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A NOTE ON INTEGRAL INEQUALITIES OF HADAMARD TYPE FOR
LOG-CONVEX AND LOG-CONCAVE FUNCTIONS

Gou-Sheng Yang, Kuei-Lin Tseng* and Hung-Ta Wang

Abstract. In this note, we establish new inequalities of Hadamard type in-
volving several log-convex functions and log-concave functions.

1. INTRODUCTION

The following integral inequality

(1.1) ! (“‘2”’> < bia/abf(x)dx <@ —;f(b)

where f : [a, b] — R is a convex function with a < b is well known in the literature
as the Hadamard inequality (see [4]). A function f : I — (0,00), is an interval
in R, is said to be log-convex function, if for all x,y € I and ¢ € [0, 1] one has the
inequality (see [6, p. 3)):

fltz + (1 =t)y) < [f@)][f )],

f is said to be log-concave if

f(tz+ (1= t)y) > [f@)] [f )]

Recall that the extended logarithmic mean L, of two positive numbers a, b is
given for a = b by L,(a,a) = a and for a # b by
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where the L_;(a, b) is the logarithmic mean L(a,b). In [2], Dragomir and Mond
proved that the following inequalities hold for log-convex function f:

() < oo [ [ il

< —a/G fla+b—z))dzx
sb_aﬁf@MwSMﬂij»
NIOEIC)
- 2
where
G(p.9) = VP4,

is the geometric mean. For the further refinements of (1.1) for log-convex functions
and various other results related to (1.1), see [1 — 3] and [5 — 7]. In [6] Pachpatte
proved the following inequalities involving two log-convex functions:

Theorem 1.1. Let f,g: I — (0, 00) be log-convex functionson | and a, b € I

with @ < b. Then ,
2
= | gt

w2 < IOTIO ey i+ LDTIO ) o).

Theorem 1.2. Let f,g: I — (0, 00) be differentiable log-convex functions on
the interval of real numbers I° (the interior of 1) and a,b € I° with a < b. Then

9 b
= | et
1 a+b\ [ /' (42) a+b
> _

(1.3) _b—af< 5 )/(lg(x)exp[ (=D <x 5
1 a+0b\ [° g (%52) a+b
+K:ﬁ< 2 )Acﬂ@@m[ @#)( T )
The main purpose of this note is to establish some generalizations of Theorems

1.1 and 1.2 as well as some new inequalities involving several log-convex functions
and log-concave functions.
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2. MaIN REsuULTS

Theorem 2.1. Let f, g, a,bbe asin Theorem 1.1 and o, 6 > 0 with a+ 3 = 1.
Then the following inequality holds:

o [ <a L@, )] T L, o)
1-8

+8[Ly 1 (9(@),98)] 7 Ligla). ).
Proof. Since f, g are log-convex functions, we have

(2.2) f(ta+ (1 =1)b) < [f(a)]'[f(0)]',

2.1) —a

(2.3) gta+ (1= 1)b) < [g(a)]g(®)]" ",

for all ¢ € [0, 1]. It is easy to observe that
(2.4) / F@)g(@)dz = (b—a / Fta+ (1 — Db)g(ta+ (1 — B)b)dt.
Using the known inequality cd < ace + ﬁdﬁ (,3>0and o+ = 1), (2.2),

(2.3) on the right side of (2.4) and making the change of variable we have

b

| t@g(a)da
< (b—a)/o {alf(ta+(1—t)B)]% + Blg(ta+ (1— B)b)]F}dt

< (b-a) /0 (@£ @I O} + B{lg()) T ®)] 1} 7] dt

(2.5)
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Rewriting (2.5) we get the required inequality in (2.1). The proof is completed.
Remark 2.1. For a = %, 3 =1, the inequality (2.1) reduces to (1.2).

Theorem 2.2. Let f,g : I — (0,00) be log-concave functions on I and
a,b € I with a < b. Further, let & > 1 with a4+ =1 (or 8 > 1 witha+5 =1).
Then the following inequality holds:

1—a

o [ @ = a b, 1)) 7w, 70)

[ Ly (0@, 90)] 7 Lg(@), 95).

(2.6) —a

Proof. Since f, g are log-concave functions, we have
(2.7) flta+ (1 =t)b) > [f(@)]'[f ()],
(2.8) g(ta+ (1—1)b) > [g(a)]"[g(0)]' ",

for all ¢ € [0, 1]. Using the known inequality cd > aca + ﬁd%, (2.7), (2.8) on the
right side of (2.4) and making the change of variable we have

b
/ f(@)g(x)da
>

(b—a) /0 {alf(ta+ (1 — OB)]* + Blg(tat (1— t)b)]F}dt

o{[f(@ O + B{[g(a)] [g(®)) 1} | at

—

1
(2.9) > (b— a,)/o
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Rewriting (2.9) we get the required inequality in (2.6). The proof is completed.

