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GRADED MORITA THEORY FOR GROUP CORING AND GRADED
MORITA-TAKEUCHI THEORY

Guohua Liu* and Shuanhong Wang

Abstract. A Graded Morita context is constructed for any comodule of a
group coring. For any right G-C-comodule M with dual graded ring R, we de-
fine a graded ring 7 = HOMY“E(M, M) = @, .o HOM“E(M, M),, and
a G-graded R-T' bimodule @ = P, Q7 where Q7 is a family of right
A-linear maps ¢%; My — Rgo in My4. We construct a graded Morita con-
text M = (T, R, @,cq Mo, Q, 7, p) with connecting homomorphisms 7 :

T(@BaceMa) @rQr — T, m®q+— mq(=), p: rRQ A7 (Bocq Ma)r —
R, ¢ ® m — q(m), which generalized the Morita context in [3, 5-7, 10, 13].

Meanwhile, we prove the graded Morita-Takeuchi theory as a generalization
of Morita-Takeuchi theory which characterize the equivalence of comodule over
field.

1. INTRODUCTION

Graded Morita theory for group ring has been introduced by Dade [11, 12] since
1980. Boisen[4] introduced the definition of graded Morita context for all group graded
rings. Graded Morita theory can be thought of as a generalization of Morita theory in
the sense that when the grading group is trivial the two theories coincide. It can also be
viewed as a refinement of Morita theory, since two rings with graded structure which
are graded equivalent are necessarily Morita equivalent as rings.

Morita theory associating to comodule algebras for a Hopf algebra H was first
introduced by Cohen, Fishman and Montgomery [6], in that paper a Morita context
was constructed under the assumption that A is a finite dimensional Hopf algebra
over a field (or a Frobenius algebra over a commutative ring). Doi in [13] extended
the Morita theory to arbitrary Hopf algebra H. Caenepeel et al. [5, 8] constructed
a Morita context for coring comodule which is finitely generated and projective as
an A-module. Bohm and Vercruysse [3] generalize their construction, they construct
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a Morita context for an arbitrary comodule M of an A-coring C which connects the
algebra of C-comodule endomorphism of M and the A-dual algebra of C.

Group coring was introduced by Caenepeel et al. [7], which generalized coring,
group coalgebras and Hopf group coalgebras. In section 2, we give a graded Morita
context for any group coring comodule connects the dual graded ring of a group coring
and the graded endomorphism ring of any group coring comodule, which generalized
the Morita context in [3, 5-7, 10, 13]. Let G be a finite group with unit e, A a ring
with unit, a G-A-coring C, and R be the left dual graded ring, for any right G-C-
comodule M, we define T' = HOM“€(M, M) = @, . HOME(M, M), where
(f)acc € HOMSE(M, M), is a family of right A-linear maps f4 : M, — My,
which are comodule maps. Then, we give a G-graded R-T' bimodule Q = @gec Q9,
where Q7 is a family of right A-linear maps (¢ )acc; Mo — Rga in My4. By these
definition, we construct a graded Morita context

M=(T, R, @M., Q, 7, n
aceG

with connecting homomorphisms

i (@D Ma)© Qr — T, m@q > ma(-)
acG

U RQ®(@Ma)R — R, g@m — q(m).
acG

Takeuchi [18] introduced the Morita-Takeuchi theory that characterizes equiva-
lences of comodule categories over fields, dualizing Morita results on equivalences of
module categories. Associated with Morita-Takeuchi context it is possible, using the
functors cotensor and co-hom to establish the equivalences of comodule categories.
The general concepts of graded Morita-Takeuchi context for graded coalgebras over
arbitrary groups are introduced [2, 10, 19].

In section 3, we recall the definition of graded Morita-Takeuchi context and prove
the theorem titled graded Morita-Takeuchi theorem following the treatment of Takeuchi
given in [18]. In other words, we show that the well know Morita-Takeuchi theorem on
equivalence of category of graded modules holds true for category of graded comodules
over all field k. We go parallel with Boisen’s [4] graded Morita theory.

