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COMPACTNESS OF THE DIFFERENCES OF WEIGHTED
COMPOSITION OPERATORS FROM WEIGHTED BERGMAN SPACES
TO WEIGHTED-TYPE SPACES ON THE UNIT BALL

Stevo Stevic* and Zhi Jie Jiang

Abstract. Let ¢; and ¢o be holomorphic self-maps of the open unit ball B in
CV, u; and uy be holomorphic functions on B and let weighted composition
operators Wy, w.; We, u, © AL — HS° be bounded. This paper character-
izes the compactness of the difference of these operators from the weighted
Bergman space A2, 0 < p < oo, a > —1, to the weighted-type space H°
of holomorphic functions on B in terms of inducing symbols ¢y, @2, u; and
uo. For the case p > 1 we find an asymptotically equivalent expression to the
essential norm of the operator.

1. INTRODUCTION

Let BY = B be the open unit ball in the complex vector space CV, B! = D
the open unit disk in the complex plane C, H(B) the space of all holomorphic
functions on B and H>°(B) = H the space of all bounded holomorphic functions
on B with the supremum norm || f||cc = sup,cg |f(2)|. Let z = (z1,...,2n) and
w = (wy,...,wy) be points in CV, (z,w) = Z]kvz1 zrwy and |z] = \/(z, 2).

Let dv be the normalized volume measure on B and dv, (2) = co(1—|2|*)%dv(2),
a > —1, be the weighted Lebesgue measure on B, where ¢, = F]\(,,A;%O‘jﬂ)) is a nor-

malizing constant, that is, v,(B) = 1. For 0 < p < co and —1 < a < oo, the
weighted Bergman space A% (B) = AL consists of all f € H(B) such that

11 = [ 1 Pdea() < oc.
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When p > 1, the weighted Bergman space with the norm || - || ,» becomes a Banach
space. If p € (0, 1), it is a Fréchet space with the translation invariant metric

d(f.9)= £ gl

Let v be a positive continuous function on B (weight). The weighted-type space
H°(B) = HS consists of all f € H(B) such that

IfllEge = sup v(z)|f(2)] < oc.
zeB
With the norm || - ||z, HJ° is a Banach space. For various kinds of weights and
related weighted-type spaces see, e.g., [1, 2, 15, 17, 35] as well as the references
therein.
Let ¢ : B — B be a holomorphic self-map of B and v € H(B), then the
weighted composition operator W, , on H(B) is defined by

Wouf(2) = u(2)f(p(2), z€B.

When u(z) = 1 on B, the weighted composition operator W,, ; = C,, is called the
composition operator. Recently there has been a huge interest in studying weighted
composition operators between spaces of analytic functions, see, e.g., the following
papers which consider these and some related operators mostly when one of the
spaces is a weighted or Bloch-type space: [3-14, 17-38, 40] and the references
therein.

Let X and Y be topological vector spaces whose topologies are given by
translation-invariant metrics dx and dy, respectively, and L : X — Y be a linear
operator. It is said that L is metrically bounded if there exists a positive constant
K such that

dY(Lfv 0) < KdX(fv 0)

for all f € X. When X and Y are Banach spaces, the metrically boundedness
coincides with the usual definition of bounded operators between Banach spaces.
If Y is a Banach space then the quantity || L[ 4» - is defined as follows

1Ll 4y := sup [ILflly-
171 4p <1

It is easy to see that this quantity is finite if and only if the operator L : AL — Y is
metrically bounded. For the case p > 1 this is the standard definition of the norm of
the operator L : A%, — Y, between two Banach spaces. If we say that an operator
is bounded it means that it is metrically bounded.

Recall that L : X — Y is metrically compact if it maps bounded sets into
relatively compact sets. If X and Y are Banach spaces then metrically compactness
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becomes usual compactness. In this case if L : X — Y is a bounded linear operator,
then the essential norm of the operator L : X — Y, denoted by ||L|l¢ x—v, is
defined as follows

|L|le,x—y = inf{||L + K| x—y : K is compact from X to Y},

where || - || x_y denote the operator norm. From this definition and since the set of
all compact operators is a closed subset of the space of bounded operators it follows
that operator L is compact if and only if | L||c x—y = 0. Some results on essential
norms can be found, e.g., in [7, 8, 14, 17, 25, 26, 28, 31, 35] and [37].

