Qv a, 0) (Pu Q) = P(Qv a) (P, Q)u

u(Q) is a continuous function on 9C,(2) and dog is the surface area element on
Sn(92).

Remark 2. The kernel function P(S”"",0,m)(P,Q) coincides with ones in
Finkelstein-Scheinberg [4] and Siegel-Talvila [15].
If v is a real number and v > 0 (resp. v < 0), we assume in addition that
1<p<oo,
[v]k+{7}>( r—nt2pt+n—1,

(resp. — L[_WLk —{-}> (—lek -n+2)p+n-1,)
incase p > 1

et —n+1 et -+l

» < lmiLk D 5
—f e}t —f il
( resp. [l I < L:,H_Lk < bk - +1; )

and in case p =1

L[:Lk—l—{’y}—n—i—l < L:,H_Lk < L[:Lk—i—{'y}—n—i—z

(resp. _LF——W]k {’y}—n+1<bm+1k< [w]k {—'y}—n+2.>
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If these conditions all hold, we write v € C(k, p, m,n) (resp. v € D(k,p, m,n)).
Let v € C(k,p, m,n) (resp. v € D(k,p,m,n)) and u be functions on IC,, ()
satisfying

t,®)P
[T
Sn(Q) 1 —|— tL['Y]ﬁk—’—{’Y}

1.5

9 T el

<resp. / |u(t, @)|P(1 + ¢t =k Ydog < oo.)
Sn(£2)

For v and u, we define the positive measure 4 (resp. ) on R™ by

u(t, @) Ptk o Q = (£ @) € Su(: (1, +00)),
0 Q € R — S,(; (1, +00)).

dp(@) =

u(t, ®) P dog Q= (1, ®) € 5,(9; (1, +00)),
0 Q € R™ — S, (9 (1, +00)).

resp. dv(Q) =

We remark that the total mass of p and v are finite.
Let € > 0, £ > 0 and u be any positive measure on R™ having finite mass. For
each P = (r,0) € R" — {0}, as in [10], the maximal function is defined by

p(B(P, p
M@W@:SW'L%fD
0<p<t P

The set (P = (r,0) € R" — {O}; M(P; i, &)r¢ > €) is denoted by E(e; u, €).
Recently, Siegel-Talvila (cf. [15, Corollary 2.1]) proved the following result.

Theorem A. If u is a continuous function on 97T, satisfying

[ el
1o}

14 et
then the function U(S' ", 0, m; u)(P) satisfies
Ut ,0,m;u) € CX(T,) N CYT,),
AU(S:LL_I, 0,m;u) =0 in T},
U(S:ﬁ_l, 0, m;u) = w on 97T,

. -1 1 1-
o | USE0,mw)(P) = o™ cos! T 0y).

Now we have
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Theorem 1. Ife >0, 0 < { < np, v € C(k,p,m,n) (resp. v € D(k,p,m,n))
and u is a measurable function on 0C,, () satisfying (1.5), then there exists a covering
{rj,R;} of E(e; u,np — C) (resp. E(e;v,np — () (C Cn(Q)) satisfying

> R; R;
S G <o
R] Tj Tj
Jj=

such that

—L+[’Y ]JC—{'y}-Q—n—l £_1
lim r P e? (O)U(R,a,m;u)(P)=0.
r—o00,P=(r,0)eCn(Q)—E(€e;u,np—C)

L+[_ B n Sl S
resp. lim r P e? (©)U(R,a,m;u)(P)=0.
r—o0,P=(r,0)

€Cn(Q)—E(ev,np—C)
Letl1 <p<oo,0<(¢<nmp,yvy>—-(n—1)(p—1) and
y—n+1

p
y—n<m<~vy—n+1lincasep=1;

y—n+1

—l<m< in case p > 1,

We assume in addition that u is a measurable function on 97, satisfying
u(t, ®)|P
/ Pt OF 1 < oo
or. 141tV

For this v and u, we define

lu(t, @) Pt Vdog Q= (t,®) € Su(STH; (1, +00)),

dMQ):{o Q € R" — 5,(S"; (1, +00)).