Theorem 2.3. Let f, g,a,bbe as in Theorem1.2 and «, 3 > 0 with o + 3 = 1.
Then the following inequality holds:

/ ' fw)ge)d
(2.10) > af (C"TM> /abg(x) exp [f/((j)) <x— “‘2”’> dr
+Bg <a+b>/f eXp[gg((jb)) (x—a;b> dx

Proof.  Since f, g are differentiable and log-convex functions on 1%, we have

that
(2.11) log f(z) — log f(y) = log (%) > J;/((j)) (. —y),
(2.12) log g(z) —log g(y) = log (%) > gg/((;/)) (z—y),

for all =,y € I°.That is

(213) F(@) > f(y)exp [J}((j)) (2 y>] ,
(2.14) o) > 9(y) exp [gg((j)) (2 y>] ,

Multiplying both sides of (2.13) and (2.14) by ag(x) and 3f(x) respectively and
adding the resulting inequalities we have
f(x)g(x)

@18 5 ag@)f(y) exp

B0 )]+ sr@ames |2 D - ).

By taking y = %2 in (2.15) we have

Falgle) > agla)f (“57) exo [f ’ ((j: : G

(2.16)
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Integrating both sides of (2.14) with respect to = from « to b, we get the desired
inequality (2.10).

Remark 2.2. For a=3, 8=3, the inequality (2.6) reduces to the inequality (1.3).

Theorem 2.4. Let f,g : I — (0,00) be differentiable log-concave functions
on the interval of real numbers 7° and a, b, o, 3 be as in Theorem 2.3. Then the
following inequality holds:

. [ 1@< ar (41 | g(x)exp[ Ej))( )| o
+Bg (""2”’) / (o) e Ll(ﬁi <x— ""2”’) dr.

Proof. Since f, g are differentiable and log-concave functions on I°, we have
that

(2.18) log f () —log f(y) = log (jﬁg ;) < J;'((j)) (z —),
(2.19) log g(z) —log g(y) = log (%) < gg/((;/)) (z—y),
for all 2,y € I°. That is

2.20) ) < fy e | £ -]

(2.21) g9(z) < g(y) exp [gg/((;/)) (z — y)] :

Multiplying both sides of (2.20) and (2.21) by ag(x) and 3f(x) respectively and
adding the resulting inequalities we have

f(@)g(x)

(222) < ag(e)f(y)exp [M

fy)
By taking y = %2 in (2.22) we have

(a= )| + B5 @19t exp |

(2.23)
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Integrating both sides of (2.23) with respect to = from « to b, we get the desired
inequality (2.17).

Theorem 2.5. Let f,a,b be as in Theorem1.2 and g be as in Theorem 2.4.
Further, let « > 1 with a + g = 1, then the following inequality holds:

b

f(x)g(x)da
can 2ot (*F) [ [T (-25°)

+gg<a+b>/f exp[i((jb)) (x_a—;b>

Proof. Since f is differentiable and log-convex functions on I° and g is differ-
entiable and log-concave functions on I°, we have that

n

dzx

\+

dx.

(2.25) F(2) > £(y) exp [?’fjf( - y>] ,
(2.26) g(z) < g(y) exp [gg/((;/)) (v — y)] :

Multiplying both sides of (2.25) and (2.26) by ag(z) and Sf(z) respectively and
adding the resulting inequalities we have

f(@)g(x)

@215 g(@) F(y) exp [

f'(y)
f()

By taking y = %2 in (2.27) we have

f(@)9() = ag(a) f (“3”) exp [ (=

(2 - y>] + B1(@)g(y) exp [9

‘-l- w‘+

5 ()
+05(@)g (52 exo [gg ((i)) (+-5)

Integrating both sides of (2.28) with respect to = from « to b, we get the desired
inequality (2.24).

(2.28)

Theorem 2.6. Let g,a,b be as in Theorem 1.2 and f be as in Theorem 2.4.



486 Gou-Sheng Yang, Kuei-Lin Tseng and Hung-Ta Wang

Further, let « > 1 with a + @ = 1, then the following inequality holds:
b

[ gz

a

() frren S 55
+ﬁg<a+b>/ f= explgg((jb)) (w_a;b>

Proof. Multiplying both sides of (2.20) and (2.14) by ag(x) and 3f(x) respec-
tively and adding the resulting inequalities we have

f(2)g(x)
< ag(z) f(y) exp [

n

dzx

\+

dx.