Let 1, p2 be holomorphic self-maps of B and u;, us € H(B). Differences of
weighted composition operators on H (B) are defined as follows

Worun = Wonup)(f)(2) = ur(2) f(01(2)) — u2(2) f(p2(2)), =z €B.

Some results on differences of weighted composition operators can be found, e.g.,
in[4, 7, 8, 10, 14, 16, 18] and [35] (see also the references therein).

Here we characterize the compactness of differences of weighted composition
operators acting from the weighted Bergman space A% to the weighted-type space
H:>*° on the unit ball. For the case 1 < p < oo we also find an asymptotically
equivalent expression to the essential norm of these operators.

Throughout this paper, constants are denoted by C, they are positive and may
differ from one occurrence to the other. The notation A < B means that there is a
positive constant C' such that A/C < B < CA.

2. AUXILIARY REsuLTS

In order to deal with differences of weighted composition operators, we need
the Bergman metric for the unit ball B. Recall that for an a € B, the involutive
automorphism of the unit ball B which interchanges 0 and « is given by

a— Pa(z) — 84Qa(2)
Ua(z) = 1— <Z, a> )

forall z e B,

where s, = (1 — |a|?)'/2, P, is the orthogonal projection from CV onto the one
dimensional subspace [a] generated by a, and @, is the orthogonal projection from
CV onto CV © [a]. The pseudo-hyperbolic metric p(z, w), z,w € B is given by

p(z,w) = ow(2)]-

It is well-known that p(z,w) is a metric on B. The Bergman metric for the unit ball
B is defined by
1+ p(z,w)

1
ﬁ(z’w):§ln1—p(z,w)'
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In this section we shall prove several auxiliary results which will be used in the
proofs of the main results in this paper.

The proof of the following lemma is standard, so it will be omitted (see, e.g.,
Proposition 3.11 in [7] or Lemma 3 in [19]).

Lemma 1. Assume p > 0, a > —1, v is a weight on B, ¢1, ¢9 are holomorphic
self-maps of B, w1, up are holomorphic functions on B and the operator W, ,,, —
Wopyus o AR — HS® is bounded. Then the operator W, o, — Wi, u, : AR — H®
is metrically compact if and only if for every bounded sequence (f,)nen in A%
such that f,, — 0 uniformly on compacts of B as n — oo it follows that

W (|(Wepy .y = Wy i) full e = 0.

The following lemma was proved in [23] (see also [33]).

Lemma 2. Let v be a weight on B, ¢ a holomorphic self-map of B and
u € H(B). Then the operator W, ,, : A, — HS® is bounded if and only if

iy VAR
B (1 - [p(:)3)" 7

The following lemma is well-known, see, for example, [39, Theorem 2.1].

< Q.

Lemma 3. Suppose p € (0,00) and o > —1. Then for all f € A% and z € B,
the following inequality holds

/1 a2

(11—

(1) If(2)] <

The following two lemmas are important tools in the proofs of the main results.

Lemma 4. There exists a constant C > 0 such that

N4a+1 N+a+1
@ |A=[2?) 7 f2) = (A= |w) T f(w)| < ClIfllag oz, w)
for all f € A% and for all z, w in B.
Proof. By Lemma 3 we have that if f € A% then f € Hf’f_|z|2)m+a+1>/p and
Set N
g(z):= (1~ f(»), 2€B.
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By Exercise 3.16 in [39] we have

@ 9(z) = g(w)| < CligllocB(z, w) = CI| fll B(z, w).

(1 |z12)(N+a+1)/p

First assume p(z,w) < 1/2. Then, since for z € (0,1)

2j+1 T

1+ >
1—§_22]+1< ZxQJ_

we obtain in this case that

(5) Blz,w) < =p(z,w).