Throughout this paper, k& will be a field. For a general theory of Hopf algebras,
we refer to the standard books [17, 20]. We use Sweedler’s [20] “sigma” notation:
A (c) = (1)@ c(p) for an element c in a coalgebra (C, A, €), and p (m) = mjq @ myy
for an element m in a right C-comodule (1M, p%). If M and N are C-comodules, a
comodule map from M and N is a k-map f : M — N such that (f ® 1)pa = pn f.
The k-space of all comodule maps from a right C-comodule M to a right C-comodule
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N is denoted by Com_c (M, N). Let M and ©M denote the categories of right
and left C'-comodules, respectively.

2. GRADED MORITA THEORY FOR GRouP CORING

2.1. Group coring

Let G be a group, and A an associative unital algebra over a fixed field k. The
unit element of G will be denoted by e. A G-group A-coring (or shortly a G-A-coring)
C is a family (C,)aec Of A-bimodule together with a family of bimodule maps

ANapiCap—Ca®aCs €:Cc— A,
such that
(D0 ®aCy)oDag~y=(Ca ®aLgy) o Da gy

and
(Coc XA 6) © Aa,e =Cq = (6 XA COé) o AE,OC

for all «, 8,y € G. We use the following Sweedler-type notation for the comultiplica-
tion maps A, g:
Ba,5(€) = €(1,0) @A C(2,8)

for all ¢ € C,g. Then the above equations take the form
c1,a)€(c(2,e) = ¢ = €(c(1,e))C(2,0) TOrall c e C,

((Da,p®4Cy) 0 Dapry)(e) = ((Ca®a Dgy) 0 Dapy)(€) = C(1,0) ®A C(2,8) B4 C(34)

for all ¢ € Cop,.

A morphism between two G-A-corings C and D consists of a family of A-bimodule
maps

(fa)acas fa : Co — Dy such that

(foc XA fﬂ) © Aa,ﬂ = Aa,ﬂ % focﬂ and € o fe=¢€

A right G-C- comodule M is a family of right A-modules (M, )acq, for every a € G,
M, is a k-linear space, and a family of right A-linear maps

Pa,B - Maﬁ — M, ®4 Cﬂ

such that
(Mo ®4 Dgy) © pasy = (Pa,8 ®4 Cy) © papy

and
(Moc XA 6) © Pa,e = M,
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for m € M,3. We also use the Sweedler-type notation:

Pa,p(m) = mio,a] ®a M[1,8),

so that, above equations justify the notation
mp,a)€(mp ) =m for all m € M,

(Mo ®4 Dgy) 0 pagy) (M) = (Pa,s @4 Cy 0 pap ) (M) = mpp.q) @AM 5 @A M2

for all m € M,g,.
A morphism between two right G-C-comodules M and N is a family of right
A-linear maps f, : M, — N, such that

(foc XA Cﬂ) © Pa,B = Pa,p © focﬂ-

The category of right G-C-comodules will be denoted by M€,
Let C be a G-A-coring. For every a € G, R, =* Co-1 =4 Hom(C,-1, A) is an
A-bimodule, with
(a-f-b)(c)= f(ca)b

for all f, € R., g3 € Rg and define f.fgs € Rap as

(fallgs)(c) = gslcq g1y faleza-1))

for all ¢ € C(p)-1. This defines maps mq g @ Ro ®4 Rg — Rapg, Which makes
R = @, Ra into a G-graded A-ring, called the left dual graded ring of the group
coring C. We will also write *C = R. In [7], the authors gave the following proposition:

Proposition 1. [7, Proposition 4.1]. Let C be a G-A-coring, with left dual graded
ring R. We have a functor F3 : M%< — MG, which is an isomorphism of categories
if C is left homogeneously finite.