(2.30) ')

fy)
By taking y = %2 in (2.30) we have

Falgle) < agla)f (52 exo [J; ((i M=)

g % a—i—b)
=) x B
g (et

~—

(e - y>] + B1()g(y) exp [9'@

)]

(2.31)

+Bf(z)g (— exp

Integrating both sides of (2.31) with respect to = from « to b, we get the desired
inequality (2.29).

Theorem 2.7. Let fi, fo... fn : I — (0,00) be log-convex functions on | and

n

a,b € I with a < b. Further, let ay,as, - -,a,, > 0 with Zo‘i — 1. Then the
i=1

following inequality holds:

bfa/bfjfm)dx
<Z{az (@ 50)]

1—oy

(2.32)
L(fi(a), fi(b))} :

Proof. Since f1, fo,-- -, fn are log-convex functions, we have

(2.33) filta+ (1 —1)b) < [fi(a)]'[f:(0)]*,



A Note on Integral Inequalities of Hadamard Type for Log-convex and Log-concave Functions 487

forall t €[0,1],i=1,2,---,n. Since
(2.34) /Zf )dx = ( —a,/Zfz (ta+ (1 —t)b

Using the inequality fifo- - fn < o (fl)al_1 + (f2)°‘1_2 +o g (fn)i and
(2.33) on the right side of (2.34) and making the change of variable we have

/ Zfz x)dz
Z a; [fi(ta+ (1 — t)b)]"%'} dt

il [Fi @) )1 ] dt

=1
= (-0 | (@)’ Z ( ) (fi(a), fi(b ]
i=1
= (b—a) {ai (fz( fi( L(fi(a), fi(b ))}
i=1 :
Rewriting (2.35) we get the required inequality in (2.32). The proof is completed.
Remark 23. Foraj=as = - =y, = %, the inequality (2.32) reduces to
T / Zfz
(2.36)
<Z n-1( F )"V L(fi(a) = f; ().

Remark 2.4. If we choose n = 2 in (2.36), then (2.36) reduces to (1.2).
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Theorem 2.8. Let fi, fa... fn : I — (0, 00) be log-concave functions on | and

n
a,b e I with a < b. Further, let a; > 1 and ag, as, -+, ap < 0 With Y = 1,
i—1

J
and let Zo‘i >0, j=2,3,---,n. Then the following inequality holds:

i=1
b n
bi a/ Zfz(x)dx
(2.37) . = Lo
>y {ai [Li_afi(a),fi(b))] Z L(fi<a>,fi<b>>}.
i=1 !
Proof. Since f1, fo, -+, fn are log-concave functions, we have
(2.38) filta+ (1 =)b) > [fi(a)]'[fi(b)]'

forall t €[0,1],i=1,2,---,n. Since
b n 1 n

(2.39) / S fiw)de = (b a) / S filta+ (1 - b)dt.
a =1 0 =1

Using the inequality fifo -+ fn > a1 (f1)™1 + as (f2)7% + -+ + ap (f) 7 and
(2.38) on the right side of (2.39) and making the change of variable we have

b n
Z fi(z)dx
i=1

a

> (b-a) [ {Zai [ﬂ(m+<1—t>b>@}dt

(2.40) T 1
> b= | [Z O‘i{[fz‘(a)]t[fz‘(b)]l_t}"_i] dt

=1

- <ba>2{ai L a0 L<fi<a>,fz~<b>>}-

Rewriting (2.40) we get the required inequality in (2.37). The proof is com-
pleted.

Theorem 2.9. Let f, g and h : I — (0, c0) be differentiable log-convex func-
tions on the interval of real numbers I and a, b € I° with a < b. Then the following
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inequality holds:

s [ rw@nes
-1 (45) /%<w>h<w>exp T -5
(2.41) <a—|—b>/ Fa)h(a) exp [gg’((;;:)) <x_a—2|—b> -
+h (a;b)/a f(x)g(x)exp[};:((g)) (x—a;b> de.