O |~

Combining (3), (4) and (5) inequality (2) holds when p(z,w) < 1/2.
Now assume that p(z, w) > 1/2. Then by inequality (3) we have
(6)

N4a+1 Nj:aj:

(=12 f(z) - (1—[wp) Flw)| =2l f |l
<A fllazp(z, w),

which is inequality (2) in this case, finishing the proof of the lemma. ]

—1212)(N+a+1)/p

Lemma 5. For each sequence (wy,)nen in B with |w,| — 1 as n — oo, there
exists its subsequence (7y)xen and functions (fy, )ken in H°(B) such that

7) Z\fnk )| <1, forall zeB,
and

1

Proof. Set
z1+1
) =25

where z = (21,...,2n) € B. Lete; = (1,0,...,0), then
) fle1) =1.
We also have
(10) If(2) <1, forzeB)\ {e}.

Now set
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21—1

9(2) = —5—,

where z = (21,...,2y) € B, and gn(z) = g (2), then ||gnllec = 1, gn(e1) = 0,
and for each z € B

(12) lim [g,(2)| = 1.

n—oo

Without loss of generality we may assume that w,, — e; as n — oo, otherwise, if
w, — ¢ € OB as n — oo, then we will consider the functions f,, (Uz), where U
is the unitary transformation such that U{ = e;. By the method of induction, we
construct two sequences (mg)ren and (ng)ren Of positive integers, a sequence of
complex numbers (cx)ren With |cx| < 1, and a subsequence (nx)ren Of (wy)nen
such that

L
(12) supz lek f™ (2)gn, (2)] < 1, forevery L € N,
ZEE k=1
and
1
(13) e f™ (ML) gn, () > 1 — A for every L € N.

First, take m; = 1. By (9) and the continuity of f, there exists 1 € (wy,)nen Such
that

1
[fm)l > 5
From this and (11), there exists n; € N such that
1
(14) 7 (1) gy ()] > 5

Take a complex number ¢; such that

(15) crf™ () gny (m) = [ (11) gny (m1) ],

which along with (14) gives inequality (13) for L = 1 (note that |c;| = 1). On the
other hand, from (9), (10), and the facts ||gn, |lco = 1, gn, (e1) = 0, inequality (12)
hold for L = 1 with f,,, (2) := c1 /™ (2)gn, (2).

Now suppose that (mg)E_;, (nx)k_,, (cx)k_, and (nx)E_, satisfy our condi-
tions. Define

L
(16) Fr(z) =) lenf™ (2)gn,(2)], z€B.
k=1

Take an open subset Uy, of B such that e; € U, {n1,...,n.}y N UL = 0 (for
example U, = B(e,e(1 — maxj—1 . {|n;|})) N B, for sufficiently small £ > 0)
and

-----
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(17) Fr(z) < for z € Uy.

9QL+2”
By (10), (16) and the fact F1(e1) = 0, it follows that there is an m; € N such
that myp < Mmrit,

|fre(z)| < forz e B\ UL

1
oL+1’
and
(18) Fr(z)+ |fm™+1(2)] <1, for 2ze€B\Ug.

By (9) and the assumption w,, — e; as n — oo, we have that there is a point
NL+1 € (Wp)nen N UL such that
1— o

1

| (npg1)] > N
S

From this and by (11) it follows that there is an nz.1 > nz such that

m 1- 2L1+1
(19) L (L 1) Ing o (NL1)] > PR——
-

Since ||gn, ., lloo = 1 and from (18) we have

Fr(z) + M4 (2)gn, ., (2)| <1, for  zeB\UL.