Obviously, the total mass of 4/ is also finite.
If we take = S:ﬁ_l and @ = 0 in Theorem 1, then we immediately have the
following growth property based on (1.3) and Remark 1.

Corollary 1. If p, (, v, m and u are defined as above, then the function
U(S"1,0,m;u)(P) is a harmonic function on Ty, and there exists a covering {r;, R;}
of E(&; 1/, np — ¢) (C Ty) satisfying

(1.6) Z(%)”p—C <
j=0 "7
such that
n—y— C
(1.7) lim P cosE ! O.U (S, 0, m;u)(P) = 0.

r—s00,P=(r,0)Tn—E(e;u! ;ip—C)
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Remark 3. In the case that p = 1, v = n +m and ( = n, then (1.6) is a finite
sum, the set F(e; 1/, 0) is a bounded set and (1.7) holds in 7;,. This is just the result
of Mizuta-Shimomura (see [11, Theorem 1 with A = n]).

Remark 4. In the case ¢ = (1 —3)p, we can easily show that E(e; 1/, (n—143)p)
is (kg , p)-thin at infinity in the sense of [11, p. 335].

As an application of Theorem 1, we give the solutions of the Dirichlet problem for
the Schrodinger operator on C, ().

Theorem 2. If u is a continuous function on 0Cy, () satisfying

o
(1.8) / D0 < o0,
n(©)

o) 1+ Vi (t)tn—1
then the function U(S2, a, m; u)(P) satisfies
U(Q,a,m;u) € C*(Cn(R)) N CY(C(Q)),
SchaU(Q, a,m;u)=0in Cp(Q),
U(,a,m;u) =u on 0C, (),

+
li b1,k oL e\U Q’ ,m; P)=0.
oy AT (O)U(R, a,mi u)(P)

2. LEMMAS

Throughout this paper, Let M denote various constants independent of the variables
in questions, which may be different from line to line.

Lemma 1.
(i) P(Q,a)(P,Q) < MrL;ktLik_lcpl(@)
)

Q)<M7’L1kt1’C ©1(© ))foranyP (r,0) € Cr(Q) and

(Q) satisfying 0 < L<dfresp. 0<% < 3);

Sn
Me® 4 MGfIQ'" for any P = (r, @) Cn () and any
Q = (t,®) € Su(; (57, 37))-

Proof. (i) and (ii) are obtained by A. Kheyfits (see [3, Ch. 11]). (iii) follows from
V. S. Azarin (see [2, Lemma 4 and Remark]).

Lemma 2 (see [7]). For a non-negative integer m, we have

Wm—H (t>
t

dp1(®)

(2.1) IP(Q,a,m)(P,Q)| < M(n,m,s)Vyi1(r) Ona

©1(0)
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forany P = (r,0) € C,,(Q) and Q = (t,P) € S,(Q) satisfyingr < st (0 < s < 1),
where M (n, m, s) is a constant dependent of n, m and s.

The proof of the following Lemma is essentially based on Hayman (see [9, p.

109]) in R2. We extend this result to R"(n > 2) and give the proof here for the
completeness.

Lemma 3. Let € > 0, £ > 0 and p be any positive measure on R™ having finite
total mass. Then E(e; p, &) has a covering {r;, R;} (j =1,2,...) satisfying

o0

S (W (1) < oo,

j=1 J T’j T’j
Proof. Set

Ei(e;p,&) = (P =(r,0) € E(e;p,&): 27 <r <27t (j=2,3,4,..).

If P=(r,0) € Ej;(e u, &), then there exists a positive number p(P) such that

PP) 2 niey, T r p(P)\e . MB(P p(P)))
V. W ~ < .