Proof. Since f, g and h are differentiable and log-convex functions on 1°, we
have that

(2.42) fa) = o) exp | T8 o - y>] ,
(2.43) o(2) > gl exp |2 fjf( - y>] ,
240 he) = ) exw | D).

for all 2,y € I°. Multiplying both sides of (2.42), (2.43) and (2.44) by g(z)h(z),
f(z)h(z) and f(x)g(x) respectively and adding the resulting inequalities we have

35(a)g(x)h(z) > gla)h(e) f(y) exp [J;((j)) (z - y>]
(2.45) T F(@)h(x)g(y) exp [gg((j)) (2 y>]

f
f
(2.46) +f(2)h(z)g (%LI)) exp [g ((ﬁ)) (x_a;b>
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Integrating both sides of (2.46) with respect to = from « to b, we get the desired
inequality (2.41). The proof is completed.

Remark 2.5. For h(x) = 1, the inequality (2.41) is reduces to (1.3).

Remark 2.6. Since 55— > 1 for z > 0, it follows that if we choose
g(x) = h(z) =1in (2.41), we have

which is the first part of the inequality (1.1).

Theorem 2.10. Let fy, fo---, fn : I — (0,00) be differentiable log-convex
functions on the interval of real numbers I° and a, b € I° with a < b. Further, let
n

a1, e, a > 0 with Zo‘i = 1.Then the following inequality holds:
i=1

b n

/a > i)

a b ﬂ
> i (57) [ p@sste) gt expl g (5| =
(2.47) " IQﬂ
rasfs (37) [ @) fuwew [ﬁiﬁéi (a-57) |
atb ' x)--- ex G x—a+b x
+Oénfn< 9 >/a fl( ) fn—l( p lfrl(%) ( 9 > dx.
Proof. Since fi, fo,- -, f, are differentiable and log-convex functions on I°,
we have
(248-1) fi(x) > fi(y) exp [f W, y)]
N f1(y) 7
_ [ B ]
2.48-2) 1) 2 ) e | 20 )|,
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(2.48-n) ola) = fuw)oxw | 200 - )|
for all z,y € I°. Multiplying both sides of (2.48 —1), (2.48—2), --- and

(2.48—n) by a1 f2(x) f3(x) - - - fu(2), a2 fi(x) f3(x) - - - ful®), - - -and o f1(2) f2 ()

-+ fn—1(x) respectively and adding the resulting inequalities we have

- i
;:1 Fi(@) > a1 fol@) f3(@) - fu(@) f1(y) exp [ - Ezg (- y)]
f2(y)
(2.49) tasfi(z)fs(x) - fulz) f2(y) exp [fg(y) (v — y)]

)
fu(y)

o fu(@)fol@) - fas () () exp [ (2~ y>] .

Now, if we choose y = 2£2, from (2.49) we obtain
> fil@)
=1

- a r(atl a
> an o) fo(@) - Fulo)fy () exp [T (ot
(

2 f(220) 2
a () a+o ]
(2:50) Faahi(@)fale) o) o (P50 ) exo HQE“—“’;(% =)

a+b> o (B) ab]
—— | exp .
2 [fn CONER
Integrating both sides of (2.50) with respect to = from a to b, we get the desired
inequality (2.47). The proof is completed.

e fi (@) o) - for (@) fo (

Remark 2.7. If a1 = ap = -+~ = a,, = 1, then the inequality (2.47) reduces
to
b n
n/ Zf,-(x)dx
¢ =1 b ! (gt b
+b 5 a
> fi (a B >/a f2(x) f3() - fu(x) exp lfi (é) (x— - 2 > de
b ! (atb
(2.51) o (a;-b>/a Fi(@)f3(x) - fulz) exp l;z Eé; (3; — a—21—b>] dx
+b\ [ In (45 b
+fn <a2 >/a Ji(@)- - fao1(x) exp [fn Eé; ( B a2 > da.
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Remark 2.8. We note that the inequality (2.41) is a special case of the inequality
(2.51) when n = 3.

Theorem 2.11. Let f1, fo, -+, fn: I — (0,00) be differentiable log-concave
functions on the interval of real numbers I° and a, b € I° with a < b. Further, let

n
a1, e, > 0 with Zo‘i = 1. Then the following inequality holds:

=1
b n
[T
y a_—i—b ' ex <%) — ath T
<a1f1< 5 >/a J;Q(x)fg() fn(x) pl (%@_)HK 5 > d
@ tawn () [ @) >expl E;§< ) |as
a_—i_b . ’ X f'IL (%) x—a+b x
routs (557) [ 460 e plh(%)( )]
Proof. Since f1, fa, - - - , f, are differentiable and log-concave functions on I°,
we have
@53-1) A < A e [0 )
N L f1(y) 7
@53-2) ho) < ) esw | 20 )
N L f2(y) 7
(2.53—n) fa(z) < fuly) exp ;ﬁg; (z - )] :
for all x,y € I°. Multiplying both sides of (2.53 —1), (2.53—2), --- and