From this, (17) and since || f™2+1 g, [lo < 1 We have

@ s A+ (1 g )l s (] <1
z€B

Now take b7 € C such that

b1 " (NL1)gng o (ML+1) = [ (0L41) Gng o (ML41) ],

and let cpy1 = bry1(1 — ﬁ), then |cp 1| = 1 — ﬁ < 1. For such chosen
cr+1 inequality (20) means that inequality (12) holds for L + 1. On the other hand,
from (19) we get

1 1
cL1 ™ (ML) gng 4, (NL+1) = (1—2L+2 ) [F" 1) 9ng 0 ()| > 15

Hence (13) holds for L + 1, finishing the inductive proof of this claim. Now note
that the sequence ( f,, )xen can be defined as follows

frp (2) = e f" (2)gn, (2), k€N -
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3. MaIN ReEsuLTS

Here we formulate and prove the main results of this paper.

Theorem 1. Assume p > 0, a > —1, v isaweight on B, ¢1, w9 are nonconstant
holomorphic self-maps of B, w1, uy are holomorphic functions on B and W, 4, ;
Wipyus o Ah — HS° are bounded operators. Then the operator W, w, — W, u, -
AL, — HE® is metrically compact if and only if the following conditions hold
v(2)|ua (2)]

(a) |s011(izr)rll—>1 (1- ‘901(2)\2)% p(p1(2), pa2(z)) = 0;

- v(2)|us(2)| o
) |w21(1zr)r|1_)1 (1- \apg(z)\?)% p(p1(2), pa(2)) = 0;
(¢)
i v(2) i) Ntatl talz) a1 | =0

min{|p1(2)],lp2(2)|}—1 (1 — ‘(,01(2)‘2) P (1 — ‘@2(2)‘2) p

Proof. First assume that the operator W, ., =W, u, : Ah — HS® is metrically
compact. If ||¢1]je < 1, then (a) vacuously holds. Hence assume that || || = 1.
Suppose to the contrary that (a) is not true. Then there is a sequence (z,)nen SUch
that |p1(z,)| — 1 as n — oo, ¢1(2,) # 0, n € N, and

ey Gl ) ez = 5> 0.

" (1 [ (za)[?) T F

Since |¢1(z,)| — 1 as n — oo, by Lemma 5, there exists functions f,, € H*°(B),
n € N, such that

(22) i fa(z)| <1, forall zeB,
n=1

and

@3 falpr(an) > 1= 5 meN.

Now, we define

N4a+1
(1= le1(za)?) "
kn(2) = - 2(Nfoil)

(1= (zp1(z))) 7
It is well-known that | k.|| 4» = 1 for each n € N.

n € N.
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Set

2) = P <J¥’2(2n)(z)7ng)g(zn)(()ol(zn)»
gn(2) = fn(2) o (@1(2)

gn(2) =0, when ©i1(z,) = pa(zn).

kn(z)v when (Pl(zn) 7é ()02(271);

Clearly sup,,ey [|gnll4z < 1 and g, — 0 uniformly on compacts of B as n — oo.
Since W, uy — Wipyu, @ AR — H° is metrically compact, by Lemma 1 we get

(24) lim H(le,ul - WSO%UQ)QWHH;J)O =0.
n—oo

On the other hand, from the definition of the space H;°, the definition of functions
gn, and by using (23) we have that

H(Wm,m - sz,ug)gnHH?’
> v(2n)|u1(zn)gn(@1(2n)) — u2(2n)gn(P2(2n))]
(25) = v(zn)|u1(zn) fr(@1(2n))kn(01(20)) 00, () (01 (20))|
v(zn)\ul(zn)\p(w(zz% ‘P?(Zn)) <1 B L)_
(1= lpr(za) )7 2
Letting n — oo in (25) and using (21) and (24), we obtain

Y

0= Hm (Woss = Weau)gnl s

v(zn) w1 (zn)|

> lim o(¢1(2n), p2(2n))
N4a+1
T = er(za)B) e
=4§>0,

which is a contradiction. This shows that

lim v(zn) ‘ul(an p(p1(2n), w2(2n)) = 0,

0 (1~ oy (za)[2) 7

for every sequence (z,)nen Such that |p1(z,)| — 1 as n — oo, which implies (a).

Condition (b) is proved similarly. Hence we omit its proof.