( r ) ](p(P>> ](p(P>> ( r ) €
Here E;(e; 1, &) can be covered by the union of a family of balls (B(P;;, pj;) :
P;; € Ej(e;1,6)) (pji = p(Pji)). By the Vitali Lemma (see [17]), there exists
Aj C Ej(€ p, &), which is at most countable, such that (B(P;;, p;) : Pj; € A;j) are
disjoint and Ej(e; w, &) C UPjﬂ-eA]-B(Pj,i; 5pj,i>~

So

U52oEj(6 1, &) CUGZ9 Up; en; B(Pji,5p;:)-

A+2On the other hand, note that Up, e, B(Pjs, pji) C (P = (r,0) : 2771 < r <
27%2), so that

50ji\o-n | Pj il | Pj il 5p;,i
(25) 2V () W ) ~ (52

)5
pich, 1Bl 5pji Spji” pagy, 1Pl

g5ézw

IA
=
N
2
S
<.
L
\)
<.
+
\[/\3

Hence we obtain
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Z Z p]7 2 n—l—{v(‘P l‘) ‘P Z‘ Z Z p]7

i=1 PoeA, ‘ ]71‘ Pjsi p]7 = leleA ‘ m‘

Szu %127 27)

3M(R )
—
Since E(e; p, §) N {P = (r,0) € R™r > 4} = U, Ej(e p
is finally covered by a sequence of balls (B(Pj;, pj.i ) B(P,6)
1,2,...) satisfying

pii yoiey Pidl [P
Z(ﬁ>2 V(W (HE
g o

<

,€). Then E(e; 1, §)
) (j=2,3,..5i=

Pii \& < 3WRY) | ¢
~ < + 65 < 400,
Pjyi Pjyi ) Z(‘P1‘> €

where B(P;,6) (P, = (1,0,...,0) € R") is the ball which covers {P = (r,0) €

R™;r < 4}.
3. PrOOF OF THEOREM 1

We only prove the case p > 1 and v > 0, the remaining cases can be proved
similarly.
For any € > 0, there exists R, > 1 such that

p
(3.1) / Wdacg <e
S (5(Rey00)) 1 o et
The relation G(©2, a)(P, Q) < G(£2,0)(P, Q) implies this inequality (see [1])
(3.2) P(Q,a)(P, Q) <P(Q,0)(P, Q).

For 0 < s < 1 and any fixed point P = (r,©) € C,,(Q) — E(€; p, np—(
r> 2R, let Iy = S,((0,1)), Iy = Sy (2 [1, Rd), Is = Sp(8(
Sn(€% (3r,537)), I = Sp(;[57,5)), Is = Sn(Q;[£,00)) and I = S,
write

/\ m
Q
— ol —
Iy
SN—
=
|

U, a,m;u)(P)
6

- Z/I P(Q, a,m)(P, Q)u(Q)dog
: _
_ Z; /fiP(Q’axP’ Qu(Qdog - | 8K(Q’g;z><P’ Du@ing

+/] P(2, a,m)(P, Q)u(Q)dog,
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which yields that

7
U, a,m;u)(P) < ZUi(P),
=1
where
UP) = [ IP@.0)(P.QIu(Q)ldrg (i = 1,2,3,4.5)
Us(P) = [ (@ 0,m)(P. Q)lfu(Q)ldoe,
and
0K Q, P,
vr(p) = [ |G (@)
Q
IfL[]k+{'y}>( L —n+2)p+n—1, then (¢ 1—1—%{7}) +n—1>0.

By (1.5), (3.1), Lemma 1 (i) and Holder’s 1nequallty, we have the following growth
estimates

Us(P) < Mr'ihipy (6) / £ u(Q)derg
Iz

1 + 1

_ P b ‘141, +{~} =

< Mr‘lﬁ’wm(@)(/ Mdm)” (/ (T md(f@) q
Is tL k"’{’Y} Is

+{v}-n+1
L1k+n 2+Jl]k—

(3.3) < MrR. ©1(0).