2.2. Graded Morita theory

Now, we recall the definition of graded Morita theory for graded ring [4][16]. Let
R = @ cqRa and S = @, ;S be two G-graded rings, where G is a group.
A graded Morita context is a datum (R, S,r Mg,s Nr, ¢,v), where M is a R-S-
bimodule which is graded, i.e. R M;S; C Mgy and N is a S-R-bimodule which
is also graded. Moreover, ¢ : M ®s N — R is an R-R-bimodule homomorphism
which is graded in the sense that ¢(M, ®s Ni) € Rgp and ¢ : N @g M — S is
an S-S-bimodule homomorphism which is also graded. Lastly, ¢ and ) satisfy the
following two relations:

d(m® n)m’ = my(n® m')
Yn@m)n =np(men).
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Given a subset X of G, the symbol Rx denotes } . R,. Let H be a subgroup
of G, Ry = ey Roy My =),y M. There is a natural Ry-Rg bimodule map
from Ny ®s,, My to N ®s M given by a ®s,, b — a ®g5 b. Let 7y denote the
composition of this map followed by (the restriction of) the map from Ny ®s,, My
to Ry. Define uy similarly. Then (Ry, Sy, My, Ny, 7, ) is a Morita context as
per [14, Definition 3.11]. Thus a G-graded Morita context is in a sense a collection of
Morita context indexed by the subgroups of G.

Theorem 2. [4, Theorem 3.2]. Let (R, S, M, N, r, u) be a G-graded Morita con-
text in which 7. and p. are surjective. Let H be a subgroup of G and let G (Gg)
denote the largest subgroup of G such that R ¢,, (resp., Sg,,) is fully graded. Then

(1) Gr=Gs;

(2) M is projective in GrMod-R in such a way that it is a direct summand of a
direct sum of copies of R. M, is a generator in mod-R. and in S.-mod. For
every subgroup H of G, My is a progenerator in mod-R gy and in Sg-mod.
Similar statements hold for N;

(3) 7 and uy are isomorphisms for every subgroup H of G;

(4) given n € Ny, define ¢«(n) : M — Ry to be the map m — 7(n ® m). The
map n — ¢(n) is a graded bimodule isomorphism of the R g7, Sp-module Ny
onto (Mg)*;

(5) Given s € Sy, let X(s) € Endg,,(Mp) be the map m — sm. The map
A: Sy — Endg, (M) is an isomorphism of H-graded rings. Given r € R g,
let p(s) € Endg,, (My) be the map m — mr. p is a graded anti-isomorphism
from Ry to the HP graded ring Endg,, (Mp);

(6) The pair of functors — ® g,, Ny and — ®g,, My form an equivalence of the
categories right R y-module and .Sy -module.

2.3. Graded Morita theory for group coring

Generalizing constructions in [1, 5, 8, 9, 13], the authors in [3] associated Morita
context for comodule of an A-coring C, for any right C-comodule M they constructed
a Morita context connecting the k-modules Q, T = End‘(M), *C = Hom(C, A).
In this section, we generalize the Morita context[3] to group coring, and construct the
following graded Morita context associated a G-A-coring C and M € ME,

Let G be a finite group with unit e, A a ring with unit and C a G-A-coring,
R be the left dual graded ring. For any right G-C comodule M, we define T' =
HOMSE(M, M) = @,cc HOMEE(M, M), where (f)acc is the family of right
A-linear maps f§ : M, — M,, which are comodule maps. We also define a G-
graded R-T' bimodule Q@ = P, @7, where Q7 is a family of right A-linear maps
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(%) acc : My — Ryq in My. By the above definition, we construct a graded Morita
context

M=(T, R, @M, Q 7 p
aceG

with connecting homomorphisms

i (@D Ma)© Qr — T, m@q > ma(-)
acG

and

p: rRQ® (@ Ma)r — R, q@m — g(m),
acG

which generalized the Morita context in [3, 5, 6, 7, 8, 13].
Now, we give the specific construction processes. First, we define G-graded k-

modules:
Q=P

geG

where Q7 is the family of right A-linear maps ¢J : M, — Ry, in M4, such that for
all
Me € My, cgg—1 € Cgg-1, 7 satisfies:

1) 31 (Mo, 5-1))(Cag-1)M[1,60] = €(1,50)80(Ma) (C(2,0-14-1))-

Especially, we have
Q° =1{¢° = (¢5)acc: M — R, q5, : My — Ry} in My, and

a5-1(mp,8-11)(c8)M[1 ga) = 1,590 (Ma)(C2,0-1])-
Now, for M € MEE, define
T, = HOM®E(M, M), = Hom®4(M, M), Ty = HOM“E(M, M),

7= @1, = @HOMOM, M), = HOMOC(M, M) = ENDOC(M, M)
geG geG

where f9 € HOMYE(M, M), is a family of right A-linear maps f4 : M, — My,
such that

() (18 ®4Cp) © pa,s(Map) = pga,pfag(Mas)-

A straightforward calculation shows that 7,7}, € Ty, and T = END%E(M, M)
is a G-graded ring.
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Lemma 3. Let T, Q defined as above, then, @ is a G-graded R-T bimodule, with
actions

(fy = ") (m) = fytq"(m), forall f, € Ry, ¢" € Q", m € M,

(" = t9)(ma) = "(t9(my)), forall t9 € T9,¢" € Q", mqy € M,.

Proof.
(1) First, we check f — ¢ satisfies (1), for all f, € R, ¢9 € GY:

(f’y - QZ—l)(m[O,ﬂ_l])(cﬂg_l'y_l)m[l,ﬂa]
:(f’Yﬁqz—l(m[O,ﬂ_l]))(Cﬂg_l'y_l)m[l,ﬂa]
=q%-1(mjo,5-1))(c1,pg-1).fr (€@ 1)) M1 pa)
:(C(l,ﬁa))qg(ma)(C(Z,oc_lg_l)f’y(c(fﬂ,'y_l))) by (1)

:(C(l,ﬂa))(f’Y - qg)(ma)(c(loc_lg_l'y—l))'
Meanwhile, it’s obvious that f — ¢ is an element of Hom (M, R), and
(fg = a§)(mg) = fot(af(ms)) € Ryns.
Thus, R; — Qn C Qgn. We have proved @ is a left R-graded module.

(2) Define the right 7-graded module action on Q by (¢ — t)(m) = q(t(m)). For
all mg € My, q9 € Q9,th € T", we have

(¢7 — t")(mpo g-1)) (cn-14-1)M[1 0]
:qZﬂ—l(th(m[o,ﬂ—l]))(cﬂh—lg—l)m[l,ﬂa]
=q)5+ (1" (ma)o ng—1) (an19-1) (1" (Ma )1 oy by (2)
:C(Lﬂa)q/‘za(th(ma))(0(2,a—1h—1g—1)) by (1)

—c(1,80)(¢° — ") (o) (Caa-1h-14-1))-
Hence, ¢ — ¢ satisfies (1). At the same time, the action is a right A-linear map as ¢
and ¢ are right A-linear, and

(¢" = t9)(ma) = ¢"(t*(ma)) € Riga-
(3) Finally,
((f7 = ¢") = t")(m) =(f7 = ¢")(t'(m))
=[94(¢"(t'(m)))
=f94(¢" —t'(m)))
=(f? = (¢" — ")) (m).
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Thus, we have proved @ is a G-graded R-T bimodule. ]

Lemma 4. (1) @ is a k-graded submodule of HOM r(M, R);

(2) M, N be two right G-C-comodules, then for every n, € N, there is a k-linear
map Q — HOMSE(M, N) given by ¢9 — (nq — ¢9(—)).