Now, we prove (c). If min{[[¢i]|co, [[¢2llc} < 1, then (c) vacuously holds.
Hence assume min{||¢1|oos |2]loc} = 1. Suppose to the contrary that (c) does not
hold. Then there is a sequence (z;,)nen Such that min{|¢1(z,)|, |p2(zn)|} — 1 as
n — oo and

26)  lim o(z) wlen) wl) 155,
e (1= le1(zn)?) 7 (1= lp2(2)|?) >

We may also assume that there is the following limit
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(27) L= lim p(p1(zn), p2(z0)) 2 0.
Assume that 0 < [. Then we have that for sufficiently large n, say n > ng
U1 2n U2 zn
0<§S’U('zn) 1( )2Nj:aj:1_ 2( )2Nii ‘
(I=ler(zn)?) 7 (1= lpa(zn)?) @
2 v(zn) U1 (2,
(28) < 7 ( )‘ ( J\)Ii‘ at1 p(<p1(zn),<p2(zn))

(1= lei(zn)l?) 7

g emlalen)l oz, ¢2<zn>>> .
(L= lp2(zn)?) @
Letting n — oo in (28) and using (a) and (b) we arrive at a contradiction. Thus,
we can assume that [ = 0.
Let the sequences of functions (f,,)nen and (k,)nen be defined as above. Set

hn(z) = fn(z)kn(z)v n € N.

Then sup,,cy ||hnl|l4z < 1 and h, — 0 uniformly on compacts of B as n — oc.
Hence by Lemma 1

(29) nh_)rglo H(le,ul - W¢2=u2)h”HHﬁ° = 0.

Since W, 4, : A4 — HZ° is bounded, then by Lemma 2 we have that

(30) M := sup v(z)\ug(zll — < o0.

B (1 [pa(=)2)

We have
H(W§017u1 - Wsaz,uz)hnHHf

v(2n) w1 (20 ) hn (91 (20)) — u2(2n) hn (02(20))]

= v(zn)|u1(2zn) fr(@1(20))kn(01(2n)) — u2(zn) fr(P2(20)) kn(P2(2n))]

Y

Ialorle))
(1—lpr(za)l2) 7 (1~ l2(za)?)

In(@rGen)) ) fu(a(on) o (2(2n)

(1—le2 Zn)|2n) v
-2

In ((Pl (Zn )

N+tao+1
P

Y

v(zn) |u1(zn)

(31)

—v(zn) |u2(zn)

u1(2n) _ u2(2n)
L=l 7 (= palza)) 7

(1= lpazn)) ™ »

Ntat1 Ntatl

(I=le1(zn)?) 7 ha(@1(20)) = (1=l2(z)|*) 7 hn(2(2n))

Y

v(2n)

X
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From (30), applying Lemma 4 to the functions h,,, n € N, with the points z =
¢1(zn) and w = pa(zy,), and by using the fact sup,,cy || 2nll 42 < 1, we get

(Zn)\m(zn)\

(1= lpa(za)l?) 7
(I=ler(z) )7 hale1(zn) = (1= lea(zn) )7 ha(pa(zn)

< CMp(p1(zn), p2(zn))-

Using (32) in (31), then letting n — oo is such obtained inequality, using (29) and
[ = 0, we obtain that 3 = 0, which is a contradiction. This proves (c).

Now we assume that conditions (a)-(c) hold. Assume (f,)nen iS @ bounded
sequence in A%, such that f,, — 0 uniformly on compacts of B. To prove that
Wy — Wepny © Ah — HS® is a compact operator, in view of Lemma 1, it is
enough to show that |[(Wy, uw, — Wiy u,) fullHee — 0 @ n — oco. Suppose to the
contrary that this is not true. Then for some ¢ > 0 there is a subsequence ( f,,, ) keN
of (fn)nen such that

(32)

H(le,ul - sz,UQ)fnkHH;f" >2e>0

for every k € N. We may assume that (f,, )ken iS (fn)nen. Then there is a
sequence (2, )nen in B such that

(33) v(zn)lur(zn) f(#1(2n)) = ua(zn) fu(pa(zn))] = € >0, neN.