(3.4) U (P) < Mr'ik g (0).

b -t

,k
(3.5) Us(P) < Mer™ 7 1(0).
—n+1
Ifbm Wike ﬁ then (¢ lk—l—i-TJrh})q—l—n—l < 0. We obtain
by (3.1), Lemma 1 (i1) and Holder s inequality
Us(P) < Mring, () / L |u(Q)|dog
Sn(ﬂ;[%r,oo))

1

) L

([ Q)
Su(]3r,00)) ¢t}

s +{~} 1
o
Sn (5[5 7,00))

et} nt
< Mer P ©1(©
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By (3.2) and Lemma 1 (iii), we consider the inequality

Us(P) < Uy(P) + U{(P),

where
/ _ 1-n 1" _ ‘U(Q)‘
Uy(P) = Mp1(09) t 7 "u(Q)|dog, Uy (P) = Mre(0O) 7ndaQ.
L L |[P— Q]
We first have
UL(P) = Mi1(©) [ ¢ @l
14
(3.7) < Mrtlegi(©) [ tir u(Q)ldog
Sn(ﬂ;(%r,oo))

L+[’Y ],k+{7}_"+1
< Mer P 01(0),

which is similar to the estimate of Us(P).

Next, we shall estimate Uy (P).

Take a sufficiently small positive number ds such that I, C B(P, %r) for any
P = (r,0) € II(ds), where

II(ds) = {P = (r,0) € Cr,(Q); (1,©) —(1,2)| < ds, 0 <r < oo}

inf |
z€002
and divide C,,(Q) into two sets II(ds) and C,,(2) — II(d3).
If P=(r,0) € C,(Q2) —II(d3), then there exists a positive d such that |P —Q| >
4r for any @ € S, (Q2), and hence

UH(P) < Miar(8) [ #7"u(Q)ldog
(3.8) La

‘+[w et
< Mer P ©1(0),

which is similar to the estimate of Uj(P).
We shall consider the case P = (1, ©) € II(ds). Now put

H;(P)={Q € I; 275(P) < |P — Q| < 2'6(P)},
where §(P) =  inf : |P—Q)|.

QENCH(R
Since S,(N)N{Q e R": |P - Q| < 0(P)} = &, we have

i(P)
"oy [u(Q)]
= ; /m(P) rei®) [P — Q\”daQ’
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where i(P) is a positive integer satisfying 2/(")~1§(P) < £ < 2{P)5(P).
Since rp1(0) < M§(P) (P = (r,0) € C,(R)), similar to the estimate of Uj(P),
we obtain

[u(@)]
0)————=—d
/Hi(P)r(Pl( >\P—Q\" 79
np—¢

. {—np —_n
<200 @)8(P) T [ 8P T u(@ldo
H;(P)

1—% {=np 1-¢
< Me, P(©3P)F [ T u(Q)ldog
H;(P)
¢ 1-§ {—np

< Mr""rp, P(©)5(P) » " w(Q)|dog

H;(P)
=g+ ¢ 1
Bt e () N
< P _—
< Mer I3 1 (@><(215(P>>np—4

S

fori=0,1,2,...,i(P).
Since P = (r,0) ¢ E(e; pu,np — ), we have
p(H;(P)) p(B(P,2'6(P)))
(210(P))me=¢ = (2i6(P))mP=¢
< M(P;p,np—¢) <erS™™ (i =0,1,2,...,i(P) — 1)

and I p B(P. T
WHip)(P) _ p(BP.5)) - conp,
(26(P))rP—< (5)mr=¢
So
attr-ntt ¢
(3.9 UI(P) < Mer™ 7 gy 7(6).

We only consider Uz (P) in the case m > 1, since U7(P) = 0 for m = 0. By the
definition of K (2, a,m), (1.1) and Lemma 2, we see

M - 2n—1
U7<P>sx,(1>JZ;J 4j(r).

where
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where
Wi () |u(Q

) =vien©) [ O Dlasg, gy

2
Wi () |u(Q
= V;(r)¢1(0) qu@.

S (U(Re, 1))

L+ —n

If iy < MH, then (— , , —n+2+ ﬂ)ﬁn— 1> 0.