Proof. (1) For all ¢9 € Q9, ma € My, fz € Rg, cg-14-1
we have

g1 € Cﬂ—la—lg—l ,

¢*(ma = f)(cg-10-14-1)
:qg(m[o aﬁ]f(m[m—l]))(Cﬂ—la—lg—l)
=q%(mjo,ap) (f(mp1,5-17))(cg-10-14-1) right A-linearity of Q
=q%(m[o,a8) (cg-1a-14-1) (f(mp1,5-17)) R is A-bimodule
=f(¢"(mo,ap)(cs-1a-14-1)(M[1 5-17)) R is left A-linear
=f(cap-1¢°(Ma)(c2,a-14-1))) by (1)

(¢%(ma)tfp)(cs-10-14-1)-

Hence, we have
¢*(ma — f3) = ¢*(ma)tifs (%)
(2) Since R is a G-graded A-ring, and the elements of @ are right A-linear, the map
mg — nq — q?(mg) is right A-linear.
(na = ¢°(mp))o @ (na — ¢°(mp))h1

:(n[O,aﬂg]qg(mﬂ)(n[l,ﬂ_lg_l]))[O,aﬂg'y] ® (n[O,aﬂg]qg(mﬂ)(n[l,ﬂ_lg_l]))'y_

=1[0,a8g7] ® n[l,'y_l]qg(mﬂ)(n[2,ﬂ_1g_1])

=10,0897] © 45, (M10,53) (P[1,7-15-1g-1]) 0 [1,51) by (1)

=110,0897193 (M10,65)) (M1,7-18-19-1]) @ M1 51

=na = ¢° (Mo ) © M1 51
Especially, for every n, € N,, there is a k-linear map Q¢ — Hom% (M, N), mq
neQﬂ(ma) ||

Lemma 5. Define left T action on P ,c; Ma by t! = mq = t'(ma) € Ma, right

R action on P, Mo by ma — fg = mg opf(m) s-1)) € Mag. Then, @, cq M.
is a G-graded T-R bimodule.
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Proof. ~ Obviously, @, M. is a left graded 7-module. By [7, Proposition 4.1]
@D.cc M. is aright G-graded R-module and

th— (Mma = f5)

=t'(myp agf (mp5-17))

=t (m[o,ag) f(mp,5-1) right A-linearity of T
=(t"(ma) 0,08 (' (Ma) 1, 5-1) by (2)
:tl(ma) — fﬂ

:(tl - moc) — fﬂ-

Hence, @ . M, is a G-graded T-R bimodule. ]

acG

Theorem 6. Let C be a G-A-coring, R be the left dual graded ring. 7 =
HOMYE(M, M) = D,ca HOMYE(M, M)y, M € MYE, Q = Dyec @ We
have the following graded Morita context

M=(T, R, @M., Q, 7,
aeG
with connecting homomorphisms

(@B Ma)®@Qr — T, m&q— (m -+ q(-))
acG

p: rRQ® (P Ma)r — R, q@m i q(m).
acG

Proof. First, we check 7 is a T-T bimodule map, for all t* € T,,, m, € M,, ¢" €
Qh, mg € Mgi

(t% = 7(my © ¢"))(mp) = t*(1(my @ ¢"(mg))
= t*(myq" (mg))
= t*(m[o,gns))4 "(m g)(mp g-1p-11) T is right A-linear
(Mg)0,0gngd" (M) (t*(mg) 1, g-1n-1) by (2)
(myg) = q"(mg)
(1% (mg) ® ¢")(myp)
=T(t* = my ® ¢")(mp),
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and
T(mg ® q") — 1% = meq" (=) 1% = myq" (t*(-))
= 7(my ® ¢"(t°(-))) = 7(my @ ¢" 1.
Next, we have:
(u(g" @ma) = f9) = ¢"(ma) — f9
¢"(ma )t f*
= ¢"(ma = f9) by (*)
= u(q" @ ma — f9),

and
f9 = wld" ®@ma) = 2 = (¢"(ma)) = fo4(¢" (ma))
= (f? = ¢")(ma) = u(f? = ¢" @ ma).
Finally, we check u(qg @ m)p = qgr(m ® p), mu(qg @ m') = 7(m ® q)m/, for all
¢’ € QY,
me € My, p* € Q", we have:
(1(g? ® mq) = p"(mp)

=1u(q® @ mq)p" (mp)

—¢*(ma)ip"(mp) by (*)

=g (mq — p"(mp))

=q(T(mq @ p''(mg))

=(¢* = 7(ma ® p"))(mg).

and for all m,m' € M, g€ Q

my(q@m’) =mg(m') = (mq(=))m’ = 7(m @ q)m’. m

We say that a G-A-coring C is left homogeneously finite if every G, is finitely
generated and projective as a left A-module.