We may also assume that the sequences (1(2n))nen and (p2(zn))nen converge. If
it were max{|p1(zn)|, |p2(2n)|} — g < 1, then from (33), since for the test function
f(z) =1 € A% from the boundedness of the operators W, ,,, : AL — H°,i=1,2,
we have that u;,us € HS® and since fy,(¢i(zn)) — 0as n — oo, i = 1,2, we
would obtain a contradiction. Hence we may assume max{|1(zn)|, |¢2(zn)|} — 1
as n — oo. We can suppose that |¢1(z,)| — 1 and ¢a(z,) — 20 as n — oco. Also,
we can suppose that limit in (27) exists. Assume that [ > 0. Then by (a) and (b),
we get

v(zn) w1 (z0))|

lim =0 and
o o1zl =1 (1 oy (z)2) 7
R €5 LA TR

2zl =1 (1 = o (zn)[2) 5

where if |z9| < 1 we regard that the second equality in (34) vacuously holds.
From (33) and Lemma 3, it follows that
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v(zn)|u1(zn)] o\ Ntatl
0<e S o 1‘(1_‘()0 (Zn)‘ ) P fn(()o (Zn))‘
T 1
(35) oMy o) )5 o)

(1= lpa(zn) )

(
v(zn)|ur (20)] o(zn)luan)| )
< 7 + anH p.

<<1—m<zn>\ "5 (o) )

Letting n — oo in (35) and using (34) we obtain a contradiction. Thus, we conclude
that [ = 0 which implies that |p2(z,)] — 1 as n — oc.
From (33), Lemmas 2, 3 and 4, and using (a) and (b) we have

0 <& < v(zn)lua(zn) fu(@1(zn)) — u2(zn) ful@2(2n))]

v(z0)ui(z0)] y Neail
< (1= |p1(z) D) 7 ful1(2))
(1= |p1(z) ) 5 1 1
—(1 = ez Fala(zn)]
+'U(Zn) UI(ZTL) Nj:aj:l - U2(zn) Nj:aj:l'
A=loiz)) 7 (L= |pa(za)|?) 7

N4a+1

(1= le2(za)l?) > | fulp2(zn))]

v(zn) w1 (zn)|

< Cp(e1(2n), p2(2n)) Neat] 1/l a2
(1= lpa(zn)?)
uy(zn) uy(2n)
+(zn) ) - Co) Il —0,
(1= lp1(za)?) 7 (1= lpa(za)?) 7
as n — oo, which is a contradiction. The proof is complete. |

From Theorem 1 with w;(z) = ua(z) = 1, we obtain the following corollary.

Corollary 1. Assume p > 0, a > —1, v is a weight on B, ¢, @9 are analytic
self-maps of B and C.,,, C,, : A4 — H° are bounded. Then the operator
C,, — Cy, + AL, — HZ® is metrically compact if and only if

(a) |S011(izr)rll—>1 (1 . ‘(pl’lzi;)%h;-{—_l p(‘Pl(Z), @2(2)) =0;
(b) lim v(2) — o(01(2). oal2)) = 0:

P21 (1= [pa(2)) ™
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(c) ) 1 1
lim v(z —T — —| =0.
min{Jip1 ()], [ip2 () [} =1 A=l 7 (A—fpa(2)2) 7

Now we give an estimate of the essential norm [[Wo,, .u; — Wos us [le az — mroe
for the case p > 1.

Theorem 2. Assume p > 1, a > —1, v is a weight on B, ¢, o are
holomorphic self-maps of B and w1, us are holomorphic functions on B. If
Wi Wepmy @ Ah — HS° are bounded operators, then the essential norm
[Wer,ur = Wesus lle, a— o is €quivalent to the maximum of the following expres-
sions:

. v(2)[u1(2)] .
() S T gy P D
(ii) Jim sup m T;Z)(‘ )‘())L 5 (1(2), 2(2));
w2(2)|— — 22
(iii) . uy () us(z)
lim su v(z Niatl — Nioil |-
min{l%(Z)I,IsozIzZ)l}—ﬂ ) (1—|e1(2)2) > (1= lp2(2)[?) >