(2.53 =n) by arfo(z)fs(x) - - fu(2), aafi(@)fs(x)- - fu(z), - and anfi(z)

fa(x) -+ fn_1(x) respectively and adding the resulting inequalities we have

Zfz ) < auhala)fate) - ol) ) exw | I )

By,
) y)]

(2.54) tonfi (@) falz) - fule) faly) exp [
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o (2) fa(@) - - Foo () () exp [f’“y) (z >]

fn(y)
Now, if we choose y = “T“’ from (2.54) we obtain

Zfi(x)

a { IIT-H) a
<aifa(z)f3(x) - ful2) fr ( ;b) exp [;1 EM)( ;rb)
2.55 a 5 (g a
(299 oz fi(@)fs(x) - ful@) f2 ( ;—b> exp HQE,I_H,; (z— ;—b)

o fu(@) (@) faor(2)fo (ib>exp [f‘"( ) (p_oxh

Integrating both sides of (2.55) with respect to = from « to b, we get the desired
inequality (2.52). The proof is completed

Theorem 2.12. Let f1,a,b be as in Theorem 2.10 and f5, f3,

-, fn beasin
n
Theorem 2.11. Further, let oy > 1,5 < 0,5 = 2,3

939y T 7nW|th ZOCZ‘ = 1, then
i=1
the following inequality holds:
b n
/ Zf,-(x)dx
@ =1
a

> (45°) /:fz(x)fs() ) exp H o (+ —“3”) i
@) (a7+b> /a” A fule explé (5%

atbY [P fh () a+b
routs (457) [ 160 fr (el lf (%5) (”” 2 >
Proof. Multiplying both sides of (2.48 — 1), (2.53 —2), --- and (2.53 — n) by
arfo(x) f3(x) -+ ful(®), a2 fi(@) f3(@) - - fu(@), - - - and an f1 (@) fo (@) - - - fam1(2)
respectively and adding the resulting inequalities we have

y)
fi y) ]
Fanfi (@) fs(@) - fula) foly) exp [ f2$< y)]

F v
=

dx.

th >a1f2 )fS( ) fn |:
(2.57)
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o fu(@) fol@) - - for (2) fuly) exp [;Ez; (2 y>] .

Now, if we choose y = %2, from (2.57) we obtain
Zfi(x)
i=1

a 1 “T'H’ a
Zalfz(x)fs(x)---fn(x)fl( “’)exp[ Ea+b)<x— )

2

(2.58)

/ (a+b a T
+az fi(x) f3(z) - ful®) f2 (a;b> exp [fQEa-QH) (z — +b)

+oznf1.(33)f2(33) e fna (@) (aTer> P [

Integrating both sides of (2.58) with respect to = from « to b, we get the desired
inequality (2.56). The proof is completed.
Theorem 2.13. Let f5, f3,---, fn, a, b be as in Theorem 2.10 and f; be as in
n
Theorem 2.11. Further, let oy > 1,5 < 0,5 = 2,3,---,n with Zo‘i =1, then

i=1
the following inequality holds:

/ Zﬁ(x)dx

o) e s[5 -2
(2.59) Yoo fo <a+b>/ F1(@)f3(x) - fol(2) exp [ﬁgg; (x— a+b> dzx
s (3°) [ CR@) - far (@) exp [;Eﬁ; (0= 57) | @

Proof. Multiplying both sides of (2.53 — 1), (2.48 —2), --- and (2.48 — n) by
arfo(x) f3() - - fo()0nfi(2) f3(2) - - ful2), -+ and o fi(z) fa(2) - - foi(2)

respectively and adding the resulting inequalities we have
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Zfz ) < arfo() fa(x) - fulz) f1(y) exp [f{(z) ]
(2.60) +as fi(z) f3(x) - - - fulz) [fQ(z y)]
Fanfi(@)fo(®@) -+ fu-1(2) fa(y) exp Hgi - y)]

Now, if we choose y = 2£2, from (2.60) we obtain
n
2_fil)
i=1

a ! (atb a
< i fo(x) f3(z) - fal) f1 ( i b) exp [fl Eaib) (z — i b)
5

h (%7 2
atb
CD @) fos () e H g% @-2Eh
2

| a ! (atb a
e fi(2) fol) - o (2) ( - ”) exp [Mu _oth,

2

Integrating both sides of (2.61) with respect to = from « to b, we get the desired
inequality (2.59). The proof is completed.
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