Remark 7. In the case when C is left homogeneously finite, QQ has a particu-
larly simple characterization as Q@ = HOMgr(M, R). By the above Lemma, @ C
HOMR(M, R). The converse inclusion is proven as follows. For every ¢, € C,,
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by the left homogeneously finite of C, we have the finite dual basis f(o‘ ® e(o‘) €

R,-1 ®4C, of C, as a left A-module, such that ¢, = Zfi(o‘ (ca)e EO‘). Then, for all
q¢° € HOMRg(M, R),, we have

g

mio.a)(€a-10-1) £ (mpg.p)el®

o (@)

qa(m[O,ﬂ])(cﬂ 10_1)m[1 al = 4 (
= 4" (mpo g /) (mpra) (cp-14-1)e!
(

q° Mpa “— fz‘(a))(cﬁ—lo—l)ega)

= (¢°(mpa) — fi(a))(Cﬂ—lo.—l)e,Ea) Q is right R-linear
= (¢"(mpa) ") (cg-10-1)el”
= 1 (e1.)0" (Maa) (Cza-15-10-1)))e

o)
= C(l,a)qa(mﬂa)(6(2,04_1ﬂ_10_1))'
This shows that ¢ belongs to the k-module Q.
Proposition 8. Assume C is left homogeneously finite G- A-coring, we have HOM g
(M, R) = HOM%C(M, R).
Proof. For every T° € HOMS%C(M, R), we have
T7(ma = fa) = T7(mo.ap.f(mps-11) = T7(mjo,ap) f(Mp,a-1)
= (T7(ma)) (0,008 /8(T7 (Ma))1,5-1
= Ta(ma) — fﬂ.
Thus T% € HOMRg(M, R), and the proposition is completed. ]

Since any right G-C-comodule M has also a right R-module structure, we can
associate a further Morita context with it, namely,

N = (ENDg(M), €O M., HOMR(M, R), 7, p)
acG

with connecting maps

T: HOMg(M,R) ® @M ) — R, q®m— q(m)
acG

(6B Ma) ® HOMg(M, R) — (ENDgR(M), m®q—m— q(-).
acG
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Remark 9. Let C be a G-A-coring, and M a right G-C-comodule. There exists
a morphism of Morita context M — N which becomes an isomorphism if C is left
homogeneously finite.

Lemma 10. Let C be a G-A-coring, and M a right G-C-comodule. Consider the
Morita context M = (T, R, @ cq Ma, Q, T, 1),

(1) If w is surjective, then C. is finitely generated projective left A-module.
(2) If 7 is surjective, then M, is a finitely generated projective right A-module.

Proof.  The proof is similar to [3, Lemma 2.5] ]

At last, we apply [4, Theorem 1] to the graded Morita context.

Theorem 11. Let C be a G-A-coring, R be the left dual graded ring. 7 =
HOMSE(M, M) = @ e HOM“E(M, M)y, Q = @, QY consider the graded
Morita context

M= (T, R, @Ma Q, T,1),
aeG

and suppose 7., u. are surjective. Then
(1) 7 and p are isomorphism.

(2) D,c M, is projective in GrMod-R in such a way that Vo € G, M, is a direct
sum of R, Q. is a generator in Modg,, and in 7, Mod.

(3) The pair of functors — ® g Q and — ®r, (P, e M) form an equivalence of
the categories pMod and pMod. The equivalence preserves the structure of
graded modules.

3. GRADED MORITA-TAKEUCHI THEORY FOR GRADED COMODULE

Associated with Morita context it is possible to establish several equivalences be-
tween some subcategories of modules. Equally the (graded) Morita-Takeuchi context
plays an important role in the study of (graded) equivalences between (graded) coal-
gebras. In this section, we recall the definition of (graded) Morita-Takeuchi context,
prove the graded Morita-Takeuchi theory for comodule category on coalgebras over
field.