Proof. First we show that the maximum of the expressions in (i)-(iii) is a lower
bound for the essential norm. If ||¢; |l < 1 then the expression in (z) is obviously
a lower bound. Hence assume ||¢1]|oc = 1. Find a sequence (z,)nen in B such that
lp1(zn)| — 1 as n — oo and

i VGl o)lp(ea(zn). oaln)

~ im sup LEAmEp(1(2), 92(2)).
R (L= ()2 p@=1 (1= |pa(2)[2) 7

Since |¢1(zn)] — 1 @ n — oo, as in Theorem 1 we can find functions f, €
H>(B), n € N, satisfying (22) and (23). Let &, and g,, be the sequences as in
Theorem 1. By Problem 2.25 in [39], g, — 0 weakly in A% as n — oo (here we
use the condition p > 1). Then for each compact operator K : AL, — HS° we have
nh_)rglo | K gnllHee = 0. From this and since sup,,cy ||gnll4z < 1, for each n € N,

we obtain

HWSOLM - sz,uz - KHAZ—>H5° > H(W%,m - ng,ug)gnHHﬁ’ - HKgnHHLX’

Hence
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HWSOLM_WSOQ,UQ KHAP—>H°° > lim sup H( P1,u1r W@z,uz)gnHH;"’

> h?rlri)sgpv(zn)\u1(2n)gn(¢1(2n)) — u2(2n)gn(p2(2n))|
= h?rlri)sgpv(zn)\ul(zn)fn(am(zn))kn(@l(zn))\ |0 on(zn) (1 (20))|
= lim sup v(zn)lua (zn E___‘__p(@l('zn)v ©2(zn)),

o (1= Je1(zn)l?)

from which it follows that expression (i) is a lower bound for the essential norm.
That the expression in (ii) is a lower bound is proved similarly, so we omit it.
Let (z,)nen be a sequence with min{|p1(2,)|, |v2(zn)|} — 1 @ n — oo and

. u(20) ua(zn)
lim v(zy,) Ntoti Netodtl
ce L N0-laGE T (e
= lim ta(2) Fafl uel2) Ntatl
min{|p1(2)],l2(2) |} -1 1=l (1= |pa(z)2)

If such a sequence does not exist then the estimate vacuously holds. We may also

assume that the limit lim,,—,o p(¢1(2n), p2(25)) exists and that is equal, say to [;.

If I; > 0 when min{|p1(z,)], |@2(2n)|} — 1 @ n — oo, then (iii) follows from (i)

and (ii). Thus we can assume that [y = 0 when min{|¢1(z,)|, |p2(2n)|} — 1 as

n — o0. Let (fn)nen and (ky,)nen be as in Theorem 1 and h,(2) = fn(2)kn(2),

n € N. Then by Problem 2.25 in [39] we have h,, — 0 weakly in A%, as n — oo.
Thus by using Lemma 4 and the fact sup,,cy [|hnll 42 < 1 it follows that

HWsm,'ul — Wesus — Kv”A"—»HOC > thUPH( p1u1 T Wsazfuz)hnHHf

> lim sup v(zn )1 (2n) hn(@1(20)) — u2(2n)hn(p2(20))]

:hlrrln_ilipv(zn)|“1(Zn)fn(§01(zn))kn(§01 (2n)) — u2(zn) fr(®2(2n))kn(p2(2n))]
. fn(p1(2n)) fn(e1(zn))

> lim sup v(zy, ) |u1(2n) v — u2(2n) Nfa+tl
ne (1= ler (D)™ (1= lealz)?) ™5
— lim sup o(zn) g () — 22 u2(zn>fn(so2(zn>>kn<so2(zn>>‘

nroo (L= lp2(za)?) >

. u(2n) uz(zn) 1

> limsu ’U(Zn) Ntaftl Ntatl 1- on
no (L= lei(za)®) > (L= lp2(za)?) > ( 2 >
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. v(z)|ua(2)]
— C'lim sup Ntatl p(#1(2n), p2(2n))
n—oo (1 —Jfpa(2)?) 7
=limsupv(z,) u1(2n) - ua ()
- n N4+a+1 N4a+1 *
nmee (1- |‘P1(Zn)|2) P (1- |‘P2(Zn)|2) P