Notice that

() Vin1(?) < MVm+1(7“) < Mytmirn~t (t>1,R. < f>.
Vj(t)t r p

Thus, by (1.3), (1.5) and Holder’s inequality we conclude
u(Q
0=V [ 4D g

Iz
Vini1(t) _|u(@)|
< MV:
B V](T’>(P1(@> /12 tLjr_H—l,k Vj(i)in_lda

1 1

p b +{~} 1

< rLj;L+1,k_1(P1(@> ‘ ( )‘ do P t(_Lj;L-O-l,k —n42+ [ ]k )q 94y q
I t k+{7} Q Is Q

+Hy}—n+1
+ 'v .k
m+1 k+1+ P

< Mrimen IR 1(0).

Analogous to the estimate of ¢;(r), we have

o +{v}—-n+1
k
() < Ma™ 7 0i(6).

Thus we can conclude that

o et -ntl

gj(r) < Mer——— 7 ¢1(0),
which yields

o et -ntl

(3.10) Ur(P) < Mer— 7 1(0).

el e
Ifb+k># then (— ++1k n—l—l—i—

(3.1), Lemma 2 and Holder’s inequality we have

Lk {7}) +n—1<0.By
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Us(P) < MV ()1(®) [ S

< MVpy1(r)e1(0) </16 Mdac?) ’

et
nERRCY}
,k
(/ A >QdaQ>
Is

L+[’Y ],k+{7}_"+1
< Mer P ¢1(0).

(3.11)

Q=

Combining (3.3)-(3.11), we obtain that if R, is sufficiently large and ¢ is sufficiently
o +{v}—-n+1 <
k —
small, then U(£2, a, m;u)(P) = o(r P v, (©)) as r — oo, where P =
(r,0) € Cn(Q; (Re, +00)) — E(€; u, np — (). Finally, there exists an additional finite
ball By covering C,,(; (0, R¢]), which together with Lemma 3, gives the conclusion
of Theorem 1.

4. PROOF OF THEOREM 2
For any fixed P = (r, ©) € C,(Q), take a number satisfying R > max(1,%) (0 <

s<3)
By (1.8) and Lemma 2, we have

/ B(, a,m) (P, Q)|[u(Q)|dog
Sn (£;(R,00))

[u(Q)]
< Va1 (r)1(© ——  —do
+1( ) 1( ) S (:(R,00)) Vm+1(t>tn_1 Q
< MVpyi1(r)p1(0©)
< Q0.

Then U (2, a, m;u)(P) is absolutely convergent and finite for any P € C,(Q).
Thus U(€2, a, m; w)(P) is a generalized harmonic function on C;,(2).

Now we study the boundary behavior of U(Q, a, m;u)(P). Let Q" = (¢, 9’
0C,, () be any fixed point and [ be any positive number satisfying [ > max(t'+1, %R).

Set xg(;) is the characteristic function of S(I) = {Q = (t,®) € 9C,(Q2),t < I}
and write

U(S,a,m;u)(P) = ( Lot + )
Su((0,1) /S ([1,51)  JSn((51,00))
P(2, a,m)(P, Q)u(Q)dog
— U/(P> _ U//(P> + U///(P>,

where
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U'(P) = / P(Q, a)(P, Q)u(Q)doq
5 ((0,50)

K (Q,a,m)(P,Q)
U"(P) = / w(Q)do
(P) o HLED g (Q)dog

and
Un(P) = / P(Q, a,m)(P, Q)u(Q)doo.
Sn(ﬂ;(%l 00))

Notice that U’(P) is the Poisson a-integral of u(Q)xg(s;), we have lim

P—Q',PEC,(Q)
U'(P) = u(Q'). Since eli_{%/cpjv(@) =00y =123..;1<v<uw)a P =
(r,0) - Q' = (t',9) € S5,(2), we have lim U"(P) = 0 from the def-
P—Q',PEC,(Q)
inition of the kernel function K (2, a,m)(P,Q). U"(P) = O(Vin+1(r)p1(©)) and
therefore tends to zero.
So the function U (€2, a, m; u)(P) can be continuously extended to C,,(2) such that

5
4

li U su)(P) = !
bl U8, miu)(P) = u(Q)

for any Q' = (t/,®’) € 0C,(Q2) from the arbitrariness of [, which with Theorem 1
gives the conclusion of Theorem 2.
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