Let C, D be coalgebras, M ¢ ¢ MP be a C-D bicomodule. The cotensor product
O¢ determines a k-linear functor N — NOcM from MC to MP. We call M is
quasi-finite if Com_c (M, M') is finite dimensional for all finite dimensional right
C-comodule M.

A right C-comodule M is finitely cogenerated, if it is isomorphic to a subcomodule
of W® M for some finite dimensional vector space W. Finitely cogenerated comodules
are quasi-finite. The left adjoint of W — W ® M is written as M’ — h_c (M, M')
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from right C'-comodule category to the category of finite dimensional vector spaces.
Takeuchi has proved [18] the co-hom h_c (M, M’) is a cotra-variant functor of M
and a covariant functor of NV, and the co-end e_c(M) = h_c(M, M) has a coalgebra
structure.

For a bicomodule “NP, N is quasi-finite if and only if the functor M¢ —
MP M — MOcN has the left adjoint. In this case the left adjoint of A/ — MOcN
is given by M’ — h_c(M, M'). We refer the reader to [18] for a general theory of
Morita-Takeuchi theory.

Definition 12. [18] A Morita-Takeuchi context = (C, D, “MP, PNC 7 pu)
consists of coalgebras C' and D, bicomodules “MP” and PN, and bicolinear maps
7: C— MOpN and o : D — NOcM making the following diagrams commute:

I
I

M MOpD N NOC
o idOu o idOr
COcM MOpNOcM DOpN NOcMOpN

r0id pid

The context is said to be strict if both 7 and y are injections (equivalently, isomor-
phisms). In this case, the categories M® and MP are equivalent and we say that C'
is Morita-Takeuchi equivalent to D.

Now, we begin to develop a graded version of Morita-Takeuchi theory. The pre-
sentation here is modeled on that given in [18]. We first recall some definition on
graded coalgebras and graded comodules, give the graded Morita-Takeuchi context and
prove a theorem which we titled graded Morita-Takeuchi theory, which characterizes
equivalences of comodule categories over fields.

A coalgebra C'is called G-graded coalgebra if C is a direct sum C' = ®ycqC, Of
k-space and verifies:

(1) A(Cy) €35 ,=e Cr® Gy forany o € G;

(2) e(Cy) =0 for any o # e.

A coalgebra C = ®,c¢Co is said to be of finite type if, for all o € G, C, is finite
dimensional over k. Note that it does not mean that C' = &, C, is finite dimensional
(unless C,, = 0 for all but a finite number of o € G).

Let M be a right C-comodule, M is called a G-graded comodule over C' if M
admits a decomposition as a direct sum M = @&,ccM, of k-space, and ppr(M,) C
Do Ma®@Cy forany o € G .
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If M = ®,caM, is a graded right C-comodule and o, = € G, we denote by
s : M — M, the canonical projection and by p, . : My — M, ® C; the unique
k-morphism. Then we may define a coalgebra structure (C1, A = pee, €) on C, and
m : C — (4 is a morphism of coalgebras. Moreover, forany o € G, M, is aright Cy-
comodule via the canonical map p : M, — My ®C, 1.8 pye(m) = 3 mp @1 (my))
for any m € M,.

Definition 13. A G-graded Morita-Takeuchi contextisaset (C, D, “MP, PN,
T, 1) of objects which we now define. C and D are G-graded coalgebras. ©M7P is a
C-D-bicomodule which is G-graded i.e., (“p®1)p”(My) € Y 5,—y Ca®MpRD,,.
N is a D-C-bicomodule which is also graded. 7 : C — MOpN is a C-bicolinear
homomorphism which is graded in the sense that 7(C) C >, 5_, Ma®Ng, i : D —
NOgcM is a D-bicolinear homomorphism which is also graded. Lastly, 7 and p make
the following diagrams commute:

M = MOpD N = NOC
o~ idOu ~ idOr
COcM MOpNOeM DOpN NOeMOpN
r0id uid

The context is said to be strict if 7 and p are graded bicolinear isomorphisms.