Hence expression (iii) is also a lower bound for the essential norm, as claimed.
Now we prove the upper estimates. Consider the operators on H (B) defined by

Pf)(2) = f(kiﬂ) kN,

It is easy to see that they are continuous on the compact open topology and
Pi(f) — f on compacts of B as k£ — oco. Since the integral means

= ( [ \f(ro\pda(c))l/p

that

are nondecreasing in r, then by the polar coordinates it follows that || P.(f)| 4z <
[ £l 4z, & € N, which implies supcp || Prll 4z 4r < 1. It is also easy to see that

the operators (P )xen are also compact on A%
Let ~ € (0,1) be fixed and f € A such that || f[| » < 1. Set

g = = P)f, keN

Then clearly g, € A%, k € N and supycy [|grll a2 < 2.
We have

HWSOLM - sz,uz He,AZ—>H§°

< sup H(W%,m - W@zauz)ngH%’
HfHAgfl

< sup  sup  v(2)|u(2)gr(p1(2)) — u2(2)gr(pa(2))]
1F1L4p <1 x>

+ sup  sup  v(2)|ui(2)gr(p1(2)) — u2(2)gr(p2(2)))
I fllap <1 la()| >

+ sup sup v(2)|u1(2)gr(#1(2)) — u2(2)gr(p2(2))]
1145 <1 max{ i1 ()]l pa (=) } <r

= Ip1(r) + Ixo(r) + I 3(r).

First we estimate I;1(r). Lemmas 4 and 2 and the fact sup,cy [|gxll a2
yield

<2,
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v(2)[ur(2)gr(p1(2)) — ua(2)gr(pa(2))|

o(2)un(2)] o
< | (1= ()5 (=)
R e e

~(1= o2 gila(2))]

(&3

) ) Y R P I )
(1= lp2(2)) 7 lg(pa(2))]
v(2)u(2)]

SN i R

< 20(1 o )‘Q)Mp(w(Z)vwz(Z))
— |p1(z P
20(2) ui(2) - uz(2) — l

L=l 7 (1= pa(2)2) 7

An analogous estimate is obtained for Ij, »(r).

It is clear that for every h € H(B), liny, o (I — P;x)h = 0 and that the space
H(B) endowed with compact open topology is a Fréchet space. Hence, by the
Banach-Steinhaus theorem, (I — Py;)h converges to zero uniformly on compacts of
(H(B), co). Since the unit ball of A%, is a compact subset of (H (B), co) we have

(38) lim sup sup |( - P)(h)(Q)] = 0.

k=20 ||h|| yp <1[¢I<r

The boundedness of W, ;s Wy u, : A — HS© implies uy, ug € H3°. From
this, since v is a weight, and (37) we get that for each » € (0, 1) and for |p2(2)| < r

v(z)[m(2)]

limsup Iy 1(r) <2C sup T Pe1(2), p2(2)).
R 1@ (1= @i (2)[?) 7

If |p2(2)| > r, then we have

lim sup Iy, 1 (1)

k—o0
u1(z
<2C sup v(2)lu 2\1 —p(p1(2), p2(2))
ler@)>r (1 — |p1(2)]2) »
+2 sup v(z) u(z) Niagi u2(2) Ntail |-

min{|1(2)|:p2(2)|}>r (1—|e1(2))%) » (1—|pa(2)]?) »

Lettingr — 1 in the last two inequalitiesan estimate for lim sup,._,; lim sup;,_, o Ix.1(r)
in terms of (i) and (iii) is obtained.
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The quantity lim sup,_,; lim sup;,_, . Ix.2(r) is estimated similarly.
Since uy, ug € Hy®, v is a weight and (38), it follows that lim_. Ix 3(7) = 0.
The upper estimate follows from these facts, finishing the proof of the theorem. m
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