We now explain the use of the word “graded” in the phrase “graded Morita con-
text”. Let o € G, there is a natural C.-D.-bicomodule action on M, and D.-C,-
bicomodule action on N,-:. Let 7, ,-1 denote the map obtained as by the restriction
of the map = from C, to M,0Op,N,- and py-1, : D, — N,-10c,M,. Then
(Ce, De, “eMPe, PeNSe 7,1, py-1,) isa Morita-Takeuchi context.

Consider the definition of a graded Morita-Takeuchi context in the special case
G = e. This is exactly the definition of a Morita-Takeuchi context.

Theorem 14. (graded Morita-Takeuchi theory). Let (C, D, “MP, PNC 1 p)
be a graded Morita-Takeuchi context in which 7., p. . are injective. Then

(1) 7 and p are isomorphisms;

(2) MP is quasi-finite in right D-comodule category, M is a cogenerator in left
G-graded C-comodule category. M. is a cogenerator in right D .-comodule and
left C.-comodule category. Similar statements hold for N;

(3) w induces a graded bicomodules isomorphism ¢ : h _p(M, D) — PN¢ and
hp_(N,D) — ©MP We also have similar graded bicomodule isomorphisms
of h_c(N, C) with M and he— (M, C) with N;
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The bicomodule structures of M and N induce graded coalgebra isomorphisms
A:e_p(M)~C and ep_(N) ~ C. Similarly, we have ec_ (M) ~ D and
e_c(N)~D.

The pair of functors F = —Op N and G = —¢ M form a graded equivalence
of the graded right D-comodule and graded right C-comodule categories. The
functors S = NO¢— and T' = Mp— form a graded equivalence of the graded
left C-comodule and graded left D-comodule categories.

Proof.

(1)

(2)

First, we have 7, .1 are injective since 7. . is injective. Part (1) follows from the
application of Morita-Takeuchi Theory to the graded context (C,, D,, “cMPe,
DeNJ_el, Too—1, MU—l,U)'

Since 7 and p are isomorphisms, then, 7= : FG — Id, u : Id — TS give
an adjoint relation. Hence, M is quasi-finite as right D-comodule. Since F' is
exact, G preserves injective, MP = G(C) is injective, thus, M is a cogenerator
follows from C ~ MOpN — M ® N. M, is a cogenerator in right D,-
comodule category follows from the Morita-Takeuchi Theory.

The map ¢ is a bicomodule isomorphism by Morita-Takeuchi Theory. We show
that + respects the graded structure of comodules. Let ¢ € G, and f, €
h_p(M, D), then u(f,(Ma)) Cp(Doa) S Ny © Ma, hence, u(f,) C Ny
Applying Morita-Takeuchi theory once again, we see that the map A in (4) is a
coalgebra isomorphism. We show that X respects the graded structure of coalge-
bras. Let f, € e_p(M), then, f,(M,) C Mo = C, ® M,, thus, we have
Mf») € Co.

Let U be a graded right C-comodule. The corresponding comodule in right
D-comodule category we get is U' = UOcM. If we pass back to the right
C-comodule category we get U” = UOcMUOpN. U” is isomorphic to U via
themap 0 : u@m®n — ur(m®mn), forallw € U, m € M, n € N. Our vague
statement that the equivalence preserves graded comodules means that there is a
natural graded structure on U’ and U”, and 6 is a graded isomorphism. Now, we
give the grading of U’ and U"”. The o-component of U, is generated as additive
group by the set of all udzm, for any v € U, and m € M., it is straightforward
to check that the induced comodule action preserves the grading. Imitate this
construction for U, U = {u@m @mn, u € Uy,m € M,,n € N.}. The image
of U is the set {ur(m ®n)} C Uy, thus € is a graded map. |
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